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Abstract B
Let E be compact and connected with cap E > 0 and connected complement {2 = C\ E, let
80 (z, 00) be the Green’s function of {2 with pole at infinity and let

Es ={z€2:g0(z,00) <logo}lUE, 1 <o < o0,

be the Green domains with boundaries ;. Let f be holomorphic on E and let p(f) denote the maximal
parameter of holomorphy of f and let {p,},cn be a sequence of polynomials converging maximally to
fonE Ifo,1 <o < p(f) < oo, is fixed and if m, (o) denotes the number of interpolation points
of py to f in E; with normalized counting measure (i, ,, then there exists a subset A C N such that

mp(c) =n+o(n)asn e A n— oo,

— *
Ron|, + Hon|, — HEAaSNE A, n — oo,

where popn = Hon|p + Hon|, ﬁm denotes the balayage measure of Ho,n|, onto the boundary of
E and pp is the equilibrium measure of E.

Moreover, there exists a sequence {on},c converging to o such that the closed curves y, =
(f — pn)(Is,) do not pass through the point O and the winding numbers Ind,, (0) satisfy

Indy, (0) = my(on) =n+o(n)asn € A,n — oo.
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1. Introduction

For B C C, we denote by B its closure and by 3B the boundary of B and we use || - ||
for the supremum norm on B. Let A(B) be the class of functions that are holomorphic in a
neighborhood of B.

Let K be a compact subset of the complex plane C and let M(K) be the collection of all
probability measures supported on K, then the logarithmic potential of . € M(K) is defined
by

U"(z) :=/log du(t)

and the logarithmic energy I(u) by

I(p) = //bg 1t du(t) du(z) =/U"(Z) du(z).

|z — 1]

|z — 1]

Let

V(K) = inf{I(n) : p € M(K)},
then V(K) is either finite or V(K) = +o0. The quantity
-V(K)

capK =e

is called the logarithmic capacity or capacity of K. _
Let E be compact in the complex plane C with connected complement {2 = C \ E. Then
g0(z,00) is a Green’s function of {2 with pole at oo, if

(1) gn(z, 00) is positive and harmonic in 2 \ {oco},
(i) lim (80(z, 00) —log|z|) = —logcap E,
z7|—=> 00
(i) lim gp(¢, 00) =0 for quasi-every z € 342
e, t—>z
If capE > 0, then there exists a unique Green’s function (cf. Ransford [11]) and the
complement {2 is called regular if property (iii) holds for all z € 9{2.
In the following, let E be compact and connected in the complex plane C with connected

complement 2 = C\ E and cap E > 0. Since E is connected, 2 is regular and there exists a
unique measure g € M(E) such that

I(ug) = —logcap E = V(E),

and we have
U"E(z) = —ga(z,00) —logeap E, z € f2.

wE is called the equilibrium measure of E. For o > 1, let us define the Green domain E, by
E, ={z€2:g0(z,00) <logo}UE

with boundary I, := 0E,, and we denote by u, = W, the equilibrium measure of E,.
Let P, denote the collection of all algebraic polynomials of degree at most n. If f € A(E),
then there exists p > 1 and polynomials p, € P,, n € N, such that

. 1
limsup || f — pallf" < p

n—00



H.-P. Blatt Journal of Approximation Theory 312 (2025) 106201

due to a result of Walsh [15]. If f € A(E) is not an entire function and if p(f) denotes the
maximal parameter p > 1, 1 < p < oo, such that f is holomorphic in E,, then there exist
polynomials p, € P, such that

1/n

1
limsup | f — pallg " = —FF-
n—00 £ p(f)

Such a sequence p, € P,,n € N, is called maximally convergent to f on E. Moreover,
Walsh [15] (Sect 4.7, Theorem 7, Theorem 8 and its Corollary, pp. 79-81) proved that for
such maximally convergent polynomials

limsup [ f — pall = ——, 1<o <p(f).
n—00 ° p(f)

For example, the polynomials p; of best uniform approximation to f on E with respect to
‘P, are maximally convergent. Other examples of maximally convergent polynomials are best
polynomial L?”-approximations or partial sums of power series and Faber series.

The best investigated prototype of maximally convergent polynomials are interpolating
polynomials to f: Let

Zn CZn,053n,15 -5 Znon C Ep(f)

be n + 1 points (not necessarily distinct) and let us denote by p, € P, the polynomial such
that

Pn(Zn,j) = f(zn,j)’ 0<j=n

(in the case of multiple points, Hermite interpolation is used). We introduce the normalized
counting measure v, of Z,, i.e.,

#{Zn,j 1Zn,j € B}
n+1
and we decompose v, into v, = v, + V,,. Moreover, we use the balayage measure \T,Z'E
of vy, onto the boundary d E = 942. Then a sufficient condition for maximal convergence of
{Pn}nen 1s well-known :
If f € A(E) is not entire and if the point sets Z,,n € N, have no limit point outside E,
then these interpolating polynomials p, converge maximally to f if

v.(B) = (B c©),

—_— *
Vn|g + Vnlo n—)ooa ME

(cf. Walsh [15] (Chapter 7, Theorem 2)). Well-known examples for such interpolation sets Z,
are Fekete points and Leja points of E.

Conversely, if f € A(FE) is not entire and if {p,},en, pu € Py, is @ sequence converging
maximally to f on E and interpolating f on Z, C E, then there exists a subsequence A C N
such that
This result was proven by Grothmann [9] for connected sets £ and more generally in [4] for
unconnected sets.

In [6] the distribution of interpolation points of maximally convergent polynomials p, for
the special case of rational functions f = P/Q was investigated: If Z,, denotes in this case the
set of all zeros of f — p, in C, then Z, consists of n + o(n) points (o(n) = Landau symbol)

3
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such that
+ _*)
v v u
nlg nlp n E>

where v, denotes the normalized counting measure of Z, (Theorem 1 in [6]).

In this paper we show that interpolation of p, to f is an intrinsic property of maximally
convergent polynomial sequences {p,},cy by investigating the distribution of the zeros of
f—panon E;, 1 <o < p(f). Moreover, we obtain results about the winding numbers of the
error curves (f — p,)(I,) with respect to 0, a phenomenon well-known for Carathéodory—Fejér
approximations of power series (cf. Trefethen [14]).

2. Distribution of interpolation points

Let E be compact and connected in C with cap E > 0 and connected complement
2 =C\E, f € A(E) with maximal parameter p( f) of holomorphy and let {p,},cx s Pn € Ph,
be a sequence of polynomials. We consider the set Z, (o) of interpolation points of p, to f in
E,, ie.,

Zu(0) ={z € Es :1f(2) = pa(2) =0}, 1 <0 < p(f) < o0,

each zero of f — p, listed according to its multiplicity. Denoting by m, (o) the number of
points of Z, (o), the number m, (o) is finite, since f is holomorphic in E,(f. Let g,

#lze BNZ,(0)}
my (o)
denote the normalized counting measure of the point set Z, (o) and let i, denote the balayage

measure of u,, onto the boundary of E,.

We investigate the error functions f — p, on level lines of the Green’s function g (z, 00)
and we use the property of near-circularity.

Mo,n (B) =

(BCC)

Definition. Let f € A(E), let 1 <o < p(f) < oo and let {p,},cn > Pn € Pu, be a sequence
of polynomials converging maximally to f on E. Then f — p,,n € A, are called near-circular
at o_ if there exists a sequence

{ontwen, 1 <o, <o <p(f), lim o, =0,
nelA,n—oo

connected with a sequence

(erknear o0 >0 Jim o =0

such that

1
1
If = pall" < . e e,

and

Oy 1/n On g

e < min|f(z) = pa()"" < IIf = pall e, ne A

— < —

r(f) zelo, For = p(f)

If y is a piecewise analytic closed curve and if y does not pass through the point a, we use

the notion Ind, (a) for the winding number (or index) of the curve y with respect to the point
a (cf. Ahlfors [1] or Rudin [12]).
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Let us decompose (s, into

MHon = Mo,n|g + Mo,n|gs

and let &, .|, denote the balayage measure of /i, |, onto IE.

Main Theorem. Let f € A(E) with p(f) < oo, let 1 < o < p(f) be fixed and let
{Pnluen s Pn € Pn, be a sequence of polynomials converging maximally to f on E. Then there
exists A C N such that the functions f — p,, n € A, are near circular at o_ with associated
sequence {0,},c,, connected with the sequence {&,},c, and

my(c)=n+o(n)asne A,n— oo, (2.1)
my(o,) =n+o(m) asne A, n— oo, (2.2)
Tony + Monlg —> e asn € A,n — oo. (2.3)

Moreover, the winding numbers Ind,, (0) of the curves v, = (f — pn)(Is,) with respect to the
point O satisfy

Ind,, (0) = my(0,) =n+o(n) asn € A,n — oc. (2.4)
The auxiliary tools for the proofs will be the theory of condensers (Bagby [2]), outlined
in Section 3.1, the property of near-circularity in capacity [5], outlined in Section 3.2, and
asymptotic estimates of solutions of special Dirichlet problems, outlined in Section 3.3. These
tools are the basis for investigating in Section 4 the asymptotic behavior of the numbers m, (o),
which count the number of points of interpolation of p, to f on E,.
3. Auxiliaries
3.1. Condensers
We recall known facts about condensers, due to Bagby:
Let A, B be disjoint compact sets in C, then (A, B) is called a condenser. If
M(A, B) .= {a =04 —0p:04 € M(A),0p € M(B)}

denotes the collection of signed measures with support in A, resp. B, then

1 1 1
Ug(z) = /log E —t|do(t) = /log i t|daA(t) —/log E _t|d03(t)

is the logarithmic potential of ¢ and

J(o) = // log L do(t)do(z)

lz — 1]
defines the logarithmic energy integral of o. The modulus of the condenser (A,B) is defined by

mod(A, B) :=inf {J(o) : 0 € M(A, B)}.

If mod(A, B) < oo, then there exists a unique signed measure T € M(A, B) such that
J(t) = mod(A, B),
and t is called the equilibrium measure of the condenser (A,B).

5
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To decide whether 0 = 04 — o € M(A, B) is the equilibrium measure of the condenser
(A, B), we use the following criterion of Bagby ([2], Theorem 1 and Theorem 2):
If there exist constants V,, Vg € R such that

(1) Vg =0 < Vy,

(i) Vg < uy(z) <V, forall z € C,
(iii) uq(z) = V4 for z € A,
(iv) u,(z) = Vp for z € B,

then mod(A, B) = V4 — Vp and o is the equilibrium measure of the condenser (A, B).
Finally, the definition of the modulus immediately yields the property of monotonicity: If
A’, B’ are compact sets such that A C A and B’ C B,
then
mod(A’, B') > mod(A, B).

3.2. Near-circularity in capacity

For z € E,(y) \ E we define the functions

&&%=%bmﬂ@—pdm—gMLw%H%pUL

which are subharmonic and therefore upper semicontinuous in E,sy \ E, and moreover
harmonic outside the zeros of f — p,.
If § is a compact set in E,(s) \ E and ¢ > 0, we define

K,(S;¢e) = {z €S:Fz) < —8}
and introduce for 1 < k1 < k9 < oo the annulus
DK1,K2 = FKQ \ Ekl

between the level lines Iy, and I, of the Green’s function g (z, 00).
Then in [5] the following theorem was proved.

Theorem 3.1. Let E be compact and connected with cap E > 0 and connected complement,
f € A(E) with maximal parameter p(f) of holomorphy and let {p,},cy be maximally
convergent to [ on E.

If1 <oy <03 < p(f) < oo, then the compact sets K,(Dqy, 5,; €) Satisfy

lim liminf cap K,(Dq, 0y; €) = 0,

e—>0 n—o0

or equivalently,

lim lim inf inf F,(z) = limsup max F,(z)=0.
e—>0 n—o0 ZEDal,ag\Kn(Dal,agig) n—>oo 2€Doy,09

Let {py},cn be maximally convergent to f on E and let B be a fixed parameter with

1< B <p(f)

Since E is compact and connected with cap E > 0 and connected complement (2, go(z, 00)
can be extended continuously to E by go(z, 00) = 0. Extending analogously F,(z) to E, the

6
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function F,(z) is upper semicontinuous in E,(y). Then F,(z) is bounded above on Eg and
attains its bound on Eg (cf. Ransford [11], Theorem 2.1.2). Hence, for 1 < 8 < p(f)

max F,(z)
Z€ER

exists and the maximal convergence of p, to f on E implies

lim sup max F,(z) = 0. 3.1)

n—oo z€Eg

Corollary 3.2. Let
l<o<t=<B<p(f)<oo.
then there exists A C N such that the functions f — p,, n € A, are near-circular at o_ and at

T_ with associated sequences {0,},c 1 and {t,},c 4 connected with the sequence {&,},c .

Proof. We choose

1421
o= ,
2

then by Theorem 3.1
lim lim inf cap K,(Dyp; ) = 0.

e—>0 n—o0

Defining

3(e) = li,{rig}f cap K,(Dq.g; €),
we get

gLn% 3(e) =0. (3.2)
Set

D, = Dafl/n,a U Drfl/n,za
then there exists ng € N such that for n > ng
D, C Da,ﬂ and Dg_l/n_g N Dt—l/n,r =0.

Let & be the conformal mapping @ : C\ E —> {z : |z| > 1}, normalized by &(oc0) = oo and
¢’ (00) > 0, then

clo) = mp | P = g, 1] > 0

Because of (3.2) we can choose {8:};.;"0 such that

5(et) < 1 1 0 . - 1

e ——, 0<el < —.

"7 c(a) 16n "Tn

Together with (3.1), we define inductively {k,} 2, 0’ k, < k,y1, such that
max Fy, (z) < &) (3.3)
z€Epg

and

Kty (Dapi6]) < — < G4
ca o p En) < ———. .
P R Dap c(a) 8n
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Let p; denote the projection p; : C\ {0} = R,
@) =r=ll, z=re?,

where we have used polar coordinates (r, ¢) in C\ {0}.
Then the contraction property of the capacity (cf. Pommerenke [10] or Ransford [11]),
together with (3.4), yields
cap p1(P(Ky,(Dap: €,))) < cap D(Ky,(Da.p: €,))
< c(a) cap Ky, (Dy.p; €))

1
< —. 3.5
=z (3.5)
On the other hand,
1
cap p1(P(Ds-1/n.0)) = cap p1(P(Di1jnz)) = n (3.6)

Comparing (3.5) with (3.6), we conclude that for every n € N, n > ng, there exists o3, €
[c — 1/n, o] such that

ngn N K, (Da,g; €;) =0,
and 7, € [t — 1/n, 7] such that
Iy, N K, (Dag; €,) = 0.
Using the definition of Ky, (D p; €5), we obtain

—er < min F,(z) and —e¢) < min Fy,(z),
€l el

and together with (3.3)

—&r < min Fy, (z) < max F, (z) < €],

€l el

and

—& < zg}i% F,(z) < Zgll%z Fy,(z) <&
Consequently,

e < min |f(2) = pu, (1 < S = pu 1 < e,

p(f) 2€lgy, % p(f)
and

S < min 1@ = @I = | = < e
Define

= {ku}y2,, CN

and

Ek, = €.

Then (3.3) implies

| f = P

Lk o

1
o(f)
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so that the error functions f — p,, n € A, are near-circular at o_ and at T_ with associated
sequences {0y },c4, {Tu}aea connected with the sequence {,},c4. U

Finally, we need the following extension of the previous result.

Corollary 3.3. Let
l<p<o<t<B<p(f) <oo,

then there exists A C N such that the functions f — p,, n € A, are near-circular at p_, at o_
and at t_ with associated sequences {pn},cp, 1Ontnen, {Tulnen connected with the sequence

{8n}n€/1'

Proof. Let
p—1
o =14+—
2
and
D, = Dp—l/n,p U Da—l/n,a U Dt—l/n,r,

then analogous arguments as in the proof of Corollary 3.2 lead to Corollary 3.3 by using
Theorem 3.1 for Dy, oo = Dop. 0O

Moreover, concerning Z, (o) we show

Corollary 3.4. Let
1<o <p(f) < oo,

and let A C N such that the functions f — p,,n € A, are near-circular at o_ with associated
sequence {0,},c connected with the sequence {e,},c4. Then Z,(c,) # @ for all sufficiently
large n € A, or more precisely,

Z,(0n) # O for n € A with logo, > 2¢,.

Proof. Since the functions f — p,, n € A, are near-circular at o_ with associated sequence
{04}, connected with the sequence {&,},c -

If = pallY" < p(lf)fn, ned, 3.7
and
T et < min|f(z) = pa(@)V" < I = palll! < e, (38)
p(f) €0, o p(f)
The left inequality in (3.8) implies f(z) — pn(z) # for z € I',,.
Let

ha(z) = %loglf(Z) — pa(2)1,

and let us assume that n € A with Z,(o,) = 0:
Then h,(z) is harmonic in E,, and continuous on the boundary I, and we obtain
min 4, (z) = minh,(z) > logo, —log p(f) — &,.
z€Eq, z2€l,

9
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Hence, by (3.7)

logo, —log p(f) — &, < minh,(z)

z€Eq,
< .
= Tiphnle) < e (@

< —logp(f)+eén
or
log o, < 2¢,.
But this inequality is only possible for a finite number of elements of A and Corollary 3.4
is proven. [J
3.3. Characteristic Dirichlet problems
Let E be compact and connected with cap E > 0 and connected complement and let us fix
parameters » and R such that
l<o<r<R<o.

We consider the equilibrium measure p, of E,, resp. I, and let v € M([},) with v # ;.
Then the difference

(U" = U")(z)

is harmonic in C\ E, and the maximum of U — U"° on the level curves [, 0 < s < 00, is
increasing with decreasing s. Hence

max (U"=U")(t) > max (UY = U")(¢). 3.9
Let A C N and let {v,},c1 be a sequence with v, € M(Iy) and v, # Ko for n € A. Then

we consider for n € A the solution ¢ (v,; -) of the Dirichlet problem in Eg \ E, with boundary
conditions

¢(va;z) =0, z € I, (3.10)
and

¢ (vy; z) = min (0, ¢(vy; ) — (U™ (2) — UM (2))), z € I}, (3.11)
where

c(v; IR) = meax (U™ — UM )(t). (3.12)

The boundary functlons are continuous and < 0. Because of v, # u,, resp. (3.9), the
boundary function in (3.11) is not identically 0. Hence, the maximum principle for harmonic
functions implies that ¢(v,; z) < 0 for all z € Eg \ E,.

Let K C Ep \Er be compact, then

8y, (K) = max ¢(v,; z) <0,
zeK

and we obtain in the following lemma an upper bound for the sequence {5u,, (K )} using a

modified reasoning of Grothmann ([9], Proof of Theorem 2.5).

neA’

10
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Lemma 3.5. Let
l<o<r<R<o0,

let A C N and let {v,},c be a sequence of measures v, € M(I,) such that i, is not a weak*
limit point of {vy},cn. If K is compact in Eg \ E,, then

limsup 8, (K) = limsup max ¢(v,; z) < 0.
nel,n—o00 neAn—oo €K

Proof. Let us assume that the Lemma is false: Then by Helly’s Theorem, there exists a
subsequence A; C A and v € M(I,) such that

*
Vn — v 75 Ko
neAy,n—o0

and

lim 8, (K)=0.

neAi,n—o0

Let ¢(v; ) be the solution of the Dirichlet problem in the annulus Eg \ E, with boundary
conditions (3.10)—(3.12), where v, is replaced by v. Then the same arguments as above show
that ¢(v; z) < 0 for all z in Eg \ E,.

Forn € A and z € Eg \F,, we define the function

hy(2) = min (0, c(vy; Ir) — (U™ (z) — U™ (2))).

Since the functions U"", n € Ay, converge uniformly on compact sets of C \FU, the functions
hy(z) converge uniformly on I, to the continuous function

h(z) =min (0, c(vi I'x) — (U"(z) — U" (2))). z € I’

Then due to a well-known theorem (cf. Behnke—Sommer [3], chapter II, The_orem 57), the
harmonic functions ¢(v,; ) converge uniformly on compact sets of Ex \ E, to ¢(v;-).
Consequently,

limsup max ¢(v,; z) = limsup max ¢(v;z) <0,
neAy,n—oo 2€K neAj,n—>o0 Z€

contradicting our assumption that the Lemma is false. [

4. Asymptotics of interpolation points
In the following, the sequence {p,}.y converges maximally to f on E and
l<o<t=<B<p(f)<oo.

The proof of the Main Theorem will be based on four lemmas, where f — p,,n € A, are near-
circular at o_ (resp. t_) with associated sequences {0,},c4 (resp. {t,},c4) connected with the
sequence {&,},c. Since lim,c4 ,—00 0, = 0, We may assume that

logo, > 2¢,, n € A.

Notations.

(D 1<o <p(f):
11
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A(o) C N denotes the collection of subsets A4 C N such that f — p,, n € A, are near-circular
at o_ with associated sequence {o,},., connected with the sequence {¢,},c -

Ql<o<t<p(f):

A(o, 1) C N denotes the collection of subsets A C N such that f — p,, n € A, are near-
circular at o_ and at 7_ with associated sequences {0,},c4 and {7,},c4 connected with the
sequence {&,},cA-

Lemma 4.1. Let A € A(0), then

lim sup < limsup <
nelA,n—oo My (U nelA,n—oo My (Un)

For k > 1 we denote by |«xn]| the greatest entire number < kn and define for A € A(t) the
subset

Ay = {n e A:my(o) > LKnJ}, K> 1.

Lemma 4.2. Let A € A(t) and k > 1, then A, is a finite subset of A and

lim inf > liminf > 1.
nelA,n—o0 my(oy, neA,n—o0 My, O')

Lemma 4.3. Let A € A(o, ), then
my(c)=n+o(n)asne A,n— oo, 4.1)
my(o,) =n+o(n) asne A, n— oo, (4.2)
@—*>M0as neAn— oo. 4.3)

Lemma 44. Let A € A(o,t), then the winding numbers Ind,, (0) of the curves y, =
(f = pn)(I,) with respect to the point 0 satisfy

Ind,, (0) = m,(0,) =n+o(n) asn € A,n — .
By Corollary 3.2, A(c), A(t) and A(o, T) are nonempty sets.
4.1. Proof of Lemma 4.1

4.1.1. The crucial condenser
Forn € A let

G = {z € E,, :hy(z) = %loglf(z) — pu(2)| < log ,O(E;) — sn}. 4.4)

Since h,(z) is subharmonic in E,, and therefore upper semicontinuous, the set G is open
in E,, (cf. Ransford [11] (Definition 2.1.1, p.25)). By Corollary 3.4, Z,(0,) # @ and
Zy(0,) C GY implies that G0 # ¥, n € A. We set

Zn(an) = {Sn,lv En,Qs sy gn,”ln((r,l)} .

12
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For any 1 < i < m,(0,), there exists a connected component GSZ- C Gg with §,; € GSJ..
Then we claim that

my (on)

U G (4.5)

Otherwise, there exists a connected component G # f, G C G, such that

mp a,,
Gin |J Gl =
i=1
Then
1
ha(z) = ;loglf(z) —pa(2)l, z € Gy,
is harmonic in G*, continuous on G* and constant on the boundary dG*, namely

hy(z) = log

On .
o f) &n, 2 €0G,.
Then the maximum principle for harmonic (resp. holomorphic) functions yields that &, (z)
(resp. the function f — p,) is a constant on G, contradicting the fact that p(f) < oco. Hence,
(4.5) holds.

C\ GY will take the role of one plate of our crucial condenser.

As counterpart to (4.4), let us define for n € A

G, = {Z € Gy hi(z) = %loglf(Z) — (@)l < logﬁ +en}.

Then G} is open and

1
1
If = pall" < <3 e, ned,

so that E C Gl,n € A.
Let G, ; denote the connected component of G} with &,; € G}, ;. Then the same arguments
as above for (4 5) show that

U G!
Now, the deﬁnltlons imply that
ECG, CG)CE,,.

For z € G} we have

ha(2) = %mg /(@) = pa()] < log%ﬁ o
and for z € G?
1 o
n(2) = - 10g 1 () = pa(2)] = log — 5 — e

Since log o, > 2¢,, n € A, we obtain
GIN(C\GY) =0.
13
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Therefore, (GL, C \ G?) is a condenser for all n € A with
G_i as first plate and C \ GS as second plate.
Finally, we define
I’ =9G% and I'! = 3G},
and we will calculate the modulus of the condenser
(G, C\GY), resp. (I}, I,)),
via appropriate probability measures on I'! and I'°.

The probability measure v on I'"°
Let §; be the Dirac measure at the point &,; € Z,(0,), then we define

mp (on)

W= 3 3

ma(on) =

where ;S\, denotes the balayage measure of §; onto the boundary of Gg,r
It is well known that
1 0
log = z€C\G),,
U%(z) =

1 0 0
IOg P - g,,,,-(Z, En,i)7 Z € Gn,i’

where g7 (z, &) denotes the Green’s function of GJ), with pole at &,; € GJ, (cf. [13],
Chapter II, Theorem 4.1).
Extending the definition of g? . (z,&,.;) to C\ G?; by

g i(z,6.) =0, ze C\ Gy, (4.6)
we obtain
V0 _ 1 e 1 .0 ) 0
U (Z) - IOg gn,i(z» %n,l) , T€ Gnv (47)
mn(on) i—1 |Z - %.n,i|
and
mn(an)
U™ (z) = ! Z log ;, ze€C\ G (4.8)
mpy (Un) |z — En,i| "

i=1

The probability measure v! on I'!
We define

1y (on)

1 =

i (0n) i=1

=2}

1.
vn A L

14
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where 3\, denotes the balayage measure of §; onto the boundary of the connected component
G}, of G. Then

n,t

log |z—§n.i\’ 2€C\G,,

l0g = = 84.4(2. £ni). 2 € Gy

where g, ! (z,&,,) is the Green’s function of G}, with pole at§,; € G
Extending the definition of g, (2, &,.;) to C \ G,

8ni(2, &) =0,2€C\G,,, (4.9)

we can write

My (on)

1 1
U (z) = {log — —2,.:(2, Sn,i)} , 7€G}, (4.10)
my (611) i=1 |Z - é:n,t|
and
mp (on)
1 1 1
U'(z) = log———, ze€C\G}.. 4.11)
( ) m ( 2 |Z - Ei’ll|

The logarithmic potential of the signed measure v} — v?

Using (4.8) and (4.11), we obtain
U'(z)—U%(z) =0, zeCT\GY, 4.12)
and by (4.7) and (4.10) for z € G1

U (2) = U (2) = (82,(z 60i) — 8)4(2, 601)) - 4.13)

Let
1 mp (on) .
RS(Z): - gy?lzgnt ZEGSs
n i=1
where g,?,,»(z, &,.i) is the extended Green’s function, defined in (4.6). Then
1 Op
R)(z) = hy(z) = =log | f(2) — pal2)| =log —~ — €4, z€T}.
n p(f)

Hence, the function R(z) is harmonic on G, continuous on GY and constant on the boundary
I'Y. Since G consists of a finite number of disjoint regions of type GY,, by the maximum
principle

RY(z) = log —"

o(f)

Analogously, let

— &, z €GO (4.14)

mp (on)
R, (z) = ha(z) + - > grilzEni). € Gl
i=1
15
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where gi’i(z, &,.i) is the extended Green’s function, defined in (4.9). Then

1 J—
R} (z) = log S e we G, (4.15)
and by (4.14) and (4.15) we obtain for z € E
mn(an)
RY(z) — (gr:(z.Eni) — 8ni (2, &ni)) = log o, — 28, > 0.

i=1
Because of (4.13), we have got for z € G%

U (z) — U (z) = (log o, — 2¢,) > 0. (4.16)

n
m, (o)
Summarized, for n € A we realize by (4.12), (4.13) and (4.16) that v} —v? is the equilibrium
measure of the condenser

(GLC\GY), resp. (I}, I)),
with modulus

mod(GL, C\ G°) = mod(I'}, I'’) = —— (log g, — 2¢,) . (4.17)

my(oy)
4.1.2. Comparison of mod(G}1,C \ GO) and mod(E,C \ E,,) _
Let us compare the condenser (G1, C \ G?) with the condenser (E, C \ E,, ). Since
ECG}! and C\ E,, c C\GY,
the property of monotonicity of the modulus of condensers implies
log o, = mod(E, C \ E,,) > mod(GL, C\ GY)
and therefore (4.17) yields

log Op = (IOg On — 28n) .

my(o,)

Since log o, > 2¢,, n € A, we obtain

2¢e,
E 1 + O —— {4 € A’
my(o,) log o, — 2¢,
and
lim sup < 1.
neA,n—o0 mn(an>
And finally,
mn(a) > mn(an)
leads to
lim sup < limsup - 1.

neA,n—o00 mn(o) neA,n—oo mn(Un) -
Hence, Lemma 4.1 is proven.

16
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4.2. Proof of Lemma 4.2

Let
k=149,

then § > 0 and
1
—(8logz +log p(f))

is a convex combination of logt and log p(f). Since the logarithm function is concave on

(0, 00), we can fix R, T < R < p(f), such that

1
log R > —(8logt +1log p(f)). (4.18)
K
If we define
ot _zklogR—élogt—logp(f) @.19)
' e +1 ’ '

then (4.18) implies ¢* > 0.
Since A4 € A(t), the functions f — p,,n € A, are near-circular at t_ with associated
sequence {7,},c1 connected with the sequence {&,},c,

Tn

e, ne A 4.20)

e < min|f(2) = pu(@I"" < I = pall ) <

T,
p(f) zel, " p(f)
Moreover, there exists ng such that

. T—0
T, >t =0+

,ned, n>ng. 4.21)

Next, we choose r such that
l<o<r<t"<t<R<p(f)<oo,

where R satisfies (4.18).
Since 1 < o < p(f) is fixed and « > 1, the definition of A, , implies that for n € A,
there exists a point set Z; , C Z,(o) of lkn] + 1 points and let

Ziw =80 Con e Clen ) -

We denote by ., the normalized counting measure of Z
Win ONto Iy

We may interpret f — p, as the error of interpolating f by p, on the point set Z; . Then
the Lagrange—Hermite formula for z € Eg yields as

F@)=pal) = = [ Lwnl@ SO

2mi 'z wLKnJ(t) t—z

k
K,n

and let [i,, be the balayage of

dt (4.22)

with
Lk n]

wien(t) = [ t=¢5). tecC

i=0
(cf. Walsh [15], Chapter 3, §3.1). (4.22) can be rewritten as
1 wien)(2) f(t) = palt)
z) —pulz) = — dt.
@) - ple) = 5 f pe L LU
17
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Let us assume that A, , is not a finite subset of A € A(t), contradicting the statement of
Lemma 4.2. Then we distinguish two cases:

(a) po is a weak* limit point of { iz} _,

or

(b) 15 is not a weak* limit point of {{,}, _, .
Case (a) 1, is a weak* limit point of {7}
In this case, we choose A1 C A, such that
*

Mic,n > Mo -
neAy,n—>o00

By (4.22) we obtain for z € Eg
1 ( |wien (2)]

1£(2) = pu(2)l < o— | max —=——20 || fll, max

1
—— | length(I'g),
= 2w \telg |w|_KnJ(t)| el'p |l—Z|) g ( R)

or for z € E,

C1

— 1 —p,(2)] < UPen (1) — UPten _ 4.24
o] 1 oglf(z) —p (Z)I_glel‘;zf (t) (z) + o] 71 (4.24)
where
length(I'g)
=1 1 log —=——=~.
c1 = log |:I£%X max |t_z|} +log |l fll p, + log oo

Because of the uniform convergence of U/ to U*s on compact sets of C \ E,, there exists
ni(e*) € N, ny(e*) > no, such that

|UPn(z) — UM (z)| < & for z € Dy g, n € Ay, n > ny(e*).
Hence, for z € I'r and n € Ay, n > nq (&%),

max U (1) < max U'o(t)+&* = —logcap E —log R + &*
telg

tel'g
and for z € 1%,
UHen(z) = Ut (z) —e* = —logcap E — log 1, — £*.
By (4.24) we obtain for z € I';, and n > ny(&*)
1
lkn] +1 lkn] +1°

Then there exists na(¢*) > ny(e*) such that for n € Ay, n > na(e*),

T, .
log|f(z) — pa(2)] < log — +2¢" +

T .
log | f(z) = pa(2)| < IOgE +3¢*, z eI,

lkn| +1

or for n € Ay, n > no(e*),
1 kn] +1 7, .
~log|f(z) = pu(2)l < % [logE + 3¢ ] zely,.

Using
kn—1 < |kn] <kn and logt—lg < 0,

18



H.-P. Blatt Journal of Approximation Theory 312 (2025) 106201

we get
kn+1

1 T,
~log |f(2) = pu(2)| < log = + 367 L ze Ty,
Then there exists n3(e*) > na(e*) such that for n € A1, n > n3(e*),

1 T,
—log|f(z) = pu(z)l < xclog o +dke", z€ Iy, z€ T,

or

1 n
“log | £(2) — pa(2)] < log —— + A, (i, &%), 7 € I, (4.25)
n p(f)

where

Tn o(f)
A, (k,e") =8 log + k log + 4ke*.
k, €7) p(f) R

Then some calculations, together with (4.19), show that

T p(f)
A, (k, %) < Ak, €%) =8 log + k log + dke* = —¢&*.
o6 = Alee7) =0 o 2 R

Hence, by (4.25) for n € Ay, n > n3(&*),

max | £(2) - P2V < pz'})e”"*

On the other hand, f — p,, n € A, are near-circular at t_ and by (4.20)

. _ 1/n Tn
min If(2) = pa(2)l > 50

Summarizing, the following inequalities must hold for all n € Ay, n > n3(e*):

e zely, ne A

T e

¢ > m 1) = Pl 2 i 1) = @1 > e

Tn
P (f ) zel’ n
which is a contradiction to ¢* > 0 for sufficiently large n € A;.
Hence, Case (a) cannot occur.

Case (b) j, is not a weak* limit point of {7, } _,

Consider the sequence {/Z;,},_, and let ¢ (i ,; ) be the harmonic function in Eg \E,
with boundary conditions (3.10)—(3.12), where v, is replaced by fen and A by A, . Since i,

is not a weak* limit point of {/Z;,} _, , we obtain for K = D« by Lemma 3.5

limsup max ¢(fen; 2) <0,
neg g ,n—>o0 €0 ¢

where 7* is defined by (4.21). Let ng satisfy (4.21), then there exists ¢ > 0 and ny(¢) € N,
ni(e) > no, such that for n > ny(e), n € Ay,

max ¢ (e 2) < —3e. (4.26)

2€Dx o

Since p, € P,, n € N, converge maximally to f on E, there exists na(¢) > ny(e) such that

L log 1S = pullp, <log —— 46, n = na(e)
—Og —pn _Og_ &, n_ngé‘.
n T o(f)

19
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Because of
n
0< — 1, 4.27
S+l .27
we get
logIlf — pullr. < — 1 log —— 46, n = nals) 4.28)
—— 1o - o e, n>ns(e). .
Len) + 1 80 TP = T e %8 () ?

Using (4.23), we obtain for z € I

m log|f(z) = pa(2)l < leel%;( U Feon (t) — [ )

+

(4.29)

1
7 (og I f = px :
Lo 1 (o8 1S = Pallr +c2)

where

length ([’
[ 10g T

co = log |:max max 5

zely tel'g |t — Z|

By (4.28) and (4.29), we can choose n3(g) > na(e) such that for z € I, and n > n3(e),n €
AO‘,K,

1
- — b,
o 1 [oslf(@) = P2l o)
< max U (1) — UPen (z) + log R + 2e. ‘
_tEFR LK”J+1 p(f)

Now,

U*(z) = —logcap E —logr, ze€l,

and

U"(z) = —logcap E —log R, 7z € I.
Therefore,

max U (1) = UV (2)

= max (U = U")(1) = (U™ () = U (2) + log .

tel'p

and by (4.30) we get for z € I, and n > ns(e), n € Asy,

log | f(z) — pa(2)I

lkn| +1
< max (U = U") (1) = (U7 (2) = U™ (2))
tel'g
" tog R o 4log
og e + log —
lkn] +1 o(f) R
< max (UI/-K,n _ Ul’-(r)(t) _ (U#—K,n (Z) _ UMn (Z))
tel'p
A P S
og &
lkn] +1° 7 p(f)
+Llogi+logi — Llogi
lkn] +1 R R |«kn]+1 R

20



H.-P. Blatt Journal of Approximation Theory 312 (2025) 106201
or

log | f(2) = pa(2)l
< max (U — U™ )(1) = (U™ (z) = U (2)) (4.31)

tel'g

lkn| +1

+

B g £ 2 +1 1[1——" }
enl +1 8 0(f) %% R en) +1|°

Since (4.27) holds and log (r/R) < 0, we obtain finally for z € I, and n > n3(g), n € Ay,
log | f(z) = pa(2)]
< max (U = UM (1) = (U™ (z) = U (2))

tel'p

lkn| +1

log —— + 2.
1 "p

n n
Len] + (f)

Let

¢(fem; Tr) = max (Ufen — UFo)(1),
tel'p

then for z € I, and n > n3(¢),n € Ay,

1
———— log|f(z) — pa(2)l
o] 1 gl f(z) — pa(2) )
. n r .
< (s Tr) — (UM (2) — UM (2)) + lo + 2¢.
(3 o) = (U7 (2) = U (2) + o g s
For z € I'g and n > n3(e), n € Ay, the inequality (4.28) yields
n R
— 1 —pa(2)] < 1 2¢. 433
ol 11 og|f(z) — pu(2)| < o 71 ogp(f)+ e (4.33)
Hence,
1 _
— 1 — Pa(2)l, ER\E,,
o 1 og|f(z) — pa(2)l, z € Er\

is subharmonic and satisfies the boundary conditions (4.32) and (4.33) for n > n3(e),n € Ay 4.
Therefore, the definition of ¢ (iL,.,; z) implies that
n
lkn] +1
is a harmonic majorant for the subharmonic function

(80(z,00) —log p(f)) + ¢ (M 2) + 2¢

Ten]+1 log|f(z) — pa(2)l, z € ER\ E,.

Hence, for z € Ex \ E, and n € A,

n
m log | f(z) — pa(2)| < m

and by (4.26) we obtain for z € Dy, and n > n3(e), n € Ay,

log | f(z) — pa(2)

(80(z,00) —log p(f)) + d(ficns 2) + 2¢.

(80(z,00) —logp(f)) —e.

lkn] +1 = lkn] +1

21
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Since I';, C Dy, for all n € Ay, with n > ng, we get finally for n > ns3(¢)

1/n Tn —& Lenl 1 Tn
If=paully, = —F (e o< e
T p(f) ) o(f)
Since f — pn, n € A, are near-circular at 7_ with associated sequence {t,},.4 connected
with {&,},c1, we obtain for n € A,,, n > n3(e), with (4.20)

—&

e > If = pallyy = minf(2) = pu@)"" >

T, T
p(f) " el :O(f)

which leads to a contradiction for all sufficiently large n € A, .

Hence, Case (b) cannot occur.

Summarizing, A, , has to be a finite subset of A € A(t) and the first part of Lemma 4.2 is
proven.

Concerning the second part of Lemma 4.2, let us assume that

lim inf
neA,n—oo0 my(o

<y <l (4.34)

and let
1 1—vy
PRSI

Then « > 1 and there are infinitely many indices

np <ng <ng<---

such that
i’lj 1 .
<—-, j=123,...,
my (o) &
or

my (o) > kn; > lkn;|, j=1,2,3,...,

in contrast to the first part of Lemma 4.2.
Hence, the assumption (4.34) above is false, and Lemma 4.2 is proven.

4.3. Proof of Lemma 4.3

Since A € A(o, T), by Lemmas 4.1 and 4.2 we obtain
n n
li = 1 — =1,
neA{ﬁw mn(a) nEA{ngoo mn(on)

which is equivalent to (4.1) and (4.2). It remains to prove (4.3).
As in the proof of Lemma 4.2, we fix ng € N such that

T—0

T, >t =0+ , = ng.
Next, we choose r and R such that
l<o<r<t"<t, <t<R<p(f) n=nyp.

In contrast to (4.3), let s, be not the weak* limit of { /f;l}ne A

22
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Then there exists an infinite subset A; C A such that u, is not a weak* limit point of
{Bon}, 4, and we consider for n € A, the solution @ (fign; +) of the Dirichlet problem in

Eg \ E, with boundary conditions

¢(fon: 2) =0, z € I'g,
and

¢ (floms 2) = min (0, c(flon; Ir) — (U™ (2) — U (2))), z € I},
where

¢(fam: Tr) = max (U"on — U )(1). (4.35)

tel'g

According to Lemma 3.5, there exists ¢ > 0 and n1(¢) € N, ny(¢) > ng, such that for
n>ni(e), n € A,
max (o z) < —4e. (4.36)
2€Dx o
Since p, € P,, n € N, converge maximally to f on E, there exists na(¢) > n1(e) such that

1 R
~1 = Pullpy Slog——=+e¢, n=> .n € Ay 4.37
. ogllf — pullp, <log o) +e n>nye),ned; (4.37)

If we interpolate f — p, with respect to P, (s)—1 on the point set
Zn(o) = {Cn,ly §11,2, ey Cn,mn(a)} C Ea’
then O is the polynomial of interpolation and f — p, can be written for z € Eg and n € A; as

f(z) = palz) = 1 wmn(a)(z) f(t) = pal(t)

% I'r u)mn(a)(t) t—z

dt

with
mp (o)
W, (o)1) = [] (t=¢ui). teC.
i=1
Since @, denotes the normalized counting measure of Z, (o) with balayage measure [i,.,
on [,, we obtain for z € I, analogously to (4.29),

(o) log|f(z) = pa(z)l = max U (1) — Uon (z)
' ; (4.38)

1
() (log Il f = pull g +c2)

where
length(I'g)

1
2 = log | max ma. +lo .
? g[zeFi( IGF;( |t—z|i| 8 27

Using (4.37) and (4.38), we can choose ng(¢) > nz(e) such that for z € I, and n >
ns(e),n € Ay,

log|f(z) — pa(z)l < max U (r) — Uron(z)

mn(o) tE[‘R
" lo i+2£
ma(0) " o(f)
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With analogous arguments as in (4.31) we obtain for z € I, and n > n3(¢), n € 44,
1
—— log|f(z) — pu(2)l
my (o)
< max (U”j‘-’j’ —U")(t) — (U@(Z) —U"(z))

tel'p

" g 42 +log |1
o) B T Ogi[ ‘mn<o>]'

Because of (4.1), there exists ny(¢) > n3(¢) such that for n > ny(e),n € Ay,

log — |1 " <
—_— E— 8’
&R my(o) |~

and therefore for z € I, and n € Ay, n > ny(e),

log | f(z) — pa(2)I

< max (U — U )(t) — (U (z) — U™ (2))

tel'p

1
my (o)

log —— + 3e.
m(e) 8 o) T

Using (4.35), we obtain for z € I, and n > ny(e),n € Ay,

1 leglf (@) - pal2)]

() _ . (4.39)
< c(ftgn; Ir) — (Ut (2) = UM (2)) + log —— + 3e,
(i 1) = (U (0) = U () + 72 ok~
and for z € 'k and n > ny(e), n € Ay, we can write with (4.37)
1 n R
——— log|f(z) = pu(2)| £ —— log —— + 3e. (4.40)
o) BV il = S o8 S

Hence,
1 _
—— log|f(z) — pu(2)l, z € Er \ E,,
mn(U)

is subharmonic and satisfies the boundary conditions (4.39) and (4.40) for n > ny(e), n € A.
Consequently,

iy (89(200) = log o)) + 9z 2) + 3¢

is a harmonic majorant for the subharmonic function

1 _
——— log|f(z) — pa(2)l, z€ ER \ E,.
my (o)

Therefore, we obtain for z € Ex \ E, and n > ny(e),n € Ay,

log | f(2) — pa(2)I

1
my (o)

< e (82(3:00) —log p(f)) + (i ) + 3e.
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Hence, for z € D.« ; by (4.36)

log | f(2) = pa(2)| <

my (o) my (o)

Since I';, C D+, for all n > ny(e),n € Ay, we get finally by (4.1)

n

(80(z,00) —logp(f)) —e.

limsup [|f — pull}" < limsup

T, mn (o) T
(2 ™) = te
neAi,n—oo neA1,n—o0 p(f) p(f)
and we have got a contradiction to the fact that f — p,, n € A, are near-circular at t_ with
associated sequence {7,},-4 connected with the sequence {¢,},c 1, namely that

T
hrnlnf N\ f— p,1||1/n > hmlnf min | f(z) — pn(z)|1/" > —.
neAi,n—oo 1”—>0026Fm p(f)

Hence (4.3) holds and Lemma 4.3 is proven.
4.4. Proof Lemma 4.4
Since f — pu, n € A, are near-circular at o_ with associated sequence {o,},c,, connected

with the sequence {€,},c,

(f=pu)(z) #0,z€ [y, ne A

Hence, y, = (f — pn)(I},) is a closed, analytic curve and

L (Um0,
R | G =

=n+o(n) asne A, n— oo,

using (4.2) of Lemma 4.3 in the last equality. Hence, Lemma 4.4 is proven.

5. Proof of the main theorem
Let us choose p, T and B such that
l<p<o<t=<B<p(f)<oo.

Then according to Corollary 3.3, there exists A € A(p, o, T), i.e., the functions f — p,, n € 4,
are near-circular at p_, at o_ and at t_ with associated sequences {0,},c4> {Tutnca> {Tnlnea
connected with the sequence {&,},c -

Since A € A(p, t) and A € A(o, T), we obtain by Lemma 4.3

mu(p) =n+o(n)as ne A n— oo, 3.1
my(c)=n+o(n)as ne A, n— oo, (5.2)
flom — o as n € A, n — oo.

For the balayage measures [y, Of /45|, Onto dE we have

UPons (z) = Urorle(z), z€C\E,
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and for the balayage measure ity ), Of [Ls.4|, Onto the boundary 312 = JE we get
1 _
> ga(t.o), zeC\E,
my(o)
(€Zy(o)NS2

(cf. [13], Chapter II, Theorem 4.7). Let us define for n € A
1

Uftonia (z) = Utoria (z) +

Si0) = s > gt ),
a0 ceZy(a)NN2
then
1
$.(0) = o5 Y gelto)+ Y gal(g. o)
M) \cezuorn(E, ) £eZy(0)N(2\Ep)
1
< o) ((ma(p)log p + (my(o) —mu(p))logo)). (5.3)

Let 0 < § < 1, then because of (5.1) and (5.2) there exists n¢(8) such that for n > ng(8),
neAi,

n—3dn <m,(p) <n+én, 5.4)
n—8n <my,(c) <n+dn. (5.5)
Hence, inserting (5.4) and (5.5) in (5.3), we obtain for n € A, n > ny(8),
1
Sh(o) < T ((n+dn)logp + (n +8n — (n —én))logo)
m, (o
146
< T + 5 (log p + 28 log o)
=:T(p,0;86). (5.6)

Now, we consider a sequence
{pi}ieN, 1<pt<p <o, ilirgop" =1.
According to Corollary 3.3, there exists A € A(p', o, T).
Then we replace
l<p<o by l<p' <o and Aby A
and the parameter § with properties (5.4) and (5.5) by

5i . logp'
" 2logo’

Then 0 < §' < 1 and lim; ., 8’ = 0, and we can choose n;(8') € A, i € N, such that and
n—=8n <m,(p") <n+8n, ned,n>n;s), 5.7
n—=8n <m,(c) <n+8n, ned,n>n;8), (5.8)

1 . . .
6—5 <o0,<o0, nel,n>n(8), (5.9)
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T S <1, ned,n>n8), (5.10)
0 & 1 5.11
< &) < 5 (5.1

Moreover, we can arrange 7;(8') such that n;(8") < n;,1(8't1), i € N. Define

A= {ni((Si)}

ieN
and
Oy, (5i) = o*r’”(al-), T (1) = t,;i(&-), En, (51) = 8;i(6i). (5.12)
Since n;(8") € A, i € N,
1/n; (%) 1 oe
I = Pui(s; < ——e i, (5.13)
H ( )HE o(f)

then (5.9)—(5.13) imply that f — p,, n € 71 are near circular at o_ and at T_ with associated
sequence {0,},c%, {Tul,ei connected with~ {en},ei- Hence, by Lemma 4.3 the properties
(4.1)~(4.3) hold, where A is replaced by A, ie., (2.1) and (2.2) of the Main Theorem are
proved for A = A and

@—*>Ma as ne71,n—>oo. (5.14)
Next, because of
supp(Konly + Hounlo) C Eo,
there exists by Helly’s Theorem a subset A; C A and a Borel measure v € M(E,) such that

Tons + lonlg —> . (5.15)

neAi,n—o0
Because of (5.7) and (5.8), we apply (5.6) and get for n = n; (§') € A

$1(0) = S0 () = To! 0 8) = 050

log p’
and
lim T(p',0;8) =0.
11— 00
Let K be compact in {2, then
y = min go(z,00) > 0
zek
and
T(p',0:8") > 8:(0) = ¥ on(K), n=n;i(8') €A,
or
1 . . .
Uon(K) < —=T(p',0;8), n=n;(8)e A
14
Then

lim T(pi, o; 6i) =0,

. 1
iliglo““’”i(‘si)(l{) = ; i—00
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and consequent_ly, wp(v) C E for the Borel measure v in (5.15). By (5.14) and (5.15) we
obtain for z € C\ E,

U'(z) = lim (UW(ZHU”MQ(Z))

neAi,n—>o0

= lim  (UMeris(z) + Utonlo(z))

nely,n—o00

lim  U"""(z)

neAi,n—>o0

= Uk (z). (5.16)

Moreover, for z € C \ E,

Ut (z) = —8a(0) (2, 00) —logcap E —logo = —gq(z, 00) —logcap E,

where g (¢)(z, 00) is the Green’s function of 2(0') = 2 \ E, with pole at co, and we obtain

by (5.16)
U'(z) = —go(z,00) —logcap E = U"E(z), z € C\ E,.

Now, U"(z) and U*£(z) are harmonic functions on C\ E, coinciding on C\ E,, and the identity
principle for harmonic functions implies

U'(z) =U"(z), ze C\ E.
Then by Carleson’s Unicity Theorem, implicitly contained in [7] and extended by Cornea [8]
(cf. [13], Chapter II, Theorem 4.13), we obtain

V= UE. (5.17)

Since (5.17) holds for any weak* limit point v of

{m + Mo,n| o }n€71 s

we have got

m + Uonlg ~_*> ME-
nelA,n—oo
Hence if we set A = 4, then A € Ao, 7) and A(c, 7) C A(o) imply together with Lemma
4.4 that A satisfies the properties (2.1)—(2.4) and the Main Theorem is proven.

Data availability

Data will be made available on request.
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