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Abstract

River exploration during, before, or after floods enables operators in civil protection and
disaster control to better prepare for or even prevent disasters. While typically, this river
exploration is done by boat, truck, helicopter, or even not at all, autonomous flying drones
equipped with a camera can enhance this process. Moreover, interaction between a truck
and a drone can enable the drone to be used flexibly and extend its short range. Thus, the
Bavarian Red Cross equipped a truck with a drone for river coverage. Based on this real
case, we introduce a truck drone arc covering problem (TD-ACP) for the application of
river coverage. We formulate the TD-ACP as a mixed-integer linear program and intro-
duce valid inequalities that strengthen the formulation and allow us to solve realistic-sized
instances to optimality. In a real-world case study involving an actual river, we demon-
strate that using drones for river coverage can reduce coverage time by 56.3% compared
to boats and by 28.1% compared to trucks. Additionally, we propose a manual planning
heuristic that is straightforward for practitioners to apply and achieves an optimality gap
of 4.0% on this specific river.

Keywords Unmanned aerial vehicles - Routing - Mixed-integer linear program - Valid
inequalities - Case study

1 Introduction
Inland floods are increasing, especially near rivers, leading to costly and humanitarian disas-

ters (DRK, 2021). One example of this is the flood in the Ahr valley in Germany in 2021,
in which 134 people died, 766 people were hurt (Landesregierung Rheinland-Pfalz, 2021),
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and overall economic damage amounted to 560 million Euro occurred (Der Spiegel, 2021).
As a result, politicians and relief organizations, e.g., the Red Cross, are very keen to take
measures to contain these disasters. One possibility is the river exploration in flood areas
during, before, and after flood disasters. Covering the river during or before a float helps
relief organizations to prepare better or even prevent disasters. For example, people can
be rescued or evacuated, or dikes can be additionally strengthened. After disasters, relief
organizations can get an overview of flood damages or even search for missing persons
(Gstaiger et al., 2022; BRK, 2022). For these cases, it is of particular importance that the
river is covered as fast as possible.

There are various possibilities for this river exploration. On the one hand, fixed sensors
and cameras can be useful, but especially in more rural areas, where cameras cannot be
placed, the river is not covered at all. Alternatively, it is driven next by car, by boat, or flying
over by helicopter. However, this river coverage via boat is not always possible, e.g., during
strong floods, and additionally requires multiple skilled workers. Another option would be
pictures via satellites, but these require a cloudless sky, resulting in a delayed provision, and
are limited in their depth of detail (Gstaiger et al., 2022).

Now, an aerial drone can enhance this process, as the drone can fly economically effi-
ciently, fast, and autonomously (e.g., Gstaiger et al., 2022; Kippnich et al., 2022; Liu et al.,
2019a) over the river to cover. Additionally, drones can take much better pictures than boats
as they can cover a much larger area with one image and have a better angle (e.g., Nemer et
al., 2020). This means that they can also cover far to the right and left of the river, which is
particularly important in the event of a disaster (Gstaiger et al., 2022; Kippnich et al., 2022).
Furthermore, launching a drone is relatively easy or can be carried out autonomously (e.g.,
Otto et al., 2018) in comparison to launching a boat, such that not many skilled workers are
required. On the contrary, the drone’s endurance is limited, and its flight is restricted for
legal, data protection, and safety reasons. To overcome these disadvantages, a drone can be
launched from a mobile truck (e.g., Murray & Chu, 2015) that is equipped with this drone.
Therefore, the Bavarian Red Cross tested at the river Ahr whether its coverage via drone is
practicable by equipping a pickup truck with a single drone (BRK, 2022; Quantum Systems,
2024). Because of the successful practical tests, the following questions arise: How does
the optimal truck and drone routing look like, and how time-efficient is the use of drones in
comparison to coverage via boat or truck?

Based on a real-life case study, we introduce a truck drone arc covering problem (TD-
ACP) for river coverage. The peculiarity of covering a river is that the drone only travels
certain subsequent arcs. Moreover, due to legal, data protection, and safety reasons, the
drone is not allowed to leave the river arbitrarily. This means that it may not leave the river
at a certain point just to enter at a far-away point, and the drone may only return to the truck
node from the closest river point.

To solve this problem, we formulate the TD-ACP as a mixed-integer linear program
(MILP) and introduce valid inequalities that enhance the MILP’s runtime. These model
enhancements allow us to solve instances with 105 nodes to optimality. For practitioners,
we introduce and test a manual planning heuristic that enables them to plan truck and drone
routing easily. In our numerical study, we analyze the routing and time savings for both the
river Ahr and, in general, for synthetic sine-shaped rivers.

We contribute to the literature as follows: First, we introduce a new routing problem
for river coverage, the TD-ACP. Second, we formulate the problem as an MILP and intro-
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duce valid inequalities allowing us to solve realistic-sized instances to optimality. Third, we
introduce a manual planning heuristic, which can also be applied in situations where there is
no time or capacity to generate the full set of truck and drone nodes. Fourth, we introduce a
novel realistic case study for the River Ahr and present managerial insights for it and rivers
in general.

The structure of this paper is as follows: We formulate the problem setting in detail in
Sect. 2. Then, in Sect. 3, we present the most relevant literature and delimit our contribution
from it. Next, Sect. 4 introduces the MILP and valid inequalities. In Sect. 5, we present the
manual planning heuristic for practitioners. We introduce the numerical study in Sect. 6 and,
last, our results are summarized in Sect. 7.

2 Problem setting
2.1 Decision problem

We consider a problem, where a single river needs to be covered, i.e., overflown, by a single
drone. The drone belongs to a truck that launches and picks up the drone at certain nodes
where it fits best for both the truck and the drone. We decide on the routing of the truck and
the drone, as well as the launch and rendezvous nodes, such that the makespan, i.e., the max-
imum of the completion times of the truck’s and the drone’s complete tour, is minimized.

2.2 Truck and drone routing

The truck has a supporting role and does not cover the river itself; it only launches and
receives the drone. For this, the truck may visit arbitrarily many nodes at a maximum of
once. The truck is synchronized with its drone, i.e., when the drone is launched, the truck
and the drone can rendezvous again at the same node the drone has been launched from
(including the depot) or a node the truck visits at a later stage within its tour. However, a
return to the truck’s next but one node would be unreasonable because of the truck’s sup-
porting role. It follows that the drone can perform loops (return to the same node it has been
launched from) and sidekicks (return to a different node it has been launched from). When
the drone performs a loop at the depot, we assume that this loop is performed at the end of
the truck’s tour. Note that a reasonable solution might be that the truck does not leave the
depot, as the drone might cover the total river when launched at the depot (Rave, 2025).

Figure 1 illustrates the synchronization of the truck and the drone. On the left, the drone
is launched at a node, and the drone returns to the same node from which it was launched.
During this flight, the truck waits. Then, the truck continues its tour with the drone onboard
to the next node, where another loop is performed. On the right, the drone is launched at
a node and returns to the truck at a different node. Theoretically, drones may return to the
same or any later node. However, a return to a different node than the same or the next node
cannot be optimal, as the truck’s task is to place the drone at advantageous locations and,
then, a node visit must include a drone operation (launch or return of the drone).

Drone flights are limited by an endurance time per flight. When returning to the truck,
the drone’s battery is swapped with a loaded one, which the truck carries for a limited
number. This is for practical and legal reasons, as commercial drones may only launch in
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Fig. 1 Exemplary truck and drone synchronization

Drone travel

\

\—Y—A—Y—A /

I
|
|
—_— |
—4 -
=
V%

1

/

Truck travel Drone Truck travel Truck Drone Truck travel
preparation waiting preparation
(launch) (return) &

battery swap

Fig. 2 Sequence and time of events for an exemplary routing

Germany if battery capacity is larger than 65% (Rave et al., 2023b). It follows that the drone
can perform as many flights as there are batteries, since the truck cannot load the batteries.
Moreover, there is a preparation time for launching and returning, and also a time for battery
swap if the drone is planned to perform another trip after it has returned to the truck. Please
note that the time required for launch preparation, return procedures, and battery swapping
is not counted towards the drone’s endurance limit, as these activities take place while the
drone is on board the truck. In contrast, if the drone arrives at a node before the truck and
has to wait, this waiting time is included in the endurance limit, since we assume the drone
remains airborne during that period (e.g., Murray & Chu, 2015; Rave 2025).

Figure 2 illustrates the time that occurs during an exemplary tour. First, the truck travels
to a launch node with the drone onboard. Then, the drone is launched, and preparation time
ensues. The drone travels along the river. The drone’s travel time equals the truck’s travel
time and the truck’s waiting time for the drone. Preparation time occurs for the drone’s
return. Additionally, a time arises for a battery swap. Last, the truck continues its tour with
the drone onboard. Please note that the drone might also wait for the truck. Then, the drone
waiting time arises instead of the truck waiting time.

2.3 River coverage

To cover a river, we overlap the river by a fine raster of squares, with a node in the center
(Nedjati et al., 2016). A peculiarity of river coverage is that all nodes to cover are set in a
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Fig. 3 Picture of Ahr made by drone’s
equipped camera (Quantum Systems,
2024)

Fig. 4 Exemplary coverage of
squares | == —m— = —a— === (O Drone node

« Drone arc

line, as the drone’s camera can cover the entire river width (see Fig. 3). Thus, we assume the
river is covered if all arcs between direct neighbor nodes are traveled by the drone at least
in one direction.

Figure 4 shows an example of a river overlapped by three squares, each with a node in
its center and linked with arcs to the directly subsequent nodes. The river is covered if the
drone travels arcs (¢,4+ 1) or (i + 1,4) and (i + 1,7 + 2) or (¢ + 2,7 + 1). A peculiarity of
this problem is that the drone is not allowed to travel along arc (i, % + 2), as this would not
ensure that the drone only flies over the river. This would be problematic due to legal, data
protection, and safety reasons. Moreover, due to a potential river curvature, the river is not
covered. Thus, the drone only travels to one of the two neighboring nodes within the river
and does not skip these (Chen et al., 2017). Moreover, when returning to the truck, the drone
can only leave the river at the closest river node to the truck node.

Figure 5 shows an exemplary routing plan for covering a river. The drone is launched
twice to cover the river while the truck travels to three of the four truck nodes.

Note that approximating the river by considering only the end nodes and potential drone
entry points, while omitting intermediate nodes, can lead to different or even infeasible
solutions. This is because such an approximation ignores the possibility of dividing a single
river subsection into two separate drone flights. In situations where the drone s endurance is
insufficient to cover an entire subsection in one flight, representing the subsection as mul-
tiple shorter arcs ensures that feasible solutions remain possible.
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Fig. 5 Exemplary routing plan to cover a river

3 Literature review

In this section, we present the most relevant literature. First, in Sect. 3.1, we look at papers
that consider drones visiting single nodes, and second, in Sect. 3.2, we present the literature
that considers drones traveling multiple nodes. Third, in Sect. 3.3, we review publications
on the two-echelon vehicle routing problem (2E-VRP). Last, in Sect. 3.4, we delimit our
paper from the literature.

3.1 Drones visiting single nodes

Truck and drone tandems were initially introduced by Murray and Chu (2015) for par-
cel delivery, who consider a truck equipped with a single drone, and this drone may only
visit a single node in its trip because of its limited payload. This problem setting has been
extended by various publications, e.g., Sacramento et al. (2019), who consider multiple
trucks equipped with a single drone with cost minimization, or Tamke and Buscher (2021),
who consider multiple trucks and drones. Salama and Srinivas (2022) consider a variant
where the truck can visit additional nodes that are not customers to launch drones, and
Mirzapour Al-e-Hashem et al. (2024) take weather uncertainties into account. Due to the
complexity of the synchronization between trucks and drones, Salama and Srinivas (2022),
Mirzapour Al-e-Hashem et al. (2024), and Sacramento et al. (2019) present a heuristic, and
Tamke and Buscher (2021) a branch-and-cut approach. On the contrary, Dell Amico et al.
(2021), Freitas et al. (2023), or Rave (2025) focus on enhanced modeling approaches for
MILP formulations. These formulations, however, are not capable of solving realistic-sized
instances.

3.2 Drones visiting multiple nodes

Windras Mara et al. (2022) and Boccia et al. (2024) extend the truck-and-drone tandem of
Murray and Chu (2015) with the drone traveling multiple nodes within its tour and present
both a MILP and a heuristic. In this setting, the drone is not allowed to return to the same
node from which it was launched. As the use case is still in parcel delivery, the number of
subsequent drone nodes is rather low. Leaving parcel delivery, Liu et al. (2019a) consider
the powerline inspection via drone that is launched from a truck, where a drone has to visit
the complete powerline exactly once that consists of multiple straight arcs. The authors only
present a heuristic solution approach. Liu et al. (2019b) extend this paper by considering
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additionally a truck return to a different depot. The authors present a mathematical model
that is nonlinear due to multiple absolute value functions. Moreover, they introduce a heu-
ristic solution approach. Aljalaud et al. (2023) also consider a close use case of pipeline
inspection, where all arcs, however, need to be traversed by multiple drones. No truck is
considered.

Nedjati et al. (2016) introduce a general area coverage problem, where drones launched
from fixed hubs have to cover certain areas. The authors decide, among other things, on the
number of drones and the location of hubs. Xia et al. (2023) also consider a general area
coverage problem, where drones launched from a truck have to fully cover certain areas fly-
ing in a lawn mowing or spiral pattern. Each drone can only cover a single area per flight,
and the authors decide on the truck routing, the drone launching points, and whether the
area is covered via lawn mowing or spiral patterns. Another comparable use case for truck-
and-drone tandems is road patrol, where certain arcs and nodes need to be covered either by
truck or by drone. Luo et al. (2019) consider this problem setting for a single drone, and Wu
et al. (2022) and Xu et al. (2023) for multiple drones. Cai et al. (2025) introduce a location
routing problem where drones are launched from multiple hubs to visit wind farms. The
authors decide, among other things, on the number of spare batteries used.

3.3 2E-VRP

As our truck-and-drone tandem can be interpreted as a variant of a 2E-VRP, where the truck
route is the first echelon and the drone route the second echelon, we now consider the lit-
erature on the 2E-VRP. Within the 2E-VRP, the second echelon’s vehicles typically return
to the same node where they have started their tours (e.g., Perboli et al., 2011); however,
considering drones, these may return to the next node within the truck’s tour. Li et al. (2020)
introduce this problem, where multiple trucks equipped with multiple drones have to visit
certain customers exactly once, either by truck or by drone. Rave et al. (2023a) also consider
the two-echelon structure for their drone routing problem. However, the authors consider
only a single customer visit per drone, but instead fixed hubs and trucks, each equipped with
multiple drones. Dukkanci et al. (2023) introduce a 2E-VRP with drones for relief logistics
after an earthquake. The peculiarity of this problem is that it includes demand and road net-
work uncertainty. Again, the drone only visits a single node per flight.

3.4 Differentiation from the literature

Table 1 distinguishes our paper from the previously introduced literature. The table reports
the number (0 = none, 1 = single, n = multiple) of trucks and drones considered and nodes
per drone flight, as well as the methodology used. Further, it is mentioned if all arcs/nodes
need to be visited at most once (set packing), exactly once (set partitioning), or at most once
(set covering).

Our considered problem has elements of classical truck and drone tandems (e.g., Roberti
& Ruthmair, 2021), but our drone routing is more complex as each drone tour includes
more than a single outbound and return flight. Our problem extends a 2E-VRP with mobile
hubs and the drone as a vehicle of the second echelon as we combine it with area coverage
explicitly done by the drone. Moreover, the drone can only travel certain arcs due to legal,
data protection, and safety reasons, which is also represented in our mathematical model.
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Table 1 Differentiation from the literature

#Trucks/#Drones #Nodes Setting Sole drone  Methodology
per inspection
drone
flight
Murray and Chu (2015) 1/1 1 Partitioning MILP, heuristic
Dell Amico et al. (2021) 11 1 Partitioning MILP*
Freitas et al. (2023) 1/1 1 Partitioning MILP, heuristic
Salama and Srinivas (2022) 1/n 1 Partitioning MILP, heuristic
Mirzapour Al-e-Hashem et 1/n 1 Partitioning MILP, heuristic
al. (2024)
Rave (2025) 1/n 1 Partitioning MILP
Sacramento et al. (2019) n/1 1 Partitioning MILP, heuristic
Tamke and Buscher (2021) n/n 1 Partitioning MILP*,
branch-and-cut
Rave et al. (2023a) n/n 1 Partitioning MILP, heuristic
Dukkanci et al. (2023) n/n 1 Packing MILP, heuristic
Nedjati et al. (2016) 0/n n Covering v MILP*
Aljalaud et al. (2023) 0/n n Covering v Heuristic
Cai et al. (2025) 0/n n Partitioning v MILP*, Benders
decomposition
Windras Mara et al. (2022) 1/1 n Partitioning MILP, heuristic
Boccia et al. (2024) 11 n Partitioning MILP*,
branch-and-cut,
heuristic
Liu et al. (2019a) 1/1 n Partitioning v heuristic
Liu et al. (2019b) 1/1 n Partitioning v MINLP***,
heuristic
Xia et al. (2023) 1/1 wok Covering v MILP, heuristic
Luo et al. (2019) 11 n Covering MILP, heuristic
Wu et al. (2022) 1/n n Covering MILP, heuristic
Xu et al. (2023) 1/n n Covering MILP, heuristic
Lietal. (2020) n/n n Partitioning MILP, heuristic
Our paper 1/1 n Covering v MILP*,
heuristic

*Valid inequalities. **Drone flies spiral or lawn mowing pattern. ***Mixed integer non-linear program

Considering multiple visits per drone flight, as considered by, e.g., Liu et al. (2019a, b),
we have multiple different assumptions. On the one hand, our drone flights are more restric-
tive by allowing the drone only to travel certain arcs, but on the other hand, our assumptions
are less restrictive, e.g., the drone may also wait for the truck. In comparison to Luo et al.
(2019), we consider more restrictive flight situations and drone coverage only. Therefore,
in solutions of Luo et al. (2019), the drone only travels a few arcs, i.e., one to around five,
in one flight. Within our solutions, this is up to 86 arcs in one flight. Moreover, we consider
the special case where all arcs are set in a line. This allows us in our MILP formulation to
formulate the drone routing without subtour elimination constraints; following that, we can
solve realistic-sized instances to optimality.

Our problem setting with its assumptions has not been covered in the literature so far.
Thus, MILP formulations and algorithms cannot simply be adopted to our problem settings.
Main differences are the flexibility of trucks and drones waiting for each other (e.g., Liu et
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al., 2019a, b) and the ability to return to the same or the next truck node it has been launched
from. Furthermore, we have a finer division of the arcs so that two drone flights can cover
river subsections of the flow if the endurance is no longer sufficient. Regarding heuristics
for classical truck and drone tandems, e.g., the adaptive large neighborhood search of Sac-
ramento et al. (2019), drone flights are limited to cover a single node per flight. Addition-
ally, the number of batteries and, thus, drone flights is limited in our study, and drones must
enter the river at the closest truck node. These are practical and necessary limitations and a
peculiarity of our problem.

4 TD-ACP

We consider the set of truck nodes Z7 = {1,...,n} that may be visited by the truck at
maximum once and the set of drone nodes Z” = {n + 1, ..., n + m} that may be visited at
any frequency. These nodes are ordered from the river’s start to the river’s end. As the drone
cannot enter or leave the river to cover arbitrarily, some nodes might be visited multiple
times. The set Zop = Z1 UZP is the set of all nodes, where ZI = Z7 U {0} is the set of
truck nodes including the depot. The arc set A = {(i,)|i,j € ZP,j=i+1Vvji=1i—1}
includes all arcs that need to be covered by the drone in at least one direction. Arc set
A=AU{(i,j)|(ieIl,jeIP)Vv(icTIP,jeIl)} further includes the arcs with
nodes where the truck and the drone visit. Moreover, we consider the set of fully loaded
batteries D, which can also be interpreted as the number of drone tours, as the battery is
swapped whenever the drone returns to the truck, but batteries are not reloaded on the truck.

The drone has a limited endurance e and needs certain traveling times tfj when traveling

arc (i,7) € A. Similarly, the truck has certain traveling times tg:j (1,7 € IT), too. More-

B

over, preparation s© and battery swap times s arise, including times for launch, return, and

battery swap, which do not affect endurance.

The main decision variables decide on the routing of the truck (x; ;) and the drone
(yi,4,4)- Variables z; ; 4 show the launch and rendezvous node of the truck and the drone.
Note that the drone may also fly loops, i.e., 2; ;4 = 1. Table 2 provides an overview of all
sets, parameters, and variables.

Figure 6 shows the values of variables x; ; and z; ; ¢ for an exemplary routing plan to
cover ariver. For all arcs (7, j) that are not illustrated, the variables have a value of zero, e.g.,
21,2 = 0. The truck travels from depot 0 to node 1 (z¢,1 = 1), launches the drone, and both
meet again at node 3, i.e., x1 3 = 1 and 21 31 = 1. At node 3, the battery is swapped, and
the drone is launched again using its second battery. Drone and truck meet again at node 4,
i.e, r34 = 1 and 23 4 » = 1. Last, the truck returns to the depot (x40 = 1).

4.1 MILP

Objective and definition of makespan

min 7 )
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Table 2 Index sets, parameters,

o als Index sets
32%;&2:1011 and auxiliary To Node set for all considered nodes including depot 0.

7T, Ig" Node set of truck nodes (including the depot 0).

Db Node set of drone nodes starting with node n + 1 and
ending with node n + m.

D Set of batteries.

A Arec set of all possible drone arcs.

A Arec set that needs to be traveled in at least one
direction.

Parameters

e Maximum endurance per drone flight.

n Number of truck nodes (without depot).

m Number of drone nodes.

P sB Drone’s preparation and battery swap time.

tiTj Traveling times for the truck traveling from node

’ zGIOTtonodejEIOT‘

tf g Traveling times for the drone traveling arc (¢, j) € A.

Variables

Ti,j Truck tour ¢, j € Zg.

Yij,d Drone tour (i,7) € A,d € D.

Zi,5,d Drone released at node ¢ € Ig for tour d € D to
return at node j € Zg .

T Makespan of both truck and drone.

T Subtour elimination variable (Miller et al., 1960).

Note that binary variables have ZT

a value of 1 if they are true and v Truck’s waiting time at node j € Ig for the drone for

0 otherwise drone flight d € D.

. Depot

@ Truck node
(O Drone node

\ Truck tour

~
~. Drone tour

Z34p =1
342 N River

Fig. 6 Main decision variables for an exemplary routing plan to cover a river

s.t.

T > Z tg:]- "X+ Z (b}:d + st Z Zij,d + B ( Z Zig.d — 1) (2)

i,jeIT jexl ,deD i,jelf ,deD i,jelT ,deD

The objective is to minimize the makespan 7, i.e., the time both the truck and the drone have
returned to the depot starting at time 0. 7 is set in Constraint (2) as the truck’s traveling time
(first sum) plus the truck’s waiting time on the drone (second sum) plus the preparation time
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for each drone flight (third sum) plus the battery swap time if a next flight is planned. Prepa-
ration times for launch, return, and battery swap may only influence the number of batteries
used, i.e., fewer drone tours are preferred.

Area coverage

> Yijatyia>1 V(i) €A 3)

deD

The TD-ACP is formulated as a set covering problem (Constraints (3)). Thus, all arcs
(1,7) € Aneed to be traveled in at least one direction.

Truck routing
Z (.171"]' — .iji) =0 V] S Ig (4)
i€y
of +1<ovf +[I5|- (L —wiy)  Vi,jeI’ )
Z Toj <1 (©6)
jexl

Constraints (4) ensure that the truck’s tour conserves flow. Subtours are eliminated in Con-
straints (5) (Miller et al., 1960). Constraint (6) ensures that there is at most one truck. Note
that a feasible solution might be for the truck not to leave the depot and the drone to only
perform one or multiple loops from it.

Drone routing

Z Ziga <1 Yd € D

7

ijeTT 7

Tij = Z zijad VL ETY ti# ] ®

deD

S wiy>zya  Vi€eITdeD o

ieZd
. D
Z (yi,j,d - yj,i,d) =0 VjeI”,deD (10)

iEIo:(i,j)EA

Yii+1,d < Yit1,i+2,d
+ > Yipge  Vi€IPdeDii<nt+m-1 (11)
JEIT (i+1,5)€A
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Yii—1,d < Yi-1,i-2,d

+ Y yiige  Vi€IPdeD:i>n+2 (12)
JEIT (i—1,5)€A

k€IP:(i,k)e A

(13)
+ Z Yk.j,d > Zij.d Vi,j S Zg, deD
kE€IP:(k,j)€A
Z Yik,d
keZP:(i,k)eA
(14)

+ Z Ygd < Zigd+1 Vi,j eIy, deD
kETP:(k,j)eA

The drone may perform at most one sidekick per node (Constraints (7)), but loops are not
restricted. Considering sidekicks, these nodes need to be visited by the truck in a direct
sequence (Constraints (8)). Constraints (9) ensure that a drone only performs loops at a node
the truck has visited. Constraints (10) are flow conservation constraints for the drone. The
drone may only return to the truck or travel subsequent (Constraints (11)) or previous nodes
(Constraints (12)). These constraints make complex and time-consuming subtour elimina-
tion constraints unnecessary. However, area coverage in general, e.g., covering lakes, could
be represented by this MILP formulation if Constraints (11) and (12) are replaced by subtour
elimination constraints. In the “Appendix”, we show how this could be formulated.
Constraints (13) and Constraints (14) connect the drone tour variables y; ; 4 with the vari-
able z; ; 4 indicating if there is a drone flight from i toj. If z; ; 4 = 1, there is a drone flight
(Constraints (13)). Conversely, if there is a drone flight, then z; ; ¢ = 1 (Constraints (14)).
Synchronization

Sfa> > (- vina) = D (6 wiy)

(i,k)€A i€zl s
—e- (1= Y zija) VieIf deD
i€TT it]
67> N (P wina) —e-(1-2,0) V€Il deD o
(i,k)e A
jaS e Z ti;-zija Vi€Ij,deD (a7

ieIl ity

The truck’s waiting time qﬁde at anode j € Z7 is set in Constraints (15) if the drone per-

forms a sidekick and in Constraints (16) if the drone performs a loop. The truck’s waiting
time may be at most the endurance e without considering the truck’s travel time to node j
(Constraints (17)). Note that the truck’s waiting time qﬁ;‘fd must be set for each node j to be
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the link between yy ; 4 and z; ; 4. As multiple returns at a node j are possible, ¢er has each
drone flight d as an additional index.

Definition of variables

> @ii=0 (18)

i€y
Tij,ziga €{0,1}, 0] 4,7 €RT Vi jeIi,deD (19)
yija€{0,1}  VY(i,j)eAdeD (20)
ol w;€{0,1}y  VieI? jeIP (21)

Last, variables are defined.
4.2 Valid inequalities

We further introduce valid inequalities to reduce the runtime of solving the MILP using a

standard solver. We show the impact of valid inequalities in Sect. 6.2.2. Please note that

valid inequalities (22)—(26) also fit for area coverage in general as shown in the “Appendix”.
Lower bound

T > gmin (22)

Constraint (22) limits the makespan 7 by a lower bound #™" that is determined in a pre-
processing step. This constraint is expected to increase the value of the linear relaxation at
the root node. We set ™" as follows. It equals a theoretical (truck-independent) drone’s
round trip, which neglects the endurance limit and arc limitations:

( %:Atgj ( ;At%
ij)e D ij)e
— + t'rH—’m,O + | —

. P B
2 2 ¢ (57 +57)

min __ 4D
t - t0,7b+1 +

™" equals the time the drone travels to the first river’s node starting from the depot, plus
the shortest time for covering the area, plus the time for returning to the depot. In addition, a
minimum number of preparation and battery swap times s* + s? is added. Note that if the
truck travels faster than the drone, e.g., because of a highway, then the travel times tfj need

to be adjusted by a drone-truck speed ratio.

@ Springer



Annals of Operations Research

Makespan redefinition

T > Z th “ T+ st Z Zijd + s ( Z Zij.d — 1)

i,jeIl i,jeIl ,deD i,jell ,deD

(23)
(i,j)€A,deD deD i,JE€IT dED:i]
D
of > > thiziga— Yt vija  VdeED 1)
i,jEZg:i;éj (z,j)EA
¢ eRTY  VvdeD (25)

While in Constraint (2), 7 is set from the truck’s perspective, Constraint (23) sets 7 addi-
tionally from the drone’s perspective, i.e., the truck’s total traveling time (first sum) plus
the preparation time for each drone flight (second sum) plus the battery swap time if a next
flight is planned (third sum) plus the drone traveling (fourth sum) and its waiting time (fifth
sum). When the drone performs a sidekick, i.e., the truck picks up the drone at a different
node, the truck traveling time between both nodes is subtracted as it is already included in
the drone traveling and waiting time (sixth sum). Constraints (24) introduce the drone’s
waiting time for each flight. The drone waits for the truck if it arrives earlier at a node when
performing a sidekick. In the solutions, we observe that in some instances, the drone waits,
albeit not for a long time compared to the truck’s waiting time. Note that Constraints (2)
and (23) are equivalent, and for runtime improvements, both should be used. The redefini-
tion of 7 is an idea inspired by Rave (2025) for truck-and-drone tandems, who found that it
significantly lowers the solver’s runtime.
Node visit with drone operations

Dowig< Y (jatzaa) VeIl 26)

ezl i€ZT ,deD

A feasible solution might be that the truck visits nodes without launching or returning the
drone; however, this may only result in delays and thus can never be optimal. Thus, Con-
straints (26) ensure that when the truck is traveling to a node j € Z7, then a drone launches
from or returns to that node. Note that these constraints only hold if tzT] < t7Tk + tf’ i which
is, however, given in our numerical study.

Arc limitations

> wija<?2 VjeI.deD

) @7)
1€Zo:(1,5)€A

Each node has two outgoing arcs within .4 (except the first and the last node). Thus, each
node can only be visited twice, which is ensured by Constraints (27).
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5 Manual planning heuristic

In this section, we introduce a simple heuristic procedure that can be applied in practice
manually. This is particularly important from a practical point of view, as the MILP might be
complex to implement, even if written down, has runtimes of just under an hour (depending
on the instance), and requires exact geographical coordinates between the nodes. The MILP,
on the other hand, is required to generate optimal solutions and for benchmark tests for the
following heuristics. This heuristic is set as follows and ensures that the lowest number of
drone flights is used:

1. The truck travels to the node that is closest to one end of the river with the drone
onboard.

2. The drone is released at that node, traveling to one river’s end node. Then, the drone
turns 180 degrees in its direction.

3. The drone flies as far as the endurance is not exceeded, and the truck and drone meet
again at the farthest distant node.

4. The drone is released again at the same node and continues its tour. Continue with step
3 until the river is fully covered. Then, the truck and drone travel back to the depot.

Note that if the depot is the closest node to one end of the river, the drone directly launches
at or returns to the depot. Figure 5 in Sect. 2 shows a solution generated by applying this
heuristic. We show the performance of this heuristic in comparison to optimal solutions
generated by our MILP in Sect. 6.2.3.

6 Case study

In this section, we first introduce the real case of the Bavarian Red Cross. Next, we show
the impact of our valid inequalities, and third, we present our numerical results. The MILP
is implemented in OPL and solved using CPLEX version 22.1.1. All experiments are con-
ducted on an AMD Ryzen 9 5950X with 128 GB RAM.

6.1 Numerical setup

The dedicated drone is the Trinity F90+, which has a constant speed of 17m/s or 61.2km/h
and an endurance of e = 90 minutes. This drone is ideally suited for this use case as it is a
fixed-wing drone with tilt rotors that flies safely and quietly and is typically equipped with
a camera (Quantum Systems, 2024). We assume that the drone directly flies the Euclidean
path. However, when the drone returns to the truck, it should not fly freely in the terrain for
safety reasons but follow the river (Chen et al., 2017). We consider a launch and return time
of one minute each and a battery swap time of two minutes, i.e., s* = s% = 2.

6.1.1 River Ahr

The river Ahr is an 85.1km long river in Germany, which flows into the Rhine and was
affected by a flood disaster in 2021. We split up the river into 85 squares, each with a length
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Fig. 8 Example of the sine shaped river with a period of 47 (left) a period of 67 (right)

of 1 km, with a node in the center, i.e., each arc has a length of one km. The truck nodes
are next to 19 villages or cities, respectively, next to the Ahr, and were affected by the flood
disaster. The depot is located at the center of the German Red Cross, which is also quite
close to the River Ahr. The pickup truck has travel times taken from Google Maps for the
case study of the river Ahr. Figure 7 shows the model of the river Ahr with all truck (blue-
filled circles) and drone nodes (unfilled circles). The blue square indicates the depot.

6.1.2 Syntheticrivers

We also generate sine-shaped rivers (e.g., Song et al., 2016) to test our MILP on more data
and show the effects of shorter or longer rivers. We consider ten sine-shaped rivers with a
period of 47 that are stretched within a certain area of 75 x 10 km. These rivers are equal
in length to the river Ahr. In a sensitivity analysis, we vary the length of these rivers (both
the size of the area and the period) by a factor of 0.5, 1.5, 2, and 2.5, resulting in a period of
2w, 67, 81, and 107. Within these instances, we consider n = 19 truck nodes (plus depot),
and the rivers are approximated by one node each km. The truck is assumed to have an
average speed of 35 km/h and travels the Euclidean distance corrected by a factor of 1.1.
Figure 8 shows an example of the sine-shaped river with a period of 47 (left) and a period
of 67 (right) with truck and drone nodes. Note that with ten instances and five different
periods, a total of 50 synthetic instances is considered in our case study.

6.2 River approximation and performance tests

In this section, we test our chosen node number to approximate the rivers and test our valid
inequalities and the manual planning heuristic.
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6.2.1 Determining the number of nodes to approximate a river

First, we show that in our case study, our chosen number of nodes does not distort our objec-
tive function values, as with too few nodes, river curvature is neglected. For this, we opti-
mally solve an instance with |D| = 2 and an approximated sine-shaped river (47) with an
increasing number of drone nodes starting with 20 and ending with 300. An approximation
by 85 nodes equals an arc length of one km between two nodes next to each other.

Figure 9 shows the objective values with an increasing number of drone nodes Z”. The
dotted red line indicates the objective value considering 300 nodes, which is expected to be
close to convergence. The objective value deviations fluctuate due to the increasing consid-
eration of the river curvature and because of the position at which the drone enters the river.
From 80 nodes onwards, the deviations are rather small, with 80 nodes having a deviation of
less than 0.05% compared to considering 300 nodes. Therefore, we find that considering at
least 80 nodes is sufficient to approximate rivers. For practical reasons, 85 nodes are chosen
because then the distance between the node centers is equal to one km.

6.2.2 Impact of valid inequalities

We now show that the presented valid inequalities reduce the runtime of the solver. For this,
we take the ten instances with a period of 47 for the synthetic rivers with |D| = 3 and solve
the MILP (runtime limit of 1 h) with different added valid inequalities. Table 3 shows the
average upper and lower bound found, the resulting optimality gap, the number of optimal
solutions found, and the average runtime in seconds when solving the MILPs.

We solve the MILP without any valid inequalities, with each of the four valid inequalities
individually, and with all valid inequalities within a runtime limit of 1 h. Moreover, we test
all valid inequalities, except the lower bound (Constraint (22)), as its impact on the perfor-
mance cannot be observed directly.

Without considering any valid inequalities, three out of the ten instances could be solved
to optimality with an average gap of 13.0%. We observe that Constraints (23)—(27) improve
the solver’s performance with the makespan redefinition (Constraints (23)—(25)) having the
largest improvements. As a result, up to nine instances could be solved to optimality, and
the optimality gap could be reduced significantly, including each of these valid inequalities
individually. Constraint (22), however, reduces the optimality gap but also increases the
runtime, following that no instance could be solved to optimality. Thus, we additionally
tested considering all valid inequalities and when not including Constraint (22). We find
that we can only solve all instances optimally if Constraint (22) is included, also having the
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-

179
|

Objective value

177
|

0 50 100 150 200 250 300

Number of nodes

Fig. 9 Objective values with increasing number of drone nodes
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Table 3 Impact of valid Upper ~ Lower  Gap  #Opt. CPU
inequalities bound bound [%] [s]

MILP without ad- 183.6399 159.8401 13.0% 3/10 3045
ditional constraints

MILP with 183.6399 163.8912 10.8% 0/10 3600
Constraint (22)

MILP with 183.6399 181.6070 1.1%  9/10 407
Constraints(23)—(25)

MILP with 183.6399 180.5437 1.7% 9/10 737
Constraints (26)

MILP with 183.7764 164.5497 10.5% 7/10 2047
Constraints (27)

MILP with 183.6399 182.4664 0.6% 9/10 438
Constraints(23)—(27)

MILP with 183.6399 183.6399 0.0% 10/10 318

Constraints(22)—(27)

Table 4 Benchmark tests

Heuristic MILP
Objective # Objective  # A
Batteries Batteries [%)]

River Ahr 160.1 1 153.7 2 4.0
Sine-shaped 94.9 1 84.7 2 10.8
river (27)
Sine-shaped 192.8 2 183.6 2 4.8
river (47)
Sine-shaped 3339 2 327.1 23 2.0
river (67)
Sine-shaped 502.4 3 4723 32 6.0
river (87)
Sine-shaped 673.8 4 618.6 4.2 8.2
river (107)
Average 355.6 333.7 6.2

lowest runtime on average. As the average runtime is significantly reduced from 3045 s on
average to a tenth of 318 s, we include all valid inequalities in our numerical study in the
following.

6.2.3 Performance tests of manual planning heuristic

Next, we benchmark the manual planning heuristic introduced in Sect. 5 against optimal
solutions of our MILP formulation. Table 4 shows the average objective values and number
of batteries used applying this heuristic and for our MILP formulation, when considering
the river Ahr and the sinus-shaped rivers with a period of 27, 47, 67, 87, and 107. Last,
the table presents the gap A between our MILP formulation and the heuristic. Please note
that for the synthetic rivers, the average of ten instances is reported. Each instance has the
same number of truck nodes (19) and drone nodes (85). The instances vary in the location of
truck nodes and the location of the depot. Moreover, the network size increases with larger
river periods.
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Considering the river Ahr, a 4% worse solution was found compared to the optimal solu-
tion. This is mainly because only one drone flight is performed in the heuristic solution, but
carrying out two drone flights improves the solution. Considering the MILP with |D| = 1,
there is, however, still a gap of 1.1% as a different node than the closest to one river’s end
would be better.

The gap is similar when considering a sine-shaped river with a period of 47 but sig-
nificantly larger with a smaller river (27). This is because the launch and return of the first
drone’s tour are chosen inappropriately with the heuristic. The gap decreases for rivers with
a period of 67 because multiple drone tours are required, so the disadvantages of the first
and last truck node selection become less relevant. Conversely, for river periods of 87 and
107, the optimality gap increases again. This is primarily due to the fixed number of 19
truck nodes: as the river length grows, a suboptimal choice of launch or return node by the
heuristic has a growing impact on the objective. Nevertheless, our manual planning heuris-
tic performs reasonably well, yielding an average optimality gap of 6.2%.

Our MILP formulation enables the pre-evaluation of routing strategies in areas at risk
of flooding. Thanks to valid inequalities that significantly strengthen the formulation, even
larger instances can be solved to optimality within an hour. However, in actual disaster
situations, time is of critical importance, and there is no opportunity for data generation in
flooded areas if it has not been done before the disaster occurs. In such cases, our manual
planning heuristic proves useful. Its key advantage lies in its simplicity, which allows rout-
ing decisions to be made by hand. Despite its simplicity, the heuristic achieves relatively
low optimality gaps and is therefore highly practical for real-world applications.

For larger rivers that exceed the capabilities of our MILP formulation, a metaheuristic
(e.g., a genetic algorithm) could support the pre-evaluation phase. This aspect, however, is
beyond the scope of this paper, as our case study based on the River Ahr and the considered
synthetic instances, even with 2.5 times the size, could be solved to optimality in under 1 h.

6.3 Managerial insights

In this section, we present managerial insights based on the river Ahr and synthetic rivers.
For this, we show the time savings a drone has compared to coverage via boat, a coverage
via truck, and the optimal number of drone flights.

To illustrate river coverage via boat, we assume the following: The boat is placed next
to the depot at the river to cover, which is only a short walk away. The preparation time for
launch and return is increased by a factor of 10 (s°°** = 20), which also includes the time
traveling to the boat. On the contrary, no battery swap is necessary. The endurance is no
longer limited (e = o0), and a speed of 30 km/h is considered. As a result, the time for river
coverage via boat is computed simply by 7°°% = Z(i,j)EA tfj . % + 599t which is the
sum of the traveling time for all subsequent arcs increased by the drone and boat speed ratio
plus the preparation and return time s?°**. Note that this speed typically only holds if the
river is navigable by boat; otherwise, in practice, a much lower speed is considered, or the
boat cannot cross the river at all. Thus, the results presented in comparison to the boat show
the least time savings from drone usage.

To illustrate coverage via a truck that observes the river by traveling next to it, we assume
that there is a road directly next to the river. Thus, to cover the river, the truck traverses
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to one end of the river and travels next to the river to the other end of the river. Then it
returns to the depot. As a result, the time for river coverage via truck is computed simply
by riruek =4l L+ 5 > ig)ea t1; +t}y 0. Note that for this computation, ¢/ ; must
be defined for all (4, j) € A. In practice, certain detours must be taken into account for the
truck; thus, the results show the least time savings from drone usage in comparison to truck
coverage.

6.3.1 Covering the river Ahr

Figure 10 shows the time savings when covering the river via drone in comparison to boat
and truck coverage for different numbers of batteries used, starting with a single battery, i.e.,
one flight to cover the river. For this, we set the MILP’s runtime to 1 h, and all MILPs could
be solved to optimality in one second, considering a single battery, and 2740 s, considering
four batteries.

We find that the river can be covered by a drone with a single battery, resulting in
significant time savings of 56.3% in comparison to coverage via boat and 26.0% in com-
parison to coverage via truck. Moreover, considering additional batteries leads only to
small additional makespan reductions of up to 1.3 (for boat) or 2.1 (for truck) percentage
points, if at all. So, an improvement hardly offsets the runtime increase of route optimi-
zation with more batteries. Covering the river Ahr, the drone needs a total of 158.3 min,
which is contrasted by 362.7 min for boat coverage and 213.9 min for a theoretical truck
coverage. Please note that these time savings might be much larger, as the boat cannot
always navigate the river during or after a flood, and there might not always be a road next
to the river for the truck.

Figure 11 illustrates the optimal truck and drone routing considering |D| = 2. In this
case, the drone starts its first tour at the depot and returns to the truck at the second outer-
most truck node. Then, the truck travels (with the drone onboard) to the other end of the
river and launches the drone for its second tour. Both the truck and the drone meet again at
the depot. The truck arrives earlier than the drone at both nodes, resulting in waiting times
of 3 and 20 min.
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Fig. 10 Makespan savings when using a drone instead of a boat and a truck for river coverage with an
increasing number of batteries
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Fig. 12 Time savings of drone in comparison to boat coverage

6.3.2 Covering synthetic rivers

To generalize the results, we also consider synthetic rivers of varying lengths. Again, we
compare the results of drone coverage to boat and truck coverage. The number of drone
tours |D| is set sufficiently high, and all instances are solved to optimality with a runtime
limit of 1 h. Figure 12 shows the makespan savings in comparison to boat coverage for the
five different river lengths in the form of a boxplot diagram. Note that each boxplot consoli-
dates ten instances.

Using a drone, average time savings are 56% (27), 50% (4m), 40% (67), 34% (87), and
30% (107). Apart from a few outliers, similar time savings are achieved for each river length
in each instance, i.e., the standard deviation is relatively low. The time savings are reduced
significantly as river length increases, despite the boat traveling along each arc in both direc-
tions, whereas the drone only does this at the outer points. The drone needs more time to
cover the river because the total drone preparation time adapts to the boat with increasing
river length, as one drone flight is optimal for a river length of 27, two drone flights for 47,
2-3 drone flights for 67, 3—4 drone flights for 87, and 4-5 drone flights for 107. Please note
that a solution with fewer drone flights, e.g., two instead of three, might still be feasible, but
a few additional time savings can be achieved by having more drone flights.
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Fig. 13 Time savings of drone in comparison to truck coverage

Similarly, Fig. 13 shows the makespan savings of drone usage in comparison to coverage
via a truck that traverses next to the river. Makespan can be reduced by up to 42.7% when
using a drone. However, similarly to boat coverage, savings decrease with longer rivers.
The biggest advantage of the drone compared to truck coverage is that the faster drone can
avoid unnecessarily long and slow truck trips to the river’s ends. However, as the length of
the river increases, these detours account for a smaller proportion of the total time, so the
time advantages decrease.

7 Conclusion

Inspired by a real case, we introduced the truck drone arc covering problem for river cov-
erage, where a single drone launched from a truck must cover a river completely. We for-
mulated the problem as an MILP and introduced valid inequalities that strengthened the
formulation. These valid inequalities led to significant runtime improvements so that the
runtime could be reduced to a tenth, following that all considered instances could be solved
to optimality. Moreover, we introduced and tested a manual planning heuristic that practi-
tioners can easily apply. In benchmark tests, we observed that this heuristic has an average
deviation of 6.2% from the optimal solution.

In our case study based on covering the river Ahr, we find that drone usage leads to time
savings of 56.3% in comparison to boat coverage, and 28.1% in comparison to truck cov-
erage if the truck directly travels next to the river. Moreover, in a sensitivity analysis, we
observed that these time savings decrease as the river length increases.

Future research could examine the benefits of using multiple drones per truck or multiple
trucks equipped with one or multiple drones each. Moreover, retraversing certain arcs for
the truck might be a reasonable option (Morandi et al., 2023) if there are only limited truck
nodes available, which might be the case during floods. Alternatively, the drone could also
take off from a moving truck (Thomas et al., 2024). Another interesting topic would be the
search for missing persons after a disaster. This, however, requires a dynamic consideration
of time, as people could be swept down the river during the operation.
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In practical applications, factors such as weather conditions (e.g., precipitation) or
reduced drone endurance due to strong winds are important considerations. These aspects
are not accounted for in our study and therefore constitute limitations. Precipitation effects
could be mitigated by deploying weather-resistant drones. In contrast, strong winds can be
handled deterministically by modifying tfk in Constraints (15) (17) and Constraints (24),
applying a wind adjustment factor dependent on the flight direction. In our heuristic, wind
can be taken into account by considering two route options obtained by traversing the heu-
ristic path in opposite directions. The route that aligns more favorably with prevailing tail-
winds is then selected.

Another relevant aspect not captured in our model is the presence of obstacles. Particu-
larly during or after floods, some truck arcs may become impassable, often without prior
notice. This can be addressed through a dynamic or stochastic extension of the model (e.g.,
Dukkanci et al., 2023).

Appendix: Adjustment for general area coverage

Our MILP introduced is capable of covering areas in general, e.g., lakes, where the nodes
are not set in line when the following constraints replace Constraints (11) and (12). All other
constraints [(2)—(10), (13)—(21)] remain unchanged. Note that it is no longer necessary to
order the node set Z” along the river line, which is also not even possible for areas in gen-
eral, e.g., lakes.

Vo + 1 <ol +1Zo| - (1= yij.0) Y(i,j) € A,d €D (1)

vl eR VjeIP deD )

These constraints are subtour elimination constraints by Miller et al. (1960). Note that these
constraints are not necessary for covering a river, as the drone can only fly in a line or return
to the truck.
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