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Abstract

This paper provides a characterization of when two expansive matrices yield the same
anisotropic local Hardy and inhomogeneous Triebel-Lizorkin spaces. The characterization
is in terms of the coarse equivalence of certain quasi-norms associated to the matrices. For
nondiagonal matrices, these conditions are strictly weaker than those classifying the coin-
cidence of the corresponding homogeneous function spaces. The obtained results complete
the classification of anisotropic Besov and Triebel-Lizorkin spaces associated to general
expansive matrices.
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1 Introduction

For an expansive matrix A € GL(d, R), consider Schwartz functions ¢, ® € S (R?) whose
Fourier transforms ¢, ® satisfy the support conditions
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supp @ € (—1, 1)“\ {0} and supp @ C (—
and the positivity condition

sup max{[p((A*) 7 ¢)|, |®E)|} >0 forall & € RY.
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The associated inhomogeneous Triebel-Lizorkin space F% (A witha € R, p € (0, 00)
and ¢ € (0, oo] is defined as the space of all tempered distributions f € S'(R?) such that

o0 ) 1/q
ILf * @lle + H (Z(|detA|“'|f wm)q) < o0, (1.1)
i=1 Lr
where go[A :=|det A|'(A"-) fori € N, with the usual modification for ¢ = oco. For a general

expansive matrix A, the spaces F‘;‘, q(A) were first introduced in [5] and have been further
studied in, e.g., [1, 4, 7, 10]. The scale of Triebel-Lizorkin spaces F%y q (A) includes, among
others, the Lebesgue spaces L? = ngz(A) for p € (1, 00), and the anisotropic local Hardy
spaces h?(A) = Fg’z(A) for p < 1; see Sect. 3.2 for its definition.

The aim of the present paper is to determine when two expansive matrices A, B €
GL(d, R) define the same inhomogeneous Triebel-Lizorkin space F‘]", G(A) = F‘]", 4(B). For
diagonal matrices with positive anisotropy, the question of whether the associated Triebel—
Lizorkin space depends on the choice of such anisotropy was considered in [13] (see also
[14, Section 5.3]). For two such matrices A and B, it can be shown that the associated spaces
Fi’q(A) and F%»q (B) coincide precisely if A = B¢ forsome ¢ > 0; orif p € (1, 00), g = 2,
ando =0,sothat L? =F ?),Z(A) = F([),’Z(B ). The same question for function spaces associ-
ated to general expansive matrices is more delicate and was investigated first for anisotropic
Hardy spaces H?(A), p € (0, 1] (see Sect. 3.2 for a definition): In [2, Chapter 1, Theo-
rem 10.5], it was shown that H? (A) = HP? (B) for some (equivalently, all) p € (0, 1] if, and
only if, two homogeneous quasi-norms p4 and pp associated to A and B are equivalent, in
the usual sense of quasi-norms. Corresponding results for homogeneous anisotropic Besov
and Triebel-Lizorkin spaces were only more recently obtained in [6, 9], respectively.

In contrast to the case of homogeneous function spaces, the equivalence of two homoge-
neous quasi-norms p4 and pp corresponding to general expansive matrices A and B turns out
to be not necessary in general for the coincidence of the associated inhomogeneous function
spaces. More precisely, in [6, Theorem 6.4], it is shown that two inhomogeneous anisotropic
Besov spaces defined by A and B coincide if and only if the quasi-norms p4+ and pp+ asso-
ciated to the adjoints A* and B* are coarsely equivalent, which can be understood as the
quasi-norms being merely equivalent at infinity (see Sect. 2.2). For simplicity, two expansive
matrices A and B are said to be (coarsely) equivalent if their associated quasi-norms p4 and
pp are (coarsely) equivalent. We mention that various explicit and verifiable criteria for the
(coarse) equivalence of two matrices A and B in terms of spectral properties are contained
in [2, Chapter 1, Section 10] and [6, Section 7].

In the present paper, we provide a refinement of the approach towards the classification of
homogeneous spaces [9], and show that matrices yielding the same scale of inhomogeneous
Triebel-Lizorkin spaces are characterized by coarse equivalence. Our main result is the
following theorem, proven in Sect. 5.7:

Theorem 1.1 Let A, B € GL(d, R) be expansive. The following assertions are equivalent:

@) F} ,(A) =Fj (B) for some (o, p, q) €R x (0, 00) x (0, 00] with (e, p, q) ¢ {0} x
(1, 00) x {2};
(i) Fj, ,(A) =F] (B) foralla € R, p € (0,00), and q € (0, <];
(iii) A™* and B* are coarsely equivalent.

Theorem 1.1 complements the classification of homogeneous Triebel-Lizorkin spaces in
[9], and the classification of homogeneous and inhomogeneous Besov spaces in [6]. Com-
bined with these previous results, Theorem 1.1 completes the classification of all anisotropic
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Besov and Triebel-Lizorkin spaces introduced in [3, 5]. In the particular case @« = 0,
p € (0,1] and g = 2, Theorem 1.1 provides also a new result for anisotropic local Hardy
spaces [1], and complements the classification of (nonlocal) anisotropic Hardy spaces in [2].

The proof method for establishing Theorem 1.1 follows the overall structure of the classi-
fication of homogeneous Triebel-Lizorkin spaces in [9]. The key ingredients for the sufficient
condition on matrices are maximal inequalities involving a Peetre-type maximal function (cf.
Sect. 4), and the necessary condition proceeds by establishing norm estimates for auxiliary
functions and reduction to the case p = 2 using Khintchine’s inequality (cf. Sect. 5). Our
arguments for the case « = 0, p € (0, 1] and ¢ = 2 follow the overall proof structure of
[2, Chapter 1, Theorem 10.5], while adding a significant detail for the case p = 1 that was
missing in [2] (see Remark 5.11).

Despite the similarities in the overall proof structure, the arguments in the inhomogeneous
case are more subtle and need to be more refined than their counterparts for homogeneous
function spaces in [2, 9], for at least the following two reasons:

(1) The coarse equivalence of A and B does not imply their equivalence;
(2) The coarse equivalence of A and B is not equivalent to that of A* and B*.

The equivalence of quasi-norms and the stability of equivalence under taking adjoints are
properties repeatedly used in [9]. Although the notions of equivalence and coarse equivalence
are equivalent for diagonal matrices, this is not necessarily the case for nondiagonal matrices
(see [6, Remark 7.10]). As such, various parts of the arguments in [2, 9] require nontrivial
changes and new ideas in the inhomogeneous case, which we point out throughout the text.

Lastly, we mention that as in the homogeneous case [9], it appears that the classification
of inhomogeneous Triebel-Lizorkin spaces cannot be deduced from the general framework
of Besov-type decomposition spaces [17], unlike the case of anisotropic Besov spaces [6].

The organization of the paper is as follows: Sects. 2 and 3 are devoted to background mate-
rial on expansive matrices and inhomogeneous function spaces, respectively. The sufficient
condition for the classification of matrices is proven in Sect. 4, and the necessary condition
is proven in Sect. 5. Some technical results are postponed to the appendices.

Notation

For two functions fi, f> : X — [0, o) on a set X, we write f] < f» whenever there exists
a constant C > 0 such that fj(x) < Cfa(x) for all x € X. The notation f; < f5 is used
to denote that f1 < f> and f» < fi. For a function f : X — C, we denote its (possibly
nonclosed) support by supp f := {x € X : f(x) # 0} and denote its closure by supp f.

The Euclidean norm of a vector x € R? is denoted by |x|, and we write B(x, r) for the
associated open Euclidean ball of radius » > 0 and center x € R?. The Lebesgue measure
of a measurable set Q C R¥ is denoted by m(2). We write N := {k € Z : k > 1} and
Np := N U {0}. For a multi-index o € N¢, we define its length by |o| := Z‘;:l oj.

The Fourier transform of a function f € LY(RY) is defined as f(g ) =
f]Rd f(x)e™27ixE dx for & € R?, where x - £ denotes the ordinary dot product. We also
use the notation F and F~! for the Fourier transform and its inverse. Recall that the Fourier
transform restricts to a continuous linear map F : S (R?) — S(RY) on the space S (RY) of
Schwartz functions, and by duality to a continuous linear map F : &’ (RY) — S'(RY) on
the space S'(R?) of tempered distributions, given by é( f) = d)(f) for ¢ € S'(R?) and
f e SRY).

For f : R — C, we define f* : R? — C by f*(x) = f(—x). The translation and
modulation of a function f : RY — C are defined as Ty f(x) = f(x —y) and M; f(x) =
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ezm'ng(x) for x, y, £ € R%. For p € (0, 00) and a matrix M € GL(d, R), we define the
associated dilation by Df,lf(x) = |det M|Y/P f(Mx). For A € R4 we write A* := AT
for the transpose of A.

2 Expansive matrices, homogeneous quasi-norms and inhomogeneous
covers

This section provides background on expansive matrices and their associated spaces of homo-
geneous type. In addition, various properties of covers generated by powers of expansive
matrices are provided. References for the material in this section are, e.g., [2, 6].

2.1 Expansive dilations

Given a matrix A € R?*?_ its spectrum is denoted by o (A) € C. A matrix A € GL(d, R)
is said to be expansive if |A| > 1 forall A € o (A).

Throughout, for an expansive matrix A, let A_(A) and A4 (A) denote two fixed numbers
satisfying

1 <A_(A) < min |A|] and A4+(A) > max [A[,
A€o (A) A€o (A)
andlet £y (A) :=InA;(A)/In|det A] and {_(A) :=InA_(A)/In|det A|.

If A is an expansive matrix, then there exists an ellipsoid 24, that is, a set of the form
Qa ={x e RY:|Px| < 1} for some P € GL(d, R), and there exists some » > 1 such that

Q4 CSrQp C AQ4, 2.1

and, additionally, m(24) = 1, cf. [2, Chapter 1, Lemma 2.2]. The choice of an ellipsoid
satisfying (2.1) is not necessarily unique. For this reason, given an expansive matrix A, we
will fix one choice of ellipsoid €24 associated to A.

2.2 Homogeneous quasi-norms

A homogeneous quasi-norm associated to an expansive matrix A is a measurable function
o4 i R? — [0, 0o) satisfying:

(ql) pa(x) =0ifand only if x = 0O;
(q2) pa(Ax) = |det Alpa(x) forall x € R4,
(q3) there exists C > 0 such that p4(x +y) < C(pa(x) + pa(y)) forallx, y € R4,

Two homogeneous quasi-norms p4, pp associated to expansive matrices A and B are said
to be equivalent if there exists C > 0 such that

1
£PA0) = pp() = Cpa(x) for all x € RY. (2.2)

Similarly, two homogeneous quasi-norms p4 and pp associated to A and B are said to be
coarsely equivalent if there exist constants C > 0 and R > 0 such that

1
EpA(x)—R < pp(x) < Cps(x)+ R forall x e RY. 2.3)
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Clearly, any two equivalent quasi-norms are also coarsely equivalent, but the converse is not
true in general, cf. [6, Remark 7.10].

By [2, Chapter 1, Lemma 2.4], any two quasi-norms pg4, p;‘ associated to a fixed matrix
A are equivalent. We will simply say that two expansive matrices A and B are equivalent
(resp. coarsely equivalent) if their associated quasi-norms are equivalent (resp. coarsely
equivalent).

In the sequel, we work with a specific choice of quasi-norm; namely, we will use the
so-called step homogeneous quasi-norm p4 associated to A, defined by

%) |det Al', ifx e ATIQ \ AIQ4,

X) =

pa 0, ifx =0,

where 24 is the fixed ellipsoid from (2.1); see [2, Chapter 1, Definition 2.5]. For this quasi-
norm, it is easy to see that it is symmetric, in the sense that ps(x) = pa(—x) for all
x e RY.

Lastly, we state the following characterization of coarse equivalence of two matrices,
which we will use in the proof of the main theorem. See [6, Lemma 4.10] for a proof.

Lemma 2.1 ([6]) Let A, B € GL(d, R) be expansive. Then A and B are coarsely equivalent
if and only if

sup HA*kBLSkJ | < oo,
keN

where ¢ = ¢(A, B) :==In|det A|/In|det B|.

2.3 Inhomogeneous covers

Let A € GL(d, R) be an expansive matrix and fix an open set 9 C R? with compact closure
‘0 < RY\{0}. An inhomogeneous cover induced by A is a family (Ql‘.“)ieN0 of sets QlA C R,
where Q{* = A'Qfori > 1, and Q(/]‘ C R4 is any relatively compact open set with the
property that [, oy, QIA =R4,

For two inhomogeneous covers (QIA) ieN, and (PJB) jeN, induced by expansive matrices
A and B respectively, define, for fixed i, j € Ny, the index sets

Ji={teNo: 0 nPf #£@} and I;:={teNo: 0} NP} +a). (2.4)
Moreover, given i € Ny and n € Ny, define the index sets i"* C Ny inductively as

i%:={i} and i"TV*:={j e Np: Q,? N Q? # & for some k € i"*}. (2.5)

We will also often simply write i* for i '*. If we need to make clear whether the sets i"* are
kA ‘nxB

computed with respect to the cover (Q,A)ieNo or the cover (P JB ) jeNg» WE write i ori

Following the terminology of [17], the cover (Ql‘f‘),-eNo is said to be almost subordinate
to (P]B )jeN, if there exists k € Ny such that for every i € Ny there exists j; € No with
QlA c jeik P].B. In addition, the covers (Q,A)ieNo and (PJ'B)J-GN0 are said to be equivalent
if (Q,A)ieNo is almost subordinate to (P jB ) jeNy, and vice versa.

The following result provides a characterization of the coarse equivalence of two matri-
ces in terms of geometric properties of their associated inhomogeneous covers; cf. [6,
Lemma 6.3]. These properties are the ones that will actually be used/verified in our proof of
Theorem 1.1.
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Lemma2.2 ([6]) Let A, B € GL(d,R) be expansive matrices and let (Q;L‘)ieNO and
(P J.B ) jeN, be inhomogeneous covers induced by A and B, respectively. Then the following
assertions are equivalent:

(i) A and B are coarsely equivalent;
(ii) (Q,A)ieNo and (PjB)jGN0 are equivalent;
(iii) sup;en, il + supjen, ;] < 00.

In the remainder of this subsection, we collect several additional observations about the
index sets defined in Egs. (2.4) and (2.5) that will be used later. We begin with the following
inclusion property for the sets defined in Eq. (2.5). Its proof is similar, but not identical, to
that of [6, Lemma 5.2].

Lemma 2.3 Let A € GL(d, R) be expansive and let (Qlf“)igNO be an inhomogeneous cover
induced by A. Then there exists M € N such that, for all i € Ny,

i*C{teNy : [€—i| < M)

Proof By definition of an inhomogeneous cover induced by A, there exists an open set
0 c R? with compact closure @ € R¢ \ {0} and such that Q;\ = AJQ forall j € N.

Moreover, Q(‘;‘ C R is open and relatively compact. Thus, we can choose R > 0 sufficiently
large such that

0y CB(O.R) and QCCr:={xeR’: L <|x| <R}
By [2, Chapter 1, Section 2], there exists a constant ¢ > 0 satisfying
%A{ x| <|A7x| <l |x| forall j € Ngand x € RY,
where A1 = A1 (A) > 1 are as in Sect. 2.1. Fix some M € N so large that
M > In(cR?*)/In(A_).
The remainder of the proof is divided into two cases, which together easily imply the claim.

Case 1. We show that if i, £ € N satisfy 0 N Q' # @, then |i — €| < M. By symmetry,
we can clearly assume that £ > i. Since & # A’ Q N A¢Q, and thus

G+ QNATQCCrNATICg,

there exists some x € Cg such that A*~'x € Cg as well. But this implies
. 1 . 1 )
R
c cR
and this easily implies 0 < £ — i < In(cR?)/In(A_) < M, as desired.

Case 2. If Q{)‘ N QiA # & for some i € N, then there exists x € Q C Cg satisfying
Alx € Qff € B(0, R). Hence,

, 1 . 1 )
R>|Ax| > -2l x| = — L,
c cR
which yields i < In(cR?)/In(A_) < M. |

As a consequence of the previous two lemmata, we obtain the following corollary.
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Corollary 2.4 With notation as in Lemma 2.2, the following holds: If A and B are coarsely
equivalent, there exists a constant C > 0 such that whenever QlA N P]B # O for some
i,j € Ny, then

1 A 4 A
EIdetBI’ < |det A|' < C|det BJY.

Proof For ease of notation, let us set PJB := Py for j € Zwith j < 0.If A and B are coarsely
equivalent, then the covers (Q{‘) ieN, and (PjB) jeN, are equivalent by Lemma 2.2. Hence,
there exists k € N such that for every i € Ny, there exists j; € Ng with QlA C U/&e jheB P@B.

As an easy consequence of Lemma 2.3, there exists M € N such that j @k+DxB {€ e Np :
|¢ — j| < M}forall j € N.
Leti, j € No be such that @ # 0 N PP € Uze/,.k*B(PzB N PB). Then & # PE N PP

for some € € j**5, and hence j; € ¢¥*B < j*®+D*B which implies

JEB C jEFE C e e Ny ¢ e - j| < M)

Therefore,
M
ofc U PPc U Ple 2.6)
e jk*B l=—M
and thus
M M
[detAl' Sm(EH S Y m(Ph) S Y Idet BV S |det BIY.
t=—M t=—M
The reverse inequality follows by exchanging the role of A and B. O

Lastly, we state the following adaptation of a corresponding result for homogeneous
covers. Its proof is virtually identical to that of [9, Lemma 2.5], and hence omitted.

Lemma 25 Let A, B € GL(d, R) be expansive matrices with associated induced inhomo-
geneous covers ( Q,A)ieNo and (P jB ) jeNy, respectively. If there exists C > 0 satisfying

1 . ) .
E|detA|’ < |detBY < C|detA|" foralli,j € Ng for which Q?HPJB #* &,

AR

foralli, j € Nog, where ¢ :==1n|det A|/In|det B| is as in Lemma 2.1.

then there exists N € N satisfying

Jig{jeNo:U—LengN} and Ijg{ieNo:

3 Anisotropicinhomogeneous function spaces
This section provides various preliminary results on anisotropic local Hardy spaces and

inhomogeneous Triebel-Lizorkin spaces that are used in the proof of Theorem 1.1. For
further background and results on these spaces, see the papers [1, 5].
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3.1 Inhomogeneous Triebel-Lizorkin spaces

Let A € GL(d, R) be an expansive matrix. A pair (¢, ) consisting of Schwartz functions
@, ® € S(R?) is said to be an A-analyzing pair if the Fourier transforms @, ® satisfy!
(1) Supp @ S (=%, 5)* \ {0} and 5UPp P < (=3, 3);
(c2) sup; ey max{|@((A*)~ £, |d>($)|} > 0 forall £ € RY.
There always exists an A-analyzing pair (¢, ®) that in addition to conditions (c1) and (c2)
satisfies the additional condition
(€3) D)+ X,y P(AH) 7€) = 1 forall £ € RY;
see, e.g., [5, Section 3.3] and [6, Remark 2.3].

Following [5], given an A-analyzing pair (¢, ), « e R, 0 < p <ocoand 0 < g < oo,
the associated inhomogeneous anisotropic Triebel-Lizorkin space F‘;_ q (A) = F‘["]y q (A; @, D)
is defined as the collection of all tempered distributions f € S’ (R?) for which

) 1/q
1 e cay = 1 f e, asp,0) = H < > (et A1 f * </>,-A|)q> <00, (1)
iENo Lr
where ¢! := ® and ¢! := |det Al'p(A’") fori > 1, and with the usual modification in

(3.1) for ¢ = oo. The quantity (3.1) is easily seen to be equivalent to the quasi-norm (1.1),
a fact that will often be used without further mention. The spaces F}, , (A) are well-defined,
in the sense that they do not depend on the choice of the A-analyzing pair (¢, ®), cf. [5,
Section 3.3].

In addition to the above properties, the spaces F, / (A) are complete. This property appears
to be taken as self-evident in the literature, but is never explicitly stated. As this property is
used repeatedly in the proof of our main result, we provide a short proof in the appendix; see
Lemma A.2.

3.2 Local Hardy spaces

Let A € GL(d, R) be an expansive matrix. Given¢ € S (R?) with f ¢ dx # 0, the associated
local radial maximal function of f € S'(R?) is defined as

My F(x) == sup |det Al |(f * (¢

Jj€No

x e RY.

The anisotropic local Hardy space h” (A), with p € (0, 00), is the space of all f € S'(RY)
satisfying

I fllnecay := HMO ]ch”LP = 00,

and is complete with respect to the quasi-norm || - [|5»(4). The definition of h”(A) is inde-
pendent of the choice of defining vector ¢. If p € (1, 00), then h” (A) = L?, and for p = 1
it holds that 4! (A) C L'. See, e.g., [1, Section 2] for these claims.

In a similar manner, the (nonlocal) anisotropic Hardy space HP (A) is defined as the space
ofall f € S&'(R?) such that

I fllrcay = ||M¢ afllLr < oo, where M¢, Afx) = su;Z)|detA|/|f>!<(¢)oAJ)(x)|
je

! In most other papers, including [5], the cube [—, ﬂ]d is used instead of (—7 —)d The reason for this
seeming inconsistency is that [5] uses a different normalization of the Fourier trdnsform than we do.
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Clearly, H?(A) € h?(A), with || fllpra) < | flzpa) forall f € S'(R%). For p € (1, 00),
we have L” = HP(A); see [2, Chapter 1, Section 3].

The following Littlewood—Paley characterization identifies local Hardy spaces as special
inhomogeneous Triebel-Lizorkin spaces.

Proposition 3.1 Let ¢ € S(R?) be a function such that Supp ¢ < (—%, )¢ \ {0} and
D> eAn e =1, £ R\ (0}
i€z

Define ® € S(RY) by (&) = Y0____ (A" 7€) for & € R4\ {0} and ®(0) = 1. Then,

i=—00
for every p € (0, 00), the (quasi)-norm equivalence

00 12
I £llnecay < ILf % @l + H(Z |f*<p,-"|2)
i=l1

= ”f”FIO),Z(A)

Lp
holds for all f € S'(R?).

Proof For p € (0, 1], the claim corresponds to [7, Theorem 1.2, Part (ii)]. For p € (1, 00),
recall from above that h? (A) = L? = HP(A). Let f € S’(R?). First, note that

9

Lp

. N
1A er = 1S aeca) < H(Z(IdetAI’If* (q)oA'n)z)
i€Z

by a combination of [4, Theorem 7.1] and [2, Chapter 1, Theorem 3.9]. It follows that

Sl
Lr

12
. -
||f||F§>,2(A) SIflee @l + H(Z(IdetAlllf* (p 0 AD)]) )
' icZ
= || fllnea)- (3.2)

The reverse inequality is an adaptation of a standard argument from Littlewood—Paley
theory to the anisotropic setting. By [5, Section 3.3], there exists another A-analyzing pair
(¥, V) such that

f=Fx@xW 43" frgl @)

ieN

with convergence in S’ (Rd); this convergence follows from [5, Lemma 2.6] (see also [5,
Section 3.3]). Using this identity, it follows that

1 My = 1f e < If % @Uol Wl + | 30 Fx g+ 2

ieN

(3.3)

LP

For estimating the second summand, we use the dual characterization of L”. Let (-, -) denote
the sesquilinear dual pairing between S’ (R?) and S(RY), which is antilinear in the second
component, and let p’ € (1, 0o) denote the conjugate exponent for p. If h € L” NS(RY),
then an application of the monotone convergence theorem and the Cauchy-Schwarz inequality
gives
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55 Page 10 of 30 J.T.van Velthoven, F. Voigtlaender

(3wl = wf“)ﬁh)\ < SO|(f * 0 x|

ieN ieN

S/Rd<Z|f*goiA(x)|2>§<Z|h*1plf4(x)|2>§dx

ieN ieN

(ZI.f*w,-AIz)j (Zm*wp)i
ieN ieN
(g

ieN

=

/

Lp Lp

“h”Lp’ )
Lr

where the penultimate step used Holder’s inequality and the last step used Eq. (3.2) (for ¢
instead of ¢ and p’ instead of p). Thus, by the dual characterization of L?, the tempered
distribution ;o f * ¢! * () satisfies

1
2
D ofreta@nH| = sup <Zf*<p;‘ *w*);f‘,h)‘ < H(ZIf*(pf‘|2>
ieN Lr heS®Y 1\ jen ieN Lr
Al <1
In combination with Egs. (3.2) and (3.3), this finishes the proof. ]

3.3 Local atoms

Let p € (0, 1]and s € Nbe such thats > L(% -1 (A)_IJ .Alocal (p, s)-atom associated
to A is ameasurable functiona : R? — C such that there exist xo € RY and j € Z satisfying:
(al) suppa € xo + A/ Qa;

(a2) llall> < |det A|”7;

(a3) If j <0, then fRd a(x)x® dx =0forall o € N‘é with |o| < 5.

In addition, we call a measurable function a merely a (p, s)-atom associated to A if it
satisfies (al), (a2) and

(ad) f]Rd a(x)x? dx =0forallo € Ng with |o| <.

Clearly, any (p, s)-atom is a local (p, s)-atom.

Remark 3.2 A useful alternative definition of (local) atoms is as follows. Let p € (0, 1] and
s € Nbesuchthats > L(% —1z_(A)~'. Analternative local (p, s)-atom (resp. alternative

(p, 5)-atom) associated to A, is a measurable function a : R? — C such that there exist
xo € R? and j € Z satisfying:
(al”) suppa C xo + A/B(0, 1),
. _1
(@2’) llallL= < m(A/(B(0, 1)) 7,
and (a3) (resp. (a4)). Any alternative (local) (p, s)-atom is a constant multiple of a (local)

(p, s)-atom and vice versa, with a constant only depending on p, A; see [2, Remark on
page 72].
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By [1, Proposition 2.2], the local Hardy space h”(A) is equal to the space of all tempered
distributions f of the form

f=> cuan (34)

neN

for a sequence (a,),en of local (p, s)-atoms a, associated to A and (¢;)nen € €7 (N). In
addition, for every f € h”(A), the quantity

1 W ay = inf[llfllzv f= chan},
n

where the infimum is taken over all atomic decompositions (3.4) in terms of local (p, s)-
atoms, is equivalent to || f||xr(a).

4 Sufficient conditions for classification

This section is devoted to proving the sufficient condition of Theorem 1.1 for the equality of
anisotropic inhomogeneous Triebel-Lizorkin spaces. We prove this result as Proposition 4.2
below.

4.1 General notation

Throughout this section, let A, B € GL(d, R) be expansive matrices and let (¢, ®) and
(¥, ) be pairs of analyzmg vectors satlsfymg conditions (c1)—(c3) for A and B, respec-
tively. Define Q¢ := supp ® and Q := supp @, and set Py := supp\IJ and P := supptﬁ
Furthermore, define Q;“ = (A")'Q and P/B = (B*)/P fori,j > 1 and QlA = Qo

and PJ.B* := Pp for i, j < 0. Then the conditions (c1) and (c3) guarantee that the families
(Q;“*)igNo and (PJB*) jeN, are inhomogeneous covers induced by A* and B*, respectively.
As in Sect. 2.3, we define

Ji={teNo: Q" NPF #£ o} and I;:={teNy:Q} NPF +a)

for fixed i, j € No. Lastly, set ¢f := ® and ¢! := |det A|'p(A" ) fori > > 1, and define
wB for ] € Ny in a similar manner (using B instead of A). Note that supp<p Q{‘* and
suppl//B PJB fori, j € Np.

4.2 Peetre-type inequality

Throughout the remainder of this section, we assume that the adjoint matrices A* and B* are
coarsely equivalent, in the sense of Sect. 2.2.

A central ingredient in establishing the sufficient condition of Theorem 1.1 is an anisotropic
Peetre-type inequality involving the rwo dilation matrices A and B (cf. Lemma 4.1). For
stating this result, recall that the anisotropic Hardy-Littlewood maximal operator M, h
applied to a measurable function /2 : RY — C is defined by

My, h(x) ;= sup

lh(y)| dy, x eRY, 4.1
Basx M(Ba) /BA
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where the supremum is taken over all p4-balls By = B, (y,r) = {z € R? : paz—y) <r}
that contain x.

The significance of the Peetre-type maximal function in the following lemma for our
purposes is that it involves a mixture of the matrices A and B, in the sense that the convolution
f * 1//}3 involves the matrix B, whereas the weight (1 + pa(A1Z2)" involves the matrix A.
Its proof exploits the coarse equivalence of A* and B* in a crucial manner.

Lemma 4.1 Suppose that A* and B* are coarsely equivalent. With notation as in Sect. 4.1,
for j € Ng, n > 0and f € S'(R?), define

B
B)(x +
R (i o |

- , x e R4,
ielj ,cpa (1 + pa(A'Z))"

Then there exists C > 0 (independent of j, x, f) such that

n
Ml 5= (M 17 5 w1 en)) e R,
where M, denotes the Hardy—-Littlewood maximal operator defined in Eq. (4.1).

Proof Let i e I; € Npbe arbitrary Since A* and B* are coarsely equivalent, the associated
covers (Q )zeNo and (P ) jeNp from Sect. 4.1 are equivalent by Lemma 2.2. Therefore,
we see as in the proof of Corollary 2.4 (see Eq. (2.6)) that there exists M € N (independent

of i, j) such that supp 1//]B PJB cUr ,H.Let

M M 0
U 0" u U (AHYQ and K*:= U (A%)'K.

b=—M {=—o00

Note that K € K™* and that K, K* are compact in R and do not dependoni, j.
Define g := (f*y f )oA™". Denoting the bilinear dual pairing between S’ (R?) and S(RY)

by (-, -}, a direct calculation entails that, for y € S(RY) with sapp y C R \ (A*)~" PJB*,

@)= (fxvP oy o)) = (FUP - (yoa) ) =0

and thus Supp g < (A*)*iPB* c Ul (A*)*i Q7,. Note for —M < ¢ < M that if

i+4¢ <M, then Q ¢ € K and thus (A*)™' Q ¢ © K*. On the other hand, i + ¢ > M for
—-M<t<M 1mphesz > (0 and

(A7TTQN, = (AH)THAHHQ = (AH'Q S K S K.

Overall, this shows that supp g € K*. An application of the anisotropic Peetre inequality
(cf. [5, Lemma 3.4]) therefore yields a constant C = C(K*, n) > 0 such that

lg(x — 2)|

= My, 181" (x)]" RY. 4.2
S 1 ey = Mgl D@, e (42)

In view of the identity M, [h o Ak = (Mp,h) o AX forh : R — C and k € Z (see, e.g.,
[8, Lemma 3.1]) and since p4(—x) = p4(x), this finally implies that
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[(f %y B +2)] lg(Al (x + 2))]
sup - = sup -
cepd (L4 pa(ATD)T — pa (1+ pa(Ai))
lg(Alx — w)
= sup ———
werd (1 + pa(w))?
< C[(Mp, 181"y (A )]
= C[(Mp, (181" 0 AD) (x)]"
= C[(Mp, 1 f =PIV (0)]".

Since i € I; was chosen arbitrarily, this completes the proof. O

4.3 Sufficient condition

The following proposition is the main result of this section, and settles the sufficient condition
of Theorem 1.1.

Proposition 4.2 Suppose A* and B* are coarsely equivalent. Then ¥}, . (A) = ¥}, (B) for
alla € R, p € (0,00) and g € (0, o0].

Proof We will use the notation introduced in Sect. 4.1. Let @ € R, p € (0,00), and g €
(0, oo]. We only show that || - ”F'Z L (450, @) <|- IIF;q(B;w,\p); the reverse inequality follows

by symmetry. Throughout, fix some > max{l/p, 1/g} and let f € S'(RY). Since A*
and B* are coarsely equivalent, it follows that sup;cy, |J/i| < 00 and sup ey, 11| < oo by
Lemma 2.2.

Step 1. (Pointwise estimate.) Let i € Ny. Define wg) = Zje]; 1//13. Then 1//1(;) € S(Rd),
and 1//1(;) * (piA = <plA by condition (c3) for v, W. Therefore, for x € RY,

I(F % o0 = 1(f % W 5 o)) ()]
<D U@ e N

Jjedi

|(f ¥ )+ p) R
S;fw (1+ pa(Aiy)) (14 pa(A’») el (=31 dy

<y Ml f@ /Rd (1+ pa(A' ) o (=) dy,

Jjedi

where M}//,n f(x) is defined as in Lemma 4.1. For estimating the integral on the right-hand

side above, choose N > 1 + n. Then, since ¢, ® € S (]Rd), and in view of [2, Chapter 1,
Lemma 3.2], there exists C > 0 such that max{|® ()|, |¢()|} < C(1+p4(-))~N.Inaddition,
since n—N < —1, an application of [§, Lemma 2.3] yields that fRd(l—i—pA NN dx < oo.
Therefore, if i = 0, the symmetry of p4 gives

- -N
L+ acan) gty < [ (14 pa0)™ dy < v,
Similarly, if i € N, then the change-of-variable x = A’y gives
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[0+ acaiy et nidy = [ 1+ pato) ol ds
<[ tpay™ dx < .
R4
where the right-hand side is independent of i. Therefore,
(oIS Y M) ), xeRY 4.3)
JjeJi
Since A*, B* are coarsely equivalent, Corollary 2.4 shows that
|det Al = |det A*|' < |det B*|/ = |det B)Y

whenever i € I; (equivalently, j € J;). Hence, combining this with (4.3) gives

| det A |(f o)) S D |det BI M, f(x) (4.4)

Jjedi

for x € R, with implied constant independent of i € Ny.

Step 2. (Norm estimate for g < 00.) This step establishes the desired (quasi)-norm estimate
for the case ¢ < 00. Since sup; ¢y, |Ji| < oo and SUP e, [1;| < oo, it follows from Eq. (4.4)

that, for every x € R,

. ) q
D (et Al xoH@N)T S Y (Z |detB|“fM}f,7f(x))

ieNg ieNg “jeJ;

S0 (1det Bl M), f )

ieNg jeJ;

3> (1det BT MY, £ )’

jeNyiel;
S D (1det BI“I MY, f(x))?

Jj€Ng

o) 1 nq
S (MpA[|detB|7|f*wfﬁ](x)) :

Jj€No

where the last inequality used Lemma 4.1. Since g, np > 1, the vector-valued Fefferman—
Stein inequality (see, e.g., [5, Theorem 2.5]) is applicable, and yields

) 1/q
I llee  az0.0) = <Z (Idet A|*'|f *gof‘l)q> )
ieNp L
aj 51\ =
S (Z (MPA[|detB|v|f*w,-|v]) )
jeNo Lnp
1
oj 1 nq q n
< (Z (|detB|v’|f*wf|n> )
jeNo Lnp

= If ¥, B:y.w),
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which completes the proof for the case g < oo.

Step 3. (Norm estimate for q = 00.) As in Step 2, combining Eq. (4.4) with
sup;en, /il SUP e, |1;| < oo and Lemma 4.1, yields

sup |det A|"|(f * @) ()| < sup Y |det BI*/ MY, f(x)
ieNp iENOjEI,‘
< sup |det BI*/ MY, f(x)

Jj€Ny

oj n
< sup (MpA[ldetmﬂf*wfﬁ](x))

Jj€Ny

forx € R?. Since np, g > 1, an application of the vector-valued Fefferman—Stein inequality
gives

aj 1\
”f”FD‘ (A;0; D) 5 < sup MpA[|detB| K |f*1//,B|n]>

- JjeNp

LP

o B "
= || sup Mp,[Idet BI" |f*y}|"]
j€Ng

Lj Bl
< | sup (1det BIT £ %y By

Jj€No

Lnhp
n

Lnp

aj 51\’
= || sup ([det B| " |f ;|7

j€Ng LP

I llee iy, w).-

This completes the proof. O

5 Necessary conditions for classification

In this section, we prove the necessary conditions of Theorem 1.1 for the equality of
inhomogeneous Triebel-Lizorkin spaces. Explicitly, we prove the following theorem.

Theorem 5.1 Let A, B € GL(d, R) be expansive matrices. Suppose that F‘;’q (A) = F;q (B)
for some o € R, p € (0,00) and q € (0, 0]. Then at least one of the following two cases
hold:

(1) A* and B* are coarsely equivalent;
(i) =0, pe(l,00) and g = 2.

P1.41 (4) = anm(B)
for some o, B € R, p1, pa € (0,00) and ¢q1,¢q2 € (0,00], then « = B, p1 = p» and
q1 = q2. This follows without much modification from the corresponding arguments for the
homogeneous Triebel-Lizorkin spaces in [9, Section 5], together with their adaptations to
inhomogeneous function spaces that are proven in this section. As no new ideas are required,
we do not provide the details.

Remark 5.2 In addition to Theorem 5.1, one can also show that if F%
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5.1 General notation

Throughout all of this section, the same notation as in Sect. 4.1 will be used. In addition,
define the index sets

Ni(A*):={keNo: 0} N O #@} and N;(B*):={keNo: PE" NP + o)

for fixed i, j € No. Then a combination of Corollary 2.4 and Lemma 2.5 (applied to A = B)
implies the existence of a constant N € N such that

Ni(A*) UN;(B*) C {k e Ny : |k —i| < N} foralli e No.

For i, j € Ny, define the functions go(l) w(J Jes R?) by

(l) . Z (p and w(]) . Z ,(pk

keN; (A*) keN; (B*)

Then, by condition (c3), it follows that (p( D' —1on QiA*, and w;j )=1on PjB*.

Lastly, we fix some x € S(RY) \ {0} with the property that ¥ > 0 and supp ¥ < B(0, 1).
For § > 0, the associated (scalar) dilation of x is defined by ;5 := 8‘1)( ).

5.2 Auxiliary results
This section contains two lemmata that are repeatedly in the remainder.

Lemma5.3 Leta € R, p € (0, 00), and g € (0, co]. With (p(') i € Ny asin Sect. 5.1, there
exists a constant C = C(«, p, q, A, ¢, ®) > 0 satisfying

= Cllflle,a)

H [ (1decarif+¢1).

ieNp Il ¢4

Lr

forall f € S (RY).

Proof We only provide the proof for g < 0o; the proof for ¢ = oo is similar, but easier. With

N as in Sect. 5.1, it follows that for each i € No, we can write N; (A4*) = {¢{”, ... £} } with
= |N;(A%)| < 2N + 1. Thus, ¢ = Y21, y, (pg?,.), with 1,<p, = 1 fort < M;

and ]ltsM,- = 0, otherwise. Hence, given f € S’(]Rd),

2N+1

If 3] < Y (Lisu, - |f*‘ﬂfu>|)-
1

=1
. . ) .
Furthermore, note because of IE,(’) —i| < N that |det A|*" < |det A|%% . Overall, this
implies

2N+1

> (1det AR £ ) S D0 D (Resw - (1det AP £ xh 1))
ieNy ieNp t=1 !
2N+1 @
S (esw, - (1det AP I £ 5 04,1)7).
ieNy 1=l !
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Fix £ € Ny for the moment, and note that if £ = K,(i) forsomei € Npand 1 <t < M;, then
e —i| =1 —i] < N. Since also M; < 2N + 1, this implies that

#{(G.1):ieNg, 1<t <M ande” =¢} < 2N + 1)

Thus, in combination with the above, it follows that

2N+1
) . 0)
> (det A f o) S D0 D (Tesw - (1det A1 f 50k 1))
ieNg ieNy 1=1 !
S D (Idet A1 £ ).
£eNy
By definition of || - ||F7} L (A); this easily implies the claim. ]

The following lemma is a consequence of the closed graph theorem. We provide its proof
for the sake of completeness.

Lemma5.4 Let A, B € GL(d, R) be expansive andleta € R, p € (0, 00), and g € (0, oo].
IfF,  (A) =F) ((B). then || - llps 4y < I - lps  (B)-

Proof Suppose that ¥  (A) = F} . (B) as sets. Then the identity map
v Fp (A —>F) (B), fr f

is well-defined and linear. Moreover, its graph is closed because if f, — f inF}  (A) and
fu— gin F‘;‘w (B), then Lemma A.2 shows for arbitrary ¢ € F(C° (R%)) that

(f.9) = lim (fu,#) = (g.0).

Note that f(Cfo(]Rd)) C S(R?) is dense by [12, Theorems 7.7 and 7.10]. Hence, since
f.g € SR, we get f = g, showing that ¢ has closed graph. Therefore, it follows
that ||f||Fcvaq(B) < ”f”F‘f»,q(A) by an application of the closed graph theorem (see, e.g., [12,
Theorem 2.15]), which is applicable since F‘])‘7 ¢(A), F‘]", q4(B) are complete with respect to
the quasi-norms || - ”Fﬁiq(A) and || - ”F‘ﬁ,q(B)’ which are r-norms for r := min{1, p, g},
cf. Lemma A.2. This implies that the topology on F} /(A) is induced by the complete,
translation-invariant metric d(f, g) = ||f — g||;,(;q(A), and similarly for ngq (B); thus,
F‘;,q (A), F‘,’;,q (B) are both F-spaces in the terminology of [12, Section 1.8].

The estimate ||f||Fc;,yq(3) < ||f||Ft;’q(A) follows by symmetry. O

5.3 Thecasea # 0

This section is devoted to proving the necessary condition of Theorem 1.1 for the case
a # 0. A crucial ingredient in the proof of this result is the following proposition, which is
an adaptation of [9, Proposition 5.3] to the case of inhomogeneous function spaces.

Proposition 5.5 Lero € R, p € (0, 00) and q € (0, 00]. If f € S(R?) satisfies suppfg
Q;?)* for some iy € Ny, then

I fllve 4y < | det A|*O fliLo,

120

with implicit constants independent of ip and f.
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Proof Let f € S(RY) be such that supp fg Ql‘.‘(‘)* for ig € Ng. Then, using that supp <pl.A =
QiA* fori € Ny, we see that f * <pl.A = 0 whenever i ¢ N;,(A*). Therefore,

) 1/q
||f||FL;,Vq=H( > (IdetAI“llf*so?I)")

€N, (A%)

Span Y det A fx oL, (5.1)
i€N;, (4%)

L

with the usual modification in case of ¢ = oo.

For further estimating the right-hand side above, note that an application of Young’s
inequality implies that || f * go;“lle Se I fllr provided that p € [1, 0o). For the case
p € (0, 1), note first that

supp 7. supp ;! U O, C (AMOK*, (5.2)
l_

where K := ). (A" (QU Qp) and K* := [ JO___ (A*)*K are compact and indepen-

{=—00
dent of ig, i. To show that the second inclusion in (5.2) is indeed true, we distinguish two
cases: In case of ig + £ < N, we see because of ig + £ > £ > —N that Ql‘.?;e C K, and thus
on+l = (A%)lo(A*)~o QIUJrz C (AHOK* Ifig+£ > N, then necessarily ig > 0, and thus
Ql0 Lo = (ADOHEQ = (A%)0(A*)EQ C (A*)PK C (A*)0K*. In view of (5.2), choosing
R > Osuchthat K* C B(0, R), an application of the convolution relation [17, Theorem 3.4]
(see also [15, Section 1.5.1]) yields that

If @i llLe < Im((A*)B(O, 2R))]"l||f||LP||<ﬂf‘||Lp

Go—i) (L -1
Sae.0N,p |det Al (" )”f”LP
San.p I fllee.

Thus, || f * goiAlle < || fllzr forall |ig — i| < N and all p € (0, co]. Using this estimate
in (5.1) gives

I1f Il

[’IIN

D ldet A f % llee S Idet AP £z,
€Ny (A*)

with implicit constants independent of ip and f.
For the reverse inequality, we use Lemma 5.3 and note that f = f % <pi’°); thus,

1 le, 2 1det AIO ) £ @ lLr = [ det A1)l £
This completes the proof. O
Using Proposition 5.5, we now prove the necessity in Theorem 1.1 for the case o # 0.

Theorem 5.6 Suppose that F‘[",.q(A) = F%’q(B) for some a € R\ {0}, p € (0,00) and
q € (0, 00]. Then A* and B* are coarsely equivalent.

Proof Leti, j € Ny be arbitrary with QA N PB # &. Choose & € R? and § > 0 such that
B, §) < QA N PB which is possible since QA PB are open. Define f(‘s) = Mg, xs,
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where y is as in Sect. 5.1. Then it follows that supp f©® C B(&, §) C Q;“* N PJB*. Hence,
applying Proposition 5.5 to £ (with A and B) gives

. 1 . . 1
| det A1 87070 < [det AT F Lo < 1 Dlles 4y =< 1F O e, )l < | det BI*T870 77,

where we also used Lemma 5.4. Note that the implicit constants are independent of i, j. Thus,
canceling the factor involving §, we see that there exists a constant C > 0 (independent of
i, j) such that

1 . : . . «
EldetA*l"” < |det B*|*/ < C|det A*|*" foralli, j € Ny for which 0/ N P} + o.
Since o # 0, an application of Lemma 2.5 therefore yields a constant M € N such that

JicljeNo:lj—Llei)| < M} and Ijg[ieNO:‘i—LlﬂfM}
€

foralli, j € No, where ¢ := In|det A|/In | det B|. In particular, this implies that | J;|, |7;| <
1 with implicit constant independent of i, j € Ny. Thus, A* and B* are coarsely equivalent
by Lemma 2.2. O

5.4 Thecasea =0and q # 2

This subsection is concerned with proving the necessary condition for the case « = 0 and
g # 2. For this, we need in addition to Proposition 5.5 the following more refined version.

Proposition 5.7 Let o« € R, p € (0,00) and g € (0,00]. For K € N, let (ix)K_| be a
sequence in Ng such that |iy — iy| > 2N for k # k', where N € N is the constant fixed in
Sect. 5.1. Let x be as in Sect. 5.1.

If there exist § > 0 and points &1, ..., &k € RY such that

B(&.8) € QY. forallk=1,....K,
then, for any ¢ € CK | the function f = Z,le ¢k Mg, xs satisfies the norm estimate

~ §40=1/p)

i K
(Idet A Jex ),y | - (5.3)

L

I 1Fe, )

with implicit constants independent of K, c, §, (Sk),f:] and (ik),f:].

Proof We only deal with the case ¢ < 00; the case ¢ = oo follows by the usual modification.
The proof follows (parts of) the arguments proving [9, Proposition 5.5] closely.
Throughout, let §, (&) le , (ix) le , and f be as in the statement of the proposition. Then,

since B(&x, 8) C Qg‘(*, it follows that supp]\m = supp Tgk)’(} C Qi‘}(* fork=1,..., K.
On the other hand, supp golA = Qf‘* for i € Ny. Therefore, Mg, x5 * goiA = 0 whenever

li —ix] > N astheni ¢ N;, (A*). Since, for fixed i € Ny, there can be at most one i such
that |i — ix| < N, it follows that

ck - (Mg xs * @), ifli —ix| < Nforsomel <k <K

K
A A
* @ = cy - (M % @) =
Frolt =2 er Moy o) 0, ifli —ix| > Nforall | <k < K.

=1

Therefore, if |i — ix| < N, we can estimate

_d_
If % @ 0] < lerl - (xsl % 102 D) Sapvogopa leld?A+18xD77 7, (54)
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where the last inequality follows from an application® of [9, Lemma A.3] (applied to the
bounded set Q U Qq, ¢ = iy and M = d/p + 1). This, together with | f * (plA(x)| = 0 for
|i —ix| > N, yields the estimate

, A 1/q K ) s 1/q

(Z (Idet A’ | f x @] <x)|)"> < (Z (Idet A" | f 5 ; <x>|)">

ieNp k=1 ieNp
li—ix|<N

X , i 1o\

< <Z(|detA|°”"|ck|8d(1 +18x) P )")

k=1
d .
=8(1+15x)) "7 (1det Al jer ) |

where the penultimate step uses Eq. (5.4) and N;, (A*) Sy 1fork = 1,..., K. Hence,
taking the L?-(quasi)-norm yields

e 1/p
”f”F‘;q(A) S </ (5‘1(1 + |(SX|) P I)P dx>
5 Rd

<g.p 890-1/P)

(1 det A% |cy]) ),
4

(1 det A%k |cy]) |

)

which establishes one of the inequalities in E_q. (5.3).
For the reverse inequality, note first for ‘/’X) as in Sect. 5.1 that

— N

supp(pX") C U QiAk:Z forallk=1,...,K.
{=—N
The assumption |iy — ix| > 2N for k # k/, together with N; (A*) C {j e No : |i — j| < N}
for all i € Ny (see Sect. 5.1), yields

N
A* A*
Qik N U Qik/+l =, k#k/’
{=—N

and hence My, xs * ¢ = 0 for k # k. Additionally, 9 = 1 on 04", and thus

frof = e Mg xs

forall k = 1,..., K. Using this identity, together with Lemma 5.3, a direct calculation
entails
K A . 1/q A
1f e, ca) 2 H(Z(IdetAl“’klf wﬁ(“|)q) > Il xsllr || (] det A% |cxl)r_,
k=1 Lr 04
Since [|xsllLr = 890=1/P)| x||L», this finishes the proof. O

Theorem 5.8 Let p € (0, 00) and g € (0, o0]. IfF(z)w (A) = F(},,q (B) and A* and B* are
not coarsely equivalent, then g = 2.

Consequently, ifF?,,q(A) = F?,ﬁq(B) for some q # 2, then A* and B* are coarsely
equivalent.

2 The statement of [9, Lemma A.3] assumes slightly different conditions on ¢, but its proof is valid for general
Schwartz functions ¢ € S(R?).
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Proof Suppose that F?,’ (A = Fg! 4(B) and that A* and B* are not coarsely equivalent. By
Lemma 2.2, the latter condition is equivalent to sup; ey, |Ji|+sup ey, |£j| = oo. Throughout,
we assume that sup ¢, |/j| = 0o, the other case being similar. We split the proof into two
steps.

Step 1. In this step, we show that, for arbitrary K € N, there exist § > 0 and jo = jo(K) €
No, as well as sequences (ik),f 1 € No and (Ek)k 1 € R4 satisfying the assumptions of
Proposition 5.7 and furthermore B(&x, §) C QA N PJB :

Since sup ey, 11| = 00, there exists jo € No forwhich |I,| > 2QN+1)K, where N € N
is the fixed constant from Sect. 5.1. Forn =0, ..., 2N, set N(") :=n+ (2N + 1)Np. Then
Ij, = UZNO(N(”) N1},), and hence there exists n € {0, ..., 2N} for which |}, ON(”)| > K.

Thus, there exist pairwise distinct indices iy, ...,ig € Ijy N N(") which then necessarily
satisfy |iy — ix/| > 2N + 1 for k # k’. The intersectlons Qé n P,.lg* # & being open for
eachk € {1, ..., K}, one can choose points &1, ..., &k € R4 and a constant § > 0 such that

B, &) S O NPy, k=1,....K, (5.5)

as required.

Step 2. Let K € N, and let § > 0, jo € Ny, as well as (ik)f:1 and (‘;fk),{(:1 be as in Step 1,
andlet c € CKX be arbitrary. Given 0 € {—1, +1}K , define

K

fo.c =) Okck Mg x5 € SRY).
k=1

If 6 is considered as a random vector which is uniformly distributed in {#1}X and denoting
the expectation with respect to 6 by Eg, then an application of Khintchine’s inequality (see,
e.g., [18, Proposition 4.5]) gives

dx

Z O ck e2m§k X

k=1

p
Z O ck eanEk X

k=1
K

p/2
= [ e (Liar) " ar

k=1
= 5P|l (5.6)

Egll fo.cll%» = Eg / ek

:/ |xs ()7 Eg dx

with implied constants only depending on p, d, x.
‘We next apply Propositions 5.5 and 5.7 to fy, .. First, since

K
supp fo.c < | B, &) < PY,
k=1

an application of Proposition 5.5 gives

”f‘),C”F?,,q(B) ~ ||f9,c||LP-
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On the other hand, an application of Proposition 5.7 yields that

= $A0=1/P) el
Ifo.cllgs ay llcllea

Since || f |lgo 4 < I fllgo (B) by Lemma 5.4, a combination of these estimates yields that
pP.q p.q

840=1P)icllgg < || fo.cllLr and hence
d(p—1 p P
8P Dy =< N fo.cllY .

Combining this in turn with Eq. (5.6) yields ||c||fq = ||c||52, with implicit constants indepen-
dent of ¢ and K. Since K € N and ¢ € CX were chosen arbitrarily, this implies that g = 2.
]

5.5 Thecasea =0andq =2

This final subsection treats the Triebel-Lizorkin spaces Fg,z (A) with p € (0, 00). By Propo-
sition 3.1, these spaces correspond to h” (A) = F(I),’Z(A) for p € (0,1]andto L? = Fg’z(A)
for p > 1. Hence, it remains to consider the case p € (0, 1].

We start by introducing a family of functions that will be used in the proof of Theorem 5.10
below. Let A, B € GL(d, R) be expansive matrices. Fix p € (0, 1] and let

s > max { L(% - 1) g_(A)’lJ , [(% - 1) g_(B)’IJ} . (5.7)

We will consider the following conditions on a measurable function f : R¢ — C:

(f1) supp f < xo + B/' A2B(0, 1) for some xo € R? and j; € No and j; € Z;
(f2) I fllze < |det B|~1/P|det A|=52/P;
(f3) Jga f(x)x° dx =0 forall o € NJ satistying |o| < s.

An essential property of functions satisfying (f1)—(f3) is given by the following lemma.
Its proof is more refined than corresponding results for (nonlocal) anisotropic Hardy spaces
(see, e.g., the proof of [2, Chapter 1, Theorem 10.5]) due to the fact that dilations Dz do
generally not act isometrically on local Hardy spaces h” (A). In addition, we need to consider
Jj1 > 0 in condition (f1).

Lemma 5.9 Suppose h? (A) = hP(B) for some p € (0, 1]. Then there exists a constant
C > Osuch that || fllneay, | fllne gy < C for all functions f satisfying conditions (f1)—(f3).

Proof Recall thatsince h”(A) = h?(B), itfollows that ||-||5»(a) =< ||-|lx»(B) by acombination
of Proposition 3.1 and Lemma 5.4. . . _

Let f satisfy (f1)—(f3). Then the supportofDZj1 fisB7/tsupp f € B /1xo+A2B(0, 1).
Moreover, Dg 5 S satisfies the norm estimate

1Dy, fllzoe = |det BUVP|| fllp < | det A|=2/7.

Finally, fRd ngl f(x)x° dx = 0 for all [o] < s. Thus, by Remark 3.2, the function
Dg i J 18 (a constant multiple of) a (p, s)-atom associated to A. Therefore, by [2, Chap-

ter 1, Theorem 4.2], it follows that ||D§j1 fllaray S 1, with a constant independent of j
and f.
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In view of the above and the assumption || - [zr(a) < || - llnr(B), it remains to prove the
estimate || gy < ||DB/1 Sl zp(ay. For this, note first that, for any measurable function
h:RY - C and any x e RY,

MO i i
0C[DP h](x) = sup |det B|Y |(Dgh) * (¢ o B)))(x)]
Jj€Ng
= sup |det B|'/?|det B|Y~!|(h x (¢ o B/~1))(Bx)|
Jj€No

|det B|'/? sup | det B|*|(h * (¢ o BY))(Bx)|
ZEN()

= |det B|"/P(MJ"5°h) (Bx).

%

Hence,
Wallnr gy = IMy SR Lo = | det BIVP [[(My 2 h)(B) Lo < | My 5 IDRRl|Le = | DGRl ).

which implies, in particular, that || f{lsr ) < ||Dle Sfllnr By since ji > 0. Second, by
definition, it holds that H? (A) < h”(A). All in all, this gives

I f ey < DY, Flwresy S WDy, fllecay SIDL; fllray S 1,

where the second inequality follows from || - |[p(a) < || - lnr(B)- O

The following theorem provides the desired necessary condition for the equality of
anisotropic local Hardy spaces associated to different expansive matrices A, B. Its proof
structure is analogous to the classification of anisotropic (nonlocal) Hardy spaces in [2], with
various essential modifications; see also Remark 5.11.

Theorem 5.10 If h”(A) = hP(B) for some p € (0, 1], then A* and B* are coarsely
equivalent.

Proof Arguing by contradiction, assume that A* and B* are not coarsely equivalent. Then,
by Lemma 2.1, it follows for ¢ = In |det A*|/In |det B*| = In | det A|/In | det B| that

sup | B AK | = sup |(A") T (BHH || = 00
keN keN

Hence, by passing to a subsequence if necessary, it may be assumed that
lim ||BY¥* A% = 00
k—o00
Let d(k) € Z be minimal with the property that || BL#K] A=k=d®) || < 1 Then, as in [2,

Chapter 1, Theorem 10.5], it follows that 1 < | Blekl A—k—d®)=D) || < || plek] g—k—d K} .
|All, and hence

1> c(k) := | BEHATAO) > 497" (5.8)

Moreover, we have d(k) — oo as k — oo, which follows by recalling that
| Blekl A=k=d®) | < 1, and hence

A9® > JAIR | > | BLek] g=k=d® ) Ad® ) > | Blekl A=k 5 oo

as k — oo.
In order to simplify notation, denote

Qk = BLSkJA_k_d(k)
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and let z; € RY be such that

lzkl =1 and |Qizi| = [|Qkll = c(k).

In addition, let Uy € RY*4 be an orthogonal matrix satisfying Uye; = zx, where e denotes
the first element of the canonical basis for RY. Using the matrices Qy and Uy, for k € N, we
define the sequence of functions

. pP P
Ji = DQ;1 DU]:1 Jo,
where fp : RY — C is a bounded measurable function satisfying
S0 >0, ifx e B(zey, 3
Jo(x) = (3e1.7) (5.9
0, ifx ¢ B0, })UB(3er. 1)

and such that conditions (f1)—(f3) hold with xo = 0 and j; = j, = 0. The existence of such
a function is guaranteed by Lemma A.1. It is then not hard to see that also each function fy,
k € N, satisfies conditions (f1)—(f3) with xo = 0, j; = |ek] and j, = —k — d (k).

The remainder of the proof is split into two steps, which consider the cases p < 1 and
p = 1 separately.

Step 1. (Case p < 1). In this step, we show that || fx|ls»(p) — 00 as k — oo. Since
Il fellnr )y < 1 by Lemma 5.9, this will provide the desired contradiction.

Since QUxB(0. 1) € B0, ) and Q,UB(Ger. §) = QuBGzi. ) S B(G Qkzr. ).
it follows by the definition of f; and (5.9) that if fi(x) # 0 for x € R4 \ B(0, @), then

_ lek] k+d (k)
fi(x) =8| det B|” 7 |detA| » =:8, and x € QB (3z. 3)- (5.10)
Let ¢ € S(R?) be a fixed nonnegative Schwartz function satisfying ¢ = 1 on B(0, é||A||_1)
and ¢ = 0 outside of B(0, | A ~"). Then, for z € RY,
M°1°°fk(z) > | fix )| = lf fe()¢(z — x) dx|. (5.11)
Fix z € B(3 Oxzk, S IAI™Y) € BE Qkzk, % IIAlI~") for the moment. Then ¢ (z — x) # 0
implies that
=—(—x)+z€BO, ZIAIT) + BG OQczk. %IIAITY € BE Qrzr, $IAITY,

so that Eq. (5.8) implies

c(k)— etk) = C(k)

3 1 L3
> — — —||AlT > =
|x|_4|Qka| 4|| I~ = 2

and hence x € R? \ B(0, @). Using Eq. (5.10), it follows therefore that

MO fi@) = ¢ / 1.0, 53420, 114 (D — 1) dx
> &m (B (z. g AIT") N QB (3. 1)) -
Now, an application of [2, Chapter 1, Lemma 10.6] (withr = $[|A[|! < 1/2and P = 1 Qy)

1
yields because of || P||r = 42|:‘%”” < %IIAII_1 and because of 7 — %Qka € B(0, || P||5) that
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m (B (z — 3 Qxze, 11417 N L oiBO. 1)

m (B (z — 3 Qez. 1 PIl - r) N PB(O, 1)
r\d

(5) -m(PB(0, 1))

= (16lAI)™? - |det Qx| - m(B(O, 1)),

m (B (2, gllAIT") N QB (321 §))

%

v

so that
S -m (B (z, §1A17") N OB (3zk. 1)) = [ det Okl - m(B(O, 1) - & - (16]| Al ™.

Since

k)

| det Qx| - 8k = 8o - | det B|L¥K) . | det A|7F—4®) . |det B 7 |detA|

> 6o - |detB|€k<1_F) . |detA|(k+d(k))(F_1>

2 | det A|k<1_71:) | det Al(k+d(k))(%_1)

= |detA|d(k)(%*l),

by definition of & in Eq. (5.10) and because € = In | det A|/ In | det B|, a combination of the
above inequalities gives

Sc-m (B(z, fIAITY N QB (3zk. 1)) 2 | det A|?OW/ 7=,

Recall that z € B(%kak, L] lA|I~Y) was arbitrary. Thus, combining the estimates
obtained above and recalling from Eq. (5.8) that c(k) > ||A||™ ! gives

I il :/ (M 5 i(@)" dz Z/( Ocze. S 1]~ 1)( Mai ) 4

> | det A|d(k)(1—l7)7

which shows that || fill,»(By — o0 as k — oo, since d(k) — oo and p < 1, as well as
|det A] > 1. As noted at the beginning of this step, this completes the proof for the case
p <1l

Step 2. (Case p = 1). Since ||A|~' < ¢(k) = |Qkll < 1 and |z¢| = 1, by passing to a
subsequence if necessary, we can assume that Qy — Q, aswellas Uy — U and zx — z* for
amatrix Q € R¢x4 satisfying ||A[|~! < || Q| < 1, avector z* € R satisfying |z*| = 1, and
an orthogonal matrix U € R?*4 Note because of ¢ = In | det A| /In|det B| and d(k) — oo
that

|det Qx| = | det B|1¥K) | det A|7F=9®) < | det B|**| det A|K—4®)
= |det A|*|det A|7F=9®) = | det A|79® 0,

so that | det Q| = 0, meaning that Q is not invertible.
Next, for an arbitrary bounded, continuous function g € Cp (]Rd ), we have

fi)gx)dx = | |det Q7' - (D! fo)(Q;'x) - g(0r Qf 'x) dx
R4 R Uk

= | (D fo)(»eg(Ory)dy
R Uk
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= [ 146t U AU )@ ) dy
:/ fo(2)g(QrUrz) dz
Rd
—>/ fo(2)g(QUz) dz :;[ g(x)du(x),
R4 R4

for a uniquely determined regular, real-valued (finite) Borel measure 1 on RY. The conver-
gence above follows from the dominated convergence theorem, since fj and g are bounded,
with fj of compact support, and since g(QxUrz) — g(QU?z) by continuity of g. Note that
supp o C range(QU), which is a proper subspace of R, since Q € R?*¢ is not invertible
and thus not surjective. Hence, u is mutually singular with respect to the Lebesgue measure.
Note furthermore that the above implies f; — p in the sense of tempered distributions.

To show that & # 0, choose 0 < ¢ < %IlAH’], and note

|QUer| = lim[Q(Uyer| = lim | Qyzi| = lim | Qi [l = 1| QII.

which implies for any z € B(0, 1) that

|QUz —20Uei| = 3|QUe;| — |QUz| = 3101l — 10l - Uz
> 30l - slol =110l = sIAI! >

Choose a nonnegative, continuous function g € C(R?) satisfying suppg < B(% QUei, )
and g(3 QUe;) = 1. By what we just showed, we then have g(QUz) = Oforall z € B(0, 1).
By the properties of fj (see Eq. (5.9)), we then see

/g(X)dM(X)=/ fo(2)g(QUz) dz
R4 R4

= f fo(2)g(QUz)dz +50/ g (U (3e1 +72)) dz
5(0.4)

6(0,4)

:80/3(0,4) g (QU (3e1 +2)) dz > 0,

since the domain of integration is open and the integrand is continuous, nonnegative, and
strictly positive at z = 0.

We will now show that the tempered distribution y satisfies € #'(B) € L', which
will yield the desired contradiction. For this, fix a nonnegative, nonzero Schwartz function
¢. Then an application of Fatou’s lemma yields

||p,||h,(3)x/ MOlocu(x)dx<11m1nf/ M0]°°fk(x)dx liminf | fi |yt (g)-
R4 R4 k— o0

Since || fillnr(g) S 1 for all k € N by Lemma 5.9, this shows that u € h'(B) € L', which
is a contradiction, since © # 0 is mutually singular with respect to the Lebesgue measure. O

Remark 5.11 While being based on the same general ideas, the proof for the case p = 1
above adds a significant detail that was missing in the proof of [2, Chapter 1, Theorem 10.5].
The reason is that one of the claims used in [2] appears not correct as stated: In [2], it is
effectively claimed that if (f;),en is a sequence in L! with uniformly bounded supports
that converges in the sense of tempered distributions to some real-valued Borel measure p,
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and such that m(supp f,,) — 0asn — oo, then w is mutually singular with respect to the
Lebesgue measure.

To see that this claim is not correct in general, let f, : R — [0, 00), n € N, be defined
by

no2

1 n
Jnx) = n Z ?1£+[*n’2.n*2]'

i=1

Then || full;1 = 1, and m(supp f) < %, so that m(supp f;) — 0asn — oo., However,
it follows by standard arguments hat f,, — 1|o 1} in the weak-*-topology of M(R) =
(Co(R))*, so that lim, f, € L' is not singular with respect to the Lebesgue measure m.

5.6 Proof of Theorem 5.1
Combining the results from the previous subsections, we can prove Theorem 5.1.

Proof of Theorem 5.1 If F‘,’;, q (A) = F% q (B) for some « # 0, then case (i) follows by Theo-
rem 5.6. If F?,’q(A) = F(;,’q(B) for some p € (0, 00) and g # 2, then case (i) follows from
Theorem 5.8. Lastly, if F?J’q (A) = F(z)hq (B) for p € (0, 1] and g = 2, then case (i) follows
from Theorem 5.10, combined with Proposition 3.1. In the remaining case, we have o = 0,
g =2, and p € (1, 00), so that case (ii) of Theorem 5.1 holds. ]

5.7 Proof of Theorem 1.1

Theorem 5.1 shows that (i) implies (iii), whereas Proposition 4.2 shows that (iii) implies (ii).
The remaining implication is immediate.

Appendix A: Postponed proofs

LemmaA.l Lets,d € N, and let ey = (1,0,...,0) € RY denote the first standard basis
vector. There exists a bounded measurable function f : R¢ — C satisfying
1, ifxeB(3er. 1)

f(”:{o, i ¢ 50,5 UB (Ger. )

and f]Rd f(x)x? dx =0forallo € Ng with o] < s.

Proof Define ny := |{o € Ng 2 lo| < s}l and v € R™ by v, := —fB(%el’%)x” dx. Then,
the linear function
0: L*(B0,1/2)) > R™, h— (/ h(x)x® dx)
B0, %) lo|<s

is surjective. Indeed, if this was not the case, since range(6) is finite-dimensional, there would
exist c € R™ with ¢ # 0 but ¢ L range(6), which then implies for the nonzero polynomial
px) = Zlg‘sé, co x° that 0 = fB(O 1) h(x)p(x)dx for all h € L*°(B(O0, %)), which is
absurd.
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Hence, there exists & € L°°(B(0, 1/2)) such that 6 (k) = v. Define f : RY > C by

h(x) ifx eB(0,1),
f)=31  ifxeB(3e. 1),
0 ifxgB(0,1)uB (e ).

Then, given o € Ng with || < s, we have

/ f(x)x? dx = / h(x)x° dx +/ x%dx =0,
R4 B(0.}) B(3er. 1)

2

as desired. ]

The next lemma is part of the folklore. However, since we could not locate a reference
and since the properties derived in the lemma are crucial for our arguments (see Lemma 5.4),
we provide a short proof.

LemmaA.2 Let A € GL(d, R) be expansive and let « € R, p € (0, 00), and q € (0, oo].
Then the following assertions hold:

(i) The quasi-norm || - ||FZ_q(A) is an r-norm for r := min{l, p, q}, that is,
ra < rOt rO(
”fl + f2”Fp_q(A) = ||fl ||Fp<q(A) + ||f2||prq(A)

forall fu. f € ¥ (A);
(ii) The space F‘[")’q (A) is complete with respect to the quasi-norm || - ||F77 (A

(i) If (fn)neN is a sequence in F‘;yq (A) satisfying f, — fo with convergence in Fg’q (A),
then (f, §) — ( fo, ) for all ¢ € F(CXR?)).

Proof (i) Let r := min{l, p, q}. To ease notation, define Cr(x) := (|det A|%| f =
<p,-A(x)|),-eNo for f € & and x € R?. Then

1/r

17 = 11Cr Ol = THCrO) 1 1 = TErO)
< C"

A C;z. Since moreover g /r, p/r > 1, applications of

Lol

Since r < 1, we have C;‘1+fz <

the triangle inequality yield
i+ Bl < 1HCAO) e

as required. ‘
(i) Let D := {D = A/ ([0, 119 + k) : j € Z,k € Z¢} and Dy := {D € D : m(D) < 1}. For
a complex-valued sequence ¢ = (¢p) pep,, define

1/q
llelis ay = ”( > (m(D)*“*1/2|cD|nD)‘1)

DeDy

o+ INECRO) N | o = 1R, + 121

€ [0, o0],
Lp

and set f‘;‘,,q(A) i={ceCPv: ||C||f%’q(A) < oo}. Then it is easily verified that f?;,q(A)’ with
respect to the quasi-norm || - ||f¢:’.q( 4A)» 18 a (solid) quasi-normed function space on Dy, in the
sense of [16, Section 2.2] and [11, Section 2]. Moreover, f‘;y q (A) satisfies the Fatou property,
and hence it is complete, see, e.g., [16, Lemma 2.2.15] and [11, Proposition 2.2] (combined
with [11, Remark 2.1]).

By [5, Section 3.3], there exist two bounded linear maps S : ngq (A) — f%’q (A) and
T : f‘;‘w(A) — F‘;yq(A) satisfying T o § = idF%‘q(A). Hence, if (f;)nen is a Cauchy
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sequence in F‘;‘,’q (A), then the sequence (¢™),en given by ¢™ = Sf, € f%,q (A) is Cauchy
in fg’ q (A), and thus converges to some ¢ € f; q (A). Since T is bounded, this easily implies
that f, = T(Sf,) = T(c"™) — Tc e F‘["Lq (A), which shows that F‘;‘,,q(A) is complete.
(iii) Choose an A-analyzing pair (¢, ®) that satisfies properties (c1)—(c3). Let (f,)nen be a
sequence in Fj, / (A) that converges in F}, / (A) to some fo € F)  (A). Let¢ € F(C®° (R%))
and note by elementary properties of the Fourier transform (see [12, Theorem 7.19]) and
because of ) ; eNo golA = 1 (see property (c3)) that

o) = e F'0) = S G -9y = 3 (fu 0. 9)
ieNp ieNp

for any n € Ng. Moreover, there exists a finite set I, € Ny independent of n, such that
(fu * (piA, ¢) =0foralln € Ngand alli € Ny \ 1. Thus, it remains to show

(fux ol 0) = (fox o, d)

asn — oo, foralli € Ny. To see this, we will use [3, Corollary 3.2], which yields a constant
C > 0 and some N € N such that
1J€9] -
o

L <t h e forall h € S'(R?) with supp 4 C su
AT 1721 e (RY) pp i < supp ¢

Hence, in particular,

I(fox o — fux o) ()]
u
LR (14 |xpV

<CHfox ot — fux ol

< C™det Al fo = fulles, ca)s

which easily implies that f, * ¢ — fo * ¢ in S'(RY), as n — oo. Thus, we see that
(fax @, @) = (fox e, @), as desired. O
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