
Journal of Fourier Analysis and Applications           (2025) 31:72 
https://doi.org/10.1007/s00041-025-10200-8

Prony’s Method in Banach Modules

Ilya A. Krishtal1 · Götz E. Pfander2

Received: 28 December 2023 / Revised: 15 July 2025 / Accepted: 7 October 2025
© The Author(s) 2025

Abstract
We show that the classical Prony’s method for recovery of a sparse signal from its
consecutive Fourier coefficients can be viewed as a spectral identification problem for
an unknown restriction of a known linear operator. This presents a unified point of
view on various existing and novel generalizations and applications of the method,
some of which are discussed in this paper.

Keywords Banach modules · Beurling spectrum · Superresolution · Annihilating
filters

1 Introduction

In 1795, Prony demonstrated in his work [12] that it is possible to reconstruct any s-
sparse d-dimensional vector from any 2s of its consecutive Fourier coefficients. Since
then, Prony’s ideas have been expanded in various directions, leading to advancements
in several sub-fields of applied and computational mathematics (see [9, 11, 23, 30, 36]
and references therein for a small sample of these developments).

In the paper [3], the authors take Prony’s method a step further and present a novel
perspective on it. They show that the core of Prony’s method can be seen as a spectral
identification problem, where one aims to identify an unknown restriction of a known
linear operator in a Euclidean space. In this paper, we extend this viewpoint to a much
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more abstract level, considering Banach modules over group algebras instead of just
Euclidean spaces.

By generalizing Prony’s method in this way, we achieve a unification of various
existing extensions of Prony’s method [9, 30] and address other related problems [3,
23]. One of the problems discussed in the paper is the identification of operators repre-
sented as linear combinations of time-frequency shifts [18, 19, 21, 25]. These operators
are commonly used to model time-varying communication channels [38]. Accurately
identifying the channel is crucial for reliable communication, and it typically involves
observing a limited number of input and output pairs of the operator [19, 20, 26, 31,
32]. See [39] for an overview and an history of the subjects, and additional references.
In Section 4 of the paper, we present a novel approach to tackle this problem that is
based on a special case of our abstract method.

To provide the necessary background, we introduce the relevant concepts in the
beginning of Section 2. The rest of the section is the centerpiece of the paper where
our abstract approach is presented. We proceed to demonstrate how Prony’s method
and some of its generalizations can be derived as special cases in Section 3. Finally,
in the concluding remarks, we discuss further potential applications of the method.

2 Banachmodules and spectral identification

We begin by introducing the notation and relevant notions of the spectral theory of
Banach modules. We refer to [6–8] and references therein for more information on
the subject.

The symbol X will denote a complex Banach space and B(X ) will be the Banach
algebra of all bounded linear operators on X . By G we will denote a locally compact
Abelian group (LCA-group) and by ̂G – its Pontryagin dual, i.e. the group of all
continuous unitary characters of G. We will write the operation additively on all
LCA-groups, except when the group T = {θ ∈ C : |θ | = 1} is used.
Definition 2.1 A (Beurling) weight is a (Haar) measurable locally bounded even func-
tion w : G → [1,∞) such that

w(g1 + g2) ≤ w(g1)w(g2), for all g1, g2 ∈ G.

We denote by Lw(G) the Banach algebra of (equivalence classes of) complex-
valued functionsw-integrable onGwith respect to the normalized Haar measure. The
norm is given by

‖ f ‖w =
∫

G

| f (g)|w(g)dg < ∞,

and the role of multiplication in Lw(G) is played by the convolution

( f ∗ h)(g) =
∫

G

f (t)h(g − t)dt .
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These algebras are typically called Beurling algebras [15, 16, 22, 24, 27, 29, 33, 34,
37, and references therein]. If w ≡ 1, we obtain the standard group algebra, that is,
L1(G) ≡ L1(G).

In this paper, we typically assume that the weight w is non-quazi-analytic [13, 27,
28], i.e. it satisfies the Beurling-Domar condition

∞
∑

n=0

lnw(ng)

1 + n2 < ∞ for all g ∈ G, ng = g + g + . . . + g
︸ ︷︷ ︸

n times

. (2.1)

This condition ensures that the algebra Lw(G) is regular and its spectrum is isomorphic
to the dual group ̂G [13, 24].

We denote by f̂ : ̂G → C the Fourier transform of f ∈ Lw(G):

f̂ (γ ) =
∫

G

f (g)γ (−g)dg, γ ∈ ̂G.

The inverse Fourier transform of a function h : ̂G → C is denoted by ȟ or h∨.
For some results, we may also require that the weight w satisfies Ditkin’s condition

[17], which states that given γ ∈ ̂G and a function f ∈ Lw(G) with f̂ (γ ) = 0 there
exists a sequence ( fn)n∈N of functions in Lw(G) such that f̂n ≡ 0 in a neighborhood
of γ and lim fn ∗ f = f . Ditkin’s condition is satisfied [5] if, for example,

lim
n→∞

w(ng)

n
= 0 for all g ∈ G. (2.2)

In this paper, the space X is endowed with a Banach Lw(G)-module structure
associated with some representation T : G → B(X ). We shall occasionally use
the notation (X , T ) for such modules. If X is an appropriate space of functions (or
distributions) on G, the following representations are used most often.

The translation representation T = T : G → B(X ) is given by

T (t)x(s) = x(s + t), x ∈ X , s, t ∈ G, (2.3)

and the modulation representation T = M : ̂G → B(X ) is defined by

M(ξ)x(s) = ξ(s)x(s), x ∈ X , ξ ∈ ̂G, s ∈ G. (2.4)

Wewill only consider representations T : G → B(X ) that are strongly continuous;
in other words, we require that the function xT : G → X given by xT (g) = T (g)x
is continuous for every x ∈ X . We also assume ‖T (g)‖ ≤ w(g) for all g ∈ G. The
Banach Lw(G)-module structure [10, 16, 35] on X is then defined via

f x =
∫

G

f (g)T (−g)xdg, f ∈ Lw(G), x ∈ X . (2.5)
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We will always assume that this structure is non-degenerate, that is, f x = 0 for all
f ∈ Lw(G) implies x = 0. We also note the following important property of the
defined module structure:

T (g)( f x) = (T (g) f ) x = f (T (g)x) , (2.6)

where T is the translation representation (2.3).

Definition 2.2 The Beurling spectrum of a set N ⊆ (X , T ) is the subset �(N ) =
�(N , T ) of the dual group ̂G given by

{γ ∈ ̂G : given any f ∈ Lw(G) with f̂ (γ ) �= 0

there is x ∈ N such that f x �= 0}.

When N = {x} is a singleton, we shall write �(x) instead of �({x}).
The notion of the Beurling spectrum serves as a natural generalization of the notion

of a support. Among many things the Beurling spectrum may coincide with, specific
choices of Banach modules yield the support of a function, the support of the (distri-
butional) Fourier transform, the set of indices of non-zero matrix diagonals, etc [7].
The following example serves as an illustration.

Example 2.1 Let X = L2(G). If T = M is the modulation representation (2.4),
then the L1(̂G)-module structure of (X , M) is given by ( f x)(s) = ̂f (s)x(s) so that
�(x) = supp x . If T = T is the translation representation (2.3), then the L1(G)-
module structure of (X , T ) is given by the convolution ( f x)(s) = ( f ∗ x)(s). As
f ∗ x = 0 if and only if ̂f x̂ = 0 we conclude that �(x) = supp x̂ .

Given a closed set F ⊂ ̂Gwe shall denote byX (F) the (closed) spectral submodule
of all vectors x ∈ X such that �(x) ⊆ F . If F = {γ } is a singleton, we shall write
Xγ instead of X ({γ }).
Remark 2.1 A submodule Xγ , γ ∈ ̂G, contains all x ∈ X such that T (g)x = γ (g)x
for all g ∈ G. Moreover, if Ditkin’s condition is satisfied, Xγ does not contain any
other vectors (see, e.g., [4]).

The key objects of this paper are the spectral submodules X (F) generated by a
finite set F of a fixed cardinality æ.

Given some x ∈ X (F), the goal is to use certain “measurements” of x to identify
initially the set F and ultimately the vector x itself. Only a finite number of measure-
ments shall be used. Therefore, it is natural to assume that F ⊆ � for some known
subset � ⊆ ̂G, and each Xγ , γ ∈ �, has a finite dimension mγ ≤ M ∈ N. The set
{xm

γ : m = 1, . . . , mγ } will be a (known) basis in Xγ , γ ∈ ̂G. Thus, our signal model
is

x =
∑

γ∈F

mγ
∑

m=1

cγ m xm
γ , cγ m ∈ C. (2.7)
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The set F and the coefficients cγ m are unknown and to be recovered from certain
“measurements” of x . It will be assumed that for each γ ∈ F there exists m ∈
{1, . . . , mγ } such that cγ m �= 0.

To compute the measurements, we shall choose two linear operators A : X → C
S ,

S ∈ N, and B ∈ B(X ). The measurements y� shall be of the form

y� = AB�x, � = 0, 1, . . . , L. (2.8)

The choice of the operator A is predicated by two goals it needs to achieve. One of them
is to allow for unique identification of the coefficients cγ m once the set F is recovered.
In general, one can only ensure this by requiring that all matrices in a certain class
have a left inverse. In most of the specific examples we present in this paper, however,
we check that this condition is satisfied. The other goal in the choice of the operator
A is to make sure that it does not obscure the recovery of F made possible via the
design of the operator B. Sufficient conditions for achieving this goal are included in
the statements of the general results.

The operator B shall have the form

B =
N

∑

n=1

bnT (gn), gn ∈ G, bn ∈ C \ {0}. (2.9)

By BF we shall denote the restriction of the operator B to X (F). By definition, all
spectral submodules are invariant for B of the form (2.9), so that the restrictions are
well defined. The following important result, which is a special case of the spectral
mapping theorem, indicates why using B of the form (2.9) may lead to the recovery
of F .

Theorem 2.1 ([6, Theorem 3.3.14]) The spectrum σ(BF ) of the operator BF satisfies

σ(BF ) =
{

N
∑

n=1

bnγ (gn) : γ ∈ F

}

. (2.10)

The right-hand-side of (2.10) motivates us to introduce the function h = hB : ̂G → C

given by

h(γ ) =
N

∑

n=1

bnγ (gn), γ ∈ ̂G. (2.11)

With this notation, using the fact that the image of a compact set F under a continuous
function h is compact, we can write (2.10) more succinctly:

σ(BF ) = hB(F). (2.12)

In view of Theorem 2.1, we would like to be able to choose the coefficients bn in
(2.9) so that σ(BF ) = h(F) completely determines F . If this is, indeed, possible, the
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method of [3] outlined below can be used to determine the “observable” part of F .
For convenience, we always choose the coefficients bn in such a way that 0 /∈ σ(BF )

for any nonempty F ⊆ �.
Observe that we have dimX (F) ≤ æM . Thus, for x ∈ X (F), the system of vectors

{x, Bx, . . . , BæM x} is always linearly dependent and we can find the coefficients α0,
α1, …, αæM such that αæM = 1 and

æM
∑

�=0

α�y�+k =
æM
∑

�=0

α� AB�+k x = 0, k = 0, 1, . . . (2.13)

We let

pmin(z) =
æM
∑

�=0

α�z�, z ∈ C, (2.14)

where α� are such that (2.13) holds; if the choice is not unique, we pick 0 = α0 =
α1 = . . . for as many coefficients as possible. Observe that pmin can be found from
the measurements (2.8) with L = 2æM − 1.

The following result is now an immediate consequence of [3, Proposition 2.4].

Proposition 2.2 The set Rmin of all non-zero roots of the polynomial pmin is a subset
of σ(BF ).

The above proposition can be considerably strengthenedwhen all singleton spectral
submodules are one-dimensional, i.e. M = 1. In that case, we have Xγ = {αxγ : α ∈
C} and T (g)xγ = γ (g)xγ , g ∈ G.

Theorem 2.3 Assume that the restriction of h to � is one-to-one and 0 /∈ h(�). Assume
also that M = 1 and for each γ ∈ � we have Axγ �= 0. Then Rmin = h(F) and F
can be recovered from the measurements (2.8) with L = 2æ − 1.

Proof From (2.13) and [3, Proposition 2.4], we have

æ
∑

�=0

α� AB�+k x =
∑

γ∈F

cγ hk(γ )pmin(h(γ ))Axγ = 0 (2.15)

for all k = 0, 1, . . . Our assumptions on h ensure that the Vandermonde matrix gen-
erated by {h(γ ) : γ ∈ F} is invertible. Since we have also assumed that cγ Axγ �= 0,
(2.15) may only hold if pmin(h(γ )) = 0 for all γ ∈ F . Hence, our choice of pmin
ensures that Rmin = h(F). The set F can now be recovered since the restriction of h
to � is one-to-one. 
�

To obtain an analogous result for the case M > 1 we will need the following
definitions.

Definition 2.3 A spectral value γ ∈ F is called observable if the restriction of h to
� is one-to-one, 0 /∈ h(�), and h(γ ) ∈ Rmin. The set F is called observable if all
γ ∈ F are observable.
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Definition 2.4 A Krylov subspace of order r generated by an operator B and a vector
x ∈ X is

Kr (B, x) = span{x, Bx, ..., Br−1x}.

The maximal Krylov subspace will be denoted by K∞(B, x).

Definition 2.5 For x ∈ X , the (A, B, x)-annihilator, denoted by pB
A,x , is the

monic polynomial of the smallest degree among all the polynomials p such that
Ap(B)K∞(B, x) = {0}.

We have the following sufficient criterion for observability.

Proposition 2.4 Assume that the restriction of h to � is one-to-one and 0 /∈ h(�).
Assume also that γ ∈ F is such that there is a (non-zero) eigenvector x1γ ∈ K∞(B, x)

satisfying Bx1γ = h(γ )x1γ and Ax1γ �= 0. Then γ is observable.

Proof By construction, we have pmin(z) = zk pB
A,x (z) for some k ≥ 0. Since x1γ ∈

K∞(B, x), it follows that

0 = Apmin(B)x1γ = pmin(h(γ ))Ax1γ = (h(γ ))k pB
A,x (h(γ ))Ax1γ .

Since Ax1γ �= 0 and 0 /∈ h(�), we must have pmin(h(γ )) = 0. It follows that h(γ ) ∈
Rmin. 
�

The following lemma is implied by standard linear algebraic facts. We provide a
proof for completeness.

Lemma 2.5 For any γ ∈ F there is x1γ ∈ K∞(B, x) \ {0} such that Bx1γ = h(γ )x1γ .

Proof Pick γ ∈ F and let E = h(F) \ {h(γ )}. We will use a polynomial q defined in
the following way. If E = ∅, we let q ≡ 1. Otherwise, we let

q(z) =
∏

τ∈E

(z − τ).

By construction, we have q(B)x ∈ K∞(B, x)\{0}. LetY be the submodule generated
by q(B)x . From Theorem 2.1, we deduce that the restriction BY of B to Y has the
spectrum σ(BY ) = {h(γ )}. The conclusion of the lemma now follows from the
fundamental theorem of algebra. 
�

Combining Proposition 2.4 with Lemma 2.5 and Remark 2.1, we get

Theorem 2.6 Assume that the restriction of h to � is one-to-one and 0 /∈ h(�). Then
γ ∈ F is observable if and only if Ax �= 0 for each x ∈ X such that T (g)x = γ (g)x
for all g ∈ G.

The results of this section yield the following Algorithm 1, which is essentially the
same as the classical Prony algorithm.
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Algorithm 1 Spectral recovery.
1: Goal: Find all elements x ∈ X of the form (2.7) that satisfy the given measurements (2.8).
2: Input: The measurements (2.8), function h satisfying conditions of Theorems 2.3 and 2.6, maximal

cardinality æ of the spectrum F , and maximal dimension M of the spectral submodules Xγ .
3: Set up the linear system (2.13) and solve it with 0 = α0 = α1 = . . . for as many coefficients as possible.
4: Form the polynomial pmin given by (2.14) and find the set Rmin of its non-zero roots.
5: Find F = h−1(Rmin).
6: Find all possible solutions for cγ m by solving the linear system yielded by (2.8) when x with the

recovered F is plugged in.
7: Output: All x ∈ X of the form (2.7) that satisfy (2.8).

Remark 2.2 Algorithm 1 fully determines the spectrum F of any x ∈ X of the form
(2.7) satisfying (2.8). It is also clear, that the final linear system in the algorithm
is guaranteed to have a solution. In general, however, there is no guarantee that the
solution is unique, i.e. theremay be infinitelymany x ∈ X of the form (2.7) that satisfy
the given measurements (2.8) (they will all have the same spectrum F). We show in
the following section that sufficient conditions for the uniqueness of the solution may
often be formulated in terms of an appropriate choice of the operator A.

3 Reduction to Prony’s method

In this section, we recover Prony’s method [9] and develop its more general versions.

3.1 Standard Prony’s method

Here, we let G = R, ̂G � R, X = Cub(R) – the space of all bounded uniformly
continuous functions on R, and F ⊂ [0, 1). The role of γ (g), g ∈ G, γ ∈ ̂G, in this
case, is played by e2π igγ , g, γ ∈ R. The signal model is then

x(t) =
∑

γ∈F

cγ e2π i tγ , t ∈ R, (3.1)

i.e. x is an almost periodic function with a finite spectrum. The representation T
is the translation T (t)y(s) = y(s + t), y ∈ X , so that the module structure is the
convolution: f y = f ∗ y, f ∈ L1(R). It is then easy too see from Remark 2.1 that
letting xγ (t) = e2π i tγ yields Xγ = {axγ : a ∈ C}. Thus, (3.1) is indeed a special
case of (2.7) and all spectral submodules Xγ are one-dimensional.

We now let B = T (1) and A : X → C be given by Ay = y(0). This yields
standard Prony’s measurements

y� = AB�x = x(�), � = 0, 1, . . . . (3.2)

The function h : R → C in (2.11) becomes h(γ ) = e2π iγ . Clearly, h is one-to-one
on� = [0, 1), and 0 /∈ h(�) = T. Thus, Theorem 2.3 applies ascertaining the validity
of the standard off-grid Prony’s method.
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To summarize, the system (2.13) in this case becomes

æ
∑

�=0

α�y(� + k) = 0, k = 0, 1, . . . ,æ − 1.

The solution with as many 0 = α0 = α1 = . . . as possible provides the coefficients
of pmin. Finding the non-zero roots of pmin, one obtains the spectrum of x from
Rmin = h(F). To find x itself it remains to solve another linear system, which is
guaranteed to have a unique solution since its matrix is Vandermonde.

Remark 3.1 One could make another choice of B above. Potentially this allows one
to better distinguish the frequencies that are close by.

3.2 Exponential sums with polynomial coefficients

A more general form of the off-grid Prony’s method arises if we let the signal x be a
continuous function of the form

x(t) =
∑

γ∈F

qγ (t)e2π iγ t , (3.3)

where each qγ is a (non-zero) polynomial of degree mγ ≤ M . The space X is then
the closed linear span of such signals in

Y =
{

y : y

(1 + | · |)M
∈ Cub(R)

}

,

with ‖y‖Y = supt∈R |y(t)|(1 + |t |)−M . We again have that the representation T is the
translation T (t)y(s) = y(s + t), y ∈ X , and the module structure is the convolution:
f y = f ∗ y. It is crucial, however, that this time the module is not over L1(R)

but only over Lw(R), where w(t) = (1 + |t |)M . Thus, even though the functions
xγ = x1γ given by xγ (t) = e2π iγ t are still the eigenvectors of the representation T
and, therefore, belong to the spectral submodules Xγ , they no longer span them. In
this case, the submodules Xγ are not one-dimensional. In fact, one can check that
the functions xm

γ , m = 1, . . . M + 1, given by xm
γ (t) = tm−1e2π iγ t form a basis

of Xγ . In particular, to see that xm
γ ∈ Xγ , notice that integration by parts yields

( f ∗ xm
γ )(t) = e2π iγ t ∑m

k=0 tk
̂fk(γ ), where supp ̂fk = supp ̂f for each k = 0, . . . , m.

Choosing f with γ /∈ supp ̂f , therefore, yields f ∗ xm
γ = 0 resulting in�(xm

γ ) = {γ }.
It follows that (3.3) is also a special case of (2.7).

We now choose A and B the same way as in the previous subsection. We have that
all eigenspaces of B are of the form {αx1γ : α ∈ C}. Moreover, Ax1γ = 1 �= 0, and
Theorem 2.6 applies yielding the following corollary.

Corollary 3.1 Let x(t) = ∑

γ∈F
qγ (t)e2π iγ t , where t, γ ∈ R, qγ is a non-zero polyno-

mial of degree at most M, and F is a finite subset of [0, 1) of cardinality æ. Then x
can be completely recovered from its values x(�), � = 0, 1, . . . 2æ(M + 1) − 1.
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Proof From Theorem 2.6 we deduce that F is observable. It remains to prove that the
polynomials qγ can be recovered from the values of x once F is known. This is shown
in the following Lemma 3.2. 
�

Lemma 3.2 Let x(t) =
N
∑

n=1
qn(t)(θn)

t , where t ∈ R, θn ∈ T are distinct, and qn are

unknown non-zero polynomials of degree at most M, n = 1, 2, . . . , N. Then x can be
completely recovered from its values x(�), � = 0, 1, . . . N (M + 1) − 1.

Proof The values x(�) allow one to write a linear system of equations for the unknown
coefficients of the polynomials qn . The lemma follows from the invertibility of the
matrix of that system,which canbewritten as (V1 V2 . . . VN ),where K = N (M+1)−1
and

Vn =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

1 0 0 . . . 0
θn θn θn . . . θn

θ2n 2θ2n 22θ2n . . . 2Mθ2n
...

...
...

. . .
...

θ K
n K θ K

n K 2θ K
n . . . K Mθ K

n

⎞

⎟

⎟

⎟

⎟

⎟

⎠

, n = 1, . . . , N .

By Gaussian elimination in each Vn , n = 1, . . . , N , the above matrix reduces to
(˜V1 ˜V2 . . . ˜VN ), where

˜Vn =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 0 0 . . . 0
θn 1 0 . . . 0
θ2n 2θn 1 . . . 0
...

...
...

. . .
...

θ M
n Mθ M−1

n

(M
2

)

θ M−2
n . . . 1

...
...

...
. . .

...

θ K
n K θ K−1

n

(K
2

)

θ K−2
n . . .

(K
M

)

θ K−M
n

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, n = 1, . . . , N .

Such matrices are known in the literature as confluent / generalized Vandermonde
matrices and are widely known to be invertible. For the sake of completeness, we
provide a sketch of a proof that augments the standard elementary argument for com-
puting the determinant of a Vandermonde matrix with Gaussian elimination in each
˜Vn , n = 1, . . . , N .

The proof is by induction in M . In the base case M = 0 the matrix is Vandermonde
and is, therefore, invertible. The beginning of the inductive step is precisely the same
as in the Vandermonde induction: the first column of ˜V1, i.e. the block corresponding
to θ1, is subtracted from the first columns of all other blocks and common factors
are eliminated in each modified column; then from each row except the first one
we subtract the previous row multiplied by θ1. After this step, the M + 1 columns
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corresponding to θ1 become

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 0 0 . . . 0
0 1 0 . . . 0
0 θ1 1 . . . 0
...

...
...

. . .
...

0 θ M−1
1

(M−1
1

)

θ M−2
1 . . . 1

...
...

...
. . .

...

0 θ K−1
1

(K−1
1

)

θ K−2
1 . . .

(K−1
M−1

)

θ K−M
1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

In ˜Vn , i.e. the block of M + 1 columns corresponding to θn , n = 2, 3, . . . N , the first
column becomes (0 1 θn . . . θ K−1

n )T . For the other columns we perform the additional
step, which we used in the initial reduction, i.e. Gaussian elimination. In this case, we
consecutively subtract the previous column and eliminate the common factors. Thus,
the element

(k
�

)

θk−�
n becomes

1

θn − θ1

((

k

�

)

θk−�
n −

(

k − 1

�

)

θ1θ
k−1−�
n −

(

k − 1

� − 1

)

θk−�
n

)

=
(

k − 1

�

)

θk−1−�
n .

Repeating the Vandermonde and Gaussian reductions for each n = 2, 3, . . . , N com-
pletes the inductive step for M . 
�

3.3 Sparse dynamical sampling

Here, we exhibit an example that generalizes on-grid Prony’s method and provides a
different point of view on some of the results in [3]. For simplicity of exposition, we
present it in the case of a finite-dimensional module X .

We consider an abstract initial value problem

{

ẋ(t) = Ax(t)

x(0) = x0,
t ∈ R+, x ∈ X , (3.4)

where X is a high-dimensional Euclidean space and A ∈ B(X ) is an operator with
the spectrum σ(A) and a known basis of generalized eigenvectors BA = {xm

λ :
λ ∈ σ(A), m = 1, . . . , mλ}. We consider the standard ordering of the basis so that
Ax1λ = λx1λ and (A − λI )xm

λ = xm−1
λ , m = 2, . . . mλ.

We assume that the initial value x0 is of the form (2.7), i.e.

x0 =
∑

λ∈F

mλ
∑

m=1

cλm xm
λ ,
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where F is a relatively small subset ofσ(A).Wewish to identify x0 from the dynamical
samples

y�(s) = 〈x(β�), es〉, s ∈ I, β > 0, � = 0, 1, . . . L,

where x(t) is the solution of the IVP (3.4) and {e1, . . . , ed} is an orthonormal basis
of X . The set I ⊆ {1, . . . d} is assumed to be such that no eigenvector in BA is
orthogonal to the span of {es : s ∈ I}.
Remark 3.2 To recover the classical on-grid Prony problem from this setting, we sim-
ply let A be the diagonal operator with the spectrum 2π i

d · {0, . . . , d − 1}, BA – the
standard basis, {e1, . . . , ed} – the Fourier basis, and I – a singleton.

The above problem fits in the framework of dynamical sampling introduced in
[2] and further developed in e.g. [1]. Our goal here is to show that this problem can
be solved by Algorithm 1. The goal is easily achieved by putting this problem in
the notation of Section 2. To this end, we let A : X → C

|I| be defined by Ax =
(〈x, es〉)s∈I , and B ∈ B(X ) – by B = eβA, so that x(β�) = B�x0. The function
h : R → C in (2.11) is then h(λ) = eβλ and the representation T : R → B(X ) is
T (t) = etA. The non-orthogonality assumption on I yields that the assumption of
Theorem 2.6 holds and we conclude that Algorithm 1 can indeed be used to recover
all x0 fitting the dynamical samples as long as β was chosen in such a way that h is
one-to-one on σ(A). The criteria for uniqueness of such x0 can be derived from [1].

Remark 3.3 Strictly speaking we reached the above conclusion prematurely because
the group T will grow exponentially (unless σ(A) ⊂ iR). This violates the non-
quasi-analyticity condition (2.1) and prevents us from using Theorem 2.1. For this
case, however, we can use a much more basic spectral theorem instead, such as [14,
Ch. I, Lemma 3.13]. We also note that a similar example can be considered in an
infinite dimensional space but it will not provide new insights, beyond those in the
previous subsection. Finally, we point out that in this example Algorithm 1 does
not need to have access to the spectrum σ(A) but only to the basis of generalized
eigenvectorsBA (provided that ‖A‖ is known and β was chosen to keep h one-to-one
in {λ ∈ C : |λ| ≤ ‖A‖}).

4 Identification of time-varying channels

The identification of time-varying channels is a central task in communications
engineering. In mobile communications, for example, the transmission channel is a
superposition of various signal paths, each of which is characterized by a gain factor, a
time-delay and a frequency shift, the latter being a consequence of the Doppler effect.
Below, we give a application of the method developed above to identify a transmis-
sion channel as described above, that is, the parameters of each signal path. Clearly,
the identification of a communications channel is of utmost importance in order to
transmit information close to channel capacity. For background on the problem see
[19, 20, 26, 31, 32, 38, 39].
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In order to apply Prony’s method for Banach modules in this setting, we give a
formal definition of the channel as follows. First, we define the time-frequency shift
operators πλ = π(t,ν) = MνTt acting on a signal u : R → R by (πλu)(r) =
e2π irνu(r + t) with λ = (t, ν) ∈ R

2. Observe that (πλ)
−1 = e2π i tνπ−λ [18]. Second,

a generic time-varying communications channel is expressed as the operator

u �→
∑

γ∈F

cγ π(γ )u,

where the gain factor cγ represents the energy transfer on the path (or the collec-
tion of paths) with time-frequency shift γ . The set S of all potentially appearing
time-frequency shifts is a bounded subset of the time-frequency plane, the so called
spreading domain. The assumption of boundedness is justified due to physical limita-
tions to the maximal size of time and frequency shifts that a transmission signal may
be subjected to. In the current context, the size of the spreading domain is irrelevant
and we choose, without loss of generality, the set S = [0, 1)2. Channel identification
in this setting, therefore, reduces to the identification of the operator X = ∑

γ∈F
cγ πγ ,

where F is a finite subset in [0, 1)2. A standard method applied to the identification
problem is to transmit a well chosen signal u and to recover the unknown parameters
of F from the observed channel output Xu.

To put this problem into our general framework, we choose G = R
2, and, hence,

̂G � R
2. We then treat F ⊂ [0, 1)2 as a subset of ̂G, and, in order to be compatible

with the time-frequency theory, we use the following isomorphism of R2 and ̂G:
(tγ , νγ ) �→ γ ∈ ̂G, where

γ (g) = γ (x, ξ) = e2π i(xνγ −tγ ξ), g = (x, ξ) ∈ R
2. (4.1)

In the following,H is the Hilbert space L2(R) and B(H) is the algebra of all bounded
linear operators inH. The spaceX is then chosen to be the closure of span{πλ : λ ∈ R

2}
in B(H). It is endowed with a Banach module structure bymeans of the representation
T : R2 → B(X ) given by T (g)X = πg Xπ−1

g , g ∈ R
2.

Observe that for X = ∑

γ∈F
cγ πγ with F ⊂ [0, 1)2 finite, we have

T (g)X =
∑

γ∈F

cγ πgπγ (πg)
−1 =

∑

γ∈F

cγ e2π i(tγ νg−tgνγ )πγ =
∑

γ∈F

cγ γ (g)πγ ,

i.e., each πγ is an eigenvector of T (g) that corresponds to the eigenvalue γ (g). This
justifies our choice of isomorphism in (4.1). It also follows that �(πγ , T ) = {γ }.
Moreover, the spectral submodules Xγ are one-dimensional. Thus, we showed that
time-varying communication channels are a special case of signals of the form (2.7).

To define the operator A : X → C
S , we fix the function u ∈ H to be the Gaussian

u(t) = e−t2 , t ∈ R,
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and pick a finite subset K ⊂ R
2 of cardinality S. We let

(AX)(s) = 〈Xπsu, πsu〉, s ∈ K .

We note that similar types of measurements were used in [19], but the recovery
algorithm developed there is different.

For B of the form (2.9), we have h(γ ) =
N
∑

n=1
bnγ (gn), as before. We can still

choose B = T (g1) with g1 = (1, 1). In this case, however, the function h(γ ) = γ (g)

is not one-to-one on � = [0, 1)2. Nevertheless, the measurements

y�(s) = (AB� X)(s) =
N

∑

n=1

∑

γ∈F

bncγ γ �(gn)〈πγ πsu, πsu〉

still allow one to find the polynomial pmin with the set Rmin of non-zero roots guar-
anteed to be a subset of h(F). Observe also that with this choice of A and B all
measurements y�(s) are linear combinations of a finite collection of numbers of the
form 〈Xπr u, πqu〉, for some r , q ∈ R

2.
Restricting the set � in such a way that h satisfies the assumptions of Theorem 2.6

yields Rmin = h(F). We also remark that choosing several different B’s one can get
F after recovering the corresponding subsets of h(F).

Example 4.1 Choosing N = 2, b1 = 1, b2 = i , g1 = (0, 1/12), and g2 = (1/12, 0),
we get the function

h(t, ν) = e
2π i t
12 + ie− 2π iν

12 = cos
π t

6
+ i sin

π t

6
+ i cos

πν

6
+ sin

πν

6
(4.2)

which is injective on [0, 1)2. To see that, assume that t, t ′, ν, ν′ ∈ [0, 1) are such that
h(t, ν) = h(t ′, ν′). Then we must have

{

cos(π t/6) + sin(πν/6) = cos(π t ′/6) + sin(πν′/6)
sin(π t/6) + cos(πν/6) = sin(π t ′/6) + cos(πν′/6)

or, equivalently,

{

cos(π t/6) − cos(π t ′/6) = sin(πν′/6) − sin(πν/6)

sin(π t/6) − sin(π t ′/6) = cos(πν′/6) − cos(πν/6).

Using the standard trig identities the above is equivalent to

{

sin π(t+t ′)
12 sin π(t−t ′)

12 = cos π(ν+ν′)
12 sin π(ν−ν′)

12

cos π(t+t ′)
12 sin π(t−t ′)

12 = sin π(ν+ν′)
12 sin π(ν−ν′)

12 .
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Observe that for t, t ′, ν, ν′ ∈ [0, 1) both sides of the last equation can only equal 0 if
t = t ′ and ν = ν′, which would not contradict the injectivity of h. Otherwise, we can
divide the first equation by the second one and obtain

tan
π(t + t ′)

12
= cot

π(ν + ν′)
12

,

which would only hold if

π(t + t ′)
12

= π

2
− π(ν + ν′)

12
+ πk

for some k ∈ Z. But that would require t + t ′ + ν + ν′ = 6+ 12k which is impossible
for t, t ′, ν, ν′ ∈ [0, 1). We conclude that the function h in (4.2) is, indeed, injective
on [0, 1)2. In fact, an elementary computation yields that the inverse function h−1 :
h([0, 1)2) ⊂ C → [0, 1)2 is given by

h−1(x + iy) = 3

π

⎛

⎝

arcsin x2+y2−2
2 − arcsin x2−y2

x2+y2

arcsin x2+y2−2
2 + arcsin x2−y2

x2+y2

⎞

⎠ . (4.3)

To describe a more general model, we let Hn be the n-th order Sobolev space
and define the following two operators. We let D : H1 → H be the derivative
operator: (Du)(t) = u̇(t) and � : FH1 → H be given by � = F−1DF , where
F ∈ B(H) is the classical unitary Fourier transform. The space X will then be a
subspace of L(HM ∩FHM ,H) spanned by � j Dkπγ , γ ∈ R

2, j, k ∈ {0, 1, . . . , M}.
The representation T remains to be defined in the same way, albeit with a different
range space. Since

T (g)� = πgF−1DF(πg)
−1 = 2π i t I + � and

T (g)D = πg D(πg)
−1 = 2π iν I + D, g = (t, ν),

we have �(D, T ) = �(�, T ) = {0}, and it follows [7, Corollary 7.8] that
�(� j Dkπγ ) = {γ }, γ ∈ R

2, j, k ∈ {0, 1, . . . , M}.
Thus, in this setting, one seeks to recover an operator of the form

X =
∑

γ∈F

q�
γ (�)q D

γ (D)πγ ,

where q�
γ and q D

γ are non-zero polynomials of degree at most M . The same choice of
A and B as earlier in this section, once again, allows one to find a polynomial pmin
whose non-zero roots are guaranteed to be in h(F), where h is still given by (2.11).
As before, this is a direct consequence of Proposition 2.2 and Theorem 2.1.
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5 Concluding remarks

In this short note, we presented only a few instances of how our point of view on
Prony’s method can be applied. Many more remain to be developed. One problem that
can be investigated is identifying rational functions using the fact that they are Laplace
transforms of almost periodic functions with a finite spectrum. Another problem is
identifying polynomial splines using the observation that their high order derivatives
are linear combinations of Dirac masses. We invite the readers to pursue these and
other related problems.
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