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1 Introduction

LetD := {z € C: |z| < 1} and H(D) denote the Fréchet space consisting of all
analytic functions on D equipped with the topology 7. of uniform convergence on the
compact subsets of D. The classical Cesaro operator C, given by

o0 1 n . .
(Cf)(z) == 2:(:) (m 1; f(k)) ", zeD,

where f € H(D) has Taylor coefficients ( f (M)neNy = (f <':!(0))n€NO’ is known to
be a continuous linear operator on H (D) and on the Hardy spaces H” over D, for
1 < p < oo; see, for example, [42, 43] and the references therein. It was observed
in [23] that, for each 1 < p < oo, there exist certain weighted Hardy spaces H? (w)
satisfying H? & HP(w) such that C: H”(w) — H? continuously. This led to the
notion of the largest Banach space X of analytic functions on ID continuously contained
in H(D) such that H” € X and C(X) € HP. This largest space X, which always
exists, was called the optimal domain of C (for H”) and was denoted by [C, H?].
The space [C, H?], itself a Banach space of analytic functions on D, is thoroughly
investigated in [23].

This topic was taken up again in the recent article [13]. Given g € H (D), consider
the generalized Volterra operator

Z
(T, f)(2) :=/0 FE)g &) dE, zeD, (L)

for f € H(D). When g(z) = z on D, this operator is the classical Volterra operator.
It is known that T,: H? — HP, for 1 < p < 00, is continuous if and only if
g € BMOA;see [38] for p =2and [9] for 1 < p < oo. For g(z) = —Log(l — 2)
one recovers the Cesaro operator C in the sense that

(Tgf><z>=/0 %d-?:Z(Cf)(Z), zeD, feHP.

The notation used in [13] for the optimal domain is, of course, adapted from [23],
namely,
[Te, HP]1:={f € HD): T, f € H?}

equipped with the norm || f llir,, a1 := IITg f | a». It is shown, foreach 1 < p < o0
and g € BMOA, that [T,, H”] is actually a Banach space of analytic functions on
D, that the continuous inclusion H? C [T,, H?] is strict, that

H? = NgepmoalTy, H] (1.2)
and, that [Ty, H"*] & [T,, HP'] whenever 1 < p; < p> < oc. Each of the articles
[13, 23] deal with the optimal domain of operators acting in the particular class of

spaces H”. In [23] the relevant operator is the Cesaro operator whereas [13] deals
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with the entire class of generalized Volterra operators T, which contains C as one of
its members. It is the injectivity of T, in H(ID), whenever g € H (D) is non-constant
(cf. [10]), which ensures that the semi-norm || - ||| (T, HP] is actually anormin [Ty, HP].
For the completeness of [Ty, H”] see [13, Theorem 1]. At this stage it is important
to point out that the notation used for generalized Volterra operators in the literature
is not consistent. In this article and in [6] we will (as do many other authors) denote
the above operator T, by V,, whereas T, will henceforth denote the related operator
given by

1 Z
(T, f)(2) == Z/(; f®)8'@)de, zeD\{0}, (T f)(0) = f(0)g'(0), (1.3)

for f € H(ID). That is, V, denotes the operator on the right-side of (1.1) whereas T,
is defined by (1.3).

The first appearance of a study of the optimal domain space of an operator acting
in a Banach space of analytic functions X on D other than a HP-space occurs in [24].
The operator involved there is again the Cesaro operator C but, its action is now in the
space

I o,
X = (cesy) ;=1 f € HD) : < |f(k)|) c ¢
n—+1
k=0 neNy
equipped with the norm
”f”}f(ce?z) "+ 1 Z | f(k)|> , f S %(Cesz).
neNp 02

It is shown in [24], amongst other things, that 77’ (ces;) is a Banach space of analytic
functions on D, that C: J#(cesy) — 7 (cesy) is continuous and that

H? G H(cesy) & [C, H? G [C, I (cesy)],

with all inclusions continuous.

One of the aims of [6] is to treat larger classes of Banach spaces of analytic functions
on D beyond the spaces H”. For example, X can be one of the well known Korenblum
growth Banach spaces A~7 and A, Y of order y > 0. It turns out that the relevant
class of symbols g for the operators V, acting in AY (resp. Ag) is the Bloch space B
(resp. By); see [6, Section 3]. Alternate descriptions of [V,, A7V] (resp. [V, Aa )
are presented in Proposition 3.5 and Remark 3.6. To see that the inclusion A™Y C
[V,, A77] can be strict we refer to Example 3.7 in [6]. The analogue of (1.2) occurs
in Propositions 3.8 and 3.9, namely,

ATV =Ngepl Ve, A7V and Ay = Ngepl Vg, Ay 1.
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In Section 5 of [6], for a given g € H (D), the attention is on the optimal domain
spaces of V, and T, acting in certain weighted Banach spaces of analytic functions
HX>* and H,? on D (equipped with the sup-norm) for a class of weight functions
v: [0, 1) — (0, co). This family of spaces properly contains the Korenblum growth
Banach spaces, which correspond to the weight vy, () := (1-r)” on [0, 1), fory > 0.
The operators V, and T, are continuous on A~" precisely when g € B. Given a non-
constant function g € H (D), the operators V, and 7, are injective on H (D) and so
I - lltv,. ooy and || - |1, He) are norms, as are || - ||[ngH19] and || - ||[Tg’H'9], whenever
Vo(H®) € HX® and T,(H®) € HX (resp. Vo(HY) € HY and T,(H?) < HY).
For each g € H(D) it is shown that Vy: H® — HX (resp. V,: HY — HY) is
continuous if and only if T, : H® — HS® (resp. Ty: HY — HY) is continuous and,
if this is the case, then [V, H®] = [Ty, HX®] (resp. [Vy, HY] = [T, H?]). For
g0(2) := —Log(1 — z) on D, which satisfies g € By, the operator Ty, = C. For each
y > 0, it is shown that

ATV G[C,AT7] and ATV & [V, AT

as well as
Ay" GIC, Ay7T and A7 G [Ve, Ay 1.

It is also established, for each 8 > y, that
AP GIC, A7) and AyP G IC, AL

For further results we refer to [6].

The current paper presents significant refinements and extensions of the results in
[6] together with many new results. The operators concerned are again V, and T
acting in Hardy spaces, as well as in certain weighted Banach spaces H° and H,?.
However, the classes of symbols g considered are quite different to those in [6] and the
weight functions v satisfy alternate conditions to the ones appearing in [6]. The disc
algebra A(D) € H® is also treated. The idea is to invoke the differentiation operator
D and the integration operator J (which always act continuously in H (D)) provided
they are also continuous between the appropriate weighted spaces H>° and H,,°. This
requires restrictions on v and w but, has the advantage that effective new techniques
become available.

Section 2 develops various results concerning the general theory of optimal domain
spaces [T, X], for X aBanach space of analytic functionsonDand 7' : H(D) — H (D)
a continuous linear operator satisfying 7(X) € X. These results are needed in the
sequel, where T and X are specialized to be certain concrete operators and spaces,
respectively.

In Subsection 3.1 of Section 3 the relevant weighted spaces H2° and H? are defined.
Both of these spaces are continuously contained in H (D). If v satisfies lim, _, ;- v(r) =
0, then HS is the closure in H° of the space of all polynomials. An important and
well known concept that is needed is that of v being log-convex. In the presence
of log-convexity of v and for the associated weight w(r) := (1 — r)v(r) on [0, 1)
it is known that D is continuous from H_° into HJ° if and only if v satisfies the
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requirement (3.2). If, in addition, lim,_, ;- v(r) = 0, the same is true of D mapping
HY into HY. As a sample, under these conditions, we mention for any non-constant
function g € H(D), that the continuity of D: H® — H.° implies that HS° is a
proper subspace of the optimal domain space [V, Hl?] whenever V, : Hl()) — Hl? is
compact; see Proposition 3.5. For the case of the integration operator J it is known,
again whenever v is log-convex and w(r) := (1 —r)v(r) on [0, 1), that the continuity
of J: HJ® — H_.° isequivalent to the requirement that (3.8) is satisfied. In particular,
if the symbol g € H (D) satisfies g, % € H* and the weight v satisfies both (3.2) and
(3.8), then both operators D: H° — H.,° and J: H° — H_° are continuous. As
a consequence, whenever V,: H° — H* is continuous, the optimal domain spaces
are given precisely by

[Vy, H*1 = [Tg, H°] = HyY (1.4)

with equivalent norms; see Proposition 3.6 and Corollary 3.7.

For each y > 0, it was noted above that the Korenblum growth Banach spaces
A77 and A, ¥ correspond to the weighted spaces H* and HS for the weight func-
tion vy, (r) := (1 — r)” on [0, 1). The relevant point is that v, is log-convex, that
lim,_, ;- v, (r) = 0 and that v,, satisfies both (3.2) and (3.8). So, for functions g € B
such that g/, L e H*®, we can apply the previous results. As a sample (cf. Corollary
3.8), the optimal domain spaces are given by

Ve, A7V = [Ty, AV = A" Dy > 0. (1.5)

Or, if g € By satisfies both g/, é € H*, then A~7 is a proper subspace of the optimal
domain spaces
Ve, 4371 = [Ty, Ag"1= 45770,y > 0; (1.6)

see Corollary 3.10. And so on.

The setting of Subsection 3.2 is the class of Hardy spaces H”, for 1 < p < oo,
and the disc algebra A(D). As noted above, for g € BMOA and 1 < p < o0
the optimal domain spaces [V,, H?] are investigated in [13]. This investigation is
supplemented in the current paper by allowing p = oo and incorporates also the
related operators Ty. The forward shift operator (Sf)(z) := zf(z), for z € D, which
is continuous on H (D), plays an important role. This operator, when acting in H”,
for 1 < p < oo, and in A(ID), has operator norm 1 and is injective. The properties of
S are used to show, foreach 1 < p < oo and g € H(D) such that Vo: H? — H?
is continuous, that the optimal domain spaces [Vy, H?] = [T,, H”] are actually
Banach spaces; see Proposition 3.13. If, in addition, V,: H? — H? is compact,
then H? is a proper subspace of [V,, H?] (cf. Proposition 3.14). Or, if [¢’| > 0
inD and T,: H? — HP is continuous, then [Ty, H?] = [V,, HP] is a Banach
space isometric to H 7. If, in addition, Tg: H? — HP is not surjective, then also
H? & [Ty, HP] (cf. Proposition 3.15). Concerning A(ID), it is shown that H* is a
proper subspace of [V, A(D)] = [T, A(D)] whenever ¢ € H(ID) has the property
that V,: A(D) — A(D) is compact; see Proposition 3.17. If ¢ € H (D) satisfies
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g, é € H* and V,: A(D) — A(D) is continuous, then
H' C[V,, AD)] = [Ty, AD)] C A" and H' C [V, H®] = [T, H] C A7)

see Proposition 3.18. For symbols g € H (D) belonging to one of the Lipschitz spaces
Aq € Ay, for certain @ > 0, it is shown in Proposition 3.19 that

HP C [V,, HY] = [T,, H],

with a continuous inclusion, whenever 1 < p < ¢ satisfy (% — é) <land g €

A1 _1,and also that the previous containment is strict in the event that (% — %) <1
P q

andgeir_ 1.

P q
Section 4 treats the optimal domain spaces of Vg, and Ty, for the particular symbols

8(2) = —w, zeD, (1.7)

for each t € (0, 1]. These symbols have rather pleasant features; see Lemma 4.1.
For instance, each function g; € By and both g;, ? € H*®. For t = 0, define
g0(z) := z on D. The operators C; := T,,, fort € (Ot, 1], are known as generalized
Cesaro operators. Several aspects of these operators (eg., continuity, compactness,
spectrum, mean ergodicity) have been studied in various Banach spaces of analytic
functions on D in the recent articles [4], [S]. Our aim here is to investigate their optimal
domain spaces. Given a log-convex weight v on [0, 1) satisfying lim, _, - v(r) = 0
and with w(r) := (1 — r)v(r) on [0, 1) it is shown, whenever D: HJ° — H_° and
J: H® — H.X are continuous, that (1.4) holds with g; in place of g, that

[Ve,, H)1 = [C;, H)1 = HY, 1t €0, 1),

as Banach spaces and that H° is a proper subspace of [C, H,?]; see Proposition 4.2.
Concerning the Korenblum growth Banach spaces, we mention that (1.5) holds with
g: in place of g, as does (1.6). In Proposition 4.4 it is shown that A~ is a proper
subspace of [C}, Aa . For each t € [0, 1), various properties of the optimal domain
space of C; in the Hardy spaces H?, for 1 < p < oo, (resp. in the disc algebra A(D))
are presented in Proposition 4.6 (resp. Proposition 4.8).

In Section 2 of [6] various important properties of the optimal domain of general
operators T € L(H (D)) satisfying 7(X) € X, with X a Banach space of analytic
functions on ID, are established. As noted above, further relevant results in this direction
are also presented in Section 2. In the final Section 5 we address the special situation
when an operator T € L(H (D)) is not injective (unlike in Section 2) and has the
property that X := Ker(7T) is finite dimensional; see Proposition 5.3 which reveals
that some novel features arise in this situation. Examples 5.5 and 5.6 illustrate that
this can actually occur.
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2 Properties of General Optimal Domain Spaces

Given a Banach space X, its norm is denoted by || - || x, its dual Banach space by
X* and its bidual Banach space by X**. The space of all continuous linear operators
from X into a Banach space Y is written as £(X, Y) or, if X = Y, simply as £(X).
The norm of T € L(X,Y) is given by ||T||x—y = supjjx <1 I7xlly. The dual
operator of T € L£(X,Y) is indicated by T* € L(Y*, X*) and its bidual operator by
T** € L(X**, Y**). Finally, the spectrum o (T; X) of T € L£(X) is the disjoint union
of its point spectrum o,,(T'; X), its continuous spectrum o.(7; X) and its residual
spectrum o, (7'; X). For all these concepts we refer, for example, to [25].

We recall that H (D) is a Fréchet-Montel space, [31, §27.3(3)]. An increasing family
of norms determining 7, is given by

qr(f) = sup |[f(2)], feHD), 2.1)

lzl=r

for each r € (0, 1). Functions f € H(ID) are identified with their Taylor coefficients
Fo= Fomen, = Co@ypeny, that is, f(2) = Y52 f)", for = € D. For
each z € D it follows from (2.1) that the evaluation functional §,: f — f(z), for
f € H(D), is linear and continuous, that is, §, € H (ID)*. The space of all continuous
linear operators from H (D) into itself is denoted by L(H (DD)).

A linear space X € H(D) is said to be a Banach space of analytic functions on
D if it is a Banach space for some norm || - ||x such that the natural inclusion of X
into H (D) is continuous. The closed graph theorem implies that 7 € £(X) whenever
T: H(D) — H(D) is a continuous, linear operator satisfying 7(X) C X.

The optimal domain of an operator T € L(H (D)) satisfying T(X) € X, with X a
Banach space of analytic functions on D, is the linear subspace

[T, X]:={feHD): Tf e X}
of H (D) equipped with the semi-norm

I fllir.x) == ITflx, felT.X],

[6, Definition 2.2]. For an injective operator T € L(H (D)) satisfying T(X) C X, it
is known that ([T, X1, || - |l;7,x)) is always a normed space, [6, Proposition 2.4(ii)].
The map Tir x): [T, X] — X defined by Tir.x1f = Tf, for f € [T, X], is an
X-valued, linear extension of 7: X — X. For most operators 7' of interest it turns out
that X ; [T, X], that is, Tjr, x] is a genuine extension of T € £(X). But, it can also
happen that [T, X] = X, thatis, T € £(X) is already optimally defined; see Remark
2.6.

The aim of this section is to present various results concerning the optimal domain
of operators acting in general Banach spaces of analytic functions on ID. Such results
will be needed in subsequent sections.

Proposition 2.1 Let X be a Banach space of analytic functionsonD and T € L(H (D))
be an isomorphism satisfying T (X) C X.
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1) (T, X1, Il - llir,x)) is a Banach space isometric to X.
(i) If T: X — X is not surjective, then X is properly contained in [T, X].

Proof (i) Since T: H(D) — H(ID) is an isomorphism, we can apply Proposition
2.8 in [6] to conclude that ([T, X1, || - |I[7,x]) is isometric to X via the linear map
Tir,xy: [T, X] — X. Hence, ([T, X], || - llf7,x]) is a Banach space.

(ii) The operator 7: X — X is necessarily injective but, by assumption, it is not
surjective, and so there exists g € X € H (D) suchthatg ¢ T (X).Since T: H(D) —
H (D) is surjective, there is f € H(D) \ X satisfying Tf = g € X. Accordingly,
felT,X]but, f ¢ X. O

Given Banach spaces of analytic functions on D, say X and Y, such that X C Y
continuously and an operator 7 € L(H (D)) satisfying T(Y) C X, it follows that
necessarily T € L(Y, X). Indeed, let (f,)nen C Y satisfy f;, - OinY and Tf, — ¢
in X for some g € X, asn — oo. Then also f, — O and Tf, — g in H(D) as
n — oo because both X and Y are Banach spaces of analytic functions on D. Since
T € L(H(D)), it follows that also T'f, — 0 in H (D) as n — oo. Therefore, g = 0.
By the closed graph theorem we can conclude that 7 € L(Y, X). Note that also
Y C [T, X] with a continuous inclusion. To see thislet # € Y. Then h € H(ID) and
TheT(Y)C X.Accordingly, & € [T, X]. So, we can consider the natural inclusion
map Zir,x1: Y — [T, X] defined by 7|7 x1f = f for f € Y. Since

| Airxiflir.xi =1 lir.x1=1Tfllx < ITlly=xIfly, f e,

it follows that _#|7 x: ¥ — [T, X] is continuous.
The following result is a refinement of [6, Propositiom 2.9].

Proposition 2.2 Ler X and Y be Banach spaces of analytic functions on D satisfying

X C Y with a continuous inclusion. Let T € L(H (D)) be an injective operator such

that ([T, X1, | - ll7,x)) is a Banach space and T (Y) € X (hence, also T (X) € X).

The following properties are equivalent.

(1) The continuous linear operator T : Y — X has closed range in X.

(ii) Thenaturalinclusionmap Jir x1: Y — [T, X|, definedby f — _Zir.x1f = [,
has closed range in [T, X].

Proof (i)=-(ii) Since T'(Y) C X is a closed subspace of X, necessarily (7 (Y), || - || x)
is a Banach space. Moreover, T € L(Y, X) implies that T: Y — (T(Y), | - llx)
is continuous. So, the open mapping theorem implies that the continuous, bijective
operator 7: Y — T (Y) is an isomorphism. Accordingly, there exists ¢ > 0 such that

ITflx = clflly, fe¥.

It follows from the previous inequality that

I Air.xifllirxy = 1 lliexy = ITflix z el flly, fevY.

Since _#|r,x] is continuous (as observed prior to the proposition) we can conclude
that the inclusion map _Zir x: ¥ — [T, X] has closed range.
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(ii)=(@) The inclusion map #r xj: ¥ — [T, X] has closed range and hence,
the linear subspace ¢ x1(¥Y) = Y is closed in the Banach space [T, X]. So,
(Y, Il - llfr, x7) is a Banach space. In view of the continuity of _Zir x1: (Y, | - [ly) —
([T, X1, Il - llfT,x7), the identity operator L: (Y, || - [ly) — (Y, || - lli7,x]) is con-
tinuous and bijective. We can apply the open mapping theorem to conclude that
L:,ll-lly) = (XY, Il llir,x7) is an isomorphism. Accordingly, there exists ¢ > 0
satisfying ||Lf |lir,x) = cll flly for every f € Y. Hence,

ITfllx = I1flirxy = ILfllir.x) = cllflly. feY,

which implies that the operator 7: Y — X has closed range. O
An argument as in the proof of Lemma 5.8 in [6] establishes the following fact.

Lemma 2.3 Let (X, ||-|lx) and (Y, || - |ly) be infinite dimensional Banach spaces and
T € L(X,Y) be injective and compact. Then T does not have a closed range in Y.

An immediate consequence of Proposition 2.2 is the following fact.

Corollary 2.4 Let X and Y be Banach spaces of analytic functions on D satisfying
X C Y with a continuous inclusion. Let T € L(H (D)) be an injective operator such
that ([T, X1, || - lli7.x1) is a Banach space and T(Y) C X.

(i) Suppose that the natural inclusion map #i1 x1: Y — [T, X] is surjective. Then
the operator T : Y — X has closed range in X.
(ii) Suppose that the operator T : Y — X fails to have closed range in X. Then Y is
a proper subspace of [T, X].
(iii) Suppose that X and Y are infinite-dimensional and T € L(Y, X) is a compact
operator. Then Y is a proper subspace of [T, X].

Proof (i) We have seen that the inclusion map _Z|7 x1: Y — [T, X] is a continuous
bijection of Y onto its range in [T, X]. Accordingly, it is an isomorphism by the open
mapping theorem. So, _Z[r x] has a closed range in [T, X]. Then Proposition 2.2
implies that 7: Y — X has a closed range in X.

(ii) Suppose it was the case that ¥ = [T, X]. Then the inclusionmap _Z|7 x1: ¥ —
[T, X] is surjective. Since ([T, X1, |l - llj7,x]) is a Banach space, again the open
mapping theorem implies that _#|7 x: ¥ — [T, X] is an isomorphism and hence, it
has a closed range in [T', X]. Then Proposition 2.2 yields that the operator 7: ¥ — X
has closed range in X; a contradiction. So, Y ; [T, X].

(iii) Since T € L(Y, X) is compact, the operator 7': Y — X fails to have closed
range in X; see Lemma 2.3. So, the result follows from part (ii). O

Let X be a Banach space of analytic functions on D and 7' € L(H (D)) satisfy
T(X) C X, in which case T € £(X). Then X C [T, X] with a continuous inclusion
and the linear extension Tir x): [T, X] — X of T: X — X is continuous, [6,
Proposition 2.4 (iii), (iv)]. In general, X need not be dense in [T, X]. Indeed, let
X:=H?and T = V, withg € BMOA givenby g(z) := foz exp(%) d&,forz € D.
Then the polynomials are not dense in [V,, H 2], [13, Proposition 4], and hence, H 2
isnot dense in [V,, H 21, 113, Proposition 3]. For a further example, see Remark 3.9.
The following result is an extension of [13, Proposition 3].
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Proposition 2.5 Let X be a Banach space of analytic functions on D, let Y C X be a
dense linear subspace of X and let T € L(H (D)) satisfy T(X) C X. Then Y is dense
in [T, X]if and only if X is dense in [T, X].

Proof Suppose that X is dense in [T, X]. Given ¢ > 0 and f € [T, X] there exists
h € X such that || f — hl|[7,x] < &. There also exists g € ¥ such that || — g||x < &.
Since T € L(X), we have

Ih —gllir.x1=I1T(h —=&lx < ITllx->xlh —gllx

from which it follows that

Nlf=glir,x1 < IIf =hlirx+1h=glirx < A+I1TIx>x)e.

This implies that Y is dense in [T, X].
Conversely, if Y is dense in [T, X], thensois X as Y C X. O

Remark 2.6 The examples of operators 7 € L(H (D)) and spaces X exhibited in this
paper typically satisfy X g [T, X]. Hovewer, it can also happen that X = [T, X]. For
instance, if h € H, then the multiplication operator Ty,: H(D) — H (D) given by
f +— hf is continuous and, whenever |k| > 0 on D, it is also injective. Let X := H?
with 1 < p < oo, in which case it is clear that 7;,(X) € X. In the event that also
% € H® itisroutine to check that [T}, HP] = HP.On the other hand, if h(z) := z—u
on ID, say, for some u with |u| = 1, then Th(%) =1 € H* but, % € HD) \ H*.
Hence, H*® ;Cé [T, H®°]. A similar phenomenon occurs for the weighted Banach
spaces H° (which arise in Section 3), that is, if &, % € H*, then [T}, H°] = H°.
For the case when T € L(H (D)) is a composition operator Cy,: f +— f o ¢, for
f € H(D), where ¢ € Aut(D) is any automorphism on D, and X := HS° for suitable
weights v (which includes certain Korenblum growth Banach spaces), it turns out that
[Cy, H°1 = H, [18, Proposition 2.3]. Note that C, € L(H (ID)) is an isomorphism
for every ¢ € Aut(D).

3 Optimal Domain of Volterra Operators in Classes of Banach Spaces
of Analytic Functions

Whenever g € H (D) is a non-constant function, recall that the Volterra operator
Ve: H(D) — H (D) is the linear operator defined by the right side of (1.1), that is,

(Vo)) = /0 F©)8 &) de, [ e HD), zeD.

It acts continuously in H (D) and is injective on H (D), [10], but, it is not surjective
because (V, )(0) = 0 for every f € H(ID). The operators V, have been investigated
on different spaces of analytic functions by many authors. We refer to [22, 44], for
example, and the references therein. For g(z) := z the operator V, reduces to the
classical integration operator, also called the Volterra operator.
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Related to the operator V,, with g € H(ID), is the operator Ty : H(D) — H (D)
defined by (1.3). Clearly, T, € L(H(D)). It follows from the injectivity of V, that
T, € L(H(D)) is also injective; see [6, Section 5]. Under suitable assumptions on g,
the operator T, € L(H (ID)) is also surjective.

Proposition 3.1 Let g € H(D) satisfy |g'| > 0 inID. Then T,: HD) — H(D) is an
isomorphism.

Proof We know that T, : H(D) — H (D) is continuous and injective. So, it remains
to show that T, : H(ID) — H (D) is also surjective.

Fix h € H (D) and consider the equation T, f = h, where f is to be determined.
From the definition of T it follows that fOZ f(&)g'(§)dE) = zh(z), for z € D. Dif-
ferentiating both sides of the previous equation yields f(z)g’(z) = h(z) + zh'(z), for
z € D, that is,

_ h(2) + 20 (2)

, zeD.
g'(2)

f (@)
Since |g’| > 0in D, the function f defined as above belongs to H (D) and it solves
the equation T, f = h. Accordingly, T, : H(D) — H (D) is surjective with inverse
Tg_l : HD) — H(D) defined by

h(z) + zh ()

D.
g'(2) ©

(T, 'h)(2) =

By the open mapping theorem for Fréchet spaces Tg’1 e L(H(D)). O

3.1 Weighted Banach Spaces of Analytic Functions

Let H® denote the space of all bounded, analytic functions on D, which is a Banach
space relative to the norm

I flloo := Su]glf(Z)I, feH™. (3.1

The disc algebra A (D) is the linear subspace of H (ID) consisting of all functions which
extend to a continuous function on the closure D of ID. That is, # € A(D) if and only
if there exists a (unique) function hecC (ﬁ) satisfying h(z) = ﬁ(z) for all z € D.
In particular, # € H*. The space A(D) is a proper, closed subalgebra of the abelian
Banach algebra H*°.

A weight v is a continuous, non-increasing function v: [0, 1) — (0, c0), which
is extended to D by setting v(z) := v(|z]), for z € . Note that v(z) < v(0) for all
z € D. Given a weight v on [0, 1), two associated weighted Banach spaces of analytic
functions on D are defined by

H® :={f €e HD) : [|fllcc,v := SquDIf(Z)Iv(Z) < oo},
F4S
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and

H) :={f e HD) : Jim 17 @lv() =0),
both equipped with the norm || - ||c0,». Noting that || fllec.v < v(0)[| f|lec for all
f € H,itis clear that H* C H° with a continuous inclusion. Fix » € (0, 1).
Given f € Hy° there exists zo € D with |zg| = r such that sup|, -, | f(2)| = | f(z0)|
and hence, (2.1) implies that

1 1
ar(f) =1fz)l = ——=I1fz)IvFE) < — flloo,v-
v(r) v(r)

It follows that H° € H(DD) continuously. Point evaluations on I belong to both
(HX°)* and (Hl?)*, [40, Lemma 1]. Moreover, if v satisfies lim,_, ;- v(r) = 0, then
the space Hl? # {0} coincides with the closure in H_° of the space P of all polynomials,
[40, Lemma 3]. For the constant function v(z) = 1 on D, the space H,° is precisely
the space H* and H,? reduces to {0}.

We refer to [16] for a recent survey of such types of weighted Banach spaces and
operators between them.

The differentiation operator D: H(D) — H(D) is given by f — Df = f’.
It is routine to verify that D € L(H (D)). Given weights v and w on [0, 1), both of
the Banach spaces H° and H,® are continuously included in H (D). Whenever D
satisfies D(H°) C H.° we say that D exists and indicate this simply by writing
D: H® — HS°. An application of the closed graph theorem implies that necessarily
D e L(H®, H.Y). A weight function v on [0, 1) is called log-convex if the function
x = —loguv(e*), forx € (—o0, 0), is convex; see [2, p.1145], [14, pp.156-157], [16]
and the references therein. For such weights v the conditions (i)-(vi) of [2, Lemma
2.6] are all equivalent (warning: in [2] the weight function v corresponds to 1/v in
this paper) and hence, via [2, Theorem 2.8], are equivalent to the continuity (i.e.,
existence) of D: H® — H_°, where w(r) := (1 — r)v(r), for r € [0, 1). Condition
(ii) of Lemma 2.6 in [2], for v, is the requirement that

v(r)(1 — r)~% is increasing on [rg, 1) for some a > 0 and some rg € (0, 1); (3.2)

see also [16, Theorem 27].

The continuity and compactness of the Volterra operator V, acting on H;° and Hl?
was investigated in [12]. The following few results concern the optimal domain of
such operators.

Proposition 3.2 Ler g € H(D) be a non-constant function, v: [0, 1) — (0, 00) be a
log-convex weight function satisfying (3.2) and w(r) := (1 — r)v(r), forr € [0, 1).

(i) Suppose that the Volterra operator Vy: H° — H° is continuous. Then
([Vg, HZ®1 |l - lltv,, o)) is a Banach space.

(ii) Suppose, in addition, that the weight function v satisfies the conditionlim,_, ;- v(r)
= 0 and the Volterra operator Vy: HY — HY is continuous. Then ([Vg, HY1, || -
”[Vg,HS]) is a Banach space.
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Proof (i) By Proposition 2.7 of [6] to establish that [V,, H;°] is a Banach space, it
suffices to show that the natural inclusion map _# : [V,, H°] — H (D), defined by
f = _#f = f,is continuous. To achieve this we proceed as in the proof of [6,
Proposition 3.3]. By continuity of D: H° — H;° (see the discussion prior to this
proposition), there exists A > 0 such that

17 loo,w = IIDAlloo,w < AllAlloc,v, h € Hy°. (3-3)

Fix any r € (0, 1). Now, g’ is not identically zero on D and the zeros of ¢’ € H (D)
are isolated. Hence, there is t € (r, 1) for which g’(z) # 0, for every z € D satisfying
|z| = ¢t and so M := minj;= |g'(z)| > 0. Given f € [Vg, HS®], it follows, for all
u € D satisfying |u| < r, that

If(z)g (z)l
EAA R 4
If(u)|<|m|=i><|f(z)| m:t e@ M a If(z)g (2)]. (3.4

Since f(2)g'(z) = (V, f)(2), for z € D, the inequality (3.3) implies that
178 loow = 1(Vg f) loo.w < AllVg flloow = All fllv,, - (3.5)

Combining (3.4) and (3.5) we can conclude, for all u € D with |u| < r, that

1
|f ()] <—maX|(ng) @l = v

<iLsupw(z>|<v N@I< ]
_Mw()ze # T Muw(t) ¢

——— Ve flloow = <1 flliv,, Hge

a w(z)I(ng) (@)

sup v(2)|(Vg /) (2)]

~Muw (t) Mw (t)

According to (2.1) this implies that

qr(f) = ;Tlfr'f(uﬂf Mo ®

I f v, mor-

But, r € (0,1) and f € [Vg, HS°] are arbitrary and so the inclusion map
F Vg, H°1 — H(D) is continuous, as required.

(ii) We first note that D: H? — H? is also continuous. This follows from the
continuity of D: H° — HS°, the fact noted above that the space P of all polynomials
is dense in HS and that D(P) € P. The proof then proceeds as in part (i). O

Remark 3.3 (i) A log-convex weight function v need not satisty lim,_, ;- v(r) = 0
(assumed in part (ii) in Proposition 3.2); consider v(r) := e~", for r € [0, 1).

(i) Let v: [0, 1) — (0, o0) be any log-convex weight function satisfying (3.2)
and w(r) := (1 — r)v(r), for r € [0,1). Since D: H* — H.° is continuous
and H* C HJ® with a continuous inclusion, the restricted differentiation operator
D: H*® — H{® is also continuous. So, in the proof of Proposition 3.2(i) we can
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replace || - ||, throughout with || - || to obtain, whenever Vo: H>® — H™ is
continuous, that ([Vg, H*1, || - ll{v,,ne)) is a Banach space.

Remark 3.4 Let g € H(D) be a non-constant function and v: [0, 1) — (0, c0) be a
weight function satisfying lim,_, ;- v(r) = 0 for which the operator V; : Hl? — H,?
is continuous. Then (V,)** = Vg, [12, Lemma 1], and (Hl?)** = H{°, [15, Example
2.1], imply that V,: H® — H;* is also continuous. So, under the assumptions of
Proposition 3.2, the proof of part (ii) follows by observing that ([V,, H,?], Il [Vg,ng])
is a closed subspace of ([Vg, H°1, | - lltv,, Hoe1) because Hl? is a closed, V,-invariant
subspace of H.°, [6, Proposition 2.4(v)].

Proposition 3.5 Let g € H(ID) be a non-constant function and v: [0, 1) — (0, 00) be
a log-convex weight function satisfying both condition (3.2) and lim,_, ;- v(r) = 0.
Whenever the operator Vy : Hl? — Hl()) is compact, HJ® is a proper subspace of
[V, HO).

Proof Since V,: H,? — Hl? is compact (by assumption) and (V)™ = V,: H® —
H° (cf. Remark 3.4), via [32, §42.2(1) and (2)] we can conclude that V, (H°) € H,?.
Accordingly, Vo : H® — H? is also compact. On the other hand, the assumptions
on v ensure that D: H° — H{° is continuous, where w(r) := (1 — r)v(r), for
r € [0, 1), and so Proposition 3.2(ii) implies that ([V,, HS], I - ”[Vg,Hf,’]) is a Banach
space. So, by Corollary 2.4(iii) we can conclude that H ° is a proper subspace of
[V, HY]. u]

The integration operator J: H(D) — H(D) is defined by f +— (Jf)(z) =
foz f(&)dé&. Tt is routine to verify that J € L(H(D)). Given weights v and w on [0, 1)
we write J: HJ° — H° whenever J(HS°) € HS° and say that J exists. By the
closed graph theorem this is equivalent to J € L(H_°, HS°). We point out that

D(Jh)=h, Yhe HD), (3.6)

and, for every g € H (D), that

Vof =J(fg), Yf e HD). 3.7

Corollary 3.2 in [2] gives sufficient conditions on v and w to ensure that J: H° —
H* is continuous. Let v be a log-convex weight and w(r) := (1 — r)v(r) on [0, 1).
The condition

v(r)(1 — r)~ is decreasing on [rg, 1) for some @ > 0 and some rg € (0, 1) (3.8)

is equivalent to the continuity of J: HJ° — H°, [2, Lemma 3.15 & Theorem 3.16];
see also Theorem 30 in [16], where the function w should be w(r) := (1 — r)v(r) on
r € [0, 1) and not as given there.

Proposition 3.6 Let g € H(D) satisfy g, & € H® and v: [0,1) — (0, 00) be a
log-convex weight function satisfying both (%.2) and (3.8).
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(i) Let w(r) := (1 — r)v(r), for r € [0, 1). Then both operators D: H}° — HS°
and J: H)® — HJ® are continuous.
(ii) Whenever the operator V,: H® — H is continuous, the optimal domain
[Vg, H°] = H.° as linear spaces in H(D) and with equivalent norms.
(iii) Suppose, in addition, that lim,_, |- v(r) = 0 and the operator Vy : HS — Hl? is
continuous. Then the optimal domain [V, HY] = HY as linear spaces in H (D)
and with equivalent norms.

Proof (i) It has already been noted that continuity of D: H° — HJ° (resp. of
J: H)Y — H{®)is equivalent to (3.2) (resp. (3.8)).

(i) Fix h € HS°. Then hg' € HZ° (because g’ € H) and hence, by (3.7),
Veh = J(hg') € H{°. Accordingly, h € [V,, HJ°]. Moreover,

11l v,, Hger = I Vehlloo,w = 1V (hg) lloo,w = I | Hge— rige 1E lloo,w
< MVl tge— rze 18 oo 17l oo, (3.9

It follows that H;° C [V, HS°] with a continuous inclusion.

Conversely, let f € [V,, HJ®], thatis, f € H(D) and V, f = J(fg') € H°.
According to (3.6) we have fg’ = D(J(fg’)) andhence, fg' € H° as J(fg') € HS®
and D: H® — HS’. Since &% € H®, it follows that also f = é% - (fg) € HY.
Therefore, [Vg, H°] € H°. So, H® = [V,, HJ°] as linear spaces.

Since both ([V,, H*], | - ltv,, 1) and HS® are Banach spaces (cf. Proposition
3.2(1)) and the inclusion HS° C [V,, HS®] is continuous and surjective, the open
mapping theorem implies that H° = [V, H°] have equivalent norms.

(iii) The result follows as in part (i), after observing that both of the operators
D: H® — HY and J: H) — H? are continuous. Indeed, for the continuity of
D: H? — HY see the proof of Proposition 3.2(ii). The continuity of J: H) — H? is
a consequence of the facts that the integration operator J : H° — H/° is continuous,
that the space P of all polynomials is dense in H,% and that J(P) € P. O

Corollary 3.7 Letv: [0, 1) — (0, 00) be a log-convex weight function satisfying both

(3.2)and (3.8), w(r) := (1—=r)v(r),forr € [0, 1),and g € H(D) satisfy g’, é € H*™.

(i) Whenever the operator Vy: H® — HS° is continuous, the optimal domains
[Vo, HX] = [Tg, H°] = HSP as linear spaces in H(D) and with equivalent
norms.

(ii) Suppose that lim,_, - v(r) = 0 and the operator V : HB — HS is continuous.
Then the optimal domains [V, HB] = [Ty, H,?] = H,?} as linear spaces in H (D)
and with equivalent norms.

(iii) Suppose, in addition, that lim,_, |- v(r) = 0 and the operator Vy : HS — Hl? is
compact. Then HJ° is a proper subspace of [V, Hl?] = [T,, H,?] = Hg

Proof Part (i) follows by applying [6, Proposition 5.3(i)-(ii)] and Proposition 3.6(i).
Part (ii) follows via [6, Proposition 5.3(iii)-(iv)] and Proposition 3.6(ii).
Part (iii) follows by applying Proposition 3.5 and part (ii). O
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For each y > 0, the spaces H;° and H,?, for the log-convex weight function
vy (r) ;== (1 —r)Y, forr € [0, 1), are denoted by A™" and A7, respectively and, as
already mentioned, are known as the Korenblum growth Banach spaces (of order y ).

Related to A™" and A, ¥ are certain Bloch spaces. A function i € H(ID) belongs
to the Bloch space B whenever i’ € A~!, that is, sup,cp(1 — 1z])|A'(z)| < oo, in
which case B is a Banach space of analytic functions on I relative to the norm

Ihllg == |h(0)| + sup(l — |z])|h (2)I. (3.10)

zeD

A function & € B belongs to the little Bloch space B if it satisfies

lim (1 — [z])|A' (2)| = 0. (3.11)

|z]—>1—

It is known that By is a closed subspace of B and hence, B is a Banach space when it is
equipped with the norm (3.10). Moreover, the bidual B;* = B. For various properties
of Bloch spaces we refer to [11], [45], for example.

It was noted in Section 1 that a detailed study of the optimal domain spaces
[Vg, A7V ] and [V, Aa ¥] is undertaken in [6, Section 3]. For g € B a non-constant
function and for every y > 0, both [V, A7V ] and [V, Aa y] are Banach spaces, [6,
Proposition 3.3].

Foreachy > Oand with v, (r) := (1—r)" on [0, 1) we note that v,, (r)(1 —r)_% =
(1 — r)% is increasing on [0, 1) and v, (r)(1 — N7 =1 =r)7is decreasing
on (0, 1). Hence, v, satisfies both (3.2) and (3.8). Moreover, the associated weight
wy(r) == 1 —rv,@) =1 - r)Y*1 on [0, 1). So, it follows from Proposition
3.6(i) that both the differentiation operator D: A™Y — A~¥*D and the integration
operator J : A~¥*1 — A~ are continuous. These are classical results of Hardy and
Littlewood; see [26, Theorem 5.5]. These facts are well known and we will refer to
them as needed.

The following result should be compared with [6, Proposition 5.3], after noting that
g € B (resp. g € Bp) is equivalent to continuity of each of the operators V,: A7V —
A77andV,: A, V> Ay Y (resp. to compactness of each of the operators Vet A7V —
A7V and Vg : Aay — Aay); see [12, Theorems 1 & 2], [34, Proposition 3.1].

Corollary 3.8 Lety > Oand g € B be a non-constant function satisfying g', é € H™®.

(i) The optimal domains [Vy, A™7] = [Ty, A77] = A=Y g5 linear spaces on
H (D) and with equivalent norms.

(ii) The optimal domains [Vyg, A(;y] = [T,, Aay] = A(;(VH) as linear spaces on
H (D) and with equivalent norms.

Proof For each y > 0 it was noted above that g € B is equivalent to V, € L(A™7)

which in turn is equivalent to V, € L(A, ). Accordingly, part (i) follows from
Corollary 3.7(i), with v = v,,, and part (ii) follows from Corollary 3.7(ii). O
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Remark 3.9 Observe that A7V C A, "+ and that Ay "+ s a proper closed sub-
space of A~*+D_ for every y > 0. Hence, the initial domain space A~7 is not
dense in the optimal domain spaces [V,, A7V ] = [T,, A77]; see Corollary 3.8(i). On
the other hand, the initial domain space A ¥ is dense in the optimal domain spaces
Ve, Ay "1 = [T, Ay 71 = Aa(wl) (cf. Corollary 3.8(ii)) because the space P of
all polynomials is dense in [V, Aa p ] for all B > 0, [6, Proposition 3.12]. Further
examples where X is not dense in [T, X] occur in Section 5.

Corollary3.10 Ler y > 0 and g € By be a non-constant function satisfying g’, é €
H®. Then A7 is a proper subspace of [V, Aay] = [T, A(;y] = Aa(yﬂ).

Proof For each y > 0 it was noted prior to Corollary 3.8 that the condition g € By
is equivalent to the compactness of V, € L(A™”) which in turn is equivalent to the
compactness of V, € L(A, 7). Since lim,_, |- vy, (r) = 0, the desired conclusion
follows from Corollary 3.7(iii). O

Corollary 3.10, which has the extra condition g/, L e H® isa strengthening of

Proposition 5.9(ii),(iv) in [6], where it is only assumed that g € By.

Propositions 3.2 and 3.6 require some restrictions on the weight function v on
[0, 1). We now relax these restrictions somewhat and proceed to establish a further
result regarding the description of [V, H;°] and [V, H,?].

Let v be a weight function on [0, 1). For each n € N, let r,, € [0, 1) be a point
where a maximum of " v(r) occurs. It is known that H® (resp. HS ) is isomorphic to
£ (resp. to cp) if and only if the following

condition (B): Vb > 13by > 13dc >0Vm,n € N:

o\ v(r,) n \" v(ry)
m>c, n>c, |m—n|>cand (TL,:) W’:)Sblé(#) W;)sz’
is satisfied; see [33, Theorem 1.1]. Examples of such weights v on [0, 1) include
(1 =r)Y, with y > 0, and exp(—(1 — .

Proposition 3.11 Ler g € H(D) satisfy |g'| > 0 in D and v be a weight function on
[0, 1).

(i) Suppose that lim,_,-v(r) = 0 and Ty: HS — Hl? is continuous. Then
[Ve, Hl?] = [T, H,?] is a Banach space isometric to H,?. Moreover, if v also
satisfies the condition (B), then [T,, HUO] is a Banach space isomorphic to c.

(ii) Suppose that Tg: H® — HZ* is continuous. Then [V,, H] = [Ty, H{®] is a
Banach space which is isometric to HS°. Moreover, if the weight function v also
satisfies condition (B), then [Ty, HJ°] is isomorphic to £*°.

(iii) Suppose that lim,_, - v(r) = 0and Ty : Hl? — H,? is continuous. Then
(a) Tg: HX — HX is continuous.

(b) (H)™ = H°.
(©) T;* =T, in L(H®).
(d) [Ty, HOT™ = [T,, H®].
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(iv) Let v satisfy lim,_, - v(r) = 0 and the operator T : Hl? — Hg be continuous
but, not surjective. Then H° (resp. H,? ) is properly contained in [T,, H;°] (resp.
in [Ty, H).

Proof Proposition 3.1 implies that T}, is an isomorphism on H (D).

(i) The first claim follows from Proposition 5.3 (iii), (iv) in [6] and Proposition
2.1(i). The discussion prior to this proposition together with condition (B) imply the
second claim.

(i1) The first claim follows from Proposition 5.3 (i), (ii) in [6] and Proposition 2.1(i).
Then the discussion prior to this proposition together with condition (B) establish the
second claim.

(iii) (a) Since T,: H? — HY is continuous, the operator V,: H? — H? is also
continuous (cf. Proposition 5.3(iii) in [6]). Then, V;* =V, and (H,?)** = H{® (see
Remark 3.3) imply that V,: H® — HS° is continuous and hence, also T, : H® —
H* is continuous (cf. Proposition 5.3(i) in [6]).

(b) This was argued in the proof of part (a).

(c) The operator T, : HJ° — H_° is continuous; see (a) above. Let M, € L(H (D))
denote the operator of pointwise multiplication by z (i.e., f(z) +— zf(2), for f €
H(D)). Then M, € L(H)) satisfies M* = M, (recall that (H0)** = HS°), where
on the right-side M, € L(H.°); see Propositions 2.1 and 2.2 in [17]. Moreover,
M,T, = V, in E(HS) and, as noted in the proof of (a), V;* = Vg in L(H®). It
follows,, as identities in £L(H°) that

Ve = Vi* = (M.T)*™ = M T = M.T}.

Since also M Ty = V, in L(H,®), the previous identity implies that M, T, = M T,
in L(H°). Given h € H;°, it follows that 2T, (h)(z) = zTg**(h)(z), for z € D, and
hence, that Ty (h)(z) = T;* (h)(2), for z € D\ {0}. By analytic continuation we can
conclude that Ty (h) = T;*(h) in H;°. Thatis, Ty = T,

(d) By (a), (b) the space [T,, H°] is defined. Part (i) implies that [T, Hl?] is
isometric to H? and hence, [T,, HY]** is isometric to (H?)**. Moreover, (H?)** is
isomorphic to H® (see (b) above). But, by part (ii), H° is isometric to [Ty, H°].
Accordingly, [T, HB]** is isomorphic to [Ty, H°].

(iv) Since T, € L(H (D)) is an isomorphism, both 7, € L(Hl?) and T, = Tg** €
L(HS®) are injective. Also, T, € [,(Hl?) is not surjective and so 0 € o (Ty; H,?) \
opt(Ty; HS). The injectivity of Tg** € L(HS®) implies that 0 ¢ o, (T, *; H°). It
then follows from the well known Banach space identity

o (Tg; HY) = o (T}*; (H))*™) = o (Ty; H)

for operators that 0 € o (T,; H°) \ 0 (Tg; HS®). Hence, T, € L(H°) is not surjec-
tive. The desired conclusion now follows from Proposition 2.1(ii). m|
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3.2 The Hardy Spaces HP for1 < p < o0

Given any 1 < p < oo, the Hardy space H? is the linear space of all functions
f € H(D) satisfying

1 27 ) I/p
I fllp := sup <_/() |f(re'0)|pd9> < 00 (3.12)

0<r<l 2

and, for p = oo, the linear space H*° consists of all functions f € H (D) such that

sup ( sup |f(rei9)|> < oo. (3.13)

0<r<1 \60€[0,27]

Note that the expression (3.13) equals || f|lco; see (3.1). For 1 < p < oo, it is well
known that || - ||, is a norm for which H? is a Banach space, [26, Corollary 1, p.37].
Whenever 1 < p < g < oo, itturns out that H9 C H? with a continuous inclusion. It
is known, for each z € D, that the evaluation functional §,: f +— f(z), for f € H?,
is continuous, that is, §, € (HP)*; see the Lemma on p.36 of [26] for 1 < p < oo.
For p = oo and z € D the inequality |5, ()| = | f(2)] < || flloo, for f € H, shows
that §, € (H*)*.
The space BM O A consists of all functions f € H? such that

| fO) +sup || f o ¢a — fla)ll2 < o0,
aeD

where ¢,, for a € D, is the family of M6bius automorphisms of ID given by ¢,(z) :=
=< for z € D. The space VM O A consists of all functions f € BM O A satisfying

1—-az’

|6}|iE>ll If o¢a = fla)l2=0.

The space VM O A is the closure of the polynomials in BM O A, [28, Theorem 5.5].
In particular, H*® € BMOA and A(D) € VM OA, [28, Theorem 5.5 and Remark
5.2].

For 1 < p < oo, Aleman and Siskakis, [9], proved that the operator T,: H” —
H? is continuous (resp. compact) if and only if g € BMOA (resp. g € VM OA).
On the other hand, for 1 < p < oo the operator Vy: H? — HP? is continuous
(resp. compact, resp. weakly compact) if and only if T,: H” — H? is continuous
(resp. compact, resp. weakly compact), [4, Lemma 3.7]. In the case of continuity, we
have |T¢llgr—Hr = (| VellHr— gr. We point out that V, (resp. T,) as defined in [4]
corresponds to Ty (resp. Vy) as defined here.

For g €« BMOA and 1 < p < oo the optimal domain [V,, H”] was studied in
[13]. In particular, it was shown there that ([Vg, H”], || - ll{v,, r]) is a Banach space
and that H? is strictly contained in [V,, H”] with a continuous inclusion.

Our next aim is to establish that [V, H?] = [Ty, H?] with equivalent norms. First,
we need to introduce some auxiliary spaces and operators (following the approach of
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[6]). Foreach 1 < p < oo, define
HY :={f € H" : f(0)=0}.

Accordingly, H(f = Ker(8p) is a closed 1-codimensional subspace of H”. Moreover,
Ag(D) :={f € A(D) : f(0) =0} is aclosed 1-codimensional subspace of A(DD).
Consider the forward shift operator S: H (D) — H (D) defined by

(Sf)z) :=zf(z), ze€D,

for each f € H (D), which belongs to £(H (D). The inverse operator S~! is the
restriction to the closed subspace H(f of H? of the backward shift operator given by
(Bf)(2) := (f(@) — f(0))/z, for z € D. For further information, see [19].

Lemma3.12 (i) Let 1 < p < oco. Then S € L(HP) with |Sllgr—pgr = 1 and
range S(HP) = H(f . Moreover, the operator S is injective with the inverse operator
S~ S(HP) — HP continuous and satisfying

-1 .
IS~ Nscry>mr = 1S N gp o gr = 1.

(ii) The operator S belongs to L(A(D)), has norm ||S|lamy—am = 1 and
its range S(A(D)) = Ao(D). Moreover, S is injective with the inverse operator
S~ S(A(D)) — A(D) continuous and satisfying

—1 —1
IS~ lIscamy—»am = IS ”A;VmA(D) =1

Lemma 3.12 is well known; see [4, Lemma 3.5] for a proof.

Proposition3.13 Let 1 < p < oo and g € H(D) have the property that V,: HP —
HP is continuous. Then [V, HP] = [Ty, HP] as linear spaces in H(D) and with
isometric norms. In particular, ([Tg, H?1, || - (1, Hr1) is a Banach space.

Proof Since Vy: HP — HP is continuous, it was noted above that T, : H” — H? is
also continuous.

Leth € [Vy, H?]. Then h € H(D) and V,h € H?. According to the definition we
have (V h)(0) = 0 and so actually Voh € Hé’ . In view of (1.3) and the definition of
V,, Lemma 3.12 implies that T,/ = (S~ to V,)h € HP. Moreover,

Al Hry = I Tehllmr = IS~ o Vohllur < ”S71”1—1(§’*>HI'”Vgh”HP
= |Vghllmr = Ihllv,, Hr) < 00. (3.14)

This implies that & € [T,, H?]. Therefore [Vy, H?] C [T,, HP] with a continuous
inclusion.

Let f € [T,, H?]. Then f € H(D) and T, f € H?. By Lemma 3.12(i) it follows
that Vo f = (So Ty) f € H) € HP.So, f € [Vy, HP]. Moreover,

If v, ey = WV fllae = IS © To) fllr < IS o g 1 Teh N i
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= ISlar—ur I Tehllar = | f i1y, HPY < 00. (3.15)

Accordingly, f € [Vg, H?]. Therefore, [Ty, H’] C [V,, H”] with a continuous
inclusion.
The inequalities (3.14) and (3.15) imply that [T, H”] = [V,, H”] as linear spaces

in H (D) and with isometric norms. Since ([Vg, H], ||-ll{v,, #r)) is a Banach space (cf.
[13]for I < p < oo, Remark 3.3 for p = 00), it follows that ([Tg, H”1, || - ll{v,.ar))
is also a Banach space. O

Proposition3.14 Let 1 < p < oo and g € H(D) have the property that V,: HP —
HP is compact. Then H? is a proper subspace of [Vy, HP] = [T,, H].

Proof Since ([Vg, H?], || - ||[Vg’Hp])) is a Banach space and V,: H? — H? is com-
pact, we can apply Corollary 2.4(iii) to conclude that H?” is a proper subspace of
[Vg9 HP]. O

The following result provides more specific information for the spaces [V, H?]
and [T,, HP].

Proposition 3.15 Ler 1 < p < oo. Suppose that g € H (D) satisfies |g'| > 0 in D and
that T,: HP — HP is continuous.

(i) The optimal domain space [Vq, HP]| = [T,, H?] is a Banach space isometric to
HP?. So, [T,, H?] is separable and uniformly convex for p € (1, 00). In particular,
[Vg, HP] = [T,, H?] is reflexive for p € (1, 00).

(ii) Suppose that T,: HP? — HP is not surjective. Then HP is strictly contained in
[T,, H”].

Proof (i) Proposition 3.1 implies that T, € £L(H (D)) is an isomorphism. Moreover,
Lemma 3.7 in [4] shows that V,: H? — H? is also continuous. It follows from
Propositions 2.1(i) and 3.13 that [V,, HP] = [T,, H”] is a Banach space isometric to
H?.

ForT :={z € C: |z| = 1} the Banach space L?(T) is uniformly convex whenever
1 < p < ocoandso H?,being isometrically isomorphic to a closed subspace of L? (T),
[29, Theorem I11.3.8], is also uniformly convex. Since uniformly convex Banach spaces
are necessarily reflexive, [37], the well known fact that the spaces H?,for 1 < p < oo,
are reflexive follows.

Part (ii) follows from Proposition 2.1(ii). O

The following result for A(D) is the analogue of [4, Lemma 3.7] for H?.

Proposition 3.16 Let g € H(D).

(i) The operator Vy: A(D) — A(D) is continuous (resp. compact, resp. weakly
compact) if and only if the operator T,: A(D) — A(D) is continuous (resp.
compact, resp. weakly compact).

(ii) Let Vy: A(D) — A(D) be continuous. Then [Vy, AD)] = [Ty, A(D)] as linear
spaces in H (D) and with isometric norms. In particular, ([Vy, AD)], ||-1| [Vg,A(]D))])
is a Banach space and hence, ([T, A(ID)], || - ||[Tg,A(]D>)]) is also a Banach space.
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Proof (i) Suppose that T,: A(D) — A(D) is continuous. By Lemma 3.12(ii) also
Vo=80T,: AD) — Ap(D) € A(D) is continuous.

Conversely, suppose that V,: A(D) — A(D) is continuous. Since Vz(A(D)) C
Ao(ID), Lemma 3.12(ii) implies that Ty, = S_lng: A(D) — A(D)is also continuous.

The proof of compactness (weak compactness) follows in similar way.

(i) The proof that [Vy, A(D)] = [Tg, A(D)] as linear spaces in H (D) and with
isometric norms follows by arguing as in the proof of Proposition 3.13.

It remains to show that ([V,, A(D)], | - ||[Vg7A(D)]) is a Banach space. Since
Ve: A(D) — A(D) is continuous, by [22, Theorem 2.5(i), (ii)] the operator
Vo1 H® — H® is also continuous. So, Remark 3.3(ii) ensures that ([V,, H*], | -
ltv,, 1) is a Banach space. Moreover, A(D) is a closed subspace of H® satis-
fying V,(A(D)) € A(DD). We can then apply [6, Proposition 2.4] to conclude that
([Vg, A, |- ||[Vg,A(D)]) is a closed subspace of ([V,, H*], || - ||[Vg’HOCJ) and hence,
that it is a Banach space. O

Proposition3.17 Let g € H(D) and Vy: A(D) — A(D) be compact. Then H* is a
proper subspace of [Vy, AD)] = [T, AD)].

Proof Since V,: A(D) — A(D) is compact, Theorem 1.7 of [22] implies that
Vo(H*®) € A(D) and that the operator Vo: H*® — A(D) is also compact (as is
Vo1 H® — H®). According to Proposition 3.16(ii) we have that ([V,, AD)], || -
ll(v,. )1 is @ Banach space. So, by Corollary 2.4(iii) we can conclude that H*®isa
proper subspace of [V,, A(D)]. O
Proposition 3.18 Let g € H(D) satisfy g’,é € H® and Vg: AD) — A(D) be
continuous.

(i) H' C [V, AD)] = [T, AD)] S Ay

(i) H' [V, H®] = [Ty, H®] C A"

Proof (i) Let f € H' € H(D). Since g’ € H™, it follows that also fg’ € H' (cf.
(3.12)). According to (3.6), the function J ( fg") € H (D) satisfies D(J(fg')) = fg' €
H'. Then by (3.7) and [26, Theorem 3.11] we can conclude that V,(f) = J(fg') €
A(D). This means that f € [V,, A(D)]. So, H! C [V,, A(D)].

Next, let & € [Vy, A(D)]. Then h € H(D) and, via (3.7), we have J(hg) =
Vy(h) € A(ID). The Stone-Weierstrass theorem implies that P|g is dense in C (ﬁ)
and hence, P is dense in (A(D), || - ||s). Since H>* < B continuously (see (2.3)
in Section 2.1 of [11]), also A(D) € B continuously. But, By is the closure of P
in B, [11, Theorem 2.1], and so A(D) € By. Accordingly, J(hg') € By and hence,
hg' = D(J(hg')) € Ay Since & € H*, it follows thatalso h = & - (hg') € Agl

The equality [V, A(D)] = [T, A(D)] is due to Proposition 3.16(ii).

(i) First note that the operator V,: H>* — H is also continuous, [22, Theorem
2.5(1), (iD)].

The inclusion H! C [Ve. H o] follows from the fact that H I c [Ve, A(D)] (cf.
part (i)) and that [V,, A(D)] € [V, H*] because A(D) € H°.

Next, let f € [V,, H*®]. Then f € H(D) and J(fg') = V,(f) € H* C Band
hence, fg' = D(J(fg))) € A_I.Sinceé € H®, itfollows thatalso f = é~(fg/) €
AL
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The equality [V,, H*®] = [T,, H*] is due to Proposition 3.13. O

For 0 < a < 1 recall the Lipschitz spaces of analytic functions on D defined by

Ay = {g € HD) : Squ)(l — 12"’ @) < OO} ;
zZ€

Ao =t {g e HD): lim (1—1]z)'~¢'@)| = 0};

lz|—1

see [26, Chapter 5], for example. Observe that g € A, if and only if g’ € A%,
Proposition3.19 Let g € HD)and 1 < p < gq.

(i) Suppose that (% — %) <landg e A1_1.Then H? C [V,, H1] = [Ty, HY]
P q
with a continuous inclusion.
1 1

(ii) Suppose that 57 7)< land g € A1_1. Then HP is a proper subspace of
P q

[Vg, H1] = [Ty, HY).

Proof (i) The conditions (% - g) <landge A,_, imply that V: HP — HY is
? 4

continuous, [7, Theorem 1(iii)]. Since p < g, we have HY € HP with a continuous

inclusion and so V,: H? — HY is also continuous. Accordingly, ([V,, H?], || -

ltv,,m41) is defined and is a Banach space; see Proposition 3.13. The definition of
the optimal domain space [V,, H?] shows that H” C [V,, H?].
(i) The conditions (% - é) < land g € A1_1 imply that V,: HP — H7 is
P q
compact, [7, Theorem 1(iii)]. So, as observed in part (i), we can define the Banach

space ([Vg, H?], || - ll{v,.m41)- By Corollary 2.4(iii) we can conclude that H” is a
proper subspace of [V,, H?]. O

4 Generalized Cesaro Operators C; for0 <t < 1

This section is devoted to a consideration of the optimal domain of a particular class
of classical operators. Namely, the operators V,, and Ty, , for ¢ € [0, 1], where the
family of symbols {g; : t € [0, 1]} is specified in (1.7). Since, for each 0 <t < 1,

we have
1 1

= =
[1—|tz]] 1—1¢

it follows that g, € By. Foreach f € H (D), the operator C; is defined by (C; f)(0) :=
f(0) and

, z€D, 4.1
e b4 4.1

lg/(2)| = ‘

1 Z
@ =+ [ LE gm0y 42)
zJo 1 —1t&

Note that C; = Ty,. It is called the generalized Cesaro operator corresponding to ¢
(for t = 1 it is the classical Cesaro operator). We point out that the related operator
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V,, is given by
Vg, /)(2) = / &ds, zeD. (4.3)
o 1—1§

Aleman and Persson have made an extensive investigation of various properties of
generalized Cesaro operators acting in a large class of Banach spaces of analytic
functions on D, [8, 9, 36]. In particular, their results apply to the classical Cesaro
operator C given by (4.2) when it acts in the Korenblum growth spaces A~V and
Ay Y for y > 0. Additional results which complement and extend their work can be
found in [3]. For a detailed investigation of the optimal domain spaces [C, H?], for
1 < p < oo, we refer to [23].

The following result collects some relevant properties of the functions g;, for ¢ €
[0, 1].

Lemmad.1 LetO <t < 1.

(1) The function g € A(D) C VM OA.
(ii) The function g, € A(D) C VM OA.
(iii) The function gi z> 1—tz€ AD) C VMOA.

(iv) Foreach0 < «a <1, the function g; € Aq, that is, g; € A~

(V) Foreach0 < « < 1, the function g; € Ay, that is, g € Ag(l_a).
(vi) g € Bo.

Proof (i) Since g; is holomorphic in the open disc centred at 0 with radius % > 1,
which contains D, it is clear that g; € A(ID). A similar argument as in (i) applies in
(i) to g;(z) = 1+tz’ for z € D, as is the case for the polynomial git’ in (iii). Since
(I —a) > 0and g/ satisfies (4.1), part (iv) follows from the definition of A. For part
(v) a similar argument as in (iv) is valid from the definition of A, as now (1 —«) > O.
Finally, part (vi) is clear from (4.1) and (3.11). O

Proposition4.2 Lerv: [0, 1) — (0, 00) be alog-convex weight satisfying lim,_, - v(r)
= 0 and for which the differentiation operator D: HJ° — HS° and the integration
operator J : HY? — H° are continuous, where w(r) := (1 —r)v(r), forr € [0, 1).
For each t € [0, 1), the following statements are valid.

(i) [Vg,, H]1 = [C;, H°] = H.° as Banach spaces.
(ii) [Vg,, H,?] = [Cy, Hl?] = Hg) as Banach spaces.
(iii) HS® is a proper subspace of [C;, HO] and hence, so is HY C HS®.

Proof 1t is known that C; : Hl? — Hl? is compact, [5, Proposition 2.7]. Hence, the
result follows from Corollary 3.7 and Lemma 4.1(ii) and (iii). O

Remark 4.3 (a) Recall, if v satisfies both (3.2) and (3.8), then both D and J (in Propo-
sition 4.2) are necessarily continuous.

(b) Concerning part (ii) of Proposition 4.2 (with v as given there), set X := H,?,
Y := P the space of all polynomialson D and T := C;, fort € (0,1). ThenY C X
and, as noted earlier, Y is dense in X. Since Y is also dense in Hg = [T, X], it follows
from Proposition 2.5 that H,? is dense in [Cy, Hl?].
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Proposition 4.4 Lett € [0, 1) and y > 0.

(i) [Ve. A7 =1[Cr, A7 = A0*D and [V, 4771 = [C,. Ag"1 = A5 "V as
Banach spaces.

(i) A7 is a proper subspace of [C;, Ay = AS(V—H).

Proof The stated results follow from Corollaries 3.8 and 3.10 and Lemma 4.1. O
Concerning the classical Cesaro operator we have the following result.

Proposition 4.5 Let y > 0.

(i) [V, A71=1[C1, A1 and Vg, A,"1=[C1, A," | as Banach spaces.
(i) A~7 isapropersubspace of [C1, A7V ] andAay is aproper subspace of [C1, Aay].

Proof Recall that A™7 (resp. Ay RS corresponds to the weight function v, (r) =
(I —r)Y on [0,1) for H® (resp HO) Since [g}| > 0 on D, the result follows
from Proposrtron 3.11, after noting that both the operators C;: A~V — A~V and
Ci: A PRGN A ¥ are continuous and 0 € o (Cy; A™Y) = o (Cy, Oy), see [8], [36].

In particular, Ci: Ay g Ay ¥ is not surjective (as it is injective). O
Concerning C; acting in H? we have the following result for its optimal domain.

Proposition4.6 Let 1 < p < oo.

(i) [Vg,, HP] = [C;, H?] as Banach spaces for all t € [0, 1].
(i) HP is a proper subspace of [Cy, HP] forall t € [0, 1].

—(4+1)
(ii1) H! C [C,, HP] C A P" " foralll < p < ooandt € [0, 1). Moreover, both
inclusions are strict.

Proof (i) For r = 1 itis known that C;: H” — H? is continuous, [42, Theorem 1].
Givent € [0, 1) we can apply Proposition 3.13, after recalling that C,: H? — HP is
continuous because g; € VM O A; see Lemma 4.1 and the discussion prior to Lemma
3.12.

(ii) For ¢t € [0, 1), we apply Proposition 3.14, after noting that C;: H? — HP? is
compact because g, € VM OA. Fort = 1, since 0 € o(Cy, HP), [42, Theorem 1],
the result follows from Proposition 3.15.

(iii) The fact that H! is a proper subspace of [C;, H”]| = [V,,, H?] follows from
Proposition 3.19(ii) (with g replaced by p there and setting p = 1 there), after observ-
ing that g, € A, 1 as (1 — —) < 1 (cf. Lemma 4.1(v)).

Next, if f € [Ct, HP] = [V, H?], then feHD)and Vg, f € HP So, by [26

—(1+1
Theorem 5.9] the function V, f € A ; . Accordingly, f € Vg,, 0 ] = A, G+D
(cf. Proposition 4.4(i)). This shows that [C;, H?] C Ao . This inclusion is strict

. . .. . —(4+1)
because [C;, HP]isreflexiveas 1 < p < oo(cf. Proposition 3.15(i)) whereas A, r

is isomorphic to cg (cf. Proposition 3.11(1)). O
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Remark 4.7 By considering C1 = 1 it is clear that C fails to map H into itself.
However, for p = oo, parts (i) and (ii) of Proposition 4.6 remain valid for each
t € [0, 1). The proof is as follows.

Since C;: H® — H® is compact, [4, Proposition 2.2], we can conclude via [4,
Lemma 3.7] that V,, : H* — H® is also compact. Hence, Proposition 3.13 implies
that [Vg,, H®] = [C;, H*] as Banach spaces (which is part (i) of Proposition 4.6 for
p = 00) and Proposition 3.14 yields that H* is a proper subspace of [C;, H*]. That
is, part (ii) of Proposition 4.6 is also valid for p = oco.

Proposition4.8 Lert € [0, 1).

(1) [Vg,, AMD)] = [C;, A(D)] as Banach spaces.
(i) H is a proper subspace of [Cy, A(D)].
(i) H' < [C/, AD)] S Ay
(iv) H' C [C;, H®] < A~ L.

Proof The result follows from Propositions 3.16, 3.17 and 3.18, after observing that
C;: H® — H® and C;: A(D) — A(D) are compact, [4, Proposition 2.2], that

Ci(H*™) € A(D) by [4, Proposition 3.10], and that g/, ? e H®, O

5 Finite Dimensional Kernel

We begin with a result which is pure linear algebra.

Proposition 5.1 Let E # {0} be any linear space over C and T: E — E be any
linear map such that T is not injective.

() T7'(Ker(T)) = T~ (Ker(T) N Im(T)) = Ker(T?).
(i) Ker(T) € T~ (Ker(T)).
(iii) Suppose that Ker(T') # {0} is finite dimensional. Then also T~ (Ker(T)) is finite
dimensional. More precisely,

(a) if Ker(T) NIm(T) = {0}, then 7! (Ker(T)) = Ker(T) and
(b) if Ker(T) NIm(T) # {0}, then

dim Ker(7) < dim T~ (Ker(T)) = dim Ker(T) + dim (Ker(7) N Im(T)).

Proof (i) Of course, T~ (Ker(T) N Im(T)) € T~!(Ker(T)). Conversely, let x €
T~ '(Ker(T)). Then Tx € Ker(T). Moreover, also Tx € Im(7T). Accordingly,
Tx € Ker(T) N Im(T) and hence, x € T~!(Ker(T) N Im(T)). We can conclude
that 7~ (Ker(T)) = T~ (Ker(T) N Im(7T)).

Now, let x € T~ (Ker(T)). Then Tx € Ker(T) and so also 72x = 0, that is,
x € Ker(T?). On the other hand, if x € Ker(7?), then T2x = T(Tx) = 0. This
means that Tx € Ker(T) from which it follows that x € T ~!(Ker(T)). Hence,
T~V (Ker(T)) = Ker(T?).

(i1) By part (i) we have T~ (Ker(T)) = Ker(Tz) and so the conclusion follows
from Ker(T) C Ker(T?).
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(iii) (a) The condition Ker(7") N Im(7) = {0} implies, by part (i), that
T~ '(Ker(T)) = T~'({0}) = Ker(T).

In particular, T—1(Ker(T)) is finite dimensional.

(b) Set m := dim (Ker(7T)NIm(7T)) and n := dim Ker(7'),in whichcase 1 <m <
n.Let {y;}?* | be a basis for Ker(T) NIm(T). The inclusion Ker(7) NIm(7T") € Im(T)
implies that there exist elements {x;}?* | € E\{0} satisfying Tx; = y;,for1 <i <m.
Since the elements {y;}" ;| are all distinct, also {x;}7 | consists of distinct elements.
Moreover, Tx; = y; # 0, forall 1 <i < m, implies that {x; ;n=1 C E \ Ker(7).

Suppose that the linear combination

arxt+ ...+ omxm + Biyi+ ...+ Buym = 0. (5.1
Apply the linear map T yields
aTx1+...4+0u,Tx, =0,

where we have used Ty; = 0 for 1 <i < m as {y;}/", C Ker(T). Since Tx; = y;,
forall 1 <i < m, we have @1y; + ...+ @, yn = 0. Then the linear independence
of {y;}/*, yields that &y = ap = ... = a; = 0 and so it follows from (5.1) that
Bivi + ...+ Buym = 0. Hence, also 81 = B> = ... = B = 0. Accordingly, the
vectors {x;}i*; U {y;}7, are all distinct (if x; = y;, then Tx; = Ty; = 0 and so
x; € Ker(T); a contradiction) and linear independent. The claim is that

Ker(T) N span{x;}i* | = {0}. (5.2)

Indeed, let x € Ker(T') Nspan{x;}7 ;. Then Tx = 0 and there exist complex numbers
{yi}IL, satisfying x = > /L, yix;. Apply T yields that 0 = Tx = > /L, ¢, Tx; =
> 'L, vivi. By the linear independence of {y; J7L, we can conclude that y; = 0, for all
i=1,...,m,thatis, x = 0. Hence, (5.2) has been established.

Define the subspace V := Ker(T') + span{x;} . It follows from (5.2) that

dim V = dim Ker(T) + dim(Ker(7) N Im(T)). (5.3)

The claim is that
vV = T~ (Ker(T)). (5.4)

Indeed, we have by part (ii) that Ker(T) € T~ !'(Ker(T)). Also, Tx; = y;, for all
i =1,...,m, with {y;}"_, € Ker(7), implies that {x;}/"., € T~!(Ker(T)) and so
span{x;}7L | C T~ (Ker(T)). It is then clear that V € T~} (Ker(T)).

Conversely, let x € T~ (Ker(T)). By part (i) we have that x € T~ (Ker(T) N
Im(T)),i.e., Tx € Ker(T) NIm(T). So, there exist &; € N, for 1 <i < m, such that
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Tx =", a;yi. Hence,

m m m
T (x — Z%‘%‘) =Tx — Z%’Txi =Tx — Zai}’i =Tx—Tx=0.
i=1 i=1 i=1

Accordingly, x — >"i", a;x; € Ker(T) and hence,

m m
X = (x — Zaixi> + (Z ozix,-> e Ker(T) + span{x,-};”zl =V.
i=1

i=1
This completes the proof of (5.4) and hence, via (5.3), also the proof of (b). O

Remark 5.2 Let E # {0} be a linear space over C and 7: E — E be a linear map.
Suppose that Ker(7T') is finite dimensional and satisfies

{0} # Ker(T) < Im(T). (5.5)

Of course, a sufficient condition for (5.5) to hold is that T : E — E is surjective.
It follows from (5.5) that Ker(7) N Im(7) = Ker(T) and hence, part (iii) (b) of
Proposition 5.1 implies that

dim 77! (Ker(T)) = 2dim Ker(T). (5.6)
Setting X := Ker(T'), observe that 7 (X) € X and that the space
T'X)=T"Ker(T)) = {x e E: Tx € X}

is what we call the optimal domain [T, X] of T: X — X. This would be genuinely
the case if E = H(D) and T € L(H (D)) is not injective. Moreover, (5.6) becomes

dim [T, X] = 2dim X

and so X g [T, X]. As shown in the following result, for this setting the space X is
not dense in [T, X], the optimal domain [T, X] is a complete semi-normed space and
Il - ll{r,x)] is not a norm.

We now consider the case when E := H (D).

Proposition 5.3 Suppose that T € L(H (D)) satisfies the following three conditions.

(a) The operator T is not injective,
(b) Ker(T) € T(H(D)), and
(c) Ker(T) is finite dimensional.

Let X := Ker(T) be equipped with any norm || - || x. Then X is a Banach space of
analytic functions on D satisfying T (X) C X. Moreover, its optimal domain [T, X] =
T~ Y(X) satisfies
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() X SIT,X],

(ii) [T, X]is a semi-normed space but, || - ||[T,x) is not a norm,
(iii) X is not dense in [T, X] and
@iv) [T, X] is a complete semi-normed space.

Proof (i) Letn = dim X, withn > 1, and {g1, g2, ..., g:} be a basis for X, i.e., X =
span{g; : 1 < j < n}. By condition (b) for T there exist functions { f1, f2, ..., fu} C
H (D) satisfying Tf; = g; for1 < j <n.

Since g; # 0, we have f; ¢ X for 1 < j < n. Moreover, {fj};?zl U {gj};?:l are
linearly independent in H (D). Clearly, T'(X) C X.

The 1cH-topology 7. in H(ID) when restricted to X is equivalent to any norm

topology on X (as dim X < 00). Fix anorm || - || x in X, say,
n
ajgi| = max |oj|.
Z i8] 15,/5n| il
Jj=1 X

Then X € H (D) with a continuous inclusion (actually the inclusion is an isomorphism
into) and so X is a Banach space of analytic functions on .
The claim is that 7-1(X) := {f € H(D) : Tf € X} is the linear subspace of
H (D) given by
T-1(X) = Ker(T) + span{f; : 1 < j <n}. 5.7

Clearly, Ker(T) C T (X). Furthermore, for 1 < J < n, wehave f; € T-1(X)
because Tf; = g; € X. So, alsospan{f; : 1 < j <n} C T—1(X). Since T~1(X)
is a linear space, it follows that Ker(7) + span{f; : 1 < j < n} C T-1X).
Conversely, let f € T~'(X). Then Tf € X and so Tf = Z?‘:l ajg; for some
(a1, @, ..., 0a,) € C". Define h := Z;l'=1 ajfj € span{f; : 1 < j < n}, in which
case

n n n n
T(f—h)=Tf-Th=)Y ajgi— Y ajTfj=) ajgi—y a;jgj=0.
j=1 j=1 j=1

j=1

Hence, (f — h) € Ker(T'). This implies that f = (f — h) +h € Ker(T) + span{f; :
1 < j < n}. Therefore, T_l(X) C Ker(T) +span{f; : 1 < j < n}. The claim is
thereby established.

Recall that [T, X] = {f e HD) : Tf € X} =T '(X)andso X C [T, X]. It
is routine to check that span{f; : 1 < j <n}NX =@ because Tf; = g; € X, for
1 < j < n. Itfollows from (5.7) that

X GIT, X].

(ii) Clearly,
I fllir.xy == ITflx. fe€lT,X]
specifies a seminorm in [T, X] as T is linear and || - || x is a norm. Since ||g;|li7,x] =
ITgjllx =0,for 1 < j <n,wesee that || - ||[7,x] is not a norm.
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(iii) For every g € X note that

llg — fillir,x1 = 1Tg = Tfillx = llgillx =1

and so X is not dense in [T, X].
(iv) That the semi-normed space [T, X] is complete is a consequence of the fol-
lowing general result. O

Note that assumption (b) in Proposition 5.3 is satisfied whenever T € L(H (D)) is
surjective.

Lemma 5.4 Every finite dimensional semi-normed space is complete.

Proof Let (X, | - ||x) be a finite dimensional semi-normed space. In the event that
Il - llx is a norm, the result is well known. Indeed, every finite n-dimensional normed
space is isomorphic to C" (in the complex case) equipped with sup-norm || - || so-
Suppose then that || - ||x is not a norm. Set Xy := Ker(]| - ||x). Then Xy is a
linear subspace of X. Since X is finite dimensional, there exists a linear subspace
X1 of X such that X = X¢ @ X;. Clearly, X is finite dimensional. Moreover, the
semi-norm || - ||x when restricted to X; is a norm. Indeed, if ||x||x = O for some
x € Xy, thenx € Xp and sox € Xo N X; = {0}. Hence, x = 0. Denote by || - | x,
the restriction of || - || x to Xj. Therefore, (X1, || - || x,) is a finite dimensional normed
space and so it is complete. Moreover, for every xo + x1 € Xo @ X, we have that
lxo + x1llx < llxollx + llx1llx = llx1llx and also that |[x;[|x = [lxo + x1 — xollx <
llxo +x1llx + llxollx = llxo + x1llx. Consequently, for every xo + x; € Xo @ X1, we
have
llxo + x1llx = llx1llx. (5.8)
Let (xg+x7)nen € Xo® X be aCauchy sequencein (X, ||-||x). Inview of (5.8) we
have that (x{),eny € X is a Cauchy sequence in (X1, || - || x,). Since (X1, || - |x,) isa
complete normed space, there exists x; € X suchthat || x} —x1llx = [lx{ —x1llx, — 0
asn — o0. Inview of (5.8) it follows that || (xg +x7) —x1[lx = llxg + (x} —xDllx =
lx{ —x1llx — Oasn — oo. This means that (x;j +x{),eN converges to xy in (X ||| x).
Therefore, we can conclude that (X|| - ||x) is a complete semi-normed space. O

The following two examples illustrate the applicability of Proposition 5.3.

Example 5.5 Let P(z) = Z?:o ajzj with {aj};fzo C C and a,, # 0 be any complex
polynomial of degree n > 1. Define the ordinary differential operator

n
. d
T = D/ ith D :=— ).
j2=0a] <w1 y )

Z

The theory of ODE’s implies that T € L(H (D)) is surjective, [20, Ch. 2, Theorem
20], and that

X:=Ker(T)={feHD): » a;DIf=0
j=0
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is an n-dimensional subspace of H (D), [20, Ch. 2, Theorems 11 and 12]. So, all the
conditions (a)-(c) of the Proposition 5.3 are satisfied.

Example 5.6 Define V € L(H (D)) by

(VH)(z) 2=/0 f&)dé, zeD, fe HD),

and set T := D + V, where D is the differentiation operator. Clearly, T € L(H (D)).
The claim is that
Ker(T') = span{cos(z)}. 5.9

Indeed, f € Ker(T) if and only if f’(z)+f0Z f(&)dg = 0,forall z € D. It follows that
f/(0) = 0 and, by differentiation, that f satisfies f”(z)+ f(z) = 0, forall z € D. Two
solutions of f”(z)+ f(z) = 0, for z € D, which are linearly independent, are y; (z) :=
sin(z) and y2(z) = cos(z), for z € D. Accordingly, f(z) := asin(z) + B cos(z), for
z € D, witha, B € C. Then f'(z) = a cos(z) — B sin(z), for z € D, and the condition
f7(0) = 0 implies that & = 0. This establishes (5.9).

On the other hand, the optimal domain space is

[T, X] = span{cos(z), sin(z) + z cos(z)}. (5.10)

To establish the validity of (5.10), fix f € [T, X]. Then f € H(D)and T f € Ker(T).
So, (Tf)(z) = y cos(z) for some y € C and for z € D, i.e., f'(z) + foz f&)dé =
y cos(z), for z € D. It follows that f/(0) = y and, again by differentiation, that

f"(@) + f(2) = —ysin(z), zeD. (5.11)

The theory of ODE’s implies that the general solution of the non-homogeneous equa-
tion (5.11) is given by f(z) := z(acos(z) + bsin(z)) + c1 cos(z) + ¢ sin(z), for
z € D, with a, b, c1, c» € C, where g(z) := z(acos(z) + bsin(z)) is any solution
of the equation g”(z) + g(z) = —y sin(z), for z € D (see [20, Ch. 2, §10]). The
requirement that g satisfies g’ (z) + g(z) = —y sin(z), for z € D, implies that b = 0
and a = £. Therefore, g(z) = %z cos(z), for z € D, and hence, the general solution
of (5.11) is given by f(z) = %z cos(z) + ¢j cos(z) + ¢ sin(z), for z € . Accord-
ingly, f'(z) = % cos(z) — %zsin(z) — c1sin(z) + c2cos(z), for z € D. Then the
condition f’(0) = y yields that y + ¢, = % from which it follows that c; = %.
Accordingly, f(z) = %(sin(z) + zcos(z)) + ¢1 cos(z), for z € D. This means that
f € span{cos(z), sin(z) + z cos(z)}, i.e, (5.10) is verified.

Define h(z) := sin(z) + zcos(z), for z € D. Then h € [T, X] € H(D) in view
of (5.10). On the other hand, an easy computation shows that Th = 2cos(z) €
X = Ker(T). Since X = Ker(T) = span{cos(z)} = span{%Th}, it is clear that
Ker(T) C T(H(D)). So, T € L(H (D)) satisfies condition (b) of the Proposition 5.3.
Actually, the operator T € L(H (D)) is surjective because the equation 7 f = g, with
g € H(D) fixed, reduces to f"(z) + f(z) = g'(z) and f'(0) = g(0). Hence, the
solution is f(z) = k(z) + ¢y cos(z) + ¢ sin(z), for z € D, where k € H (D) is given
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by
k(2) = cos(2) / (= siné)g'(€) d& +sin(2) [ Ccos(®)g'(§)dE, ze D,
0 0

and c¢1, ¢ € C are determined by the condition f/(0) = g(0) ( [20, Ch. 2, Theorem
20]).

Remark 5.7 Consider T := D; see Example 5.5 with P(z) = z, in which case
Ker(T) = span{1}. Note that

M (Ker(T)) = span{z} ¢ Ker(T) = span{>1},
where M € L(H (D)) is the multiplication operator given by
(Mf)(z) :==z2f(2), z€D, feHD).

The fact that M (Ker(T')) ;(_ Ker(T) is a particular case of the following more general
fact.

Let X # {0} be any Banach space of analytic functions on D such that D(X) C X.
The closed graph theorem yields that D € £(X). For such an X it cannot be the case
that also M (X) C X, because then M € L(X) and, via direct calculation, D and M
satisfy the identity

DM — MD =1

in £(X). This is impossible. Indeed, applying [30, (1)] for the Banach algebra £(X)
with A := D, T := M and Q := I, implies that the operator [ is quasi-nilpotent,
ie,l = (|I"|x->x)"/" - ooasn — oo, which is a contradiction; see also [41].
Similarly, if ¥ # {0} is a Banach space of analytic functions on D such that M (Y) C Y,
then necessarily D(Y) ¢ Y.

For the particular space X = Ker(D) = Ker(7) mentioned above, which does
satisfy D(X) C X, it must be the case that M (X) 52 X. The conclusion is:

Let X # {0} be any Banach space of analytic functions on D such that D(X) C X.
Then necessarily M (X) Q X.
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