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On interpolation free disks of polynomials
converging maximally to power series

HANS-PETER BLATT

Dedicated to Wiestaw Plesniak
on the occasion of his 80th birthday

Abstract. We construct a power series f with radius R of convergence, 0 < R < oo,
such that for any o, 0 < 0 < R, there exists a subset A C N, a parameter 7, 0 < 1, < 0,
and a sequence {pn }nen of polynomials converging maximally to f on the disk

D,, ={z€C:|z| <715}

such that p, has no points of interpolation to f on D, for n € A.

1. Introduction. For B C C, we denote by B its closure and by 9B the
boundary of B and we write || - || for the supremum norm on B. Let A(B)
be the class of functions that are holomorphic in some neighborhood of B.

Let E be compact and connected in the complex plane C with connected
complement 2 = C\ E and positive logarithmic capacity cap E and let
90 (z,00) denote the Green function of {2 with pole at co. For o > 1, let

E,:={2€2:g90(z,0) <logoc}UE

denote the Green domains with boundaries I,.
Let P,, denote the collection of algebraic polynomials of degree at most n.
If f € A(E), then there exists p > 1 and polynomials p,, € Py, n € N, such

that )
. 1
lim sup [| £ — pal[3" < >

n—oo

due to a result of Walsh [6]. If f is holomorphic on FE, but not an entire
function, then there exists a maximal parameter p(f) > 1, 1 < p(f) < oo,
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such that f is holomorphic in E, and there exist polynomials p,, € P, such

that )
limsup || f — pn AL
wp I el =

Such a sequence p, € P, is said to converge mazimally to f on E (see [6]
Sect. 4.7, Theorem 7).

Let {pn}nen, Pn € Pn, be a sequence of polynomials converging maxi-
mally to f on E. We consider for 1 < o < p(f) the point set

Zn(a) = {Z € Ey :pn(z) = f(Z)},
i.e., Zy(o) is the set of points of interpolation of p, to f on E,, each point
listed according to its multiplicity as a zero of f — p,, and we denote by
my (o) the number of points of Z, (o). Since f is holomorphic in E,f), the
number my, (o) is finite.
In the investigation of the asymptotic behavior of Z, (o), near-circularity
in capacity is the essential property, especially well-known for Carathéodory—
Fejér approximations of power series (cf. Trefethen [5]).

DEFINITION ([2, B]). Let {pn}nen be a sequence of polynomials con-
verging maximally to f on E, let A C N be an infinite subset and let
1 < 0 < p(f) < co. Then the error functions f — p,, n € A, are called
near-circular at o_ if there exist two sequences

{on}tner, 1<o,<o<p(f), lm o,=o0,

neA, n—oo

{En}neA, En > O, lim En — 0’
neA, n—oo

such that
In_e=en < min [£(2) = pa(2)| V" < ||f = pal " < e, ne Al

p(f) 2€lo, o p(f)

PROPOSITION (cf. [3, Lemma 4.1, Corollary 3.2|). Let {py}nen converge
mazimally to f on E and let 1 < o < p(f). Then there exists A C N such
that f —pn, n € A, are near-circular at o_ with associated sequences {oy, }nea
and {ep }nea such that

limsup —— < limsup _n <1.
n€A, n—oo mn(a) n€A, n—oo mn(o'n)

In other words, the Proposition implies that for any o, 1 < o < p(f),
there exists A C N such that there are at least
n+o(n) (ned n— oo)

points of interpolation of p, to f on E,.
The situation of the Proposition is well-understood for the special case
of a rational function f = P/Q, holomorphic on E: Let P and @ have no
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common divisors and let k,, denote the number of zeros of f —p, in C. Then

kyn = max(deg(P), deg(p,) + deg(Q))

and

am =1

(see [I, Lemma 2|). Moreover, if v, denotes the normalized zero-counting
measure of the zeros of f — p, in C, then

UnlE + Unlo —— 1,
n—oo

where v, = v,|g + vnlo and vy|E, resp. vy|o, is the restriction of v, to E,
resp. {2, and Vn/\\E is the balayage of v,|g onto the boundary OF of E (see
[1, Theorem 1]).
Hence,
lim v, (K) =0

n—o0

for any compact set K in C\ E, and

lim —— —1
n—00 mn(o')

for any o, 1 < 0 < 0.
The objective of the paper is to show that the Proposition is sharp,
namely we show that

lim sup <1
neN, n—oo Mn (U)
cannot be universally true, even for the approximation of power series by
maximally converging polynomials.
Finally, let us mention that we will use in our main result a strengthened
version of the Definition: f — p,, n € A, are called near-circular at o if

op =0, mnecA,

in the Definition.

2. The crucial power series. Let
D, :={z:]z|<r}, r>0,

denote the open disc, and let D, be its closure, with boundary I..

Let f be a power series with finite radius of convergence R. If s, denotes
the nth partial sum of f and if m(sp,;r) denotes the number of zeros of
f —sn in D, then {s,},en converges maximally to f on every closed disk

D,,0<r <R, and

i n
limsup —— < 1.
n€N, n—oo mn(sn; T)
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More specifically, let

(2.1) Ao :={2"}en,
and let R, 1 < R < 0o, be fixed. Then we define
1/R)* ifkeA
0 if k ¢ /10,
and so

(2.3) flz) =) az"
k=0

is a power series with radius of convergence R. As above, let s, denote the
nth partial sum of f,

n
sn(z) = Z apzt.
k=0

Then for v € N,

Sgv = Sgv41 = " = Sou+1_1.
Define
(2.4) A= {2 — 1} en,
and consider
21/+1 _ 9V
=22 =3 2
Then the subset
(2.5) A= {21/ + 2V71}V€N = {3 : 2V71}V€N

satisfies
W < ¥ povl = 3. vl < ovtl

THEOREM. Let f be the power series with radius of convergence R, de-
fined by (2.1)—(2.3)), with partial sums s,. If Ay is defined by (2.4), then for
any p, 0 < p < R, the error functions f — s,, n € A1, are near-circular at p

and

n
2.6 li — =1
(26) ne A n—oc m(sn; p)

Let 0 < o < p < R be fizred and let

1/28
razoﬁ .
R

Then there exists a sequence {pntnen, Pn € Pn, converging mazimally to f
on D, such that f — pn, n € A, have no zeros on Dy, where A is defined

by ,
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The following Corollary defines a lower bound for parameters r, 0 <r < o,
such that {py, }nen converges maximally to f on D,.

COROLLARY. Let f, A, and {py}nen be as in the Theorem. Then there
exists a minimal parameter 17,

o 1/3
0‘< <IZ> SET; Slav

such that {pn}nen converges mazimally to f on Dy

The Corollary is reminiscent of results of Saff and Totik [4] on the be-
havior of polynomials p,, of best uniform approximation of functions f on a
compact set F/, where the error f — p, does not decrease faster at interior
points of F than on E itself.

3. Proofs

3.1. Proof of the Theorem. For z € Di we obtain

(f —s2)(2) = (f =s2041)(2) = -+ - = (f = s2011)(2)
2V+1 2u+1 2u+1.3 21"'1’1‘7
R R R R ’
Hence, for z € Dp,
[(f = s2)(2)| = [(f = s2vq1)(2)| = - -- = |(f — s90+1-1)(2))]
2u+1 2u+l 2V+1_3 2V+1.7
R R R R
. ov+1 - 2u+1 R2u+1
=gl \'*R| m o
21/+1
= 2] (1+B(zv)
R ) )
where
ov+1 21/+1
z R V—00
B(Z’ V) = R R2v+1 _ ’22u+1’ 0
We define, for 0 < p < R,
ov+1 ov+1
._ _(r R
Clp,v) = gg}};B(Z»V) = (R) R

Then

V—00

C(p,v) ——=0
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and
21/+1
(3.) I = szl < () G+ Clo
On the other hand,
[(f = s2) (D) = [(f = s2041)(2)[ = - = [(f = s201-1)(2)]
2V+1 2I/+1 2u+1
== |+ + (2
Gy (R> ]
2u+1 21/+1 21/+1
z z 2
> |2 1- 2 fad —
=R ( R R >
. v+l 5 ov+1 R2y+1
|7 'Rl mm o
2L/+1
z
=5 (1 - B(z,v)).
Then
p 21/+1
3.2 — Sov > = 1-C .
(32) nip|(f =522 = () (1= Cow)

For n = 2Tt —1 € Ay, let

21/+1
33 20lp) = gy (10801 + o) +Iog

Then (3.1)) and (3.2) yield, for n € Ay,

P —enlp) : Un <1 f - 1/" P enlp)
(3.4) R <?€11F1; |f(2) = sn(2)] 1f = sally <g¢

Hence, the functions f — s,, n € Aj, are near-circular at p. Due to Rouché’s
Theorem, m(s,; p) = 2V! for n € A; and holds.

Concerning the second part of the Theorem, let us fix the parameters o
and p such that

veN.

0<o<p<R.
For n € N, let
zén), zin), . ,zT(l")
denote the (n + 1)th roots of unity, and define
fi(n) = O'Zi(n), 0<i<n.
We construct for n = 3 -2~! € A the polynomial

pon(z) = 22yq2u_1(z) € Pn,
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by interpolating the function

J—sw=f—spp1=-=f—spr1_,

at the points
v—1
€0 o<i<o!

)

and at 0 with multiplicity 2".
Then the error formula for Lagrange—Hermite interpolation of f — s, by
Pon,n=3-2""1e A at 2z € D, yields

1 S 22" wov—1(2) f(t) — s,(t)

(3:5)  f(2) = sn(2) = pon(z) = 2mi ) 2wy (t) -z “
P
with
2y—1
v—1
wpei(z) = [[ (-6 ). zecC.
=0

Let us denote by u, the normalized counting measure of the point set
v—1
(¥ ) o<i<2ycr,, n=3-2leA

Then
fn — e asn=3-2""1 v — oo,

where fi, is the equilibrium measure of I, (resp. D, ).
Next, we fix r such that

O<o<r<p<R.

Then the logarithmic potentials U*" converge uniformly to U#e on compact
subsets of C\ I'; as n — oo. Hence, for € > 0, there exists vy € N such that

(3.6) UM (z) — UPe(2)| <&, z€D,\ Dy,

forn =3-2""' € A and v > 1y. By (3.5) we deduce for n =3-2""1 € A
and z € I, that

37 - 1los [(f = sn = pon)(2)]|
1
271 41) (max Ut (1) = U (2))
_n—i—l( +)§g%§ (t) (2)
+— (roglf I, + 2" log - +
I—— (0] — Sov og — C
nt1 g v || I, gp 1),
where
1 length(I,)
. =1 1 CZ 1
S e I I VTt
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and by (31),
(3.9) log | — s, < 2 log . +log(1 + Cp,v))
< 2"Miog £ 4 C(p,v).
R
Since

U“"(z)zlogg, zel,, and U”"(z)zlogg, z €T,
r p

by the uniform convergence of U*" to U we obtain, for z € I,

(3.10) maxU*~(t) — UF(z)

terl),

= max(UP" () — U (1)) — (U (2) — UM (2)) + log = < log ~ + 2e.
tel, p p

Using (3.7)-(3.10), for n =3 -2""1 € A and v > 1y we get

1
n_i_llOng_Sn_pO,nHl}
1 _ T P
< 214 1) 1log — + 2 ¥t =
_n+1<( + )<0gp+ €>+ 0g =
+ L (o) +27108" +
12 og — C
n+1 P, gp 1
1 _ r p
= 271 4 1)log — + 2/t log &
n+1<( + )ogp+ ogR>
1 r
C 2Y 4+ 92 2" log —
+n+1( (psv) + (2" +2)e + 0gp+61)
1 _ r p
= 2771+ 27+ 1)log — + 2" log
n+1<( + 2" + )ogp+ g
1
+m((2y+2)6+0(f%’/)+01)
r g+l p 1
=log— 4+ ———log =+ ——((2" +2 C
B T T 1 R Ty (& POl )

T p 1
<log—+4+logt 4+ — (2" +2)e+C .
_ogp+ ogR+n+1(( +2)e +C(p,v) +c1)

Since € can be chosen to be arbitrarily small and r close to o, we deduce
foroc<r<p<Randn=3-2""! € Athat
P
i

lim sup
n€A,n—oo 1 1

T
log || f — $n — ponlln < logﬁ + log
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Next, we define the sequence {p1 n}nen by

ifneA
(311) Pin = {Sn +p0,7’b iuan ’

Sn if n ¢ A

This sequence converges maximally to the power series f on D,.
Next, we consider a parameter r* such that

0<r*<o<R

and let ¢ > 0 be such that UF» — UHs satisfies (3.6). Then there exists
vy > vy, v1 € N, such that

(3.12) Ut (2) — UPe (2)] <&, z€wUI,

forn=23-2""1 € A and v > v; and we deduce by (3.5) forn =3-2""1c A
and z € I« that

(313)  —10g|f(2) ~ pia(a)] = it MoB[F(2) ~ s0(2) ~ poa(2)
1
< ov=1 414 ( Hn _ [THn )
_n—i—l( +1) ?é?fU (t) — UM (2)
1 y r*
+ T log ||f — s2v |1, +2 log; +co |,
where
. 1 length(I,) p
(3.14) co :=log ?é?ffé‘%f m + log —ar = log e + log p
and, by (3.1,
(3.15) log||f — sav 1, < 2/*1 log% +log(1+ C(p,v))
)

< 2" Hog 55 + Clp,v),
We see that
Utr(z) = —logcap D, = —logp, z€1,,
Ute(z) = —logcap D, = —logo, z € D,.
Therefore, by the uniform convergence of U#* to UHs in we obtain,

for z € I«

(3.16) maxUFn(t) — UF(z2)

terl,

= max(U (t) — U (1)) — (U (2) — U (2)) +log > < log - + 2e.
tel), p p
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Usmg - forn=23-2""1 € Aand v > v we get

(3.17)

7 log || f — pinllr.-

1
< ——2" 14 1) <log 74 26)
p

“n+1

1 1 *
2Vl ——(2"1log —
+ +1< ogR+C’(p,u)>+ +1( ogp—l—@)
1

— ((2“1 +1)log 2 + 27 1og £ 4 2% 1og T)
P R p

n—+1
1
+?((2y+2)5+0(p, )+CQ)
= Co(r*,v) + C1(e,v),
where

(318)  Co(r*v) i= —

((2“1 +1)log 2 + 27 1og £ 4 2% 1og T)
p R p

n—+1
and
Cyi(e,v) := - 1((2" +2)e+C(p,v) + c2)
with
(3.19) il_r% ulggo Ci(e,v) =0.
Consequently,
1 _ o p r*
Co(r*,v) = 21 4 1)log = + 2" log &= + 2¥ 1log —
o(r*,v) n+1<( + )ogp+ ogR—i- ng
1 r* r* r*
= n+1)log — — 2" og — —lo )
n—i—1(< ) & g ~log
1 p o
—— (2" log = 4+ (27 + 1) log —
+n+1< ogR+( +)ogp>
r* 1 p
=log—+ ——(2""1+1)log =
og— -+ +1( +1)log —

1 p o
—— (2" log = 4+ (2" + 1) log —
~I—n+1< ogR+( —|—)ogp>

or
*

1
(3.20)  Go(r*,v) = 10g% o <(2”—1 +1)log Ti + 2" og g).

Since
v—1 41
7—1' and

1 21/+1
n—+1 5 n—+1

> forn=3-2"1, veN,v>2,

~| 0o
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for v € N, v > 2, we obtain

1
(3.21) Co(r*,v) < Co(r*) :== log% + 3 log % + glog %

Since € can be chosen to be arbitrarily small, by (3.17)—(3.21)),

1 r* 1 o 8 p
3.22 lim sup log ||f —pinllr. <log—+ -log— + £ log —
( ) neA, n—oo +1 H n” " P 2 r*

7 °R

11

REMARK 1. The sequence {p1 , nen converges maximally to f on D, if

1 o 8 p r*
Co(r*) =log — + = log — + - log = < log —
0(r") 0gp+20gr*+7ogR_ogR
1 p 2/7
— flog—*g?log— = T*>U(R>
REMARK 2.
Co(r*) =1lo T*+1lo 0—1—810 P <10 T*—i-llo P
r*) =log — + - log — + - log —= =+
0 &) T8 T B RS8R T %
1 1. R 17
= §log—*_ﬂlog— = r*>a<>
Let us fix
1/7
r*=co 2 .
R
Then

0<r*<o<p<R,

and by Remark 1 the sequence {p1 ,}nen converges maximally to f on D-.

By (3.22) and Remark 2 we obtain, for all r» with r* <r < ¢,

(3.23) lim sup

neA, n—oo 1

r 1 p
<log — + — log —.
Ir<log 3+ g7l 5

IOg Hf - pl,n
Now, we modify the sequence {pin}nen by

Py = Pin +2|f —=pinllr, ifneA,
" e = s itn ¢ A

Let us fix an auxiliary parameter £ > 0, which will be specified later.

Then for z € I, r* < r < o, by (3.23) we obtain
1f(2) = pu(2)] < [f(2) = P1n(2)] + 2] f = prallr,

_(r(r 1/1465 n+1+2 a(p 1/1468 n+1
“\R\R R\ R
1/14 N n+l
ofp R
< I
<(7(7) <)
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for all sufficiently large n = 2" +2""1 € A, or

1 log 3
(3.24) 1log|f(z)—pn(2’)’Slog%+—log%+€+ Oil
log 3
=log = +1 —l = :
ogR+og + ogR+ e+ 1
Now, we specify € by
11 R
= —log —
TR %
and fix the parameter r, by
1 1 1)
17717_1771770
og +14ogR—|—€ og +280gR

Then

1/28
—o( 2
TUU(R>

and r* < r, < 0. Moreover, by (3.24]),

lim sup
neAn—oo

log|lf ~pallr, Slog 55, ro<r< o

Consequently, the sequence {p, }nen converges maximally to f on D, .

On the other hand,

f(2) =pn(2) = f(2) = p1a(2) = 21 f = p1allr,,
and therefore, for n € A and z € D,
(3.25) |f(z) = pn(2) = 2If = prnllr, — [ f(2) = p1a(2)]
> ||f = piallr, >0,
since f is not a polynomial.

Summarizing, the error function f — p,, n € A, has no zeros in D, and
{Pn}nen converges maximally to f on D, _, and the Theorem is proven.

3.2. Proof of the Corollary. Because of (3.25),
min [f(2) = pa(2)| =

ZEDO’

Since p1y, € P3.ov-1 C Py, with m := ¥+l _ 1 € Ay, we obtain

n € A.

(3.26) min |£(2) = pa(2)| = |f = prallr, > min |[f = gullr,-
zelgs Qmepm

By (3.3) and (3.4),

3.27

(”e> @) < min |£(2) = sm(2)[V™ < |f = sl 1™ < Ze @, me Ay

R z€l, m m R ’ ’

where lim,,c A, m—so0 €m(0) = 0. Now, we claim that, for m = vl _1 e Ay,
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~ : a\" —mem (o
(3.28) If = Gullr, = min 1 = gullr, > <R) e—men (@)

where ¢y, is the best uniform approximation of f on I, with respect to Pp,.
Let us assume that the claim is false; then

o\ ™
I ~nlr, < () ement
Using , Rouché’s Theorem implies that the functions f — s, and
f=sm—=(f—am) =Gm—5m € Pn
have 2! = m + 1 zeros in D, contradicting s, # ¢,. Hence (3.28) holds.

By (826) and (8:28), for m € 4,

: : a\" —mem (o
min |£() = pa(=)| > min |f = gulir, > () ¢~mem(©)
QWEP

ZGDO- m R
or
g m/n —em(o)m/n : 1/n : 1/n
- e~ < min [f(2) = pa(2)[" < min |f(2) — pa(2)[7"
R 2€Dq 2€D,
Then
m 2Tt —1 4
li =0and1 < —=— < — N.
e Em(0) =0and 1< T8 =F=r s 3, Ve

If the sequence {p,}nen converges maximally to f on D, for r < o, we
obtain
5\ /3
(%) = tmint_min 1£) ~ po(a)"
i/n T

< liminf min |f(z)—pn(2)|1/n§ limsup [|f —pnllp” =&
neA,n—oo D, neN, n—oo " R

o4 1/3
r> ﬁ s
and there exists a minimal %, with
0_4 1/3 .
0 < E S 740’ S g,
such that {p,}nen converges maximally to f on Dy, and the Corollary is
proven.

Hence,
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