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Abstract
A thorough investigation is made of the optimal domain space of generalized Volterra
operators, Cesàro operators and other operators when they act in various Banach
spaces of analytic functions. Of particular interest is the situation when the operators
act in Hardy spaces, Korenblum growth spaces andmore general weighted spaces. The
optimal domain space may be genuinely larger than the initial domain of the operator,
or not. In the former case, the initial space may or may not be dense in the optimal
domain space. Sometimes the optimal domain space can be identified with a known
Banach space of analytic functions, on other occasions it determines a new space.
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1 Introduction

Let D := {z ∈ C : |z| < 1} and H(D) denote the Fréchet space consisting of all
analytic functions on D equipped with the topology τc of uniform convergence on the
compact subsets of D. The classical Cesàro operator C , given by

(C f )(z) :=
∞∑

n=0

(
1

n + 1

n∑

k=0

f̂ (k)

)
zn, z ∈ D,

where f ∈ H(D) has Taylor coefficients ( f̂ (n))n∈N0 := (
f (n)(0)

n! )n∈N0 , is known to
be a continuous linear operator on H(D) and on the Hardy spaces H p over D, for
1 ≤ p < ∞; see, for example, [42, 43] and the references therein. It was observed
in [23] that, for each 1 ≤ p < ∞, there exist certain weighted Hardy spaces H p(ω)

satisfying H p
� H p(ω) such that C : H p(ω) → H p continuously. This led to the

notion of the largest Banach space X of analytic functions onD continuously contained
in H(D) such that H p ⊆ X and C(X) ⊆ H p. This largest space X , which always
exists, was called the optimal domain of C (for H p) and was denoted by [C, H p].
The space [C, H p], itself a Banach space of analytic functions on D, is thoroughly
investigated in [23].

This topic was taken up again in the recent article [13]. Given g ∈ H(D), consider
the generalized Volterra operator

(Tg f )(z) :=
∫ z

0
f (ξ)g′(ξ) dξ, z ∈ D, (1.1)

for f ∈ H(D). When g(z) = z on D, this operator is the classical Volterra operator.
It is known that Tg : H p → H p, for 1 ≤ p < ∞, is continuous if and only if
g ∈ B M O A; see [38] for p = 2 and [9] for 1 ≤ p < ∞. For g(z) = −Log(1 − z)
one recovers the Cesàro operator C in the sense that

(Tg f )(z) =
∫ z

0

f (ξ)

1 − ξ
dξ = z(C f )(z), z ∈ D, f ∈ H p.

The notation used in [13] for the optimal domain is, of course, adapted from [23],
namely,

[Tg, H p] := { f ∈ H(D) : Tg f ∈ H p}
equipped with the norm ‖ f ‖[Tg,H p] := ‖Tg f ‖H p . It is shown, for each 1 ≤ p < ∞
and g ∈ B M O A, that [Tg, H p] is actually a Banach space of analytic functions on
D, that the continuous inclusion H p ⊆ [Tg, H p] is strict, that

H p = ∩g∈B M O A[Tg, H p] (1.2)

and, that [Tg, H p2 ] � [Tg, H p1 ] whenever 1 ≤ p1 < p2 < ∞. Each of the articles
[13, 23] deal with the optimal domain of operators acting in the particular class of
spaces H p. In [23] the relevant operator is the Cesàro operator whereas [13] deals
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with the entire class of generalized Volterra operators Tg , which contains C as one of
its members. It is the injectivity of Tg in H(D), whenever g ∈ H(D) is non-constant
(cf. [10]), which ensures that the semi-norm ‖·‖[Tg,H p] is actually a norm in [Tg, H p].
For the completeness of [Tg, H p] see [13, Theorem 1]. At this stage it is important
to point out that the notation used for generalized Volterra operators in the literature
is not consistent. In this article and in [6] we will (as do many other authors) denote
the above operator Tg by Vg , whereas Tg will henceforth denote the related operator
given by

(Tg f )(z) := 1

z

∫ z

0
f (ξ)g′(ξ) dξ, z ∈ D \ {0}, (Tg f )(0) := f (0)g′(0), (1.3)

for f ∈ H(D). That is, Vg denotes the operator on the right-side of (1.1) whereas Tg

is defined by (1.3).
The first appearance of a study of the optimal domain space of an operator acting

in a Banach space of analytic functions X on D other than a H p-space occurs in [24].
The operator involved there is again the Cesàro operator C but, its action is now in the
space

X = H (ces2) :=
⎧
⎨

⎩ f ∈ H(D) :
(

1

n + 1

n∑

k=0

| f̂ (k)|
)

n∈N0

∈ �2

⎫
⎬

⎭

equipped with the norm

‖ f ‖H (ces2) :=
∥∥∥∥∥∥

(
1

n + 1

n∑

k=0

| f̂ (k)|
)

n∈N0

∥∥∥∥∥∥
�2

, f ∈ H (ces2).

It is shown in [24], amongst other things, thatH (ces2) is a Banach space of analytic
functions on D, that C : H (ces2) → H (ces2) is continuous and that

H2
� H (ces2) � [C, H2] � [C,H (ces2)],

with all inclusions continuous.
One of the aims of [6] is to treat larger classes of Banach spaces of analytic functions

on D beyond the spaces H p. For example, X can be one of the well known Korenblum
growth Banach spaces A−γ and A−γ

0 of order γ > 0. It turns out that the relevant
class of symbols g for the operators Vg acting in Aγ (resp. Aγ

0 ) is the Bloch space B
(resp. B0); see [6, Section 3]. Alternate descriptions of [Vg, A−γ ] (resp. [Vg, A−γ

0 ])
are presented in Proposition 3.5 and Remark 3.6. To see that the inclusion A−γ ⊆
[Vg, A−γ ] can be strict we refer to Example 3.7 in [6]. The analogue of (1.2) occurs
in Propositions 3.8 and 3.9, namely,

A−γ = ∩g∈B[Vg, A−γ ] and A−γ
0 = ∩g∈B[Vg, A−γ

0 ].
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In Section 5 of [6], for a given g ∈ H(D), the attention is on the optimal domain
spaces of Vg and Tg acting in certain weighted Banach spaces of analytic functions
H∞

v and H0
v on D (equipped with the sup-norm) for a class of weight functions

v : [0, 1) → (0,∞). This family of spaces properly contains the Korenblum growth
Banach spaces, which correspond to the weight vγ (r) := (1−r)γ on [0, 1), for γ > 0.
The operators Vg and Tg are continuous on A−γ precisely when g ∈ B. Given a non-
constant function g ∈ H(D), the operators Vg and Tg are injective on H(D) and so
‖ · ‖[Vg,H∞

v ] and ‖ · ‖[Tg,H∞
v ] are norms, as are ‖ · ‖[Vg,H0

v ] and ‖ · ‖[Tg,H0
v ], whenever

Vg(H∞
v ) ⊆ H∞

v and Tg(H∞
v ) ⊆ H∞

v (resp. Vg(H0
v ) ⊆ H0

v and Tg(H0
v ) ⊆ H0

v ).
For each g ∈ H(D) it is shown that Vg : H∞

v → H∞
v (resp. Vg : H0

v → H0
v ) is

continuous if and only if Tg : H∞
v → H∞

v (resp. Tg : H0
v → H0

v ) is continuous and,
if this is the case, then [Vg, H∞

v ] = [Tg, H∞
v ] (resp. [Vg, H0

v ] = [Tg, H0
v ]). For

g0(z) := −Log(1 − z) on D, which satisfies g ∈ B0, the operator Tg0 = C . For each
γ > 0, it is shown that

A−γ
� [C, A−γ ] and A−γ

� [Vg0 , A−γ ]

as well as
A−γ
0 � [C, A−γ

0 ] and A−γ
0 � [Vg0 , A−γ

0 ].
It is also established, for each β > γ , that

A−β
� [C, A−γ ] and A−β

0 � [C, A−γ
0 ].

For further results we refer to [6].
The current paper presents significant refinements and extensions of the results in

[6] together with many new results. The operators concerned are again Vg and Tg

acting in Hardy spaces, as well as in certain weighted Banach spaces H∞
v and H0

v .
However, the classes of symbols g considered are quite different to those in [6] and the
weight functions v satisfy alternate conditions to the ones appearing in [6]. The disc
algebra A(D) ⊆ H∞ is also treated. The idea is to invoke the differentiation operator
D and the integration operator J (which always act continuously in H(D)) provided
they are also continuous between the appropriate weighted spaces H∞

v and H∞
w . This

requires restrictions on v and w but, has the advantage that effective new techniques
become available.

Section 2 develops various results concerning the general theory of optimal domain
spaces [T , X ], for X aBanach space of analytic functions onD and T : H(D) → H(D)

a continuous linear operator satisfying T (X) ⊆ X . These results are needed in the
sequel, where T and X are specialized to be certain concrete operators and spaces,
respectively.

In Subsection 3.1 of Section 3 the relevant weighted spaces H∞
v and H0

v are defined.
Both of these spaces are continuously contained in H(D). If v satisfies limr→1− v(r) =
0, then H0

v is the closure in H∞
v of the space of all polynomials. An important and

well known concept that is needed is that of v being log-convex. In the presence
of log-convexity of v and for the associated weight w(r) := (1 − r)v(r) on [0, 1)
it is known that D is continuous from H∞

v into H∞
w if and only if v satisfies the



Optimal Domain of Volterra Operators in Classes of Banach… Page 5 of 34   141 

requirement (3.2). If, in addition, limr→1− v(r) = 0, the same is true of D mapping
H0

v into H0
w. As a sample, under these conditions, we mention for any non-constant

function g ∈ H(D), that the continuity of D : H∞
v → H∞

w implies that H∞
v is a

proper subspace of the optimal domain space [Vg, H0
v ] whenever Vg : H0

v → H0
v is

compact; see Proposition 3.5. For the case of the integration operator J it is known,
again whenever v is log-convex and w(r) := (1− r)v(r) on [0, 1), that the continuity
of J : H∞

w → H∞
v is equivalent to the requirement that (3.8) is satisfied. In particular,

if the symbol g ∈ H(D) satisfies g′, 1
g′ ∈ H∞ and the weight v satisfies both (3.2) and

(3.8), then both operators D : H∞
v → H∞

w and J : H∞
w → H∞

v are continuous. As
a consequence, whenever Vg : H∞

v → H∞
v is continuous, the optimal domain spaces

are given precisely by
[Vg, H∞

v ] = [Tg, H∞
v ] = H∞

w (1.4)

with equivalent norms; see Proposition 3.6 and Corollary 3.7.
For each γ > 0, it was noted above that the Korenblum growth Banach spaces

A−γ and A−γ
0 correspond to the weighted spaces H∞

v and H0
v for the weight func-

tion vγ (r) := (1 − r)γ on [0, 1). The relevant point is that vγ is log-convex, that
limr→1− vγ (r) = 0 and that vγ satisfies both (3.2) and (3.8). So, for functions g ∈ B
such that g′, 1

g′ ∈ H∞, we can apply the previous results. As a sample (cf. Corollary
3.8), the optimal domain spaces are given by

[Vg, A−γ ] = [Tg, A−γ ] = A−(γ+1), γ > 0. (1.5)

Or, if g ∈ B0 satisfies both g′, 1
g′ ∈ H∞, then A−γ is a proper subspace of the optimal

domain spaces
[Vg, A−γ

0 ] = [Tg, A−γ
0 ] = A−(γ+1)

0 , γ > 0; (1.6)

see Corollary 3.10. And so on.
The setting of Subsection 3.2 is the class of Hardy spaces H p, for 1 ≤ p ≤ ∞,

and the disc algebra A(D). As noted above, for g ∈ B M O A and 1 ≤ p < ∞
the optimal domain spaces [Vg, H p] are investigated in [13]. This investigation is
supplemented in the current paper by allowing p = ∞ and incorporates also the
related operators Tg . The forward shift operator (S f )(z) := z f (z), for z ∈ D, which
is continuous on H(D), plays an important role. This operator, when acting in H p,
for 1 ≤ p ≤ ∞, and in A(D), has operator norm 1 and is injective. The properties of
S are used to show, for each 1 ≤ p ≤ ∞ and g ∈ H(D) such that Vg : H p → H p

is continuous, that the optimal domain spaces [Vg, H p] = [Tg, H p] are actually
Banach spaces; see Proposition 3.13. If, in addition, Vg : H p → H p is compact,
then H p is a proper subspace of [Vg, H p] (cf. Proposition 3.14). Or, if |g′| > 0
in D and Tg : H p → H p is continuous, then [Tg, H p] = [Vg, H p] is a Banach
space isometric to H p. If, in addition, Tg : H p → H p is not surjective, then also
H p

� [Tg, H p] (cf. Proposition 3.15). Concerning A(D), it is shown that H∞ is a
proper subspace of [Vg, A(D)] = [Tg, A(D)] whenever g ∈ H(D) has the property
that Vg : A(D) → A(D) is compact; see Proposition 3.17. If g ∈ H(D) satisfies
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g′, 1
g′ ∈ H∞ and Vg : A(D) → A(D) is continuous, then

H1 ⊆ [Vg, A(D)] = [Tg, A(D)] ⊆ A−1
0 and H1 ⊆ [Vg, H∞] = [Tg, H∞] ⊆ A−1;

see Proposition 3.18. For symbols g ∈ H(D) belonging to one of the Lipschitz spaces
λα ⊆ 
α , for certain α > 0, it is shown in Proposition 3.19 that

H p ⊆ [Vg, Hq ] = [Tg, Hq ],

with a continuous inclusion, whenever 1 ≤ p < q satisfy
(
1
p − 1

q

)
≤ 1 and g ∈


 1
p − 1

q
, and also that the previous containment is strict in the event that

(
1
p − 1

q

)
< 1

and g ∈ λ 1
p − 1

q
.

Section 4 treats the optimal domain spaces of Vgt and Tgt for the particular symbols

gt (z) := −Log(1 − t z)

t
, z ∈ D, (1.7)

for each t ∈ (0, 1]. These symbols have rather pleasant features; see Lemma 4.1.
For instance, each function gt ∈ B0 and both g′

t ,
1
g′

t
∈ H∞. For t = 0, define

g0(z) := z on D. The operators Ct := Tgt , for t ∈ (0, 1], are known as generalized
Cesàro operators. Several aspects of these operators (eg., continuity, compactness,
spectrum, mean ergodicity) have been studied in various Banach spaces of analytic
functions onD in the recent articles [4], [5]. Our aim here is to investigate their optimal
domain spaces. Given a log-convex weight v on [0, 1) satisfying limr→1− v(r) = 0
and with w(r) := (1 − r)v(r) on [0, 1) it is shown, whenever D : H∞

v → H∞
w and

J : H∞
w → H∞

v are continuous, that (1.4) holds with gt in place of g, that

[Vgt , H0
v ] = [Ct , H0

v ] = H0
w, t ∈ [0, 1),

as Banach spaces and that H∞
v is a proper subspace of [Ct , H0

v ]; see Proposition 4.2.
Concerning the Korenblum growth Banach spaces, we mention that (1.5) holds with
gt in place of g, as does (1.6). In Proposition 4.4 it is shown that A−γ is a proper
subspace of [Ct , A−γ

0 ]. For each t ∈ [0, 1), various properties of the optimal domain
space of Ct in the Hardy spaces H p, for 1 ≤ p < ∞, (resp. in the disc algebra A(D))
are presented in Proposition 4.6 (resp. Proposition 4.8).

In Section 2 of [6] various important properties of the optimal domain of general
operators T ∈ L(H(D)) satisfying T (X) ⊆ X , with X a Banach space of analytic
functions onD, are established.As noted above, further relevant results in this direction
are also presented in Section 2. In the final Section 5 we address the special situation
when an operator T ∈ L(H(D)) is not injective (unlike in Section 2) and has the
property that X := Ker(T ) is finite dimensional; see Proposition 5.3 which reveals
that some novel features arise in this situation. Examples 5.5 and 5.6 illustrate that
this can actually occur.
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2 Properties of General Optimal Domain Spaces

Given a Banach space X , its norm is denoted by ‖ · ‖X , its dual Banach space by
X∗ and its bidual Banach space by X∗∗. The space of all continuous linear operators
from X into a Banach space Y is written as L(X , Y ) or, if X = Y , simply as L(X).
The norm of T ∈ L(X , Y ) is given by ‖T ‖X→Y := sup‖x‖X ≤1 ‖T x‖Y . The dual
operator of T ∈ L(X , Y ) is indicated by T ∗ ∈ L(Y ∗, X∗) and its bidual operator by
T ∗∗ ∈ L(X∗∗, Y ∗∗). Finally, the spectrum σ(T ; X) of T ∈ L(X) is the disjoint union
of its point spectrum σpt (T ; X), its continuous spectrum σc(T ; X) and its residual
spectrum σr (T ; X). For all these concepts we refer, for example, to [25].

We recall that H(D) is a Fréchet-Montel space, [31, §27.3(3)]. An increasing family
of norms determining τc is given by

qr ( f ) := sup
|z|≤r

| f (z)|, f ∈ H(D), (2.1)

for each r ∈ (0, 1). Functions f ∈ H(D) are identified with their Taylor coefficients

f̂ := ( f̂ (n))n∈N0 = (
f (n)(0)

n! )n∈N0 , that is, f (z) = ∑∞
n=0 f̂ (n)zn , for z ∈ D. For

each z ∈ D it follows from (2.1) that the evaluation functional δz : f �→ f (z), for
f ∈ H(D), is linear and continuous, that is, δz ∈ H(D)∗. The space of all continuous
linear operators from H(D) into itself is denoted by L(H(D)).

A linear space X ⊆ H(D) is said to be a Banach space of analytic functions on
D if it is a Banach space for some norm ‖ · ‖X such that the natural inclusion of X
into H(D) is continuous. The closed graph theorem implies that T ∈ L(X) whenever
T : H(D) → H(D) is a continuous, linear operator satisfying T (X) ⊆ X .

The optimal domain of an operator T ∈ L(H(D)) satisfying T (X) ⊆ X , with X a
Banach space of analytic functions on D, is the linear subspace

[T , X ] := { f ∈ H(D) : T f ∈ X}

of H(D) equipped with the semi-norm

‖ f ‖[T ,X ] := ‖T f ‖X , f ∈ [T , X ],

[6, Definition 2.2]. For an injective operator T ∈ L(H(D)) satisfying T (X) ⊆ X , it
is known that ([T , X ], ‖ · ‖[T ,X ]) is always a normed space, [6, Proposition 2.4(ii)].
The map T[T ,X ] : [T , X ] → X defined by T[T ,X ] f := T f , for f ∈ [T , X ], is an
X -valued, linear extension of T : X → X . For most operators T of interest it turns out
that X � [T , X ], that is, T[T ,X ] is a genuine extension of T ∈ L(X). But, it can also
happen that [T , X ] = X , that is, T ∈ L(X) is already optimally defined; see Remark
2.6.

The aim of this section is to present various results concerning the optimal domain
of operators acting in general Banach spaces of analytic functions on D. Such results
will be needed in subsequent sections.

Proposition 2.1 Let X be a Banach space of analytic functions on D and T ∈ L(H(D))

be an isomorphism satisfying T (X) ⊆ X.
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(i) ([T , X ], ‖ · ‖[T ,X ]) is a Banach space isometric to X.
(ii) If T : X → X is not surjective, then X is properly contained in [T , X ].
Proof (i) Since T : H(D) → H(D) is an isomorphism, we can apply Proposition
2.8 in [6] to conclude that ([T , X ], ‖ · ‖[T ,X ]) is isometric to X via the linear map
T[T ,X ] : [T , X ] → X . Hence, ([T , X ], ‖ · ‖[T ,X ]) is a Banach space.

(ii) The operator T : X → X is necessarily injective but, by assumption, it is not
surjective, and so there exists g ∈ X ⊆ H(D) such that g /∈ T (X). Since T : H(D) →
H(D) is surjective, there is f ∈ H(D) \ X satisfying T f = g ∈ X . Accordingly,
f ∈ [T , X ] but, f /∈ X . �

Given Banach spaces of analytic functions on D, say X and Y , such that X ⊆ Y

continuously and an operator T ∈ L(H(D)) satisfying T (Y ) ⊆ X , it follows that
necessarily T ∈ L(Y , X). Indeed, let ( fn)n∈N ⊆ Y satisfy fn → 0 in Y and T fn → g
in X for some g ∈ X , as n → ∞. Then also fn → 0 and T fn → g in H(D) as
n → ∞ because both X and Y are Banach spaces of analytic functions on D. Since
T ∈ L(H(D)), it follows that also T fn → 0 in H(D) as n → ∞. Therefore, g = 0.
By the closed graph theorem we can conclude that T ∈ L(Y , X). Note that also
Y ⊆ [T , X ] with a continuous inclusion. To see this let h ∈ Y . Then h ∈ H(D) and
T h ∈ T (Y ) ⊆ X . Accordingly, h ∈ [T , X ]. So, we can consider the natural inclusion
map J[T ,X ] : Y → [T , X ] defined by J[T ,X ] f := f for f ∈ Y . Since

‖J[T ,X ] f ‖[T ,X ] = ‖ f ‖[T ,X ] = ‖T f ‖X ≤ ‖T ‖Y→X‖ f ‖Y , f ∈ Y ,

it follows that J[T ,X ] : Y → [T , X ] is continuous.
The following result is a refinement of [6, Propositiom 2.9].

Proposition 2.2 Let X and Y be Banach spaces of analytic functions on D satisfying
X ⊆ Y with a continuous inclusion. Let T ∈ L(H(D)) be an injective operator such
that ([T , X ], ‖ · ‖[T ,X ]) is a Banach space and T (Y ) ⊆ X (hence, also T (X) ⊆ X).
The following properties are equivalent.

(i) The continuous linear operator T : Y → X has closed range in X.
(ii) The natural inclusion mapJ[T ,X ] : Y → [T , X ], defined by f �→ J[T ,X ] f := f ,

has closed range in [T , X ].
Proof (i)⇒(ii) Since T (Y ) ⊆ X is a closed subspace of X , necessarily (T (Y ), ‖ · ‖X )

is a Banach space. Moreover, T ∈ L(Y , X) implies that T : Y → (T (Y ), ‖ · ‖X )

is continuous. So, the open mapping theorem implies that the continuous, bijective
operator T : Y → T (Y ) is an isomorphism. Accordingly, there exists c > 0 such that

‖T f ‖X ≥ c‖ f ‖Y , f ∈ Y .

It follows from the previous inequality that

‖J[T ,X ] f ‖[T ,X ] = ‖ f ‖[T ,X ] = ‖T f ‖X ≥ c‖ f ‖Y , f ∈ Y .

Since J[T ,X ] is continuous (as observed prior to the proposition) we can conclude
that the inclusion map J[T ,X ] : Y → [T , X ] has closed range.
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(ii)⇒(i) The inclusion map J[T ,X ] : Y → [T , X ] has closed range and hence,
the linear subspace J[T ,X ](Y ) = Y is closed in the Banach space [T , X ]. So,
(Y , ‖ · ‖[T ,X ]) is a Banach space. In view of the continuity ofJ[T ,X ] : (Y , ‖ · ‖Y ) →
([T , X ], ‖ · ‖[T ,X ]), the identity operator L : (Y , ‖ · ‖Y ) → (Y , ‖ · ‖[T ,X ]) is con-
tinuous and bijective. We can apply the open mapping theorem to conclude that
L : (Y , ‖ · ‖Y ) → (Y , ‖ · ‖[T ,X ]) is an isomorphism. Accordingly, there exists c > 0
satisfying ‖L f ‖[T ,X ] ≥ c‖ f ‖Y for every f ∈ Y . Hence,

‖T f ‖X = ‖ f ‖[T ,X ] = ‖L f ‖[T ,X ] ≥ c‖ f ‖Y , f ∈ Y ,

which implies that the operator T : Y → X has closed range. �

An argument as in the proof of Lemma 5.8 in [6] establishes the following fact.

Lemma 2.3 Let (X , ‖ · ‖X ) and (Y , ‖ · ‖Y ) be infinite dimensional Banach spaces and
T ∈ L(X , Y ) be injective and compact. Then T does not have a closed range in Y .

An immediate consequence of Proposition 2.2 is the following fact.

Corollary 2.4 Let X and Y be Banach spaces of analytic functions on D satisfying
X ⊆ Y with a continuous inclusion. Let T ∈ L(H(D)) be an injective operator such
that ([T , X ], ‖ · ‖[T ,X ]) is a Banach space and T (Y ) ⊆ X.

(i) Suppose that the natural inclusion map J[T ,X ] : Y → [T , X ] is surjective. Then
the operator T : Y → X has closed range in X.

(ii) Suppose that the operator T : Y → X fails to have closed range in X. Then Y is
a proper subspace of [T , X ].

(iii) Suppose that X and Y are infinite-dimensional and T ∈ L(Y , X) is a compact
operator. Then Y is a proper subspace of [T , X ].

Proof (i) We have seen that the inclusion map J[T ,X ] : Y → [T , X ] is a continuous
bijection of Y onto its range in [T , X ]. Accordingly, it is an isomorphism by the open
mapping theorem. So, J[T ,X ] has a closed range in [T , X ]. Then Proposition 2.2
implies that T : Y → X has a closed range in X .

(ii) Suppose it was the case that Y = [T , X ]. Then the inclusionmapJ[T ,X ] : Y →
[T , X ] is surjective. Since ([T , X ], ‖ · ‖[T ,X ]) is a Banach space, again the open
mapping theorem implies thatJ[T ,X ] : Y → [T , X ] is an isomorphism and hence, it
has a closed range in [T , X ]. Then Proposition 2.2 yields that the operator T : Y → X
has closed range in X ; a contradiction. So, Y � [T , X ].

(iii) Since T ∈ L(Y , X) is compact, the operator T : Y → X fails to have closed
range in X ; see Lemma 2.3. So, the result follows from part (ii). �


Let X be a Banach space of analytic functions on D and T ∈ L(H(D)) satisfy
T (X) ⊆ X , in which case T ∈ L(X). Then X ⊆ [T , X ] with a continuous inclusion
and the linear extension T[T ,X ] : [T , X ] → X of T : X → X is continuous, [6,
Proposition 2.4 (iii), (iv)]. In general, X need not be dense in [T , X ]. Indeed, let
X := H2 and T = Vg with g ∈ B M O A given by g(z) := ∫ z

0 exp( ξ+1
ξ−1 ) dξ , for z ∈ D.

Then the polynomials are not dense in [Vg, H2], [13, Proposition 4], and hence, H2

is not dense in [Vg, H2], [13, Proposition 3]. For a further example, see Remark 3.9.
The following result is an extension of [13, Proposition 3].
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Proposition 2.5 Let X be a Banach space of analytic functions on D, let Y ⊆ X be a
dense linear subspace of X and let T ∈ L(H(D)) satisfy T (X) ⊆ X. Then Y is dense
in [T , X ] if and only if X is dense in [T , X ].
Proof Suppose that X is dense in [T , X ]. Given ε > 0 and f ∈ [T , X ] there exists
h ∈ X such that ‖ f − h‖[T ,X ] < ε. There also exists g ∈ Y such that ‖h − g‖X < ε.
Since T ∈ L(X), we have

‖h − g‖[T ,X ] = ‖T (h − g)‖X ≤ ‖T ‖X→X‖h − g‖X

from which it follows that

‖ f − g‖[T ,X ] ≤ ‖ f − h‖[T ,X ] + ‖h − g‖[T ,X ] ≤ (1 + ‖T ‖X→X )ε.

This implies that Y is dense in [T , X ].
Conversely, if Y is dense in [T , X ], then so is X as Y ⊆ X . �


Remark 2.6 The examples of operators T ∈ L(H(D)) and spaces X exhibited in this
paper typically satisfy X � [T , X ]. Hovewer, it can also happen that X = [T , X ]. For
instance, if h ∈ H∞, then the multiplication operator Th : H(D) → H(D) given by
f �→ h f is continuous and, whenever |h| > 0 on D, it is also injective. Let X := H p

with 1 ≤ p ≤ ∞, in which case it is clear that Th(X) ⊆ X . In the event that also
1
h ∈ H∞ it is routine to check that [Th, H p] = H p. On the other hand, if h(z) := z−u
on D, say, for some u with |u| = 1, then Th( 1h ) = 1 ∈ H∞ but, 1

h ∈ H(D) \ H∞.
Hence, H∞

� [T , H∞]. A similar phenomenon occurs for the weighted Banach
spaces H∞

v (which arise in Section 3), that is, if h, 1
h ∈ H∞, then [Th, H∞

v ] = H∞
v .

For the case when T ∈ L(H(D)) is a composition operator Cϕ : f �→ f ◦ ϕ, for
f ∈ H(D), where ϕ ∈ Aut(D) is any automorphism on D, and X := H∞

v for suitable
weights v (which includes certain Korenblum growth Banach spaces), it turns out that
[Cϕ, H∞

v ] = H∞
v , [18, Proposition 2.3]. Note that Cϕ ∈ L(H(D)) is an isomorphism

for every ϕ ∈ Aut(D).

3 Optimal Domain of Volterra Operators in Classes of Banach Spaces
of Analytic Functions

Whenever g ∈ H(D) is a non-constant function, recall that the Volterra operator
Vg : H(D) → H(D) is the linear operator defined by the right side of (1.1), that is,

(Vg f )(z) :=
∫ z

0
f (ξ)g′(ξ) dξ, f ∈ H(D), z ∈ D.

It acts continuously in H(D) and is injective on H(D), [10], but, it is not surjective
because (Vg f )(0) = 0 for every f ∈ H(D). The operators Vg have been investigated
on different spaces of analytic functions by many authors. We refer to [22, 44], for
example, and the references therein. For g(z) := z the operator Vg reduces to the
classical integration operator, also called the Volterra operator.
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Related to the operator Vg , with g ∈ H(D), is the operator Tg : H(D) → H(D)

defined by (1.3). Clearly, Tg ∈ L(H(D)). It follows from the injectivity of Vg that
Tg ∈ L(H(D)) is also injective; see [6, Section 5]. Under suitable assumptions on g,
the operator Tg ∈ L(H(D)) is also surjective.

Proposition 3.1 Let g ∈ H(D) satisfy |g′| > 0 in D. Then Tg : H(D) → H(D) is an
isomorphism.

Proof We know that Tg : H(D) → H(D) is continuous and injective. So, it remains
to show that Tg : H(D) → H(D) is also surjective.

Fix h ∈ H(D) and consider the equation Tg f = h, where f is to be determined.
From the definition of Tg it follows that

∫ z
0 f (ξ)g′(ξ)dξ) = zh(z), for z ∈ D. Dif-

ferentiating both sides of the previous equation yields f (z)g′(z) = h(z) + zh′(z), for
z ∈ D, that is,

f (z) = h(z) + zh′(z)
g′(z)

, z ∈ D.

Since |g′| > 0 in D, the function f defined as above belongs to H(D) and it solves
the equation Tg f = h. Accordingly, Tg : H(D) → H(D) is surjective with inverse
T −1

g : H(D) → H(D) defined by

(T −1
g h)(z) := h(z) + zh′(z)

g′(z)
, z ∈ D.

By the open mapping theorem for Fréchet spaces T −1
g ∈ L(H(D)). �


3.1 Weighted Banach Spaces of Analytic Functions

Let H∞ denote the space of all bounded, analytic functions on D, which is a Banach
space relative to the norm

‖ f ‖∞ := sup
z∈D

| f (z)|, f ∈ H∞. (3.1)

The disc algebra A(D) is the linear subspace of H(D) consisting of all functions which
extend to a continuous function on the closure D of D. That is, h ∈ A(D) if and only
if there exists a (unique) function h̃ ∈ C(D) satisfying h(z) = h̃(z) for all z ∈ D.
In particular, h ∈ H∞. The space A(D) is a proper, closed subalgebra of the abelian
Banach algebra H∞.

A weight v is a continuous, non-increasing function v : [0, 1) → (0,∞), which
is extended to D by setting v(z) := v(|z|), for z ∈ D. Note that v(z) ≤ v(0) for all
z ∈ D. Given a weight v on [0, 1), two associated weighted Banach spaces of analytic
functions on D are defined by

H∞
v := { f ∈ H(D) : ‖ f ‖∞,v := sup

z∈D
| f (z)|v(z) < ∞},
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and
H0

v := { f ∈ H(D) : lim
|z|→1− | f (z)|v(z) = 0},

both equipped with the norm ‖ · ‖∞,v . Noting that ‖ f ‖∞,v ≤ v(0)‖ f ‖∞ for all
f ∈ H∞, it is clear that H∞ ⊆ H∞

v with a continuous inclusion. Fix r ∈ (0, 1).
Given f ∈ H∞

v there exists z0 ∈ D with |z0| = r such that sup|z|≤r | f (z)| = | f (z0)|
and hence, (2.1) implies that

qr ( f ) = | f (z0)| = 1

v(r)
| f (z0)|v(r) ≤ 1

v(r)
‖ f ‖∞,v.

It follows that H∞
v ⊆ H(D) continuously. Point evaluations on D belong to both

(H∞
v )∗ and (H0

v )∗, [40, Lemma 1]. Moreover, if v satisfies limr→1− v(r) = 0, then
the space H0

v �= {0} coincideswith the closure in H∞
v of the spaceP of all polynomials,

[40, Lemma 3]. For the constant function v(z) = 1 on D, the space H∞
v is precisely

the space H∞ and H0
v reduces to {0}.

We refer to [16] for a recent survey of such types of weighted Banach spaces and
operators between them.

The differentiation operator D : H(D) → H(D) is given by f �→ D f := f ′.
It is routine to verify that D ∈ L(H(D)). Given weights v and w on [0, 1), both of
the Banach spaces H∞

v and H∞
w are continuously included in H(D). Whenever D

satisfies D(H∞
v ) ⊆ H∞

w we say that D exists and indicate this simply by writing
D : H∞

v → H∞
w . An application of the closed graph theorem implies that necessarily

D ∈ L(H∞
v , H∞

w ). A weight function v on [0, 1) is called log-convex if the function
x �→ − log v(ex ), for x ∈ (−∞, 0), is convex; see [2, p.1145], [14, pp.156-157], [16]
and the references therein. For such weights v the conditions (i)-(vi) of [2, Lemma
2.6] are all equivalent (warning: in [2] the weight function v corresponds to 1/v in
this paper) and hence, via [2, Theorem 2.8], are equivalent to the continuity (i.e.,
existence) of D : H∞

v → H∞
w , where w(r) := (1 − r)v(r), for r ∈ [0, 1). Condition

(ii) of Lemma 2.6 in [2], for v, is the requirement that

v(r)(1 − r)−α is increasing on [r0, 1) for some α > 0 and some r0 ∈ (0, 1); (3.2)

see also [16, Theorem 27].
The continuity and compactness of the Volterra operator Vg acting on H∞

v and H0
v

was investigated in [12]. The following few results concern the optimal domain of
such operators.

Proposition 3.2 Let g ∈ H(D) be a non-constant function, v : [0, 1) → (0,∞) be a
log-convex weight function satisfying (3.2) and w(r) := (1 − r)v(r), for r ∈ [0, 1).
(i) Suppose that the Volterra operator Vg : H∞

v → H∞
v is continuous. Then

([Vg, H∞
v ], ‖ · ‖[Vg,H∞

v ]) is a Banach space.
(ii) Suppose, in addition, that the weight functionv satisfies the condition limr→1− v(r)

= 0 and the Volterra operator Vg : H0
v → H0

v is continuous. Then ([Vg, H0
v ], ‖ ·

‖[Vg,H0
v ]) is a Banach space.
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Proof (i) By Proposition 2.7 of [6] to establish that [Vg, H∞
v ] is a Banach space, it

suffices to show that the natural inclusion map J : [Vg, H∞
v ] → H(D), defined by

f �→ J f := f , is continuous. To achieve this we proceed as in the proof of [6,
Proposition 3.3]. By continuity of D : H∞

v → H∞
w (see the discussion prior to this

proposition), there exists A > 0 such that

‖h′‖∞,w = ‖Dh‖∞,w ≤ A‖h‖∞,v, h ∈ H∞
v . (3.3)

Fix any r ∈ (0, 1). Now, g′ is not identically zero on D and the zeros of g′ ∈ H(D)

are isolated. Hence, there is t ∈ (r , 1) for which g′(z) �= 0, for every z ∈ D satisfying
|z| = t and so M := min|z|=t |g′(z)| > 0. Given f ∈ [Vg, H∞

v ], it follows, for all
u ∈ D satisfying |u| ≤ r , that

| f (u)| ≤ max|z|=t
| f (z)| = max|z|=t

| f (z)g′(z)|
|g′(z)| ≤ 1

M
max|z|=t

| f (z)g′(z)|. (3.4)

Since f (z)g′(z) = (Vg f )′(z), for z ∈ D, the inequality (3.3) implies that

‖ f g′‖∞,w = ‖(Vg f )′‖∞,w ≤ A‖Vg f ‖∞,v = A‖ f ‖[Vg,H∞
v ]. (3.5)

Combining (3.4) and (3.5) we can conclude, for all u ∈ D with |u| ≤ r , that

| f (u)| ≤ 1

M
max|z|=t

|(Vg f )′(z)| = 1

M

1

w(t)
max|z|=t

w(z)|(Vg f )′(z)|

≤ 1

M

1

w(t)
sup
z∈D

w(z)|(Vg f )′(z)| ≤ A

Mw(t)
sup
z∈D

v(z)|(Vg f )(z)|

= A

Mw(t)
‖Vg f ‖∞,v = A

Mw(t)
‖ f ‖[Vg,H∞

v ].

According to (2.1) this implies that

qr ( f ) = sup
|u|≤r

| f (u)| ≤ A

Mw(t)
‖ f ‖[Vg,H∞

v ].

But, r ∈ (0, 1) and f ∈ [Vg, H∞
v ] are arbitrary and so the inclusion map

J : [Vg, H∞
v ] → H(D) is continuous, as required.

(ii) We first note that D : H0
v → H0

w is also continuous. This follows from the
continuity of D : H∞

v → H∞
w , the fact noted above that the spaceP of all polynomials

is dense in H0
v and that D(P) ⊆ P . The proof then proceeds as in part (i). �


Remark 3.3 (i) A log-convex weight function v need not satisfy limr→1− v(r) = 0
(assumed in part (ii) in Proposition 3.2); consider v(r) := e−r , for r ∈ [0, 1).

(ii) Let v : [0, 1) → (0,∞) be any log-convex weight function satisfying (3.2)
and w(r) := (1 − r)v(r), for r ∈ [0, 1). Since D : H∞

v → H∞
w is continuous

and H∞ ⊆ H∞
v with a continuous inclusion, the restricted differentiation operator

D : H∞ → H∞
w is also continuous. So, in the proof of Proposition 3.2(i) we can
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replace ‖ · ‖∞,v throughout with ‖ · ‖∞ to obtain, whenever Vg : H∞ → H∞ is
continuous, that ([Vg, H∞], ‖ · ‖[Vg,H∞]) is a Banach space.

Remark 3.4 Let g ∈ H(D) be a non-constant function and v : [0, 1) → (0,∞) be a
weight function satisfying limr→1− v(r) = 0 for which the operator Vg : H0

v → H0
v

is continuous. Then (Vg)
∗∗ = Vg , [12, Lemma 1], and (H0

v )∗∗ = H∞
v , [15, Example

2.1], imply that Vg : H∞
v → H∞

v is also continuous. So, under the assumptions of
Proposition 3.2, the proof of part (ii) follows by observing that ([Vg, H0

v ], ‖ ·‖[Vg,H0
v ])

is a closed subspace of ([Vg, H∞
v ], ‖ · ‖[Vg,H∞

v ]) because H0
v is a closed, Vg-invariant

subspace of H∞
v , [6, Proposition 2.4(v)].

Proposition 3.5 Let g ∈ H(D) be a non-constant function and v : [0, 1) → (0,∞) be
a log-convex weight function satisfying both condition (3.2) and limr→1− v(r) = 0.
Whenever the operator Vg : H0

v → H0
v is compact, H∞

v is a proper subspace of
[Vg, H0

v ].
Proof Since Vg : H0

v → H0
v is compact (by assumption) and (Vg)

∗∗ = Vg : H∞
v →

H∞
v (cf. Remark 3.4), via [32, §42.2(1) and (2)] we can conclude that Vg(H∞

v ) ⊆ H0
v .

Accordingly, Vg : H∞
v → H0

v is also compact. On the other hand, the assumptions
on v ensure that D : H∞

v → H∞
w is continuous, where w(r) := (1 − r)v(r), for

r ∈ [0, 1), and so Proposition 3.2(ii) implies that ([Vg, H0
v ], ‖ · ‖[Vg,H0

v ]) is a Banach
space. So, by Corollary 2.4(iii) we can conclude that H∞

v is a proper subspace of
[Vg, H0

v ]. �

The integration operator J : H(D) → H(D) is defined by f �→ (J f )(z) :=∫ z

0 f (ξ)dξ . It is routine to verify that J ∈ L(H(D)). Given weights v and w on [0, 1)
we write J : H∞

w → H∞
v whenever J (H∞

w ) ⊆ H∞
v and say that J exists. By the

closed graph theorem this is equivalent to J ∈ L(H∞
w , H∞

v ). We point out that

D(J h) = h, ∀h ∈ H(D), (3.6)

and, for every g ∈ H(D), that

Vg f = J ( f g′), ∀ f ∈ H(D). (3.7)

Corollary 3.2 in [2] gives sufficient conditions on v and w to ensure that J : H∞
w →

H∞
v is continuous. Let v be a log-convex weight and w(r) := (1 − r)v(r) on [0, 1).

The condition

v(r)(1 − r)−α is decreasing on [r0, 1) for some α > 0 and some r0 ∈ (0, 1) (3.8)

is equivalent to the continuity of J : H∞
w → H∞

v , [2, Lemma 3.15 & Theorem 3.16];
see also Theorem 30 in [16], where the function w should be w(r) := (1− r)v(r) on
r ∈ [0, 1) and not as given there.

Proposition 3.6 Let g ∈ H(D) satisfy g′, 1
g′ ∈ H∞ and v : [0, 1) → (0,∞) be a

log-convex weight function satisfying both (3.2) and (3.8).
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(i) Let w(r) := (1 − r)v(r), for r ∈ [0, 1). Then both operators D : H∞
v → H∞

w

and J : H∞
w → H∞

v are continuous.
(ii) Whenever the operator Vg : H∞

v → H∞
v is continuous, the optimal domain

[Vg, H∞
v ] = H∞

w as linear spaces in H(D) and with equivalent norms.
(iii) Suppose, in addition, that limr→1− v(r) = 0 and the operator Vg : H0

v → H0
v is

continuous. Then the optimal domain [Vg, H0
v ] = H0

w as linear spaces in H(D)

and with equivalent norms.

Proof (i) It has already been noted that continuity of D : H∞
v → H∞

w (resp. of
J : H∞

w → H∞
v ) is equivalent to (3.2) (resp. (3.8)).

(ii) Fix h ∈ H∞
w . Then hg′ ∈ H∞

w (because g′ ∈ H∞) and hence, by (3.7),
Vgh = J (hg′) ∈ H∞

v . Accordingly, h ∈ [Vg, H∞
v ]. Moreover,

‖h‖[Vg,H∞
v ] = ‖Vgh‖∞,v = ‖J (hg′)‖∞,v ≤ ‖J‖H∞

w →H∞
v

‖hg′‖∞,w

≤ ‖J‖H∞
w →H∞

v
‖g′‖∞‖h‖∞,w. (3.9)

It follows that H∞
w ⊆ [Vg, H∞

v ] with a continuous inclusion.
Conversely, let f ∈ [Vg, H∞

v ], that is, f ∈ H(D) and Vg f = J ( f g′) ∈ H∞
v .

According to (3.6) we have f g′ = D(J ( f g′)) and hence, f g′ ∈ H∞
w as J ( f g′) ∈ H∞

v

and D : H∞
v → H∞

w . Since 1
g′ ∈ H∞, it follows that also f = 1

g′ · ( f g′) ∈ H∞
w .

Therefore, [Vg, H∞
v ] ⊆ H∞

w . So, H∞
w = [Vg, H∞

v ] as linear spaces.
Since both ([Vg, H∞], ‖ · ‖[Vg,H∞

v ]) and H∞
w are Banach spaces (cf. Proposition

3.2(i)) and the inclusion H∞
w ⊆ [Vg, H∞

v ] is continuous and surjective, the open
mapping theorem implies that H∞

w = [Vg, H∞
v ] have equivalent norms.

(iii) The result follows as in part (i), after observing that both of the operators
D : H0

v → H0
w and J : H0

w → H0
v are continuous. Indeed, for the continuity of

D : H0
v → H0

w see the proof of Proposition 3.2(ii). The continuity of J : H0
w → H0

v is
a consequence of the facts that the integration operator J : H∞

w → H∞
v is continuous,

that the space P of all polynomials is dense in H0
w and that J (P) ⊆ P . �


Corollary 3.7 Let v : [0, 1) → (0,∞) be a log-convex weight function satisfying both
(3.2)and (3.8),w(r) := (1−r)v(r), for r ∈ [0, 1), and g ∈ H(D) satisfy g′, 1

g′ ∈ H∞.

(i) Whenever the operator Vg : H∞
v → H∞

v is continuous, the optimal domains
[Vg, H∞

v ] = [Tg, H∞
v ] = H∞

w as linear spaces in H(D) and with equivalent
norms.

(ii) Suppose that limr→1− v(r) = 0 and the operator Vg : H0
v → H0

v is continuous.
Then the optimal domains [Vg, H0

v ] = [Tg, H0
v ] = H0

w as linear spaces in H(D)

and with equivalent norms.
(iii) Suppose, in addition, that limr→1− v(r) = 0 and the operator Vg : H0

v → H0
v is

compact. Then H∞
v is a proper subspace of [Vg, H0

v ] = [Tg, H0
v ] = H0

w

Proof Part (i) follows by applying [6, Proposition 5.3(i)-(ii)] and Proposition 3.6(i).
Part (ii) follows via [6, Proposition 5.3(iii)-(iv)] and Proposition 3.6(ii).
Part (iii) follows by applying Proposition 3.5 and part (ii). �
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For each γ > 0, the spaces H∞
v and H0

v , for the log-convex weight function
vγ (r) := (1 − r)γ , for r ∈ [0, 1), are denoted by A−γ and A−γ

0 , respectively and, as
already mentioned, are known as the Korenblum growth Banach spaces (of order γ ).

Related to A−γ and A−γ
0 are certain Bloch spaces. A function h ∈ H(D) belongs

to the Bloch space B whenever h′ ∈ A−1, that is, supz∈D(1 − |z|)|h′(z)| < ∞, in
which case B is a Banach space of analytic functions on D relative to the norm

‖h‖B := |h(0)| + sup
z∈D

(1 − |z|)|h′(z)|. (3.10)

A function h ∈ B belongs to the little Bloch space B0 if it satisfies

lim
|z|→1−(1 − |z|)|h′(z)| = 0. (3.11)

It is known thatB0 is a closed subspace ofB and hence,B0 is a Banach space when it is
equipped with the norm (3.10). Moreover, the bidual B∗∗

0 = B. For various properties
of Bloch spaces we refer to [11], [45], for example.

It was noted in Section 1 that a detailed study of the optimal domain spaces
[Vg, A−γ ] and [Vg, A−γ

0 ] is undertaken in [6, Section 3]. For g ∈ B a non-constant
function and for every γ > 0, both [Vg, A−γ ] and [Vg, A−γ

0 ] are Banach spaces, [6,
Proposition 3.3].

For each γ > 0 andwith vγ (r) := (1−r)γ on [0, 1)we note that vγ (r)(1−r)−
γ
2 =

(1 − r)
γ
2 is increasing on [0, 1) and vγ (r)(1 − r)−2γ = (1 − r)−γ is decreasing

on (0, 1). Hence, vγ satisfies both (3.2) and (3.8). Moreover, the associated weight
wγ (r) := (1 − r)vγ (r) = (1 − r)γ+1 on [0, 1). So, it follows from Proposition
3.6(i) that both the differentiation operator D : A−γ → A−(γ+1) and the integration
operator J : A−(γ+1) → A−γ are continuous. These are classical results of Hardy and
Littlewood; see [26, Theorem 5.5]. These facts are well known and we will refer to
them as needed.

The following result should be compared with [6, Proposition 5.3], after noting that
g ∈ B (resp. g ∈ B0) is equivalent to continuity of each of the operators Vg : A−γ →
A−γ andVg : A−γ

0 → A−γ
0 (resp. to compactness of each of the operatorsVg : A−γ →

A−γ and Vg : A−γ
0 → A−γ

0 ); see [12, Theorems 1 & 2], [34, Proposition 3.1].

Corollary 3.8 Let γ > 0 and g ∈ B be a non-constant function satisfying g′, 1
g′ ∈ H∞.

(i) The optimal domains [Vg, A−γ ] = [Tg, A−γ ] = A−(γ+1) as linear spaces on
H(D) and with equivalent norms.

(ii) The optimal domains [Vg, A−γ
0 ] = [Tg, A−γ

0 ] = A−(γ+1)
0 as linear spaces on

H(D) and with equivalent norms.

Proof For each γ > 0 it was noted above that g ∈ B is equivalent to Vg ∈ L(A−γ )

which in turn is equivalent to Vg ∈ L(A−γ
0 ). Accordingly, part (i) follows from

Corollary 3.7(i), with v = vγ , and part (ii) follows from Corollary 3.7(ii). �
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Remark 3.9 Observe that A−γ ⊆ A−(γ+1)
0 and that A−(γ+1)

0 is a proper closed sub-
space of A−(γ+1), for every γ > 0. Hence, the initial domain space A−γ is not
dense in the optimal domain spaces [Vg, A−γ ] = [Tg, A−γ ]; see Corollary 3.8(i). On
the other hand, the initial domain space A−γ

0 is dense in the optimal domain spaces

[Vg, A−γ
0 ] = [Tg, A−γ

0 ] = A−(γ+1)
0 (cf. Corollary 3.8(ii)) because the space P of

all polynomials is dense in [Vg, A−β
0 ] for all β > 0, [6, Proposition 3.12]. Further

examples where X is not dense in [T , X ] occur in Section 5.

Corollary 3.10 Let γ > 0 and g ∈ B0 be a non-constant function satisfying g′, 1
g′ ∈

H∞. Then A−γ is a proper subspace of [Vg, A−γ
0 ] = [Tg, A−γ

0 ] = A−(γ+1)
0 .

Proof For each γ > 0 it was noted prior to Corollary 3.8 that the condition g ∈ B0
is equivalent to the compactness of Vg ∈ L(A−γ ) which in turn is equivalent to the
compactness of Vg ∈ L(A−γ

0 ). Since limr→1− vγ (r) = 0, the desired conclusion
follows from Corollary 3.7(iii). �


Corollary 3.10, which has the extra condition g′, 1
g′ ∈ H∞, is a strengthening of

Proposition 5.9(ii),(iv) in [6], where it is only assumed that g ∈ B0.
Propositions 3.2 and 3.6 require some restrictions on the weight function v on

[0, 1). We now relax these restrictions somewhat and proceed to establish a further
result regarding the description of [Vg, H∞

v ] and [Vg, H0
v ].

Let v be a weight function on [0, 1). For each n ∈ N, let rn ∈ [0, 1) be a point
where a maximum of rnv(r) occurs. It is known that H∞

v (resp. H0
v ) is isomorphic to

�∞ (resp. to c0) if and only if the following

condition (B): ∀b1 > 1 ∃b2 > 1 ∃c > 0 ∀m, n ∈ N :
m ≥ c, n ≥ c, |m − n| ≥ c and

(
rm
rn

)m
v(rm)
v(rn)

≤ b1 ⇒
(

rn
rm

)n
v(rn)
v(rm )

≤ b2,

is satisfied; see [33, Theorem 1.1]. Examples of such weights v on [0, 1) include
(1 − r)γ , with γ > 0, and exp(−(1 − r)−1).

Proposition 3.11 Let g ∈ H(D) satisfy |g′| > 0 in D and v be a weight function on
[0, 1).
(i) Suppose that limr→1− v(r) = 0 and Tg : H0

v → H0
v is continuous. Then

[Vg, H0
v ] = [Tg, H0

v ] is a Banach space isometric to H0
v . Moreover, if v also

satisfies the condition (B), then [Tg, H0
v ] is a Banach space isomorphic to c0.

(ii) Suppose that Tg : H∞
v → H∞

v is continuous. Then [Vg, H∞
v ] = [Tg, H∞

v ] is a
Banach space which is isometric to H∞

v . Moreover, if the weight function v also
satisfies condition (B), then [Tg, H∞

v ] is isomorphic to �∞.
(iii) Suppose that limr→1− v(r) = 0 and Tg : H0

v → H0
v is continuous. Then

(a) Tg : H∞
v → H∞

v is continuous.
(b) (H0

v )∗∗ = H∞
v .

(c) T ∗∗
g = Tg in L(H∞

v ).

(d) [Tg, H0
v ]∗∗ = [Tg, H∞

v ].
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(iv) Let v satisfy limr→1− v(r) = 0 and the operator Tg : H0
v → H0

v be continuous
but, not surjective. Then H∞

v (resp. H0
v ) is properly contained in [Tg, H∞

v ] (resp.
in [Tg, H0

v ]).

Proof Proposition 3.1 implies that Tg is an isomorphism on H(D).
(i) The first claim follows from Proposition 5.3 (iii), (iv) in [6] and Proposition

2.1(i). The discussion prior to this proposition together with condition (B) imply the
second claim.

(ii) The first claim follows from Proposition 5.3 (i), (ii) in [6] and Proposition 2.1(i).
Then the discussion prior to this proposition together with condition (B) establish the
second claim.

(iii) (a) Since Tg : H0
v → H0

v is continuous, the operator Vg : H0
v → H0

v is also
continuous (cf. Proposition 5.3(iii) in [6]). Then, V ∗∗

g = Vg and (H0
v )∗∗ = H∞

v (see
Remark 3.3) imply that Vg : H∞

v → H∞
v is continuous and hence, also Tg : H∞

v →
H∞

v is continuous (cf. Proposition 5.3(i) in [6]).
(b) This was argued in the proof of part (a).
(c) The operator Tg : H∞

v → H∞
v is continuous; see (a) above. Let Mz ∈ L(H(D))

denote the operator of pointwise multiplication by z (i.e., f (z) �→ z f (z), for f ∈
H(D)). Then Mz ∈ L(H0

v ) satisfies M∗∗
z = Mz (recall that (H0

v )∗∗ = H∞
v ), where

on the right-side Mz ∈ L(H∞
v ); see Propositions 2.1 and 2.2 in [17]. Moreover,

MzTg = Vg in L(H0
v ) and, as noted in the proof of (a), V ∗∗

g = Vg in L(H∞
v ). It

follows„ as identities in L(H∞
v ) that

Vg = V ∗∗
g = (MzTg)

∗∗ = M∗∗
z T ∗∗

g = MzT ∗∗
g .

Since also MzTg = Vg in L(H∞
v ), the previous identity implies that MzTg = MzT ∗∗

g
in L(H∞

v ). Given h ∈ H∞
v , it follows that zTg(h)(z) = zT ∗∗

g (h)(z), for z ∈ D, and
hence, that Tg(h)(z) = T ∗∗

g (h)(z), for z ∈ D \ {0}. By analytic continuation we can
conclude that Tg(h) = T ∗∗

g (h) in H∞
v . That is, Tg = T ∗∗

g .
(d) By (a), (b) the space [Tg, H∞

v ] is defined. Part (i) implies that [Tg, H0
v ] is

isometric to H0
v and hence, [Tg, H0

v ]∗∗ is isometric to (H0
v )∗∗. Moreover, (H0

v )∗∗ is
isomorphic to H∞

v (see (b) above). But, by part (ii), H∞
v is isometric to [Tg, H∞

v ].
Accordingly, [Tg, H0

v ]∗∗ is isomorphic to [Tg, H∞
v ].

(iv) Since Tg ∈ L(H(D)) is an isomorphism, both Tg ∈ L(H0
v ) and Tg = T ∗∗

g ∈
L(H∞

v ) are injective. Also, Tg ∈ L(H0
v ) is not surjective and so 0 ∈ σ(Tg; H0

v ) \
σpt (Tg; H0

v ). The injectivity of T ∗∗
g ∈ L(H∞

v ) implies that 0 /∈ σpt (T ∗∗
g ; H∞

v ). It
then follows from the well known Banach space identity

σ(Tg; H0
v ) = σ(T ∗∗

g ; (H0
v )∗∗) = σ(Tg; H∞

v )

for operators that 0 ∈ σ(Tg; H∞
v ) \ σpt (Tg; H∞

v ). Hence, Tg ∈ L(H∞
v ) is not surjec-

tive. The desired conclusion now follows from Proposition 2.1(ii). �
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3.2 The Hardy Spaces Hp for 1 ≤ p ≤ ∞

Given any 1 ≤ p < ∞, the Hardy space H p is the linear space of all functions
f ∈ H(D) satisfying

‖ f ‖p := sup
0≤r<1

(
1

2π

∫ 2π

0
| f (reiθ )|p dθ

)1/p

< ∞ (3.12)

and, for p = ∞, the linear space H∞ consists of all functions f ∈ H(D) such that

sup
0≤r<1

(
sup

θ∈[0,2π ]
| f (reiθ )|

)
< ∞. (3.13)

Note that the expression (3.13) equals ‖ f ‖∞; see (3.1). For 1 ≤ p < ∞, it is well
known that ‖ · ‖p is a norm for which H p is a Banach space, [26, Corollary 1, p.37].
Whenever 1 ≤ p ≤ q ≤ ∞, it turns out that Hq ⊆ H p with a continuous inclusion. It
is known, for each z ∈ D, that the evaluation functional δz : f �→ f (z), for f ∈ H p,
is continuous, that is, δz ∈ (H p)∗; see the Lemma on p.36 of [26] for 1 ≤ p < ∞.
For p = ∞ and z ∈ D the inequality |δz( f )| = | f (z)| ≤ ‖ f ‖∞, for f ∈ H∞, shows
that δz ∈ (H∞)∗.

The space B M O A consists of all functions f ∈ H2 such that

| f (0)| + sup
a∈D

‖ f ◦ φa − f (a)‖2 < ∞,

where φa , for a ∈ D, is the family of Möbius automorphisms of D given by φa(z) :=
z−a
1−az , for z ∈ D. The space V M O A consists of all functions f ∈ B M O A satisfying

lim|a|→1
‖ f ◦ φa − f (a)‖2 = 0.

The space V M O A is the closure of the polynomials in B M O A, [28, Theorem 5.5].
In particular, H∞ ⊆ B M O A and A(D) ⊆ V M O A, [28, Theorem 5.5 and Remark
5.2].

For 1 ≤ p < ∞, Aleman and Siskakis, [9], proved that the operator Tg : H p →
H p is continuous (resp. compact) if and only if g ∈ B M O A (resp. g ∈ V M O A).
On the other hand, for 1 ≤ p ≤ ∞ the operator Vg : H p → H p is continuous
(resp. compact, resp. weakly compact) if and only if Tg : H p → H p is continuous
(resp. compact, resp. weakly compact), [4, Lemma 3.7]. In the case of continuity, we
have ‖Tg‖H p→H p = ‖Vg‖H p→H p . We point out that Vg (resp. Tg) as defined in [4]
corresponds to Tg (resp. Vg) as defined here.

For g ∈ B M O A and 1 ≤ p < ∞ the optimal domain [Vg, H p] was studied in
[13]. In particular, it was shown there that ([Vg, H p], ‖ · ‖[Vg,H p]) is a Banach space
and that H p is strictly contained in [Vg, H p] with a continuous inclusion.

Our next aim is to establish that [Vg, H p] = [Tg, H p]with equivalent norms. First,
we need to introduce some auxiliary spaces and operators (following the approach of
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[6]). For each 1 ≤ p ≤ ∞, define

H p
0 := { f ∈ H p : f (0) = 0}.

Accordingly, H p
0 = Ker(δ0) is a closed 1-codimensional subspace of H p. Moreover,

A0(D) := { f ∈ A(D) : f (0) = 0} is a closed 1-codimensional subspace of A(D).
Consider the forward shift operator S : H(D) → H(D) defined by

(S f )(z) := z f (z), z ∈ D,

for each f ∈ H(D), which belongs to L(H(D)). The inverse operator S−1 is the
restriction to the closed subspace H p

0 of H p of the backward shift operator given by
(B f )(z) := ( f (z) − f (0))/z, for z ∈ D. For further information, see [19].

Lemma 3.12 (i) Let 1 ≤ p ≤ ∞. Then S ∈ L(H p) with ‖S‖H p→H p = 1 and
range S(H p) = H p

0 . Moreover, the operator S is injective with the inverse operator
S−1 : S(H p) → H p continuous and satisfying

‖S−1‖S(H p)→H p = ‖S−1‖H p
0 →H p = 1.

(ii) The operator S belongs to L(A(D)), has norm ‖S‖A(D)→A(D) = 1 and
its range S(A(D)) = A0(D). Moreover, S is injective with the inverse operator
S−1 : S(A(D)) → A(D) continuous and satisfying

‖S−1‖S(A(D))→A(D) = ‖S−1‖A−γ
0 toA(D)

= 1.

Lemma 3.12 is well known; see [4, Lemma 3.5] for a proof.

Proposition 3.13 Let 1 ≤ p ≤ ∞ and g ∈ H(D) have the property that Vg : H p →
H p is continuous. Then [Vg, H p] = [Tg, H p] as linear spaces in H(D) and with
isometric norms. In particular, ([Tg, H p], ‖ · ‖[Tg,H p]) is a Banach space.

Proof Since Vg : H p → H p is continuous, it was noted above that Tg : H p → H p is
also continuous.

Let h ∈ [Vg, H p]. Then h ∈ H(D) and Vgh ∈ H p. According to the definition we
have (Vgh)(0) = 0 and so actually Vgh ∈ H p

0 . In view of (1.3) and the definition of
Vg , Lemma 3.12 implies that Tgh = (S−1 ◦ Vg)h ∈ H p. Moreover,

‖h‖[Tg,H p] = ‖Tgh‖H p = ‖(S−1 ◦ Vg)h‖H p ≤ ‖S−1‖H p
0 →H p‖Vgh‖H p

= ‖Vgh‖H p = ‖h‖[Vg,H p] < ∞. (3.14)

This implies that h ∈ [Tg, H p]. Therefore [Vg, H p] ⊆ [Tg, H p] with a continuous
inclusion.

Let f ∈ [Tg, H p]. Then f ∈ H(D) and Tg f ∈ H p. By Lemma 3.12(i) it follows
that Vg f = (S ◦ Tg) f ∈ H p

0 ⊆ H p. So, f ∈ [Vg, H p]. Moreover,

‖ f ‖[Vg,H p] = ‖Vg f ‖H p = ‖(S ◦ Tg) f ‖H p ≤ ‖S‖H p→H p
0
‖Tgh‖H p
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= ‖S‖H p→H p‖Tgh‖H p = ‖ f ‖[Tg,H p] < ∞. (3.15)

Accordingly, f ∈ [Vg, H p]. Therefore, [Tg, H p] ⊆ [Vg, H p] with a continuous
inclusion.

The inequalities (3.14) and (3.15) imply that [Tg, H p] = [Vg, H p] as linear spaces
in H(D) andwith isometric norms. Since ([Vg, H p], ‖·‖[Vg,H p]) is a Banach space (cf.
[13] for 1 ≤ p < ∞, Remark 3.3 for p = ∞), it follows that ([Tg, H p], ‖ · ‖[Vg,H p])
is also a Banach space. �

Proposition 3.14 Let 1 ≤ p ≤ ∞ and g ∈ H(D) have the property that Vg : H p →
H p is compact. Then H p is a proper subspace of [Vg, H p] = [Tg, H p].
Proof Since ([Vg, H p], ‖ · ‖[Vg,H p])) is a Banach space and Vg : H p → H p is com-
pact, we can apply Corollary 2.4(iii) to conclude that H p is a proper subspace of
[Vg, H p]. �


The following result provides more specific information for the spaces [Vg, H p]
and [Tg, H p].
Proposition 3.15 Let 1 ≤ p ≤ ∞. Suppose that g ∈ H(D) satisfies |g′| > 0 in D and
that Tg : H p → H p is continuous.

(i) The optimal domain space [Vg, H p] = [Tg, H p] is a Banach space isometric to
H p. So, [Tg, H p] is separable and uniformly convex for p ∈ (1,∞). In particular,
[Vg, H p] = [Tg, H p] is reflexive for p ∈ (1,∞).

(ii) Suppose that Tg : H p → H p is not surjective. Then H p is strictly contained in
[Tg, H p].

Proof (i) Proposition 3.1 implies that Tg ∈ L(H(D)) is an isomorphism. Moreover,
Lemma 3.7 in [4] shows that Vg : H p → H p is also continuous. It follows from
Propositions 2.1(i) and 3.13 that [Vg, H p] = [Tg, H p] is a Banach space isometric to
H p.

ForT := {z ∈ C : |z| = 1} the Banach space L p(T) is uniformly convex whenever
1 < p < ∞ and so H p , being isometrically isomorphic to a closed subspace of L p(T),
[29, Theorem III.3.8], is also uniformly convex. Since uniformly convexBanach spaces
are necessarily reflexive, [37], thewell known fact that the spaces H p, for 1 < p < ∞,
are reflexive follows.

Part (ii) follows from Proposition 2.1(ii). �

The following result for A(D) is the analogue of [4, Lemma 3.7] for H p.

Proposition 3.16 Let g ∈ H(D).

(i) The operator Vg : A(D) → A(D) is continuous (resp. compact, resp. weakly
compact) if and only if the operator Tg : A(D) → A(D) is continuous (resp.
compact, resp. weakly compact).

(ii) Let Vg : A(D) → A(D) be continuous. Then [Vg, A(D)] = [Tg, A(D)] as linear
spaces in H(D) and with isometric norms. In particular, ([Vg, A(D)], ‖·‖[Vg,A(D)])
is a Banach space and hence, ([Tg, A(D)], ‖ · ‖[Tg,A(D)]) is also a Banach space.
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Proof (i) Suppose that Tg : A(D) → A(D) is continuous. By Lemma 3.12(ii) also
Vg = S ◦ Tg : A(D) → A0(D) ⊆ A(D) is continuous.

Conversely, suppose that Vg : A(D) → A(D) is continuous. Since Vg(A(D)) ⊆
A0(D), Lemma3.12(ii) implies that Tg = S−1◦Vg : A(D) → A(D) is also continuous.

The proof of compactness (weak compactness) follows in similar way.
(ii) The proof that [Vg, A(D)] = [Tg, A(D)] as linear spaces in H(D) and with

isometric norms follows by arguing as in the proof of Proposition 3.13.
It remains to show that ([Vg, A(D)], ‖ · ‖[Vg,A(D)]) is a Banach space. Since

Vg : A(D) → A(D) is continuous, by [22, Theorem 2.5(i), (ii)] the operator
Vg : H∞ → H∞ is also continuous. So, Remark 3.3(ii) ensures that ([Vg, H∞], ‖ ·
‖[Vg,H∞]) is a Banach space. Moreover, A(D) is a closed subspace of H∞ satis-
fying Vg(A(D)) ⊆ A(D). We can then apply [6, Proposition 2.4] to conclude that
([Vg, A(D)], ‖·‖[Vg,A(D)]) is a closed subspace of ([Vg, H∞], ‖·‖[Vg,H∞]) and hence,
that it is a Banach space. �

Proposition 3.17 Let g ∈ H(D) and Vg : A(D) → A(D) be compact. Then H∞ is a
proper subspace of [Vg, A(D)] = [Tg, A(D)].
Proof Since Vg : A(D) → A(D) is compact, Theorem 1.7 of [22] implies that
Vg(H∞) ⊆ A(D) and that the operator Vg : H∞ → A(D) is also compact (as is
Vg : H∞ → H∞). According to Proposition 3.16(ii) we have that ([Vg, A(D)], ‖ ·
‖[Vg,A(D)]) is a Banach space. So, by Corollary 2.4(iii) we can conclude that H∞ is a
proper subspace of [Vg, A(D)]. �

Proposition 3.18 Let g ∈ H(D) satisfy g′, 1

g′ ∈ H∞ and Vg : A(D) → A(D) be
continuous.

(i) H1 ⊆ [Vg, A(D)] = [Tg, A(D)] ⊆ A−1
0 .

(ii) H1 ⊆ [Vg, H∞] = [Tg, H∞] ⊆ A−1.

Proof (i) Let f ∈ H1 ⊆ H(D). Since g′ ∈ H∞, it follows that also f g′ ∈ H1 (cf.
(3.12)). According to (3.6), the function J ( f g′) ∈ H(D) satisfies D(J ( f g′)) = f g′ ∈
H1. Then by (3.7) and [26, Theorem 3.11] we can conclude that Vg( f ) = J ( f g′) ∈
A(D). This means that f ∈ [Vg, A(D)]. So, H1 ⊆ [Vg, A(D)].

Next, let h ∈ [Vg, A(D)]. Then h ∈ H(D) and, via (3.7), we have J (hg′) =
Vg(h) ∈ A(D). The Stone-Weierstrass theorem implies that P|

D
is dense in C(D)

and hence, P is dense in (A(D), ‖ · ‖∞). Since H∞ ⊆ B continuously (see (2.3)
in Section 2.1 of [11]), also A(D) ⊆ B continuously. But, B0 is the closure of P
in B, [11, Theorem 2.1], and so A(D) ⊆ B0. Accordingly, J (hg′) ∈ B0 and hence,
hg′ = D(J (hg′)) ∈ A−1

0 . Since 1
g′ ∈ H∞, it follows that also h = 1

g′ · (hg′) ∈ A−1
0 .

The equality [Vg, A(D)] = [Tg, A(D)] is due to Proposition 3.16(ii).
(ii) First note that the operator Vg : H∞ → H∞ is also continuous, [22, Theorem

2.5(i), (ii)].
The inclusion H1 ⊆ [Vg, H∞] follows from the fact that H1 ⊆ [Vg, A(D)] (cf.

part (i)) and that [Vg, A(D)] ⊆ [Vg, H∞] because A(D) ⊆ H∞.
Next, let f ∈ [Vg, H∞]. Then f ∈ H(D) and J ( f g′) = Vg( f ) ∈ H∞ ⊆ B and

hence, f g′ = D(J ( f g′)) ∈ A−1. Since 1
g′ ∈ H∞, it follows that also f = 1

g′ ·( f g′) ∈
A−1.
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The equality [Vg, H∞] = [Tg, H∞] is due to Proposition 3.13. �

For 0 < α ≤ 1 recall the Lipschitz spaces of analytic functions on D defined by


α =:
{

g ∈ H(D) : sup
z∈D

(1 − |z|)1−α|g′(z)| < ∞
}

,

λα =:
{

g ∈ H(D) : lim
|z|→1−(1 − |z|)1−α|g′(z)| = 0

}
;

see [26, Chapter 5], for example. Observe that g ∈ 
α if and only if g′ ∈ A1−α .

Proposition 3.19 Let g ∈ H(D) and 1 ≤ p < q.

(i) Suppose that
(
1
p − 1

q

)
≤ 1 and g ∈ 
 1

p − 1
q

. Then H p ⊆ [Vg, Hq ] = [Tg, Hq ]
with a continuous inclusion.

(ii) Suppose that
(
1
p − 1

q

)
< 1 and g ∈ λ 1

p − 1
q

. Then H p is a proper subspace of

[Vg, Hq ] = [Tg, Hq ].

Proof (i) The conditions
(
1
p − 1

q

)
≤ 1 and g ∈ 
 1

p − 1
q
imply that Vg : H p → Hq is

continuous, [7, Theorem 1(iii)]. Since p < q, we have Hq ⊆ H p with a continuous
inclusion and so Vg : Hq → Hq is also continuous. Accordingly, ([Vg, Hq ], ‖ ·
‖[Vg,Hq ]) is defined and is a Banach space; see Proposition 3.13. The definition of
the optimal domain space [Vg, Hq ] shows that H p ⊆ [Vg, Hq ].

(ii) The conditions
(
1
p − 1

q

)
< 1 and g ∈ λ 1

p − 1
q
imply that Vg : H p → Hq is

compact, [7, Theorem 1(iii)]. So, as observed in part (i), we can define the Banach
space ([Vg, Hq ], ‖ · ‖[Vg,Hq ]). By Corollary 2.4(iii) we can conclude that H p is a
proper subspace of [Vg, Hq ]. �


4 Generalized Cesàro Operators Ct for 0 ≤ t ≤ 1

This section is devoted to a consideration of the optimal domain of a particular class
of classical operators. Namely, the operators Vgt and Tgt , for t ∈ [0, 1], where the
family of symbols {gt : t ∈ [0, 1]} is specified in (1.7). Since, for each 0 ≤ t < 1,
we have

|g′
t (z)| =

∣∣∣∣
1

1 − t z

∣∣∣∣ ≤ 1

|1 − |t z|| ≤ 1

1 − t
, z ∈ D, (4.1)

it follows that gt ∈ B0. For each f ∈ H(D), the operator Ct is defined by (Ct f )(0) :=
f (0) and

(Ct f )(z) := 1

z

∫ z

0

f (ξ)

1 − tξ
dξ. z ∈ D \ {0}. (4.2)

Note that Ct = Tgt . It is called the generalized Cesàro operator corresponding to t
(for t = 1 it is the classical Cesàro operator). We point out that the related operator
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Vgt is given by

(Vgt f )(z) =
∫ z

0

f (ξ)

1 − tξ
dξ, z ∈ D. (4.3)

Aleman and Persson have made an extensive investigation of various properties of
generalized Cesàro operators acting in a large class of Banach spaces of analytic
functions on D, [8, 9, 36]. In particular, their results apply to the classical Cesàro
operator C given by (4.2) when it acts in the Korenblum growth spaces A−γ and
A−γ
0 for γ > 0. Additional results which complement and extend their work can be

found in [3]. For a detailed investigation of the optimal domain spaces [C, H p], for
1 ≤ p < ∞, we refer to [23].

The following result collects some relevant properties of the functions gt , for t ∈
[0, 1].
Lemma 4.1 Let 0 ≤ t < 1.

(i) The function gt ∈ A(D) ⊂ V M O A.
(ii) The function g′

t ∈ A(D) ⊂ V M O A.
(iii) The function 1

g′
t
: z �→ 1 − t z ∈ A(D) ⊆ V M O A.

(iv) For each 0 < α ≤ 1, the function gt ∈ 
α , that is, g′
t ∈ A−(1−α).

(v) For each 0 < α < 1, the function gt ∈ λα , that is, g′
t ∈ A−(1−α)

0 .
(vi) gt ∈ B0.

Proof (i) Since gt is holomorphic in the open disc centred at 0 with radius 1
t > 1,

which contains D, it is clear that gt ∈ A(D). A similar argument as in (i) applies in
(ii) to g′

t (z) = 1
1−t z , for z ∈ D, as is the case for the polynomial 1

g′
t
in (iii). Since

(1− α) ≥ 0 and g′
t satisfies (4.1), part (iv) follows from the definition of 
α . For part

(v) a similar argument as in (iv) is valid from the definition of λα as now (1−α) > 0.
Finally, part (vi) is clear from (4.1) and (3.11). �

Proposition 4.2 Letv : [0, 1) → (0,∞)be a log-convex weight satisfying limr→1− v(r)

= 0 and for which the differentiation operator D : H∞
v → H∞

w and the integration
operator J : H∞

w → H∞
v are continuous, where w(r) := (1 − r)v(r), for r ∈ [0, 1).

For each t ∈ [0, 1), the following statements are valid.

(i) [Vgt , H∞
v ] = [Ct , H∞

v ] = H∞
w as Banach spaces.

(ii) [Vgt , H0
v ] = [Ct , H0

v ] = H0
w as Banach spaces.

(iii) H∞
v is a proper subspace of [Ct , H0

v ] and hence, so is H0
v ⊆ H∞

v .

Proof It is known that Ct : H0
v → H0

v is compact, [5, Proposition 2.7]. Hence, the
result follows from Corollary 3.7 and Lemma 4.1(ii) and (iii). �

Remark 4.3 (a) Recall, if v satisfies both (3.2) and (3.8), then both D and J (in Propo-
sition 4.2) are necessarily continuous.

(b) Concerning part (ii) of Proposition 4.2 (with v as given there), set X := H0
v ,

Y := P the space of all polynomials on D and T := Ct , for t ∈ (0, 1). Then Y ⊆ X
and, as noted earlier, Y is dense in X . Since Y is also dense in H0

w = [T , X ], it follows
from Proposition 2.5 that H0

v is dense in [Ct , H0
v ].
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Proposition 4.4 Let t ∈ [0, 1) and γ > 0.

(i) [Vgt , A−γ ] = [Ct , A−γ ] = A−(γ+1) and [Vgt , A−γ
0 ] = [Ct , A−γ

0 ] = A−(γ+1)
0 as

Banach spaces.
(ii) A−γ is a proper subspace of [Ct , A−γ

0 ] = A−(γ+1)
0 .

Proof The stated results follow from Corollaries 3.8 and 3.10 and Lemma 4.1. �

Concerning the classical Cesàro operator we have the following result.

Proposition 4.5 Let γ > 0.

(i) [Vg1 , A−γ ] = [C1, A−γ ] and [Vg1 , A−γ
0 ] = [C1, A−γ

0 ] as Banach spaces.

(ii) A−γ is a proper subspace of [C1, A−γ ]and A−γ
0 is a proper subspace of [C1, A−γ

0 ].

Proof Recall that A−γ (resp. A−γ
0 ) corresponds to the weight function vγ (r) =

(1 − r)γ on [0, 1) for H∞
v (resp. H0

v ). Since |g′
1| > 0 on D, the result follows

from Proposition 3.11, after noting that both the operators C1 : A−γ → A−γ and
C1 : A−γ

0 → A−γ
0 are continuous and 0 ∈ σ(C1; A−γ ) = σ(C1, A−γ

0 ); see [8], [36].
In particular, C1 : A−γ

0 → A−γ
0 is not surjective (as it is injective). �


Concerning Ct acting in H p we have the following result for its optimal domain.

Proposition 4.6 Let 1 ≤ p < ∞.

(i) [Vgt , H p] = [Ct , H p] as Banach spaces for all t ∈ [0, 1].
(ii) H p is a proper subspace of [Ct , H p] for all t ∈ [0, 1].
(iii) H1 ⊆ [Ct , H p] ⊆ A

−( 1
p +1)

0 for all 1 < p < ∞ and t ∈ [0, 1). Moreover, both
inclusions are strict.

Proof (i) For t = 1 it is known that C1 : H p → H p is continuous, [42, Theorem 1].
Given t ∈ [0, 1) we can apply Proposition 3.13, after recalling that Ct : H p → H p is
continuous because gt ∈ V M O A; see Lemma 4.1 and the discussion prior to Lemma
3.12.

(ii) For t ∈ [0, 1), we apply Proposition 3.14, after noting that Ct : H p → H p is
compact because gt ∈ V M O A. For t = 1, since 0 ∈ σ(C1, H p), [42, Theorem 1],
the result follows from Proposition 3.15.

(iii) The fact that H1 is a proper subspace of [Ct , H p] = [Vgt , H p] follows from
Proposition 3.19(ii) (with q replaced by p there and setting p = 1 there), after observ-
ing that gt ∈ λ1− 1

p
as (1 − 1

p ) < 1 (cf. Lemma 4.1(v)).

Next, if f ∈ [Ct , H p] = [Vgt , H p], then f ∈ H(D) and Vgt f ∈ H p. So, by [26,

Theorem 5.9] the function Vgt f ∈ A
− 1

p
0 . Accordingly, f ∈ [Vgt , A

− 1
p

0 ] = A
−( 1

p +1)

0

(cf. Proposition 4.4(i)). This shows that [Ct , H p] ⊆ A
−( 1

p +1)

0 . This inclusion is strict

because [Ct , H p] is reflexive as 1 < p < ∞ (cf. Proposition 3.15(i))whereas A
−( 1

p +1)

0
is isomorphic to c0 (cf. Proposition 3.11(i)). �
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Remark 4.7 By considering C1 = 1 it is clear that C1 fails to map H∞ into itself.
However, for p = ∞, parts (i) and (ii) of Proposition 4.6 remain valid for each
t ∈ [0, 1). The proof is as follows.

Since Ct : H∞ → H∞ is compact, [4, Proposition 2.2], we can conclude via [4,
Lemma 3.7] that Vgt : H∞ → H∞ is also compact. Hence, Proposition 3.13 implies
that [Vgt , H∞] = [Ct , H∞] as Banach spaces (which is part (i) of Proposition 4.6 for
p = ∞) and Proposition 3.14 yields that H∞ is a proper subspace of [Ct , H∞]. That
is, part (ii) of Proposition 4.6 is also valid for p = ∞.

Proposition 4.8 Let t ∈ [0, 1).
(i) [Vgt , A(D)] = [Ct , A(D)] as Banach spaces.
(ii) H∞ is a proper subspace of [Ct , A(D)].
(iii) H1 ⊆ [Ct , A(D)] ⊆ A−1

0 .
(iv) H1 ⊆ [Ct , H∞] ⊆ A−1.

Proof The result follows from Propositions 3.16, 3.17 and 3.18, after observing that
Ct : H∞ → H∞ and Ct : A(D) → A(D) are compact, [4, Proposition 2.2], that
Ct (H∞) ⊆ A(D) by [4, Proposition 3.10], and that g′

t ,
1
g′

t
∈ H∞. �


5 Finite Dimensional Kernel

We begin with a result which is pure linear algebra.

Proposition 5.1 Let E �= {0} be any linear space over C and T : E → E be any
linear map such that T is not injective.

(i) T −1(Ker(T )) = T −1(Ker(T ) ∩ Im(T )) = Ker(T 2).
(ii) Ker(T ) ⊆ T −1(Ker(T )).
(iii) Suppose that Ker(T ) �= {0} is finite dimensional. Then also T −1(Ker(T )) is finite

dimensional. More precisely,

(a) if Ker(T ) ∩ Im(T ) = {0}, then T −1(Ker(T )) = Ker(T ) and
(b) if Ker(T ) ∩ Im(T ) �= {0}, then

dim Ker(T ) < dim T −1(Ker(T )) = dim Ker(T ) + dim (Ker(T ) ∩ Im(T )).

Proof (i) Of course, T −1(Ker(T ) ∩ Im(T )) ⊆ T −1(Ker(T )). Conversely, let x ∈
T −1(Ker(T )). Then T x ∈ Ker(T ). Moreover, also T x ∈ Im(T ). Accordingly,
T x ∈ Ker(T ) ∩ Im(T ) and hence, x ∈ T −1(Ker(T ) ∩ Im(T )). We can conclude
that T −1(Ker(T )) = T −1(Ker(T ) ∩ Im(T )).

Now, let x ∈ T −1(Ker(T )). Then T x ∈ Ker(T ) and so also T 2x = 0, that is,
x ∈ Ker(T 2). On the other hand, if x ∈ Ker(T 2), then T 2x = T (T x) = 0. This
means that T x ∈ Ker(T ) from which it follows that x ∈ T −1(Ker(T )). Hence,
T −1(Ker(T )) = Ker(T 2).

(ii) By part (i) we have T −1(Ker(T )) = Ker(T 2) and so the conclusion follows
from Ker(T ) ⊆ Ker(T 2).
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(iii) (a) The condition Ker(T ) ∩ Im(T ) = {0} implies, by part (i), that

T −1(Ker(T )) = T −1({0}) = Ker(T ).

In particular, T −1(Ker(T )) is finite dimensional.
(b) Set m := dim (Ker(T )∩ Im(T )) and n := dim Ker(T ), in which case 1 ≤ m ≤

n. Let {yi }m
i=1 be a basis for Ker(T )∩Im(T ). The inclusion Ker(T )∩Im(T ) ⊆ Im(T )

implies that there exist elements {xi }m
i=1 ⊆ E \{0} satisfying T xi = yi , for 1 ≤ i ≤ m.

Since the elements {yi }m
i=1 are all distinct, also {xi }m

i=1 consists of distinct elements.
Moreover, T xi = yi �= 0, for all 1 ≤ i ≤ m, implies that {xi }m

i=1 ⊆ E \ Ker(T ).
Suppose that the linear combination

α1x1 + . . . + αm xm + β1y1 + . . . + βm ym = 0. (5.1)

Apply the linear map T yields

α1T x1 + . . . + αm T xm = 0,

where we have used T yi = 0 for 1 ≤ i ≤ m as {yi }m
i=1 ⊆ Ker(T ). Since T xi = yi ,

for all 1 ≤ i ≤ m, we have α1y1 + . . . + αm ym = 0. Then the linear independence
of {yi }m

i=1 yields that α1 = α2 = . . . = αm = 0 and so it follows from (5.1) that
β1y1 + . . . + βm ym = 0. Hence, also β1 = β2 = . . . = βm = 0. Accordingly, the
vectors {xi }m

i=1 ∪ {yi }m
i=1 are all distinct (if xi = y j , then T xi = T y j = 0 and so

xi ∈ Ker(T ); a contradiction) and linear independent. The claim is that

Ker(T ) ∩ span{xi }m
i=1 = {0}. (5.2)

Indeed, let x ∈ Ker(T )∩ span{xi }m
i=1. Then T x = 0 and there exist complex numbers

{γi }m
i=1 satisfying x = ∑m

i=1 γi xi . Apply T yields that 0 = T x = ∑m
i=1 γi T xi =∑m

i=1 γi yi . By the linear independence of {yi }m
i=1 we can conclude that γi = 0, for all

i = 1, . . . , m, that is, x = 0. Hence, (5.2) has been established.
Define the subspace V := Ker(T ) + span{xi }m

i=1. It follows from (5.2) that

dim V = dim Ker(T ) + dim(Ker(T ) ∩ Im(T )). (5.3)

The claim is that
V = T −1(Ker(T )). (5.4)

Indeed, we have by part (ii) that Ker(T ) ⊆ T −1(Ker(T )). Also, T xi = yi , for all
i = 1, . . . , m, with {yi }m

i=1 ⊆ Ker(T ), implies that {xi }m
i=1 ⊆ T −1(Ker(T )) and so

span{xi }m
i=1 ⊆ T −1(Ker(T )). It is then clear that V ⊆ T −1(Ker(T )).

Conversely, let x ∈ T −1(Ker(T )). By part (i) we have that x ∈ T −1(Ker(T ) ∩
Im(T )), i.e., T x ∈ Ker(T ) ∩ Im(T ). So, there exist αi ∈ N, for 1 ≤ i ≤ m, such that
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T x = ∑m
i=1 αi yi . Hence,

T

(
x −

m∑

i=1

αi xi

)
= T x −

m∑

i=1

αi T xi = T x −
m∑

i=1

αi yi = T x − T x = 0.

Accordingly, x − ∑m
i=1 αi xi ∈ Ker(T ) and hence,

x =
(

x −
m∑

i=1

αi xi

)
+

(
m∑

i=1

αi xi

)
∈ Ker(T ) + span{xi }m

i=1 = V .

This completes the proof of (5.4) and hence, via (5.3), also the proof of (b). �

Remark 5.2 Let E �= {0} be a linear space over C and T : E → E be a linear map.
Suppose that Ker(T ) is finite dimensional and satisfies

{0} �= Ker(T ) ⊆ Im(T ). (5.5)

Of course, a sufficient condition for (5.5) to hold is that T : E → E is surjective.
It follows from (5.5) that Ker(T ) ∩ Im(T ) = Ker(T ) and hence, part (iii) (b) of

Proposition 5.1 implies that

dim T −1(Ker(T )) = 2dim Ker(T ). (5.6)

Setting X := Ker(T ), observe that T (X) ⊆ X and that the space

T −1(X) = T −1(Ker(T )) = {x ∈ E : T x ∈ X}

is what we call the optimal domain [T , X ] of T : X → X . This would be genuinely
the case if E = H(D) and T ∈ L(H(D)) is not injective. Moreover, (5.6) becomes

dim [T , X ] = 2dim X

and so X � [T , X ]. As shown in the following result, for this setting the space X is
not dense in [T , X ], the optimal domain [T , X ] is a complete semi-normed space and
‖ · ‖[T ,X ] is not a norm.

We now consider the case when E := H(D).

Proposition 5.3 Suppose that T ∈ L(H(D)) satisfies the following three conditions.

(a) The operator T is not injective,
(b) Ker(T ) ⊆ T (H(D)), and
(c) Ker(T ) is finite dimensional.

Let X := Ker(T ) be equipped with any norm ‖ · ‖X . Then X is a Banach space of
analytic functions on D satisfying T (X) ⊆ X. Moreover, its optimal domain [T , X ] =
T −1(X) satisfies
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(i) X � [T , X ],
(ii) [T , X ] is a semi-normed space but, ‖ · ‖[T ,X ] is not a norm,
(iii) X is not dense in [T , X ] and
(iv) [T , X ] is a complete semi-normed space.

Proof (i) Let n = dim X , with n ≥ 1, and {g1, g2, . . . , gn} be a basis for X , i.e., X =
span{g j : 1 ≤ j ≤ n}. By condition (b) for T there exist functions { f1, f2, . . . , fn} ⊆
H(D) satisfying T f j = g j for 1 ≤ j ≤ n.

Since g j �= 0, we have f j /∈ X for 1 ≤ j ≤ n. Moreover, { f j }n
j=1 ∪ {g j }n

j=1 are
linearly independent in H(D). Clearly, T (X) ⊆ X .

The lcH-topology τc in H(D) when restricted to X is equivalent to any norm
topology on X (as dim X < ∞). Fix a norm ‖ · ‖X in X , say,

∥∥∥∥∥∥

n∑

j=1

α j g j

∥∥∥∥∥∥
X

:= max
1≤ j≤n

|α j |.

Then X ⊆ H(D)with a continuous inclusion (actually the inclusion is an isomorphism
into) and so X is a Banach space of analytic functions on D.

The claim is that T −1(X) := { f ∈ H(D) : T f ∈ X} is the linear subspace of
H(D) given by

T −1(X) = Ker(T ) + span{ f j : 1 ≤ j ≤ n}. (5.7)

Clearly, Ker(T ) ⊆ T −1(X). Furthermore, for 1 ≤ j ≤ n, we have f j ∈ T −1(X)

because T f j = g j ∈ X . So, also span{ f j : 1 ≤ j ≤ n} ⊆ T −1(X). Since T −1(X)

is a linear space, it follows that Ker(T ) + span{ f j : 1 ≤ j ≤ n} ⊆ T −1(X).
Conversely, let f ∈ T −1(X). Then T f ∈ X and so T f = ∑n

j=1 α j g j for some
(α1, α2, . . . , αn) ∈ C

n . Define h := ∑n
j=1 α j f j ∈ span{ f j : 1 ≤ j ≤ n}, in which

case

T ( f − h) = T f − T h =
n∑

j=1

α j g j −
n∑

j=1

α j T f j =
n∑

j=1

α j g j −
n∑

j=1

α j g j = 0.

Hence, ( f − h) ∈ Ker(T ). This implies that f = ( f − h) + h ∈ Ker(T ) + span{ f j :
1 ≤ j ≤ n}. Therefore, T −1(X) ⊆ Ker(T ) + span{ f j : 1 ≤ j ≤ n}. The claim is
thereby established.

Recall that [T , X ] = { f ∈ H(D) : T f ∈ X} = T −1(X) and so X ⊆ [T , X ]. It
is routine to check that span{ f j : 1 ≤ j ≤ n} ∩ X = ∅ because T f j = g j ∈ X , for
1 ≤ j ≤ n. It follows from (5.7) that

X � [T , X ].

(ii) Clearly,
‖ f ‖[T ,X ] := ‖T f ‖X , f ∈ [T , X ]

specifies a seminorm in [T , X ] as T is linear and ‖ · ‖X is a norm. Since ‖g j‖[T ,X ] =
‖T g j‖X = 0, for 1 ≤ j ≤ n, we see that ‖ · ‖[T ,X ] is not a norm.
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(iii) For every g ∈ X note that

‖g − f1‖[T ,X ] = ‖T g − T f1‖X = ‖g1‖X = 1

and so X is not dense in [T , X ].
(iv) That the semi-normed space [T , X ] is complete is a consequence of the fol-

lowing general result. �

Note that assumption (b) in Proposition 5.3 is satisfied whenever T ∈ L(H(D)) is

surjective.

Lemma 5.4 Every finite dimensional semi-normed space is complete.

Proof Let (X , ‖ · ‖X ) be a finite dimensional semi-normed space. In the event that
‖ · ‖X is a norm, the result is well known. Indeed, every finite n-dimensional normed
space is isomorphic to C

n (in the complex case) equipped with sup-norm ‖ · ‖∞.
Suppose then that ‖ · ‖X is not a norm. Set X0 := Ker(‖ · ‖X ). Then X0 is a

linear subspace of X . Since X is finite dimensional, there exists a linear subspace
X1 of X such that X = X0 ⊕ X1. Clearly, X1 is finite dimensional. Moreover, the
semi-norm ‖ · ‖X when restricted to X1 is a norm. Indeed, if ‖x‖X = 0 for some
x ∈ X1, then x ∈ X0 and so x ∈ X0 ∩ X1 = {0}. Hence, x = 0. Denote by ‖ · ‖X1

the restriction of ‖ · ‖X to X1. Therefore, (X1, ‖ · ‖X1) is a finite dimensional normed
space and so it is complete. Moreover, for every x0 + x1 ∈ X0 ⊕ X1, we have that
‖x0 + x1‖X ≤ ‖x0‖X + ‖x1‖X = ‖x1‖X and also that ‖x1‖X = ‖x0 + x1 − x0‖X ≤
‖x0 + x1‖X + ‖x0‖X = ‖x0 + x1‖X . Consequently, for every x0 + x1 ∈ X0 ⊕ X1, we
have

‖x0 + x1‖X = ‖x1‖X . (5.8)

Let (xn
0+xn

1 )n∈N ⊆ X0⊕X1 be aCauchy sequence in (X , ‖·‖X ). In viewof (5.8)we
have that (xn

1 )n∈N ⊆ X1 is a Cauchy sequence in (X1, ‖ · ‖X1). Since (X1, ‖ · ‖X1) is a
complete normed space, there exists x1 ∈ X1 such that‖xn

1−x1‖X = ‖xn
1−x1‖X1 → 0

as n → ∞. In view of (5.8) it follows that ‖(xn
0 +xn

1 )−x1‖X = ‖xn
0 +(xn

1 −x1)‖X =
‖xn

1 −x1‖X → 0 as n → ∞. Thismeans that (xn
0 +xn

1 )n∈N converges to x1 in (X‖·‖X ).
Therefore, we can conclude that (X‖ · ‖X ) is a complete semi-normed space. �


The following two examples illustrate the applicability of Proposition 5.3.

Example 5.5 Let P(z) = ∑n
j=0 a j z j with {a j }n

j=0 ⊆ C and an �= 0 be any complex
polynomial of degree n ≥ 1. Define the ordinary differential operator

T :=
n∑

j=0

a j D j
(
with D := d

dz

)
.

The theory of ODE’s implies that T ∈ L(H(D)) is surjective, [20, Ch. 2, Theorem
20], and that

X := Ker(T ) =
⎧
⎨

⎩ f ∈ H(D) :
n∑

j=0

a j D j f = 0

⎫
⎬

⎭
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is an n-dimensional subspace of H(D), [20, Ch. 2, Theorems 11 and 12]. So, all the
conditions (a)-(c) of the Proposition 5.3 are satisfied.

Example 5.6 Define V ∈ L(H(D)) by

(V f )(z) :=
∫ z

0
f (ξ) dξ, z ∈ D, f ∈ H(D),

and set T := D + V , where D is the differentiation operator. Clearly, T ∈ L(H(D)).
The claim is that

Ker(T ) = span{cos(z)}. (5.9)

Indeed, f ∈ Ker(T ) if and only if f ′(z)+∫ z
0 f (ξ) dξ = 0, for all z ∈ D. It follows that

f ′(0) = 0 and, by differentiation, that f satisfies f ′′(z)+ f (z) = 0, for all z ∈ D. Two
solutions of f ′′(z)+ f (z) = 0, for z ∈ D, which are linearly independent, are y1(z) :=
sin(z) and y2(z) = cos(z), for z ∈ D. Accordingly, f (z) := α sin(z) + β cos(z), for
z ∈ D, with α, β ∈ C. Then f ′(z) = α cos(z)−β sin(z), for z ∈ D, and the condition
f ′(0) = 0 implies that α = 0. This establishes (5.9).
On the other hand, the optimal domain space is

[T , X ] = span{cos(z), sin(z) + z cos(z)}. (5.10)

To establish the validity of (5.10), fix f ∈ [T , X ]. Then f ∈ H(D) and T f ∈ Ker(T ).
So, (T f )(z) = γ cos(z) for some γ ∈ C and for z ∈ D, i.e., f ′(z) + ∫ z

0 f (ξ) dξ =
γ cos(z), for z ∈ D. It follows that f ′(0) = γ and, again by differentiation, that

f ′′(z) + f (z) = −γ sin(z), z ∈ D. (5.11)

The theory of ODE’s implies that the general solution of the non-homogeneous equa-
tion (5.11) is given by f (z) := z(a cos(z) + b sin(z)) + c1 cos(z) + c2 sin(z), for
z ∈ D, with a, b, c1, c2 ∈ C, where g(z) := z(a cos(z) + b sin(z)) is any solution
of the equation g′′(z) + g(z) = −γ sin(z), for z ∈ D (see [20, Ch. 2, §10]). The
requirement that g satisfies g′′(z) + g(z) = −γ sin(z), for z ∈ D, implies that b = 0
and a = γ

2 . Therefore, g(z) = γ
2 z cos(z), for z ∈ D, and hence, the general solution

of (5.11) is given by f (z) = γ
2 z cos(z) + c1 cos(z) + c2 sin(z), for z ∈ D. Accord-

ingly, f ′(z) = γ
2 cos(z) − γ

2 z sin(z) − c1 sin(z) + c2 cos(z), for z ∈ D. Then the
condition f ′(0) = γ yields that γ + c2 = γ

2 from which it follows that c2 = γ
2 .

Accordingly, f (z) = γ
2 (sin(z) + z cos(z)) + c1 cos(z), for z ∈ D. This means that

f ∈ span{cos(z), sin(z) + z cos(z)}, i.e, (5.10) is verified.
Define h(z) := sin(z) + z cos(z), for z ∈ D. Then h ∈ [T , X ] ⊆ H(D) in view

of (5.10). On the other hand, an easy computation shows that T h = 2 cos(z) ∈
X = Ker(T ). Since X = Ker(T ) = span{cos(z)} = span{ 12T h}, it is clear that
Ker(T ) ⊆ T (H(D)). So, T ∈ L(H(D)) satisfies condition (b) of the Proposition 5.3.
Actually, the operator T ∈ L(H(D)) is surjective because the equation T f = g, with
g ∈ H(D) fixed, reduces to f ′′(z) + f (z) = g′(z) and f ′(0) = g(0). Hence, the
solution is f (z) = k(z) + c1 cos(z) + c2 sin(z), for z ∈ D, where k ∈ H(D) is given
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by

k(z) = cos(z)
∫ z

0
(− sin ξ)g′(ξ) dξ + sin(z)

∫ z

0
cos(ξ)g′(ξ) dξ, z ∈ D,

and c1, c2 ∈ C are determined by the condition f ′(0) = g(0) ( [20, Ch. 2, Theorem
20]).

Remark 5.7 Consider T := D; see Example 5.5 with P(z) = z, in which case
Ker(T ) = span{1}. Note that

M(Ker(T )) = span{z} � Ker(T ) = span{�1},

where M ∈ L(H(D)) is the multiplication operator given by

(M f )(z) := z f (z), z ∈ D, f ∈ H(D).

The fact that M(Ker(T )) � Ker(T ) is a particular case of the following more general
fact.

Let X �= {0} be any Banach space of analytic functions on D such that D(X) ⊆ X .
The closed graph theorem yields that D ∈ L(X). For such an X it cannot be the case
that also M(X) ⊆ X , because then M ∈ L(X) and, via direct calculation, D and M
satisfy the identity

DM − M D = I

in L(X). This is impossible. Indeed, applying [30, (1)] for the Banach algebra L(X)

with A := D, T := M and Q := I , implies that the operator I is quasi-nilpotent,
i.e., 1 = (‖I n‖X→X )1/n → ∞ as n → ∞, which is a contradiction; see also [41].
Similarly, ifY �= {0} is aBanach space of analytic functions onD such that M(Y ) ⊆ Y ,
then necessarily D(Y ) � Y .

For the particular space X = Ker(D) = Ker(T ) mentioned above, which does
satisfy D(X) ⊆ X , it must be the case that M(X) � X . The conclusion is:

Let X �= {0} be any Banach space of analytic functions on D such that D(X) ⊆ X.
Then necessarily M(X) � X.
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