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1. Introduction

Let A ∈ GL(d,R) be an expansive matrix, i.e., all eigenvalues λ ∈ C of A satisfy 
|λ| > 1. The associated discrete (homogeneous) Besov space ḃα

p,q(A) and Triebel-Lizorkin 

space ḟαp,q(A) are defined to consist of those sequences c ∈ CZ×Zd satisfying

∥c∥ḃα
p,q(A) :=

(︃∑︂
j∈Z

|det(A)|−jq(α+1/2)
⃦⃦⃦
⃦ ∑︂

k∈Zd

|cj,k|1Aj([0,1]d+k)

⃦⃦⃦
⃦
q

Lp

)︃1/q

< ∞

when α ∈ R and p, q ∈ (0,∞] (with the usual modification for q = ∞), respectively

∥c∥ḟαp,q(A) :=
⃦⃦⃦
⃦
(︃∑︂

j∈Z
|det(A)|−jq(α+1/2)

∑︂
k∈Zd

|cj,k|q1Aj([0,1]d+k)

)︃1/q ⃦⃦⃦
⃦
Lp

< ∞, (1.1)

when α ∈ R, p ∈ (0,∞) and q ∈ (0,∞] (with the usual modifications when q = ∞); see 
Section 2 for the more technical definition of the spaces ḟαp,q(A) when p = ∞. The impor
tance of these sequence spaces is that they characterize the decay of wavelet coefficients 
of functions/distributions in the associated Besov and Triebel-Lizorkin function spaces. 
As such, many problems regarding Besov and Triebel-Lizorkin spaces can be reduced to 
the corresponding sequence spaces, which are often easier to work with; see, e.g., [3,4,6,7]. 
Moreover, discrete Triebel-Lizorkin spaces (also called discrete Littlewood-Paley spaces) 
naturally occur in the study of weighted inequalities and Carleson coefficients, see, e.g., 
[8,9,17] and the references therein.

One question on anisotropic Besov and Triebel-Lizorkin function spaces that has re
ceived particular attention over the last years is how they depend on the choice of 
the dilation matrix; see [1,5,12,16]. The same question for their corresponding sequence 
spaces appears to have been first considered in [14] and was motivated by the so-called 
transference method, which allows to transfer problems for anisotropic Besov spaces via 
sequence spaces to isotropic Besov spaces. Indeed, note that it follows readily from the 
definition of discrete Besov spaces that ḃα

p,q(A) = ḃα
p,q(B) for two expansive matrices 

A,B ∈ GL(d,R) if and only if

|det(A)|α+1/2−1/p = |det(B)|α+1/2−1/p. (1.2)

In other words, the scale of discrete anisotropic Besov spaces is independent of the choice 
of the dilation matrix. Similarly, it follows readily from the (quasi-)norms (1.1) that if 
p = q and the identity (1.2) holds, then ḟαp,q(A) = ḟαp,q(B). However, the question whether 
the full scale of discrete Triebel-Lizorkin spaces is independent of the choice of the dilation 
matrix is remarkably more subtle. As a matter of fact, it was conjectured in [14, Con
jecture 11] that for diagonal matrices A = diag(2a1 , . . . , 2ad) and B = diag(2b1 , . . . , 2bd)
with anisotropies (a1, . . . , ad), (b1, . . . , bd) ∈ (0,∞)d satisfying 

∑︁d
i=1 ai =

∑︁d
i=1 bi = d (so 

that det(A) = det(B)), the spaces ḟαp,q(A) and ḟαp,q(B) coincide for all α ∈ R, p ∈ (0,∞)
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and q ∈ (0,∞]. The fact that the conjecture [14, Conjecture 11] was incorrect as stated 
was shown by the following theorem; see [15, Proposition 5.26].

Theorem 1.1 ([15]). Let α ∈ R, p ∈ (0,∞) and q ∈ (0,∞]. Let A = diag(2a1 , . . . , 2ad)
and B = diag(2b1 , . . . , 2bd) for anisotropies

(a1, . . . , ad), (b1, . . . , bd) ∈ (0,∞)d satisfying
d ∑︂

i=1 
ai =

d ∑︂
i=1 

bi = d.

Suppose that A ̸= B. Then ḟαp,q(A) = ḟαp,q(B) if and only if p = q.

The aim of the present paper is to provide a characterization of two arbitrary expansive 
matrices A,B ∈ GL(d,R) yielding the same discrete Triebel-Lizorkin spaces ḟαp,q(A) =
ḟαp,q(B). The following theorem provides our sufficient condition for the coincidence of 
sequence spaces.

Theorem 1.2. If A,B ∈ GL(d,R) are expansive matrices such that {AjB−j : j ∈ Z} is a 
finite set, then ḟαp,q(A) = ḟαp,q(B) for all α ∈ R and p, q ∈ (0,∞].

We mention that the set {AjB−j : j ∈ Z} is finite if and only if Ak = Bk for 
some k ∈ N, cf. Lemma 3.1. It is of interest to compare this sufficient condition to 
the characterization of two expansive matrices yielding equal anisotropic (homogeneous) 
Triebel-Lizorkin function spaces. In [12], it was shown that such spaces coincide if and 
only if we have p ∈ (1,∞), q = 2 and α = 0, or if

sup
j∈Z 

∥A−jB⌊εj⌋∥ < ∞, (1.3)

with ε := ln |det(A)|/ ln |det(B)|, which in turn is equivalent to two quasi-norms associ
ated to A and B being equivalent; see [1, Section 10]. The condition that {AjB−j : j ∈ Z}
is a finite set (cf. Theorem 1.2) implies, in particular, that |det(A)| = |det(B)| and is thus 
much stronger than the condition (1.3) classifying anisotropic Triebel-Lizorkin function 
spaces [12].

We make some further comments on the necessity of the sufficient condition of The
orem 1.2. First, we mention that if two expansive matrices A,B ∈ GL(d,R) have only 
positive eigenvalues and satisfy det(A) = det(B) and (1.3), then necessarily A = B, cf. 
[5, Theorem 7.9]. In particular, if A,B ∈ GL(d,R) are expansive matrices having only 
positive eigenvalues and satisfy the sufficient condition of Theorem 1.2, then A = B. 
Second, it is not difficult to show that the matrices A = diag(2, 2) and B = diag(2,−2)
provide examples of matrices A ̸= B still yielding ḟαp,q(A) = ḟαp,q(B). Thus, in contrast to 
the setting of Theorem 1.1, the coincidence of spaces ḟαp,q(A) = ḟαp,q(B) is generally not 
equivalent to A = B. Lastly, we mention that for the matrices A = 2 · I and B = 2 ·Rϕ, 
where
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Rϕ =
(︃

cos(ϕ) − sin(ϕ)
sin(ϕ) cos(ϕ)

)︃
, ϕ ∈ R \Q,

the spaces ḟαp,q(A) and ḟαp,q(B) can be shown to be distinct in case p ̸= q (see also 
Theorem 1.3). Note that for such matrices the set {AjB−j : j ∈ Z} is infinite, which 
follows, for example, from Weyl’s equidistribution theorem.

Our main result shows that the sufficient condition provided by Theorem 1.2 is in 
general also necessary for the coincidence of the scale of discrete Triebel-Lizorkin spaces. 
More precisely, we show the following general theorem.

Theorem 1.3. Let A,B ∈ GL(d,R) be expansive, α1, α2 ∈ R and p1, p2, q1, q2 ∈ (0,∞].
If ḟα1

p1,q1(A) = ḟα2
p2,q2(B), then p1 = p2 and at least one of the following conditions hold:

(i) The set {AjB−j : j ∈ Z} is finite, α1 = α2 and q1 = q2;
(ii) p1 = p2 = q1 = q2 and |det(A)|α1+1/2−1/p1 = |det(B)|α2+1/2−1/p2 .

Theorem 1.2 and Theorem 1.3 provide a full classification of the expansive dilation 
matrices yielding equal discrete Triebel-Lizorkin spaces, and form a nontrivial extension 
of Theorem 1.1 to arbitrary expansive dilations. In addition, the necessary conditions 
for possibly different integrability and smoothness exponents provided by Theorem 1.3
appear to be new even for diagonal dilation matrices. Similarly, a classification of dilations 
for the case p = ∞ seems new for diagonal dilations.

As already mentioned above, the classification provided by Theorem 1.2 and Theo
rem 1.3 is different from the one for anisotropic Triebel-Lizorkin function spaces (1.3). 
To illustrate this, we recall that an expansive matrix A ∈ GL(d,R) is equivalent to the 
isotropic dilation matrix 2 · Id in the sense of (1.3) if and only if A is diagonalizable over 
C with all eigenvalues being equal in absolute value, see, e.g., [1, Example, p. 7]. Com
bined with the classification of Triebel-Lizorkin function spaces [12], except in the trivial 
case where p ∈ (1,∞), q = 2, and α = 0, an expansive A ∈ GL(d,R) therefore generates 
the isotropic Triebel-Lizorkin function space Ḟα

p,q(A) = Ḟα
p,q(2 · Id) if and only if A is 

diagonalizable over C with all eigenvalues being equal in absolute value. In contrast, an 
expansive matrix A ∈ GL(d,R) generates the classical Triebel-Lizorkin sequence space 
ḟαp,q(A) = ḟαp,q(2 · Id) for p ̸= q if and only if Ak = 2k · Id for some k ∈ N. In turn, this is 
equivalent to A being diagonalizable over C and such that each eigenvalue is of the form 
2z for some z ∈ C satisfying zk = 1 for some k ∈ N. See Section 5 for further details.

Our proofs of Theorem 1.2 and Theorem 1.3 are elementary and essentially self
contained. The condition that the set {AjB−j : j ∈ Z} is finite is equivalent to the set 
{BjA−j : j ∈ Z} being finite. Using this, the central idea in our proof of Theorem 1.2 is to 
partition the integers Z =

⋃︁· 1≤t≤N Jt into sets Jt := {j ∈ Z : BjA−j = Mt} for matrices 
Mt, 1 ≤ t ≤ N , where N := #{BjA−j : j ∈ Z}. This allows us to rewrite the (quasi
)norms (1.1) in such a way that by means of a change of variable the (quasi-)norm of 
ḟαp,q(A) can be compared to that of ḟαp,q(B). For the case p = ∞, we use a characterization 
of the usual (quasi-)norm via a local q-power function as shown in [3] (see Lemma 2.1). 
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The necessary condition provided by Theorem 1.3 requires significantly more work than 
the proof of Theorem 1.2. For proving Theorem 1.3, we construct sequences c ∈ CZ×Zd

that allow us to compare the (quasi-)norms of ḟα1
p1,q1(A) and ḟα2

p2,q2(B) to that of some 
(weighted) ℓr-spaces for suitable r ∈ {p1, p2, q1, q2}. In combination with the equivalence 
of the (quasi-)norms of ḟα1

p1,q1(A) and ḟα2
p2,q2(B) this allows us then to show the coincidence 

of the integrability exponents. Among these different cases, the proof of p1 = p2 = q1 = q2
(see Theorem 1.3(ii)) is most difficult as it requires the construction of a sequence whose 
ḟα1
p1,q1(A)-norm is comparable to some (weighted) ℓq1-norm, whereas its ḟα2

p2,q2(B)-norm 
should be comparable to some (weighted) ℓp2-norm. The construction of such sequences 
are based on some ideas underlying the proof of Theorem 1.1 as given in [15] and form 
nontrivial adaptations of those sequences to general expansive matrices.

The organization of the paper is as follows: Section 2 provides basic notation and 
properties for discrete Triebel-Lizorkin spaces that will be used throughout the paper. 
In Section 3, we provide a proof of Theorem 1.2. The proof of Theorem 1.3 is given in 
Section 4 and split into various subresults. Finally, Section 5 provides a characterization 
of expansive matrices A for which ḟαp,q(A) coincides with the isotropic spaces ḟαp,q(2 · Id).

Notation. Unless otherwise noted, ∥ · ∥ denotes the usual Euclidean norm on Rd. For a 
matrix A ∈ Rk×d, ∥A∥ denotes the operator norm of A. The open and closed Euclidean 
balls with radius r > 0 and center x ∈ Rd are denoted by ℬr(x) and ℬr(x), respectively. 
The r-neighborhood (resp. diameter) of a set X ⊆ Rd with respect to the Euclidean 
distance is denoted by ℬr(X) =

⋃︁
x∈X ℬr(x) (resp. diam(X)). The standard basis of 

CZ×Zd is denoted by (ej,k)j∈Z,k∈Zd and the Kronecker delta function δ is as usual 
defined by δi,i = 1 and δi,j = 0 if i ̸= j.

The cardinality of a set M is denoted by #M , with #M ∈ N0 for a finite set and 
#M = ∞ for an infinite set. The Lebesgue measure of a measurable set X ⊆ Rd

is denoted by |X|, and integration of a measurable function f : Rd → C over X is 
written as 

´
X
f(x) dx. For a set X of finite positive measure, we write −́

X
f(x) dx :=

|X|−1 ´
X
f(x) dx.

Given two functions f1, f2 : X → [0,∞) on a set X, we write f1 ≲ f2 if there exists 
C > 0 such that f1(x) ≤ Cf2(x) for all x ∈ X. We use the notation f1 ≍ f2 whenever 
f1 ≲ f2 and f2 ≲ f1. Subscripted variants such as f1 ≲a,b f2 indicate that the implicit 
constant depends only on quantities a, b.

2. Discrete Triebel-Lizorkin spaces

For an expansive matrix A ∈ GL(d,R), we define associated dilated cubes by

QA
j,k := Aj([0, 1]d + k), j ∈ Z, k ∈ Zd.

The scale of a dyadic cube QA
j,k is defined by scale(QA

j,k) = scaleA(QA
j,k) = 

log| det(A)|(|QA
j,k|). We denote the family of all dyadic cubes associated to A by 

𝒬A = {QA
j,k : j ∈ Z, k ∈ Zd}.
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For α ∈ R and p, q ∈ (0,∞], the (homogeneous) anisotropic discrete Triebel-Lizorkin 
space ḟαp,q(A) is defined as the space of all sequences c ∈ CZ×Zd satisfying ∥c∥ḟαp,q(A) < ∞, 
where

∥c∥ḟαp,q(A) :=
⃦⃦⃦
⃦
(︃∑︂

j∈Z

∑︂
k∈Zd

(︁
|det(A)|−j(α+1/2)|cj,k|1QA

j,k

)︁q)︃ 1 
q
⃦⃦⃦
⃦
Lp

if p < ∞ (with the usual modification for q = ∞), and

∥c∥ḟα∞,q(A) := sup 
P∈𝒬A

(︃
−
ˆ

P

∑︂
j∈Z

j≤scale(P )

∑︂
k∈Zd

(︁
|det(A)|−j(α+1/2)|cj,k|1QA

j,k
(x)

)︁q
dx

)︃ 1 
q

, (2.1)

where the case q = ∞ in (2.1) has to be interpreted as

∥c∥ḟα∞,∞(A) := sup 
j∈Z,k∈Zd

|det(A)|−j(α+1/2)|cj,k|;

see [2--4] for various basic properties.
In order to give similar proofs for the cases p < ∞ and p = ∞, we will often use the 

following equivalent (quasi-)norms. The lemma is a direct consequence of a characteri
zation of ḟα∞,q(A) in terms of a so-called local q-power function. See [3, Corollary 3.4] for 
a proof.

Lemma 2.1 ([3]). Let α ∈ R and p, q ∈ (0,∞]. Fix 0 < ε < 1. Then ∥c∥ḟαp,q(A) ≍ ∥c∥∗ḟαp,q(A)

for any sequence c ∈ CZ×Zd , where

∥c∥∗ḟαp,q(A)

:= inf
{︃⃦⃦⃦
⃦
(︃∑︂

j∈Z

∑︂
k∈Zd

(︁
|det(A)|−j(α+1/2)|cj,k|1Ej,k

)︁q)︃ 1 
q
⃦⃦⃦
⃦
Lp

: Ej,k ⊆ QA
j,k, 

|Ej,k| 
|QA

j,k|
> ε

}︃

where Ej,k ⊆ QA
j,k are Borel sets, with the usual modification for q = ∞. The implicit 

constant is independent of the sequence c.

Remark 2.2. Strictly speaking, the statement of [3, Corollary 3.4] provides a (quasi-)norm 
characterization in terms of the L2-normalized indicators |Ej,k|−1/21Ej,k

rather than the 
functions |QA

j,k|−1/21Ej,k
appearing in the statement of Lemma 2.1. However, by using 

that ε < |Ej,k|/|QA
j,k| ≤ 1, the (quasi-)norm characterization provided by Lemma 2.1 is 

easily seen to be equivalent to [3, Corollary 3.4].

The following basic properties of discrete Triebel-Lizorkin spaces appear to be well
known. However, as we will use both properties, but could not locate a proof, we provide 
short arguments in the appendix.
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Lemma 2.3. Let A ∈ GL(d,R) be expansive, α ∈ R and p, q ∈ (0,∞]. The following 
assertions hold:

(i) The space ḟαp,q(A) is complete with respect to the quasi-norm ∥ · ∥ḟαp,q(A), and 

continuously embedded into CZ×Zd equipped with the topology of pointwise, i.e., 
componentwise, convergence.

(ii) If r := min{1, p, q}, then for any ε ∈ (0, 1), the quasi-norm ∥ · ∥∗ḟαp,q(A) introduced 

in Lemma 2.1 satisfies

(︁
∥a + b∥∗ḟαp,q(A)

)︁r ≤
(︁
∥a∥∗ḟαp,q(A)

)︁r +
(︁
∥b∥∗ḟαp,q(A)

)︁r
for all a, b ∈ ḟαp,q(A).

3. Sufficient condition

The aim of this section is to prove the sufficient condition (Theorem 1.2) for the 
coincidence of discrete Triebel-Lizorkin spaces. Before doing so, we show the following 
simple lemma that provides different equivalent formulations of this sufficient condition.

Lemma 3.1. Let A,B ∈ GL(d,R). Then the following are equivalent:

(i) The set {BjA−j : j ∈ Z} is finite;
(ii) The set {AjB−j : j ∈ Z} is finite;
(iii) There exists k ∈ N such that Ak = Bk.

Proof. The equivalence of (i) and (ii) is immediate since (AjB−j)−1 = BjA−j , so it 
remains to show the equivalence of (ii) and (iii). For this, let F := {AjB−j : j ∈ Z}
and suppose that F is finite. Then the map j ↦→ AjB−j cannot be injective from N to 
F , and hence there exist j, ℓ ∈ N with j ̸= ℓ and AjB−j = AℓB−ℓ. Without loss of 
generality, we may assume that j > ℓ. Then we also get that Aj = AℓBj−ℓ, and thus 
Aj−ℓ = Bj−ℓ, so that setting k := j − ℓ ∈ N shows (iii).

Conversely, suppose there exists k ∈ N with Ak = Bk. Then induction shows that 
Akℓ = Bkℓ for all ℓ ∈ N, and hence also A−kℓ = B−kℓ for ℓ ∈ N, which shows that 
Akℓ = Bkℓ for all ℓ ∈ Z. Let j ∈ Z be arbitrary. Then j = ℓk + r for suitable ℓ ∈ Z and 
r ∈ {0, . . . , k − 1}, and thus

AjB−j = ArAℓkB−ℓkB−r = ArB−r.

This shows that 
{︁
AjB−j : j ∈ Z

}︁
⊆

{︁
ArB−r : r ∈ {0, . . . , k − 1}

}︁
is finite. □

The following theorem corresponds to Theorem 1.2.
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Theorem 3.2. If A,B ∈ GL(d,R) are two expansive matrices such that {AjB−j : j ∈ Z}
is a finite set, then ḟαp,q(A) = ḟαp,q(B) for all α ∈ R and p, q ∈ (0,∞].

Proof. We will use that {AjB−j : j ∈ Z} is finite if and only if {BjA−j : j ∈ Z} is 
finite; see Lemma 3.1. Again by Lemma 3.1, there exists k ∈ N with Ak = Bk, so that 
(detA)k = (detB)k and hence |detA| = |detB|. Let N := #{BjA−j : j ∈ Z} and write 
{BjA−j : j ∈ Z} = {M1, . . . ,MN} for necessarily pairwise distinct invertible matrices 
M1, . . . ,MN . For t ∈ N with t ≤ N , let Jt := {j ∈ Z : BjA−j = Mt}, and note that 
Z =

⋃︁· 1≤t≤N Jt.
We split the proof into the cases p < ∞ and p = ∞. 

Case 1. Let p < ∞. If q < ∞, then for arbitrary c ∈ CZ×Zd ,

∥c∥ḟαp,q(B) =
⃦⃦⃦
⃦
(︃∑︂

j∈Z
|det(B)|−jq(α+1/2)

∑︂
k∈Zd

|cj,k|q1Bj([0,1]d+k)

)︃ 1 
q
⃦⃦⃦
⃦
Lp

≍p,q,N

N∑︂
t=1 

⃦⃦⃦
⃦
(︃ ∑︂

j∈Jt

|det(A)|−jq(α+1/2)
∑︂
k∈Zd

|cj,k|q1MtAj([0,1]d+k)

)︃ 1 
q
⃦⃦⃦
⃦
Lp

.

Using that 1MtAj([0,1]d+k) = 1Aj([0,1]d+k)(M−1
t ·), a change of variable gives

∥c∥ḟαp,q(B)

≍p,q,N

N∑︂
t=1 

|det(Mt)|1/p
⃦⃦⃦
⃦
(︃ ∑︂

j∈Jt

|det(A)|−jq(α+1/2)
∑︂
k∈Zd

|cj,k|q1Aj([0,1]d+k)

)︃ 1 
q
⃦⃦⃦
⃦
Lp

≍p,A,B

⃦⃦⃦
⃦
(︃∑︂

j∈Z
|det(A)|−jq(α+1/2)

∑︂
k∈Zd

|cj,k|q1Aj([0,1]d+k)

)︃ 1 
q
⃦⃦⃦
⃦
Lp

= ∥c∥ḟαp,q(A),

where the second step used that |det(Mt)| ≍ 1 for an implicit constant independent of 
t.

The case q = ∞ follows by similar arguments: For arbitrary c ∈ CZ×Zd and x ∈ Rd,

sup
j∈Z 

sup 
k∈Zd

|det(B)|−j(α+1/2)|cj,k|1Bj([0,1]d+k)(x)

≍N

N∑︂
t=1 

sup 
j∈Jt

sup 
k∈Zd

|det(B)|−j(α+1/2)|cj,k|1Bj([0,1]d+k)(x),

so that a change of variable yields
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∥c∥ḟαp,∞(B) =
⃦⃦⃦
⃦ sup

j∈Z 
sup 
k∈Zd

|det(B)|−j(α+1/2)|cj,k|1Bj([0,1]d+k)

⃦⃦⃦
⃦
Lp

≍p,N

N∑︂
t=1 

⃦⃦⃦
⃦ sup 

j∈Jt

sup 
k∈Zd

|det(B)|−j(α+1/2)|cj,k|1Aj([0,1]d+k)(M−1
t ·)

⃦⃦⃦
⃦
Lp

≍p,A,B

⃦⃦⃦
⃦ sup

j∈Z 
sup 
k∈Zd

|det(A)|−j(α+1/2)|cj,k|1Aj([0,1]d+k)

⃦⃦⃦
⃦
Lp

= ∥c∥ḟαp,∞(A),

as required. 

Case 2. Let p = ∞. If q < ∞ and 0 < ε < 1, then Lemma 2.1 yields, for c ∈ CZ×Zd ,

∥c∥ḟα∞,q(A) ≍
N∑︂
t=1 

inf
{︃⃦⃦⃦
⃦
(︃ ∑︂

j∈Jt

∑︂
k∈Zd

(︁
|det(A)|−j(α+1/2)|cj,k|1Ej,k

)︁q)︃ 1 
q
⃦⃦⃦
⃦
L∞

: Ej,k ⊆ QA
j,k, 

|Ej,k| 
|QA

j,k|
> ε

}︃
.

Given a Borel set Ej,k ⊆ QA
j,k with |Ej,k|/|QA

j,k| > ε, define E∗
j,k := A−jEj,k−k ⊆ [0, 1]d, 

so that Ej,k = Aj(E∗
j,k + k) = M−1

t Bj(E∗
j,k + k) for j ∈ Jt, and |E∗

j,k| > ε. Then, using 
that

1Ej,k
= 1M−1

t Bj(E∗
j,k+k) = 1Bj(E∗

j,k+k)(Mt·) for all j ∈ Jt, k ∈ Zd,

a change of variable yields

⃦⃦⃦
⃦
(︃ ∑︂

j∈Jt

∑︂
k∈Zd

(︁
|det(A)|−j(α+1/2)|cj,k|1Ej,k

)︁q)︃ 1 
q
⃦⃦⃦
⃦
L∞

=
⃦⃦⃦
⃦
(︃ ∑︂

j∈Jt

∑︂
k∈Zd

(︁
|det(A)|−j(α+1/2)|cj,k|1Bj(E∗

j,k+k)
)︁q)︃ 1 

q
⃦⃦⃦
⃦
L∞

.

As Ej,k runs through all subsets Ej,k ⊆ QA
j,k with |Ej,k|/|QA

j,k| > ε, the set E′
j,k :=

Bj(E∗
j,k + k) runs through all subsets E′

j,k ⊆ QB
j,k with |E′

j,k|/|QB
j,k| > ε. Thus, a 

combination of the above equivalences, together with |det(A)| = |det(B)| and another 
application of Lemma 2.1, yields

∥c∥ḟα∞,q(A) ≍
N∑︂
t=1 

inf
{︃⃦⃦⃦
⃦
(︃ ∑︂

j∈Jt

∑︂
k∈Zd

(︁
|det(B)|−j(α+1/2)|cj,k|1Fj,k

)︁q)︃ 1 
q
⃦⃦⃦
⃦
L∞

: Fj,k ⊆ QB
j,k, 

|Fj,k| 
|QB

j,k|
> ε

}︃
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≍ ∥c∥ḟα∞,q(B),

which shows the claim for q < ∞.
The remaining case q = ∞ follows immediately from the fact that |det(A)| =

|det(B)|. □
4. Necessary condition

This section is devoted to proving Theorem 1.3. We start by proving some simple 
lemmas that will be used in various parts of the proof.

4.1. Two lemmas

The first lemma provides two simple consequences of the coincidence of spaces.

Lemma 4.1. Let A,B ∈ GL(d,R) be expansive matrices, α1, α2 ∈ R and p1, p2, q1, q2 ∈
(0,∞].

If ḟα1
p1,q1(A) = ḟα2

p2,q2(B), then the following assertions hold:

(i) There exists C ≥ 1 such that

1 
C
∥c∥ḟα1

p1,q1 (A) ≤ ∥c∥ḟα2
p2,q2 (B) ≤ C∥c∥ḟα1

p1,q1 (A)

for all c ∈ CZ×Zd ;
(ii) |det(A)|α1+ 1

2− 1 
p1 = |det(B)|α2+ 1

2− 1 
p2 .

Proof. (i) The proof is analogous that of function spaces [12, Lemma 5.2].
If ḟα1

p1,q1(A) = ḟα2
p2,q2(B), then the identity map ι : ḟα1

p1,q1(A) → ḟα2
p2,q2(B) given by c ↦→ c

is well-defined, and it follows from the continuous embeddings ḟα1
p1,q1(A), ḟα2

p2,q2(B) ↪→
CZ×Zd (cf. Lemma 2.3) that the graph of ι is closed. Let r := min{1, p1, q1, p2, q2}. 
Since ḟα1

p1,q1(A) and ḟα2
p2,q2(B) are complete with respect to their ``natural'' (quasi-)norms, 

they are also complete, respectively, with respect to the equivalent r-norms ∥ · ∥∗ḟα1
p1,q1 (A)

and ∥ · ∥∗ḟα2
p2,q2 (B) introduced in Lemma 2.1; cf. Lemma 2.3. Therefore, an application 

of the closed graph theorem (see, e.g., [13, Theorem 2.15]) implies that ∥c∥ḟα2
p2,q2 (B) ≍

∥c∥∗ḟα2
p2,q2 (B) ≲ ∥c∥∗ḟα1

p1,q1 (A) ≍ ∥c∥ḟα1
p1,q1 (A) for all c ∈ CZ×Zd . The reverse inequality follows 

by symmetry. 

(ii) Define c := ej0,0 for j0 ∈ Z, where (ej,k)j∈Z,k∈Zd denotes the standard basis for 
CZ×Zd . If p1 < ∞, then

∥c∥ḟα1
p1,q1 (A) =

⃦⃦⃦
⃦|det(A)|−j0(α1+ 1

2 )1Aj0 [0,1]d

⃦⃦⃦
⃦
Lp1

= |det(A)|−j0(α1+ 1
2− 1 

p1
),
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while if p1 = ∞, then using that
⃦⃦⃦
⃦|det(A)|−j0(α1+ 1

2 )1Ej0,0

⃦⃦⃦
⃦
L∞

= |det(A)|−j0(α1+ 1
2 ) = |det(A)|−j0(α1+ 1

2− 1 
p1

)

for Borel sets Ej0,0 of positive measure, it follows from an application of Lemma 2.1 that 
∥c∥ḟα1∞,q1 (A) ≍ |det(A)|−j0(α1+ 1

2− 1 
p1

). Similarly, ∥c∥ḟα2
p2,q2 (B) ≍ |det(B)|−j0(α2+ 1

2− 1 
p2

).
Since ∥ · ∥ḟα1

p1,q1 (A) ≍ ∥ · ∥ḟα2
p2,q2 (B) by assertion (i), it follows that

|det(A)|−j0(α1+ 1
2− 1 

p1
) ≍ |det(B)|−j0(α2+ 1

2− 1 
p2

), j0 ∈ Z,

which easily implies the claim. □
Lemma 4.2. Suppose A,B ∈ GL(d,R) are expansive matrices such that {BjA−j : j ∈ Z}
is infinite. Then, given any N ∈ N, there exist j1, . . . , jN ∈ Z and x0 ∈ Rd such that

BjtA−jtx0, 1 ≤ t ≤ N,

are pairwise distinct. Moreover, there exists ε > 0 such that

BjtA−jt(x0 + [−ε, ε]d), 1 ≤ t ≤ N,

are pairwise disjoint. In addition, for any R > 0, the sets BjtA−jtℬRε(Rx0), 1 ≤ t ≤ N , 
are pairwise disjoint.

Proof. For proving the first claim, assume towards a contradiction that there do not 
exist j1, . . . , jN ∈ Z and x0 ∈ Rd such that the points BjtA−jtx0, 1 ≤ t ≤ N , are 
pairwise distinct. Then, for every x0 ∈ Rd, it follows that #{BjA−jx0 : j ∈ Z} < N . 
In particular, this implies that the set {BjA−jei : j ∈ Z} is finite for every standard 
basis vector ei with 1 ≤ i ≤ d. Setting 𝒞i := {BjA−jei : j ∈ Z}, it follows that 
#{BjA−j : j ∈ Z} ≤ Πd

i=1#𝒞i < ∞, which is a contradiction.
For the remaining claims, let j1, . . . , jN ∈ Z and x0 ∈ Rd be such that BjtA−jtx0, 

1 ≤ t ≤ N , are pairwise distinct. Choose R′ > 1 such that max1≤t≤N ∥BjtA−jt∥ ≤ R′. 
Moreover, choose some δ > 0 satisfying

δ <
1
2 min

t̸=t′
∥BjtA−jtx0 −Bjt′A−jt′x0∥,

so that ℬδ(BjtA−jtx0), 1 ≤ t ≤ N , are pairwise disjoint. Then, choosing 0 < ε <

δ/(R′√d) yields

BjtA−jt(x0 + [−ε, ε]d) ⊆ BjtA−jtℬε
√
d(x0) = BjtA−jtℬε

√
d(0) + BjtA−jtx0

⊆ R′ℬε
√
d(0) + BjtA−jtx0 ⊆ ℬδ(BjtA−jtx0).
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Lastly, note that

BjtA−jtℬRε(Rx0) = R · (BjtA−jtℬε(x0)) ⊆ R ·
(︁
BjtA−jt(x0 + [−ε, ε]d)

)︁
,

which proves the final claim. □
4.2. Key results

In this section, we prove the various necessary conditions for the coincidence of discrete 
Triebel-Lizorkin spaces associated to possibly different exponents and dilation matrices. 
For clarity, we prove these necessary conditions by establishing various subresults.

We start by showing that p1 = p2 whenever ḟα1
p1,q1(A) = ḟα2

p2,q2(B).

Proposition 4.3. Let A,B ∈ GL(d,R) be expansive, α1, α2 ∈ R and p1, p2, q1, q2 ∈ (0,∞].
If ḟα1

p1,q1(A) = ḟα2
p2,q2(B), then p := p1 = p2 and |det(A)|α1+ 1

2− 1 
p = |det(B)|α2+ 1

2− 1 
p .

Proof. Let (ak)k∈Zd ∈ CZd be arbitrary and define c ∈ CZ×Zd by cj,k = δ0,jak. We 
will show that ∥c∥ḟα1

p1,q1 (A) ≍ ∥a∥ℓp1 . Once this is shown, it follows by symmetry and an 
application of Lemma 4.1(i) that ∥a∥ℓp1 ≍ ∥c∥ḟα1

p1,q1 (A) ≍ ∥c∥ḟα2
p2,q2 (B) ≍ ∥a∥ℓp2 , hence 

p := p1 = p2, and |det(A)|α1+ 1
2− 1 

p = |det(B)|α2+ 1
2− 1 

p by Lemma 4.1(ii).
For showing that ∥c∥ḟα1

p1,q1 (A) ≍ ∥a∥ℓp1 , we will consider the cases p1 < ∞ and p1 = ∞. 

Case 1. Let p1 ∈ (0,∞). If q1 < ∞, then

∥c∥ḟα1
p1,q1 (A) =

⃦⃦⃦
⃦
(︃∑︂

j∈Z
|det(A)|−jq1(α1+ 1

2 )
∑︂
k∈Zd

|cj,k|q11QA
j,k

)︃1/q1 ⃦⃦⃦⃦
Lp1

=
⃦⃦⃦
⃦
(︃ ∑︂

k∈Zd

|ak|q11[0,1]d+k

)︃1/q1 ⃦⃦⃦⃦
Lp1

=
⃦⃦⃦
⃦ ∑︂

k∈Zd

|ak|p11[0,1]d+k

⃦⃦⃦
⃦

1/p1

L1
=

(︃ ∑︂
k∈Zd

|ak|p1

)︃1/p1

.

Similarly, if q1 = ∞, then

∥c∥ḟα1
p1,∞(A) =

⃦⃦⃦
⃦ sup

j∈Z 
sup 
k∈Zd

|det(A)|−j(α1+ 1
2 )|cj,k|1QA

j,k

⃦⃦⃦
⃦
Lp1

=
⃦⃦⃦
⃦ sup 

k∈Zd

|ak|1[0,1]d+k

⃦⃦⃦
⃦
Lp1

=
⃦⃦⃦
⃦ ∑︂

k∈Zd

|ak|1[0,1]d+k

⃦⃦⃦
⃦
Lp1

=
(︃ ∑︂

k∈Zd

|ak|p1

)︃1/p1

,
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where the penultimate step used that the sets [0, 1]d +k, k ∈ Zd are pairwise disjoint up 
to null-sets. 

Case 2. Let p1 = ∞ and 0 < ε < 1. If q1 < ∞, then it follows by Lemma 2.1 that

∥c∥ḟα1∞,q1 (A) ≍ inf
{︃⃦⃦⃦
⃦
(︃ ∑︂

k∈Zd

(︁
|ak|1E0,k

)︁q1)︃ 1 
q1
⃦⃦⃦
⃦
L∞

: E0,k ⊆ QA
0,k, 

|E0,k| 
|QA

0,k|
> ε

}︃

where E0,k ⊆ QA
0,k = [0, 1]d + k are Borel sets. Since the sets E0,k, k ∈ Zd, are pairwise 

disjoint up to null-sets, a direct calculation gives

⃦⃦⃦
⃦
(︃ ∑︂

k∈Zd

(︁
|ak|1E0,k

)︁q1)︃ 1 
q1
⃦⃦⃦
⃦
L∞

= ∥a∥ℓ∞ ,

which shows that ∥c∥ḟα1∞,q1 (A) ≍ ∥a∥ℓ∞ whenever q1 < ∞. The remaining case p1 = q1 =
∞ is immediate. □

We next show that necessarily p = q1 = q2 whenever ḟα1
p,q1(A) = ḟα2

p,q2(B) and the set 
{BjA−j : j ∈ Z} is infinite. This is the most difficult part of the proof of Theorem 1.3.

Theorem 4.4. Let A,B ∈ GL(d,R) be expansive, α1, α2 ∈ R, p ∈ (0,∞] and q1, q2 ∈
(0,∞].

If {BjA−j : j ∈ Z} is infinite and ḟα1
p,q1(A) = ḟα2

p,q2(B), then p = q1 = q2.

Our proof for the case p < ∞ of Theorem 4.4 is based on some ideas used for the 
construction of sequences in the proof of Theorem 1.1 (see [15, Proposition 5.26]).

Proof of Theorem 4.4. Since {BjA−j : j ∈ Z} is infinite, Lemma 4.2 shows for any given 
N ∈ N that there exist ε > 0, j1, . . . , jN ∈ Z and x0 ∈ Rd such that, for any R > 0, the 
sets BjtA−jtℬRε(Rx0), 1 ≤ t ≤ N , are pairwise disjoint. In particular, jt ̸= jt′ for t ̸= t′. 
We will choose the value of R > 0 depending on the cases p < ∞ and p = ∞, which we 
treat separately. 

Case 1. We first consider the case p < ∞. In this case, we let R′ := max1≤t≤N

√
d∥Ajt∥, 

and fix some R ≥ 2
ε R

′. Define PR := ℬRε
2 (Rx0) and set

It,R :=
{︁
k ∈ Zd : Ajt([0, 1]d + k) ∩ PR ̸= ∅

}︁
, 1 ≤ t ≤ N.

Let (τt)Nt=1 ∈ RN be arbitrary and define c ∈ CZ×Zd by

cj,k :=
{︄
|τt| · |det(A)|jt(α1+ 1

2− 1 
p ), if j = jt for a (unique) 1 ≤ t ≤ N and k ∈ It,R

0, otherwise.
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We will show that p = q1 = q2 by comparing the norm of c for ḟα1
p,q1(A) and ḟα2

p,q2(B).
We start by estimating the norm of c for the space ḟα1

p,q1(A). For this, consider the set 
Ωt,R :=

⋃︁
k∈It,R

Ajt([0, 1]d + k) and note that PR ⊆ Ωt,R. Second, note that

diam(Ajt([0, 1]d + k)) ≤ ∥Ajt∥
√
d ≤ R′

and that if two sets Ω,Ω′ ⊆ Rd satisfy Ω ∩ Ω′ ̸= ∅ and ρ = diam(Ω), then Ω ⊆ ℬρ(Ω′). 
Therefore, if k ∈ It,R, then

Ajt([0, 1]d + k) ⊆ ℬR′(PR) ⊆ ℬR ε 
2+R′(Rx0) ⊆ ℬRε(Rx0),

where the last inclusion uses that R′ ≤ R ε 
2 . In combination, this shows PR ⊆ Ωt,R ⊆

ℬRε(Rx0), whence |Ωt,R| ≍d (Rε)d. On the one hand, if q1 < ∞, then a direct calculation 
gives

∥c∥ḟα1
p,q1 (A) =

⃦⃦⃦
⃦
(︃∑︂

j∈Z
|det(A)|−jq1(α1+ 1

2 )
∑︂
k∈Zd

|cj,k|q11QA
j,k

)︃1/q1 ⃦⃦⃦⃦
Lp

=
⃦⃦⃦
⃦
(︃ N∑︂

t=1 
|det(A)|−jt

q1
p |τt|q1

∑︂
k∈It,R

1Ajt ([0,1]d+k)

)︃1/q1 ⃦⃦⃦⃦
Lp

=
⃦⃦⃦
⃦
(︃ N∑︂

t=1 
|det(A)|−jt

q1
p |τt|q11Ωt,R

)︃1/q1 ⃦⃦⃦⃦
Lp

≥ ∥1PR
∥Lp

⃦⃦(︁
|det(A)|−jt/pτt

)︁N
t=1

⃦⃦
ℓq1

≳d,p (Rε)d/p
⃦⃦(︁

|det(A)|−jt/pτt
)︁N
t=1

⃦⃦
ℓq1

,

and, similarly,

∥c∥ḟα1
p,q1 (A) =

⃦⃦⃦
⃦
(︃ N∑︂

t=1 
|det(A)|−jt

q1
p |τt|q11Ωt,R

)︃1/q1 ⃦⃦⃦⃦
Lp

≤ ∥1ℬRε(Rx0)∥Lp

⃦⃦(︁
|det(A)|−jt/pτt

)︁N
t=1

⃦⃦
ℓq1

≲d,p (Rε)d/p
⃦⃦(︁

|det(A)|−jt/pτt
)︁N
t=1

⃦⃦
ℓq1

.

On the other hand, if q1 = ∞, then using that supk∈It,R 1Ajt ([0,1]d+k) = 1Ωt,R
almost 

everywhere for 1 ≤ t ≤ N and that 1PR
≤ 1Ωt,R

≤ 1ℬRε(Rx0), it follows that

∥c∥ḟα1
p,q1 (A) =

⃦⃦⃦
⃦ sup 

1≤t≤N
|det(A)|−

jt
p |τt| sup 

k∈It,R

1Ajt ([0,1]d+k)

⃦⃦⃦
⃦
Lp

=
⃦⃦⃦
⃦ sup 

1≤t≤N
|det(A)|−

jt
p |τt|1Ωt,R

⃦⃦⃦
⃦
Lp
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≍d,p (Rε)d/p
⃦⃦(︁

|det(A)|−jt/pτt
)︁N
t=1

⃦⃦
ℓq1

.

Thus, ∥c∥ḟα1
p,q1 (A) ≍d,p (Rε)d/p

⃦⃦(︁
|det(A)|−jt/pτt

)︁N
t=1

⃦⃦
ℓq1

for any possible q1 ∈ (0,∞].
For estimating the norm of c for the space ḟα2

p,q2(B), define Λt,R :=
⋃︁· k∈It,R

Bjt([0, 1]d+
k). Note that Λt,R = BjtA−jtΩt,R and that the sets Λt,R, 1 ≤ t ≤ N , are pairwise disjoint 
as Ωt,R ⊆ ℬRε(Rx0) and BjtA−jtℬRε(Rx0) are pairwise disjoint for 1 ≤ t ≤ N . Using 
that |det(A)|α1+ 1

2− 1 
p = |det(B)|α2+ 1

2− 1 
p (cf. Proposition 4.3), a direct calculation yields 

for the case q2 < ∞ that

∥c∥ḟα2
p,q2 (B) =

⃦⃦⃦
⃦
(︃ N∑︂

t=1 
|det(B)|−jtq2(α2+ 1

2− 1 
p )|det(B)|−jt

q2
p 

∑︂
k∈Zd

|cjt,k|q21QB
jt,k

)︃1/q2 ⃦⃦⃦⃦
Lp

=
⃦⃦⃦
⃦
(︃ N∑︂

t=1 
|det(B)|−jt

q2
p |τt|q2

∑︂
k∈It,R

1Bjt ([0,1]d+k)

)︃1/q2 ⃦⃦⃦⃦
Lp

=
⃦⃦⃦
⃦

N∑︂
t=1 

|det(B)|−jt |τt|p1Λt,R

⃦⃦⃦
⃦

1/p

L1
=

(︃ N∑︂
t=1 

|det(B)|−jt |τt|p|Λt,R|
)︃1/p

≍d,p (Rε)d/p
⃦⃦(︁

|det(A)|−
jt
p τt

)︁N
t=1

⃦⃦
ℓp
,

where the last step used that |Λt,R| ≍d

(︁
|det(B)|/|det(A)|

)︁jt(Rε)d since Λt,R =
BjtA−jtΩt,R. The estimate

∥c∥ḟα2
p,∞(B) ≍ (Rε)d/p

⃦⃦(︁
|det(A)|−

jt
p τt

)︁N
t=1

⃦⃦
ℓp

for the case q2 = ∞ is shown using similar arguments.
A combination of the above obtained estimates with Lemma 4.1(i) thus yields

(Rε)d/p
⃦⃦(︁

|det(A)|−
jt
p τt

)︁N
t=1

⃦⃦
ℓp

≍ ∥c∥ḟα2
p,q2 (B)

≍ ∥c∥ḟα1
p,q1 (A) ≍ (Rε)d/p

⃦⃦(︁
|det(A)|−

jt
p τt

)︁N
t=1

⃦⃦
ℓq1

,

which implies that q1 = p since N ∈ N and τ = (τt)Nt=1 ∈ RN were chosen arbitrary 
and the implied constants do not depend on N,R, ε or τ . Since the condition that 
{BjA−j : j ∈ Z} is finite is symmetric in A,B, it follows by symmetry that also q2 = p. 

Case 2. Suppose that p = ∞. Throughout, we fix some δ ∈ (0, 1/6) and choose ℓ0 ∈ N

such that A−ℓ[0, 1]d ⊆ [−δ, δ]d for all ℓ ≥ ℓ0, which is possible since A is expansive and 
hence ∥A−j∥ → 0 as j → ∞; this follows from the spectral radius formula, since the 
spectral radius of A−1 satisfies ρ(A−1) < 1.

Now, given N ∈ N, choose ε > 0 and j1, . . . , jN ∈ Z and x0 ∈ Rd such that the sets 
BjtA−jtℬRε(Rx0), 1 ≤ t ≤ N , are pairwise disjoint for all R > 0; this is possible by 
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Lemma 4.2. We then choose j0 ∈ Z such that j0 ≥ ℓ0 + max1≤t≤N jt. With this choice, 
we set R := 10

√
d∥Aj0∥/ε and R0 := R/10.

Choose next k0 ∈ Zd such that Rx0 ∈ Aj0([0, 1]d + k0). Then, since

diam(Aj0 [0, 1]d + k0) ≤ ∥Aj0∥
√
d ≤ R0ε,

it follows that Aj0([0, 1]d + k0) ⊆ ℬR0ε(Rx0) ⊆ ℬRε(Rx0), and hence it follows that also 
the sets BjtA−jtAj0([0, 1]d + k0) are pairwise disjoint. Finally, we set Pδ := Aj0([ 12 −
δ, 1

2 + δ)d + k0) and define

It,δ := {k ∈ Zd : Ajt([0, 1]d + k) ∩ Pδ ̸= ∅}, 1 ≤ t ≤ N.

Similar to Case 1, we define a sequence c ∈ CZ×Zd by

cj,k :=
{︄
|det(A)|jt(α1+ 1

2 ) · |τt|, if j = jt for a (unique) 1 ≤ t ≤ N and k ∈ It,δ

0, otherwise,

where τ = (τt)Nt=1 is an arbitrary given sequence in RN .
For showing that q1 = q2 = p, we will estimate the norms ∥c∥ḟα1

p,q1 (A) and ∥c∥ḟα2
p,q2 (B). 

For estimating ∥c∥ḟα1
p,q1 (A), we define Ωt,δ :=

⋃︁
k∈It,δ

Ajt([0, 1]d + k). Then clearly Pδ ⊆
Ωt,δ, and we claim that Ωt,δ ⊆ QA

j0,k0
= Aj0([0, 1]d + k0). Indeed, note that if k ∈ It,δ, 

then

k ∈ Aj0−jtk0 + Aj0−jt
(︁
[1/2 − δ, 1/2 + δ)d −Ajt−j0 [0, 1]d

)︁
⊆ Aj0−jtk0 + Aj0−jt

(︁
[1/2 − δ, 1/2 + δ)d − [−δ, δ]d

)︁
⊆ Aj0−jtk0 + Aj0−jt [1/2 − 2δ, 1/2 + 2δ)d,

where we used that jt − j0 ≤ −ℓ0 and A−ℓ[0, 1]d ⊆ [−δ, δ]d for all ℓ ≥ ℓ0. Using again 
that Ajt−j0 [0, 1]d ⊆ [−δ, δ]d and that δ < 1/6, we finally see that

k + [0, 1]d ⊆ Aj0−jtk0 + Aj0−jt
(︁
[1/2 − 2δ, 1/2 + 2δ)d + Ajt−j0 [0, 1]d

)︁
⊆ Aj0−jtk0 + Aj0−jt [1/2 − 3δ, 1/2 + 3δ]d

⊆ Aj0−jtk0 + Aj0−jt [0, 1]d,

whence Ajt
(︁
[0, 1]d + k

)︁
⊆ Aj0

(︁
[0, 1]d + k0

)︁
= QA

j0,k0
for any k ∈ It,δ, as claimed. As 

j0 ≥ ℓ0 + max1≤t≤N jt, we have j0 ≥ jt for each 1 ≤ t ≤ N . Hence, using the definition 
of ḟα1∞,q1(A) for q1 < ∞, we estimate

∥c∥ḟα1∞,q1 (A) ≥
(︃

−
ˆ

QA
j0,k0

∑︂
j∈Z,j≤j0

|det(A)|−jq1(α1+ 1
2 )

∑︂
k∈Zd

|cj,k|q11QA
j,k

(x) dx
)︃ 1 

q1
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=
(︃

−
ˆ

QA
j0,k0

N∑︂
t=1 

|τt|q1
∑︂

k∈It,δ

1QA
jt,k

(x) dx
)︃ 1 

q1

=
(︃

−
ˆ

QA
j0,k0

N∑︂
t=1 

|τt|q11Ωt,δ
(x) dx

)︃ 1 
q1

≥
(︃

|Pδ| 
|QA

j0,k0
|

N∑︂
t=1 

|τt|q1
)︃1/q1

≳δ,q1 ∥τ∥ℓq1 .

Clearly, ∥c∥ḟα1∞,∞(A) = ∥τ∥ℓ∞ , so that ∥c∥ḟα1∞,q1 (A) ≳ ∥τ∥ℓq1 for arbitrary q1 ∈ (0,∞]. Here, 
we crucially used that |Pδ| 

|QA
j0,k0

| = (2δ)d is independent of the choice of N ∈ N and of 
τ ∈ RN .

We next provide an upper bound for ∥c∥ḟα2∞,q2(B). Let Λt,δ :=
⋃︁

k∈It,δ
Bjt([0, 1]d + k), 

and observe that Λt,δ = BjtA−jtΩt,δ ⊆ BjtA−jtQA
j0,k0

, where the inclusion Ωt,δ ⊆ QA
j0,k0

was shown already above. In particular, since we showed towards the beginning of Part 2 
of the proof that the sets BjtA−jtAj0([0, 1]d + k0), 1 ≤ t ≤ N , are pairwise disjoint, this 
implies that the sets Λt,δ, 1 ≤ t ≤ N , are pairwise disjoint as well. Using this, together 
with the fact that |det(A)|α1+ 1

2 = |det(B)|α2+ 1
2 (cf. Proposition 4.3), a direct calculation 

entails for q2 < ∞ that

∥c∥ḟα2∞,q2 (B)

= sup 
Q∈𝒬B

(︃
−
ˆ

Q 

[︃(︃ ∑︂
j∈Z

j≤scaleB(Q)

|det(B)|−jq2(α2+ 1
2 )

∑︂
k∈Zd

|cj,k|q21QB
j,k

(x)
)︃1/q2]︃q2

dx

)︃1/q2

≤
⃦⃦⃦
⃦
(︃∑︂

j∈Z
|det(B)|−jq2(α2+ 1

2 )
∑︂
k∈Zd

|cj,k|q21QB
j,k

)︃ 1 
q2
⃦⃦⃦
⃦
L∞

=
⃦⃦⃦
⃦
(︃ N∑︂

t=1 
|τt|q2

∑︂
k∈It,δ

1QB
jt,k

)︃ 1 
q2
⃦⃦⃦
⃦
L∞

=
⃦⃦⃦
⃦
(︃ N∑︂

t=1 
|τt|q21Λt,δ

)︃ 1 
q2
⃦⃦⃦
⃦
L∞

= ∥τ∥ℓ∞ .

Clearly, also ∥c∥ḟα2∞,∞(B) = ∥τ∥ℓ∞ .
A combination of the estimates obtained above with Lemma 4.1(i) gives

∥τ∥ℓ∞ ≤ ∥τ∥ℓq1 ≲ ∥c∥ḟα1∞,q1 (A) ≍ ∥c∥ḟα2∞,q2 (B) ≤ ∥τ∥ℓ∞ ,

which implies that ∥τ∥ℓq1 ≍ ∥τ∥ℓ∞ for arbitrary N ∈ N and τ ∈ RN with an implicit 
constant independent of N, τ . Thus, q1 = ∞. Since the condition of {BjA−j : j ∈ Z}
being infinite is symmetric in A,B, it follows by symmetry that also q2 = ∞, so that 
p = q1 = q2. This completes the proof. □
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Lastly, we treat the case when {BjA−j : j ∈ Z} is finite.

Proposition 4.5. Let A,B ∈ GL(d,R) be expansive matrices, α1, α2 ∈ R, p ∈ (0,∞] and 
q1, q2 ∈ (0,∞].

If {BjA−j : j ∈ Z} is finite and ḟα1
p,q1(A) = ḟα2

p,q2(B), then α1 = α2 and q1 = q2.

Proof. If {BjA−j : j ∈ Z} is finite, then necessarily |det(A)| = |det(B)| (cf. the 
proof of Theorem 3.2), and hence it follows by Lemma 4.1 that |det(A)|α1+ 1

2− 1 
p =

|det(A)|α2+ 1
2− 1 

p . Therefore, since |det(A)| > 1, we get α := α1 = α2. Moreover, an 
application of Theorem 3.2 (which is applicable by Lemma 3.1) yields that ḟαp,q1(A) =
ḟαp,q2(B) = ḟαp,q2(A).

Given an arbitrary sequence τ = (τt)t∈N0 ∈ CN0 , define c ∈ CZ×Zd by

cj,k :=
{︄
|det(A)|j(α+ 1

2 )|τ−j |, if j ≤ 0 and k ∈ Ij

0, otherwise,

where Ij := {k ∈ Zd : QA
j,k ∩ [0, 1]d ̸= ∅} for j ∈ Z. We let Ωj :=

⋃︁
k∈Ij

QA
j,k for 

j ≤ 0. Clearly, [0, 1]d ⊆ Ωj . On the other hand, if j ≤ 0 and k ∈ Ij , then QA
j,k =

Aj([0, 1]d+k) ⊆ ℬR([0, 1]d) for R :=
√
d supj≤0 ∥Aj∥, which is finite since A is expansive, 

and thus QA
j,k ⊆ ℬR′(0) for some R′ > 0 (only depending on d,A). In combination, this 

yields [0, 1]d ⊆ Ωj ⊆ ℬR′(0).
We now show that ∥c∥ḟαp,q(A) ≍ ∥τ∥ℓq for any q ∈ (0,∞], with implicit constant 

independent of τ . For this, we distinguish the cases p < ∞ and p = ∞. 

Case 1. Suppose p < ∞. For q ∈ (0,∞), the fact that 1[0,1]d ≤ 1Ωj
≤ 1ℬR′ (0) for all 

j ≤ 0 yields

∥c∥ḟαp,q(A) =
⃦⃦⃦
⃦
(︃∑︂

j≤0 
|τ−j |q

∑︂
k∈Ij

1QA
j,k

)︃1/q ⃦⃦⃦
⃦
Lp

=
⃦⃦⃦
⃦
(︃∑︂

j≤0 
|τ−j |q1Ωj

)︃1/q ⃦⃦⃦
⃦
Lp

≤
(︃ ∑︂

j∈N0

|τj |q
)︃1/q

∥1ℬR′ (0)∥Lp

and ∥c∥ḟαp,q(A) ≥ ∥τ∥ℓq∥1[0,1]d∥Lp . Similar arguments also give ∥c∥ḟαp,∞(A) ≍ ∥τ∥ℓ∞ . 

Case 2. Suppose p = ∞. For q < ∞, it follows from the definition of ∥ · ∥ḟα∞,q(A) that

∥c∥ḟα∞,q(A) ≥
(︃

−
ˆ

QA
0,0

∑︂
j∈Z,j≤0

|det(A)|−jq(α+ 1
2 )

∑︂
k∈Zd

|cj,k|q1QA
j,k

(x) dx
)︃ 1 

q
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=
(︃ ˆ

[0,1]d

∑︂
j∈Z,j≤0

|τ−j |q
∑︂
k∈Ij

1QA
j,k

(x) dx
)︃1/q

=
(︃ ˆ

[0,1]d

∑︂
j∈Z,j≤0

|τ−j |q1Ωj
(x) dx

)︃1/q

=
(︃ ˆ

[0,1]d

∑︂
j∈Z,j≤0

|τ−j |q dx

)︃1/q

= ∥τ∥ℓq ,

where the penultimate step used that [0, 1]d ⊆ Ωj for j ≤ 0. On the other hand, using 
that 1Ωj

≤ 1ℬR′ (0) for j ≤ 0, yields

∥c∥ḟα∞,q(A)

= sup 
Q∈𝒬A

(︃
−
ˆ

Q 

[︃(︃ ∑︂
j∈Z,j≤scaleA(Q)

|det(A)|−jq(α+ 1
2 )

∑︂
k∈Zd

|cj,k|q1QA
j,k

(x)
)︃1/q]︃q

dx

)︃1/q

≤
⃦⃦⃦
⃦
(︃∑︂

j∈Z
|det(A)|−jq(α+ 1

2 )
∑︂
k∈Zd

|cj,k|q1QA
j,k

)︃ 1 
q
⃦⃦⃦
⃦
L∞

=
⃦⃦⃦
⃦
(︃ ∑︂

j∈Z,j≤0

|τ−j |q1Ωj

)︃1/q ⃦⃦⃦
⃦
L∞

≤ ∥τ∥ℓq∥1ℬR′ (0)∥L∞ ,

whenever q < ∞. It is immediate that ∥c∥ḟα∞,∞(A) = ∥τ∥ℓ∞ . Thus, also ∥c∥ḟα∞,q(A) ≍ ∥τ∥ℓq
for all q ∈ (0,∞].

To complete the proof, note that Lemma 4.1 implies because of ḟαp,q1(A) = ḟαp,q2(A)
(cf. the beginning of the proof) that

∥τ∥ℓq1 ≍ ∥c∥ḟαp,q1 (A) ≍ ∥c∥ḟαp,q2 (A) ≍ ∥τ∥ℓq2 ,

with implicit constant independent of τ ∈ CN0 , and hence q1 = q2. □
Proof of Theorem 1.3. Theorem 1.3 follows from a combination of Proposition 4.3, The
orem 4.4 and Proposition 4.5. □
5. Application: a spectral characterization of isotropic Triebel-Lizorkin sequence spaces

This section provides a spectral characterization of those expansive matrices A ∈
GL(d,R) such that ḟαp,q(A) = ḟαp,q(2 · Id) for all p, q ∈ (0,∞] and α ∈ R, that is, those 
matrices generating the classical isotropic Triebel-Lizorkin sequence space ḟαp,q(2 · Id).

We will use the following lemma on periodic matrices. Recall that a matrix A ∈
GL(d,R) is called periodic whenever Ak = Id for some k ∈ N. Although we expect this 
lemma to be part of the folklore, we provide a proof for the sake of completeness.
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Lemma 5.1. Let A ∈ Rd×d. Then the following assertions are equivalent:

(i) A is periodic;
(ii) A is diagonalizable over C and all eigenvalues of A belong to the set

{z ∈ C : ∃ k ∈ N : zk = 1};

(iii) There exists an invertible matrix S ∈ Rd×d such that

S−1AS = diag(B1, . . . , Bb)

is a block-diagonal matrix, where each block Bj is either a 1× 1 matrix of the form 
Bj = (±1), or a 2 × 2 rotation matrix with a ``rational angle'', i.e.,

Bj = Rϕj
=

(︃
cos(ϕj) − sin(ϕj)
sin(ϕj) cos(ϕj)

)︃
with ϕj ∈ 2πQ.

Proof. (i) ⇒ (ii): Let k ∈ N with Ak = Id. Then, for the polynomial p(X) = Xk − 1, 
we have p(A) = 0, meaning the minimal polynomial of A divides p. But p has k distinct 
zeros, namely e2πij/k, j = 0, . . . , k − 1. Hence, the minimal polynomial of A factors 
into distinct linear factors over C. By [10, Chapter 6, Theorem 6], this means that A is 
diagonalizable over C. Moreover, each eigenvalue z ∈ C of A is a zero of the minimal 
polynomial, and hence of p, and thus satisfies zk = 1. 

(ii) ⇒ (iii): Write the eigenvalues of A (repeated according to their multiplicity) as

μ1, . . . , μbr , μbr+1, μbr+1, . . . , μb, μb,

where μ1, . . . , μbr ∈ R and where Im(μj) > 0 for br < j ≤ b. This is possible, since for a 
real matrix, the complex eigenvalues come in ``conjugate pairs''. Since all eigenvalues of A
belong to {z ∈ C : ∃ k ∈ N : zk = 1}, there exists k ∈ N such that all of the eigenvalues 
μj are of the form μj = e2πitj/k for some tj ∈ N0. This in particular implies μj ∈ {±1}
for 1 ≤ j ≤ br. Since A is diagonalizable over C, we can invoke [11, Corollary 3.4.1.10] 
about the ``real Jordan normal form'' of diagonalizable matrices to conclude that there 
exists an invertible matrix S ∈ Rd×d such that

S−1AS = diag(B1, . . . , Bb)

is a block-diagonal matrix, where

Bj =

⎧⎨
⎩(μj) = (±1), for 1 ≤ j ≤ br,(︂

aj bj
−bj aj

)︂
, for br < j ≤ m and μj = aj + ibj .
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Finally, note for br < j ≤ m that

(︃
aj bj
−bj aj

)︃
=

(︃
cos(2πtj/k) sin(2πtj/k)
− sin(2πtj/k) cos(2πtj/k)

)︃
= R−2πtj/k

is a rotation matrix with a ``rational rotation angle''. 

(iii) ⇒ (i): It is well-known that the rotation matrices satisfy RϕRθ = Rϕ+θ. Hence, for 
the case where Bj = Rϕj

with ϕj = 2π tj
ℓj

with tj ∈ Z, ℓj ∈ N, we have

B
ℓj
j = R

ℓj
ϕj

= Rℓjϕj
= R2πtj = I2.

Similarly, if Bj = (±1), then for ℓj := 2 we have Bℓj
j = I1. Overall, this shows for 

k := ℓ1 · · · ℓb that

Ak =
(︁
S diag(B1, . . . , Bb)S−1)︁k

= S diag(Bk
1 , . . . , B

k
b )S−1

= SIdS
−1 = Id,

which shows that A is periodic. □
The following theorem provides a spectral characterization of the matrices inducing 

isotropic Triebel-Lizorkin sequence spaces.

Theorem 5.2. Let A ∈ GL(d,R). Then the following assertions are equivalent:

(i) ḟαp,q(A) = ḟαp,q(2 · Id) for all α ∈ R and p, q ∈ (0,∞];
(ii) There exists an invertible matrix S ∈ Rd×d such that

A

2 
= S diag(B1, . . . , Bb)S−1

is a block-diagonal matrix, where each Bj is either a 1×1 matrix of the form (±1), 
or a 2 × 2 rotation matrix with a rotation angle in 2πQ;

(iii) A is diagonalizable over C and all eigenvalues of A belong to the set

{︁
2z ∈ C : z ∈ C and ∃ k ∈ N : zk = 1

}︁
.

Proof. A combination of Theorem 1.2, Theorem 1.3 and Lemma 3.1 shows that (i) is 
equivalent to Ak = 2k ·Id for some k ∈ N, i.e., A/2 is a periodic matrix. The equivalences 
follow therefore directly from Lemma 5.1. □
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Appendix A. Postponed proof

Proof of Lemma 2.3. (i) If (c(n))n∈N is a sequence consisting of elements c(n) ∈ ḟαp,q(A)
with lim infn→∞ ∥c(n)∥ḟαp,q(A) < ∞ and c ∈ CZ×Zd satisfies |cj,k| ≤ lim infn→∞ |c(n)

j,k | for 
all j ∈ Z and k ∈ Zd, then it is easily verified via an application of Fatou’s lemma 
that c ∈ ḟαp,q(A) with ∥c∥ḟαp,q(A) ≤ lim infn→∞ ∥c(n)∥ḟαp,q(A). This means that the (quasi
)normed space ḟαp,q(A) satisfies the Fatou property, and hence it is complete by [19, 
Section 65, Theorem 1]; see also [18, Lemma 2.2.15] for the case of quasi-norms. Moreover, 
it follows that ḟαp,q(A) is solid, meaning that if c ∈ ḟαp,q(A) and c′ ∈ CZ×Zd are such that 
|c′j,k| ≤ |cj,k| for all j ∈ Z and k ∈ Zd, then c′ ∈ ḟαp,q(A) and ∥c′∥ḟαp,q(A) ≤ ∥c∥ḟαp,q(A). 
In turn, this implies the pointwise convergence of sequences converging in ḟαp,q(A). More 
precisely, |cj,k| · ∥ej,k∥ḟαp,q(A) = ∥cj,kej,k∥ḟαp,q(A) ≤ ∥c∥ḟαp,q(A). 

(ii) Fix ε ∈ (0, 1) and consider the (quasi-)norm ∥ · ∥∗ḟαp,q(A) defined in Lemma 2.1. Given 

c ∈ ḟαp,q(A) and Borel sets Ej,k ⊆ QA
j,k with |Ej,k|/|QA

j,k| > ε, we define

c
Ej,k

j,k (x) := |det(A)|−j(α+1/2)|cj,k|1Ej,k
(x), x ∈ Rd.

Then Lemma 2.1 yields

∥c∥∗ḟαp,q(A) = inf
{︃⃦⃦⃦
⃦⃦⃦⃦(︂cEj,k

j,k (·)
)︂
j∈Z,k∈Zd

⃦⃦⃦
ℓq

⃦⃦⃦
⃦
Lp

: Ej,k ⊆ QA
j,k, 

|Ej,k| 
|QA

j,k|
> ε

}︃
.

Using that
⃦⃦⃦
⃦⃦⃦⃦(︂cEj,k

j,k (·)
)︂
j∈Z,k∈Zd

⃦⃦⃦
ℓq

⃦⃦⃦
⃦
Lp

=
⃦⃦⃦
⃦⃦⃦⃦(︂cEj,k

j,k (·)
)︂r

j∈Z,k∈Zd

⃦⃦⃦1/r

ℓq/r

⃦⃦⃦
⃦
Lp

=
⃦⃦⃦
⃦
⃦⃦⃦(︂

c
Ej,k

j,k (·)
)︂r

j∈Z,k∈Zd

⃦⃦⃦
ℓq/r

⃦⃦⃦
⃦

1/r

Lp/r

and
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(︂
(a + b)Ej,k

j,k

)︂r

≤
(︂
a
Ej,k

j,k

)︂r

+
(︂
b
Ej,k

j,k

)︂r

since r ≤ 1, the claim follows easily from applications of the triangle inequality, which is 
applicable since q/r, p/r ≥ 1. □
Data availability

No data was used for the research described in the article.
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