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Abstract

Warped time-frequency systems have recently been introduced as a class of structured
continuous frames for functions on the real line. Herein, we generalize this framework
to the setting of functions of arbitrary dimensionality. After showing that the basic
properties of warped time-frequency representations carry over to higher dimensions,
we determine conditions on the warping function which guarantee that the associated
Gramian is well-localized, so that associated families of coorbit spaces can be con-
structed. We then show that discrete Banach frame decompositions for these coorbit
spaces can be obtained by sampling the continuous warped time-frequency systems.
In particular, this implies that sparsity of a given function f in the discrete warped
time-frequency dictionary is equivalent to membership of f in the coorbit space. We
put special emphasis on the case of radial warping functions, for which the relevant
assumptions simplify considerably.
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1 Introduction

Time-frequency representations' (TF representations) are versatile tools for the anal-
ysis and decomposition of general functions (or signals) with respect to simpler,
structured building blocks. They provide rich and intuitive information about a func-
tion’s time-varying spectral behavior in settings where both time-series and stationary
Fourier transforms are insufficient.

Important fields relying on time-frequency representations include signal process-
ing [4, 18, 71, 77] and image processing [20, 24, 71, 86], medical imaging [69, 98],
the numerical treatment of PDEs [26, 56], and quantum mechanics [76]. In partic-
ular, short-time Fourier transforms [53] and wavelet transforms [32] are widely and
successfully used in these fields.

Yet, the limitations of such rigid schemes, considering only translations and modula-
tions (resp. simple scalar dilations) of a single prototype function, are often considered
detrimental to their representation performance. Therefore, numerous more flexible
time-frequency representations have been proposed and studied in the last decades.
As the most prominent of such systems, we mention curvelets [21, 23], shearlets [31,
67], ridgelets [22], and e-modulation systems [29, 30, 41, 55, 73, 84].

In the present article, we consider a more flexible scheme for constructing time-
frequency representations, namely the framework of warped time-frequency systems
that was recently introduced for dimensiond = 1in[61, 62]. To motivate this construc-
tion, note that the systems mentioned above are all examples of so-called generalized
translation-invariant (GTI) systems [58, 65, 81], i.e., each of these systems is of the
form (Txv;)ier xez; for certain generators v; € Lz(Rd) and subgroups Z; C R,
Here, Ty (y) = ¥(y — x) denotes the translation of i by x. Although it is not
required that the Z; are discrete, they are often taken to be lattices, i.e., Z; = TiZd,
with T; € GL(RY). The various systems differ in the way in which the generators /;
and the lattices Z; are chosen. But in each case there is a finite set of prototypes, often
a single prototype, such that each ; is a certain dilated and/or modulated version
of one of the prototypes. Here, the dilations might be anisotropic, as is the case for
shearlets.

As two canonical examples, we note that for a Gabor system, we have ¥ (x) =
e2mialkx) Ly (x) fork € I = Z4, while for a (homogeneous) wavelet system, we have
Vi(x) = 2472 .y (2/x) for j € I = Z. Thus, the two systems differ with respect
to the frequency localization of the generators v;: For a Gabor system, the (essential)
frequency supports of the generators ¥, form a uniform covering of the frequency space
R?— in contrast to the case of wavelets, where the (essential) frequency supports form
a dyadic covering.

Warped time-frequency systems are motivated by the crucial observation that the
dyadic covering corresponds to a uniform covering with respect to a logarithmic scal-
ing of the frequency space. This suggests the following general construction: Starting
from a warping function ®—i.e., a diffeomorphism ® : D ¢ RY — R?—and a

! The term time-frequency representation is used in a wide sense here, also covering time-scale represen-
tations like wavelets.
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prototype function 6 € L*(R%), we consider the associated warped time-frequency
system G(6, ®) = (gva)yeRd,weD given by

20 =Ty[F o] with go=co(Towd)o® for (v.0)eR!xD.
(1.1)

Here, the function ¢, - (Tq>(w)9) o®: D C R? — Cis extended trivially to a map

defined on all of R? before applying the (inverse) Fourier transform F~! to it, and
the constant ¢, > 0 is chosen such that the resulting family (gy,0)yecre wep forms a

tight frame for the space | (D) = F ! (L2(D)) of all L2-functions with Fourier
transform vanishing outside of D.

At first sight, this construction might seem intimidating, but it can be unraveled as
follows: The warping function ® provides a map from the frequency space D to the
warped frequency space R¢. Thus, 6 serves as a prototype for the Fourier transform
of the GTI generators F'g,, but in warped coordinates. In that sense, g, can be
understood as a shifted version of 6, but the shift is performed in warped (frequency)
coordinates. In order to build further intuition for this construction, it is helpful to
consider the case in which 0 is (essentially) concentrated at 0, so that Te )0 is
concentrated at ® (w), whence g, is concentrated at w. Put briefly, the warping function
® determines the frequency scale and, with it, the frequency-bandwidth relationship
of the resulting warped time-frequency system.

As a further illustration, let us explain how wavelet systems fit into the above
construction. Define D := (0, 00) and ® : D — R, x > In(x). Then

(I Towb 10 ®)E) = 6(InE) — In(@)) = [0 o In](£/w),

and hence, with ¢ = 7! (@ oln), itholds that 7' g, = co @ [F (6 0 In)] (we) =
Cow - Y(we), so that (gy,w)yeR,weD = (cw w- T,y (w.)])yeR,weD is a continuous
wavelet system, for an appropriate choice of c¢,,. Finally, since translations in the
frequency domain correspond to modulations in the time domain, continuous Gabor
systems can be obtained by choosing ® : R — R to be the identity function.

1.1 Contribution

The overall goal of the present article is to start an in-depth study of the properties of
warped time-frequency systems on R?. Some essential, basic characteristics of warped
time-frequency systems on R? are obtained analogously to the one-dimensional case
treated in [61]. In particular, G(6, ®) forms, under mild assumptions on 6 and @,
a continuous tight frame for L>7 (D). However, our main objective, verifying the
applicability of general coorbit theory (as developed in [46, 66, 78]) to the continuous
frame G(@, ®) is decidedly more involved in the higher-dimensional case that we
consider here than in the case d = 1. Therefore, the main results presented in this
work are concerned with establishing a set of assumptions on 6 and ®, such that the
rich discretization theory for the coorbit spaces associated with G(6, ®) is accessible.
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To make the latter point more precise, let us briefly recall the main points of coorbit
theory related to the present setting. The main tenet of coorbit theory is to quantify the
regularity of a function f using a certain norm || f |lcoy) := H Voo f H y of the voice
transform Vg o f(y, w) = (f, &y,w). The coorbit space associated with a Banach
space Y C Llloc(Rd x D) is then given by Cog ¢ (Y) = {f : Wof € Y}.

Of course, the general theory of coorbit spaces as developed in [46, 66, 78] does
not consider the special frame G(6, @), but a general continuous frame ¥ = (¥ )sen-
Coorbit theory then provides (quite technical) conditions concerning the frame W
which ensure that the associated coorbit spaces Coy (Y) are indeed well-defined
Banach spaces. We will verify these conditions in the setting of the warped time-
frequency systems G(6, ®). Precisely, we shall derive verifiable conditions concerning
6 and ® which ensure that coorbit theory is applicable.

Additionally, coorbit spaces come with a powerful discretization theory: Under
suitable conditions on the frame W = (/)¢ , taken from an appropriate test function
space, and on the discrete set Ay C A, coorbit theory shows that the sampled frame
W, = (¥i)rea, forms a Banach frame decomposition for the coorbit space Coy (Y).
The precise definition of this concept will be given later. Here, we just note that it
implies the existence of sequence spaces Y, 5 cCMandy 3 C CA4 such that

1 Fllcory = [(CF2 ¥3))en, Iy = inf { [ennengllyz = f= e m}.

reAy

Hence, for a generalized notion of sparsity, membership of f in Coy(Y) is simul-
taneously equivalent to analysis sparsity and synthesis sparsity of f with respect to
the discretized frame W,. Specifically, a sequence c is considered sparse if ¢ € ¥ 5 or

ceY 5 . This is most closely related to classical sparsity if Y; and Yg coincide with
certain (weighted) £” spaces.

We indeed show under suitable conditions concerning 6 and & that the discretization
theory applies to G (6, ®). Therefore, the coorbit spaces Cog ¢ (Y) characterize spar-
sity with respect to the (suitably discretized) warped time-frequency system G (8, ®).
As a byproduct, we also show that the space Cop ¢ (Y) is essentially independent of
the choice of sufficiently regular 6.

1.2 Related Work: Warped Time-Frequency Systems

Warped time-frequency systems have already been considered before, though only for
the one-dimensional case d = 1. In particular, in [61], the authors essentially obtain
the results that we just outlined, i.e., that warped time-frequency systems form tight
frames and that the assumptions of generalized coorbit theory can be satisfied, at least
for coorbit spaces associated to the (weighted) Lebesgue spaces ¥ = LZ(R x D).
We generalize these results to higher dimensions d > 1 and to the weighted mixed
Lebesgue spaces LY (R x D), equipped with the norm ||F||L5.q = || o |k -
F)(e, a))”L]?(Rd) ||Lq( D)’ Furthermore, we relax some of the assumptions imposed in
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[61]. The generalization to higher dimensions is, as we will see, by no means trivial.
The extension to the spaces L29(RY x D) relies on our recent work [60].

Hilbert space frames obtained by sampling warped time-frequency systems were
examined in [62], where different necessary or sufficient frame conditions similar to
those for Gabor and wavelet frames were obtained. In the same paper, the authors also
derive readily verifiable conditions under which the sampled warped time-frequency
system satisfies the local integrability condition, thereby providing access to useful
results from the theory of GTI systems.

1.3 Related Work: GTI Systems

Warped time-frequency representations are GTI systems [58, 65, 81], and they could be
analyzed within this abstract framework. However, fully general GTI systems include
a considerable number of—usually undesired— pathological cases [49, 93]; these can
be excluded by imposing additional structure-enforcing conditions. The most general
and well-known such condition is the local integrability condition (LIC) of Hernandez
et al. [58], further investigated in [65, 93].

In practice, GTI systems are mostly generated from one (or few) prototype func-
tions through the application of a family of operators—Ilike modulations or dilations—
that promote a given frequency-bandwidth relationship, such as the constant fre-
quency/bandwidth ratio for classical wavelet systems. Naturally, such systems are
well suited for representing functions with certain frequency-domain properties.

In our case, structure is imposed by the choice of the prototype and warping function
that determine the frequency-bandwidth relation and the distribution of GTI generators
in the frequency domain. In this sense, warped time-frequency systems provide a
unified framework for studying structured time-frequency representations. We will see
that warped time-frequency systems, despite their generality, satisfy many beneficial
properties that are not simply trivial consequences of them being GTI systems.

As other related time-frequency systems, we mention dictionaries obtained by com-
bining multiple TF dictionaries, either globally [5, 8, 99], or locally in weaved phase
space covers [34, 37, 80]. Furthermore, nonstationary Gabor systems [10, 35, 36, 59]
are closely related to GTI systems via the Fourier transform.

1.4 Related Work: Function Space Theory

The joint study of integral transforms and appropriate (generalized) function spaces
is a classical topic in Fourier- and harmonic analysis. In particular, localization and
smoothness properties of functions and their Fourier transforms have received much
attention. Indeed, from the distribution theory of Laurent Schwartz [82, 83] to Paley-
Wiener spaces [17], Sobolev spaces [3, 68, 88] and Besov spaces [16, 88, 91], a
large number of classical function spaces can be meaningfully characterized through
their Fourier transform properties. Other examples include the family of modulation
spaces [40, 53]— defined through the short-time Fourier transform [50, 53]—as well
as spaces of (poly-)analytic functions [1, 12] and the Bargmann [13, 14] and Bergman
transforms [2].
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A powerful general framework for studying function spaces associated with a cer-
tain transform is provided by coorbit theory, originally introduced by Feichtinger and
Grochenig [43, 44, 52]. As described above, the underlying idea for this theory is
to measure the regularity of a function or distribution in terms of growth or decay
properties of an abstract voice transform. In the original approach of Feichtinger and
Grochenig, the voice transform is defined through an integrable group representa-
tion acting on a suitable prototype function. Prime examples of different transforms
and the associated coorbit spaces are the short-time Fourier transform [50, 53] and
modulation spaces, associated with the (reduced) Heisenberg group, and the wavelet
transform [32] and (homogeneous) Besov spaces [16, 91], associated with the ax + b
group.

Fornasier and Rauhut [46] realized that the group structure on which classical
coorbit theory relies can be discarded completely. Instead, one can consider the voice
transform associated with a general continuous frame [6, 7], the Gramian kernel of
which is required to satisfy certain integrability and oscillation conditions. Since the
introduction of this general coorbit theory, these results have been improved and
expanded [11, 66, 78], as well as successfully applied, e.g., to Besov and Triebel-
Lizorkin spaces [88, 90, 91] or «-modulation spaces [51]; see e.g. [78, 92] and [30,
84].

1.5 Structure of the Paper

We begin with a brief introduction to general coorbit theory in Sect. 2. We then formally
introduce warped time-frequency systems in Sect. 3, in which we also discuss several
concrete examples. Section4 is concerned with conditions on the warping function
® and the prototype 6 which ensure that the continuous frame G(6, ®) satisfies the
assumptions of (general) coorbit theory.

To show that the continuous frame G(6, ®) can be sampled to obtain discrete Banach
frame decompositions of the associated coorbit spaces, we will need certain cover-
ings of the phase space A = R? x D associated with the warping function ®. These
coverings are studied in Sect. 5. In Sect. 6, we prove the existence of discrete Banach
frame decompositions for the coorbit spaces Cog ¢ (Y). Finally, in Sect.8 we inves-
tigate warped time-frequency systems generated by radial warping functions on RY.
In particular, we show that admissible symmetric warping functions on R give rise to
admissible radial warping functions on R?.

1.6 Notation and Fundamental Definitions

We use the notation n := {1, ..., n} forn € N. We write Rt = (0, co) for the set of
positive real numbers, and §' := {z € C: |z| = 1}. For the composition of functions
f and g we use the notation f o g defined by f o g(x) = f(g(x)). For a subset
M C X of a fixed base set X (which is usually understood from the context), we use
the indicator function 1, of the set M, where 1y;(x) = 1ifx € M and 1 jy(x) =0
otherwise.
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The (topological) dual space of a (complex) topological vector space X (i.e., the
space of all continuous linear functions ¢ : X — C) is denoted by X', while the
(topological) anti-dual of a Banach space X (i.e., the space of all anti-linear continuous
functionals on X) is denoted by X '. A superscript asterisk (*) is used to denote the
adjoint of an operator between Hilbert spaces.

We use the convenient short-hand notations < and =<, where A < B means A <
C - B, for some constant C > 0 that depends on quantities that are either explicitly
mentioned or clear from the context. A < B means A < B and B < A.

1.6.1 Norms and Related Notation

We write |x| for the Euclidean norm of a vector x € R, and we denote the operator
norm of a linear operator 7 : X — Y by ||T||x—y,orby ||[T], if X, Y are clear from
the context. In the expression || A||, a matrix A € R* g interpreted as a linear map
(R4, | e]) = (R", | o). The open (Euclidean) ball around x € R? of radius r > 0 is
denoted by B, (x).

1.6.2 Fourier-Analytic Notation

The Lebesgue measure of a (measurable) subset M C R? is denoted by w(M).
The Fourier transform is given by f(s) = Ff¢E) = f]Rd F(x)e 78 gy for
all f e LY(RY). It is well-known that F extends to a unitary automorphism
of L2(R%). The inverse Fourier transform is denoted by f = Flf. We write
L>7 (D) := F~'(L*(D)) for the space of square-integrable functions whose Fourier
transform vanishes (a.e.) outside of D C R<. In addition to the Fourier transform, the
modulation and translation operators M, f = f -e*™!{®*) and T,f = f(e—y),wil
be used frequently.

1.6.3 Matrix Notation
For matrix-valued functions A : U — R?*¢ the notation A(x)(y) := A(x)-y denotes
the multiplication of the matrix A(x), x € U, with the vector y € R in the usual
sense. Likewise, for a set M C RY, we write

A (M) == {A)(y) : yeM}.
Moreover, we define A1 (¢) := [A(z)]~! and similarly AT (7) ;= [A(0)FT. Here,

as in the remainder of the paper, the notation A7 denotes the transpose of a matrix A.
We will denote the elements of the standard basis of RY byei,...,eq.

1.6.4 Convention for Variables
Throughout this article, x, y, z € R4 will be used to denote variables in time/position
space, &, w, n € D in frequency space, A, p, v € RY x D in phase space, and finally

o, 7, t € R? denote variables in warped frequency space. Unless otherwise stated, this
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also holds for subscript-indexed variants; precisely, subscript indices (i.e., x;) are used
to denote the i-th element of a vector x € RY. In some cases, we also use subscripts
to enumerate multiple vectors, e.g., X1,...,X, € R9. In this case, we denote the
components of x; by (x;) ;.

1.6.5 Solid Spaces, Integral Kernels, and Mixed Lebesgue Spaces

Unless noted otherwise, we will always consider A = R? x D (with an open set
D C RY), equipped with the Lebesgue measure ;. A Banach space Y C LIIOC(A) will
be called solid if it satisfies the following: whenever F, G : A — C are measurable
with |F| < |G| almost everywhere and with G € Y, then F € Y and ||F|ly <
IG|ly. Y is rich, if it contains all (locally) integrable, compactly supported functions.
The analogous definitions apply for general locally compact measure spaces, and
in particular to sequence spaces (where the index set is equipped with the discrete
topology).

A kernel on A is a (measurable) function K : A x A — C. Its application to a
(measurable) function F : A — C is denoted by

K(F)(A) := / K, p)F(p)du(p), whenever the integral exists. (1.2)
A

We will identify two kernels if they agree almost everywhere. As usual, K* denotes
the adjoint kernel K* (X, p) = K (p, 1), and KT denotes the transposed kernel, given
by KT (%, p) = K(p, 1)

Since A = R? x D has a product structure, it is natural to consider the weighted,
mixed Lebesgue spaces LY (A), for 1 < p, g < oo, that consist of all (equivalence
classes of almost everywhere equal) measurable functions F : A — C for which

IFllpa = A2 > NG - F)(o, A llp ey | oy < 00 (1.3)

Here, k : A — R is a (measurable) weight function.

2 Frames, Coverings and Coorbit Spaces

In this section, we prepare our investigation of warped time-frequency systems by
recalling several notions and results related to the theory of continuous frames and
general coorbit theory.

A collection ¥ = (¥ )sea of elements ¥, € H of a separable Hilbert space H is
called a tight continuous frame (for H), if there exists A € RT such that

A-IfI2 = /A U pa)wlPdn(y) forall f e H, @.1)

and if furthermore the map A — 1, is weakly measurable, meaning that A — (f, V)
is measurable for each f € H. For the warped time-frequency systems considered
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later, we will see that A — 1, is in fact continuous (see Proposition 3.4). We say that
W is a Parseval frame if A = 1 in Eq. (2.1).

The voice transform with respect to a tight continuous frame W = (¥, )ea 1S given
by

Vo : H— LZ(A), definedby Vy f(X) :=(f, ¥y )y forallA e A. (2.2)

The adjoint of the voice transform is given by
Ve L>(A) — H, Vi G = / GA) Yadp(r), (2.3)
A

with the integral understood in the weak sense (see [53, Page 43]). Finally, the frame
operator of W is given by Sy := Vo Vy : H — H, so that

S\ny/A(f, Vo) HYrdp(R).

It follows from (2.1) that Sy f = A - f for all f € H; see [25].
Essentially all of coorbit theory is based on certain regularity properties of the
reproducing kernel Ky associated to the continuous frame W. It is given by

Ky: AxA—C, (hp) = AW, ¥ (2.4)

Without loss of generality, we will henceforth assume that A = 1, i.e., W is a Parseval
frame. We remark that Ky is measurable with respect to the product o -algebra. Indeed,
since 'H is separable, we can choose a countable orthonormal basis (17;) je; C H, so
that Ky (A, p) = Zjej (o, mj)r(nj, ¥a)w is seen to be measurable as a convergent,
countable series of measurable functions.

A (discrete) frame for 'H is a countable family W, = () jes C ‘H for which there
exist 0 < A < B < oo such that

ANFIF <D NE ) nl> < B IIf1I5, forall f eH. (2.5)

jelJ

This implies (cf. [25] for details) that every f € H can be expanded with respect to
Wy; that is, for each f € 'H there exists a sequence (¢j)jes € £2(J) such that

f=> ¢ (2.6)

jeJ
2.1 Banach Frame Decompositions
When the Hilbert space H is exchanged for a Banach space (B, || e || g), and ) is

replaced by a suitable sequence space B” C C’, then validity of the (modified) frame
inequality ||((f. I/Ij>B,B/)jej} » = |Ifllp does not necessarily imply a statement
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similar to (2.6) (among other things because in general ¢; € B’ and not ¥; € B).
Therefore, the dual concepts of Banach frames and atomic decompositions have been
introduced; see [43, 44, 52]. To reduce the number of required definitions, in this
article we only consider the combined concept of a Banach frame decomposition,
which unifies both concepts, under some mild assumptions on B that allow one to
make sense of the intersection B N B’; see Appendix Appendix A for details.

Definition 2.1 Let (B, | e[ z) be a Banach space. A family Wy = () je; C BNB'is
called a Banach frame decomposition for B if there exist a dual family E; = (ej) jey C
B N B’ and solid, rich Banach sequence spaces (B”, || o | gz) and (B, || o |l g») over
J,ie., BY, B> c C’, with the following properties:

o The coefficient operators

Cy,: B— B, fw ((f, Vj)B.8)e; and
Ce,: B— B fr (<f’ej>B»B')jeJ

are well-defined and bounded.
e The reconstruction operators

Ry,: B — B, (Cj)jEJHZCjI/fj and
jelJ

RE(,Z Bb—>B, (Cj)jEJ'_)ZCjej
jedJ

are well-defined and bounded, with unconditional convergence of the defining
series in a suitable topology.
e We have Ry, o Cg, =idp = RE, o Cy,, or in other words

f= Z<f’ ej)pp Vj= Z(f, Vj)pp ej forall f € B.

jelJ jelJ

Remark 2.2 In some recent works, atomic decompositions of Banach spaces are
defined by a pair of systems (¥, W), with W; € B’ providing the analysis, and
@:1 € B the synthesis operation, e.g., [25, Definition 24.3.1]. In that sense, Defi-
nition 2.1 is not dissimilar to stating that both (W, E;) and (E;, ¥;) are atomic
decompositions of B. Nonetheless, a Banach frame decomposition, which implies the
existence of a class of test functions embedded into B and B’, is distinct, since it places
additional assumptions on the sequence spaces B*, B” on which the reconstruction
operators are further required to be unconditionally convergent.

2.2 Coverings and Weight Functions

For applying the discretization results of (general) coorbit theory, we will have to
construct special coverings of the phase space A = R? x D. To allow for a more
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streamlined development later on, the present subsection discusses the required prop-
erties of these coverings. The most basic of these properties are admissibility and
moderateness.

Definition 2.3 Let O # @ be a set. A family V = (V;) jes of non-empty subsets of O
is called an admissible covering of O, if we have O = (¢, V; and if

NO) :=sup|j*| <oo where j*:={ieJ:V,NV;#wa} forjel.
jeJ
2.7)

If Ois atopological space, we say that a family Vas above is fopologically admissi-
ble if it is admissible and if each V; C O is open and relatively compact (i.e., V; C O
is compact).

Remark We remark that every topologically admissible covering is locally finite:
Given x € O, we have x € Vj, for some jo € J. Since Vj; is open and since
Vi N Vj, # @ can only hold for i € jj with ji C J finite, we see that Vis indeed a
locally finite covering.

In the special case where O = A has a product structure, we will also use the
following class of coverings.

Definition 2.4 [60, Def. 2.12] Let A = Aj x A», where each A is equipped with
ameasure u; and u = w1 ® . We say that a family U = (U;) jey is a product-
admissible covering of A, if it satisfies the following: J is countable, A = | J jer Uj,
each U} is non-empty and of the form U; = Uy ; x U, ; with Uy ; C A open, and
there is a constant C > 0 such that the covering weight wy, defined by

(w)j ==min {1, u(Uy;), ua(Usj), n(U;)} forjelJ (2.8)

satisfies (wy); < C - (wy)e¢ forall j, £ € J with U; N Uy # 2.

Given a product-admissible covering i/ = (U;) ey and a measurable function
u: A — RT, we say that u is U-moderate if there is a constant C’ > 0, such that
u(h) <C"-u(p)forall j € Jandall A, p € U;.

If U = (Uj) jes is a product-admissible covering of A, then with wy, as defined in
(2.8), it is easy to see that there exists a measurable function wfl : A — R such that

(wy)j < wy(A) forall j € Jand A € Uj. (2.9)

Furthermore, any two such weights wg{, 1;5{ satisfy wa = z;;f{ We refer to [60, Theo-
rem 2.13] for the details.

In addition to such coverings, the study of specific coorbit spaces and their properties
relies on certain weighted spaces that are compatible with the given coverings in a
suitable way. The following classes of weight functions are of particular importance.
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Definition 2.5 1. Any measurable function v : @ — R on a measurable space O
will be called a weight, or a weight function.

2. A weight m : O x O — R7 is called symmetric if m(x, p) = m(p, 1) for all
A, peO.

3. Given any weight v : O — R, the associated weight m, : O x O — Rt is
defined by

v0) o)

() v } , foralla,peO. (2.10)

my (A, p) = max {

4. A weight function v on RY is called submultiplicative, if
VA 4 p) <v(A) -v(p), forall A, p € RY.

Given such a submultiplicative weight v, another weight function 7 : RY — R*
is called v-moderate if

T+ p) <vr)-V(p), forallr,peRY. (2.11)

5. We say that a weight v on R? is radially increasing if v(L) < v(p) whenever
A, p € R? with |A| < |p|. This in particular implies that v(}) only depends on |A|.

Remark 2.6 1f vy, v are vo-moderate weights and vo(X) = vo(—A) forall A € R, then
a simple derivation shows that 1/v1, max{vy, vz}, and min{v;, v} are vo-moderate as
well.

2.3 Kernel Spaces

The main prerequisite of general coorbit theory is that the reproducing kernel Kgy—
and some additional kernels derived from it—must satisfy appropriate decay condi-
tions. These are formulated in terms of certain Banach spaces of integral kernels that
we review in this subsection.

Let (A, ) be a o-finite measure space. Recall from Sect. 1.6.5 that a kernel is any
measurable map K : A x A — C. Given such a kernel and a symmetric weight m on
A x A, we define | K|l 4,,(a) := K|l 4,,, Wwhere

I1K1l.4,, = max {ess Supf Im(p. 1) - K(p, )| du(h),
pEA A

ess sup/A|m(p, A) - K(p, M| du(p)} , (2.12)

reA

and we define A4, := A,,(A) 1= {K :A X A — C: K measurable and || K| 4, <
oo}. In the case where m = 1, we use the notation A;.

For most applications, it is not enough to know that Ky € A,,; rather, it is required
that the integral operator associated to Ky or |Ky| (defined in Equation (1.2)) acts
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boundedly on a given solid Banach space ¥ C LIIOC(A). Precisely, given a kernel
K:AxA— C,weset||K||,_, := ocif the integral operator associated to | K |
does not define a bounded linear map on Y; otherwise, we denote by ” K| || vy the
operator norm of this integral operator. With this convention, we define

Any ={K €Ay : |IK|lly-y < oo}, with norm
Ky v}

IK1lA,, y = max {[K]|.4,,

Remark 2.7 (cf. [66, Lemma 2.45]) If K is measurable and if | K| induces a bounded
operator ¥ — Y, then so does K itself, since Y is solid. A similar argument shows
that A, y is a solid space of kernels: Let K, L be measurable with K € A,, y and
L] < |K| almost everywhere (with respect to the product measure). Then, for u-
almost every A € A, |L(A, ®)| < |K (A, @)| u-almost everywhere, implying

[ILICFY(M)| < [LI(FD®) < |KI(|F])(A)  p-almost everywhere.
Noting that |F|ly = |||F|lly due to solidity of Y, the first inequality implies
that to determine the operator norm |||L||y—y, it suffices to consider nonnegative
functions F € Y. On the other hand, for such functions, the second inequality
implies |||L|(F)|ly < |IIKI|(F)]|ly, by solidity of Y. Hence, we have established
ILIly—y < IK|lly—y. and therefore [||L||l 4, , < IllK|[l4,, follows with solidity
of A,,, which is clear from the definition.

Finally, we remark that our definition of 4,, y is different from the definition in [66,
Section 2.4] in that we take the norm || |K | HY%Y instead of | K ||y y. Nevertheless,
if a kernel K satisfies K € A, y with our definition, it also satisfies K € Ay y
according to the definition in [66, Section 2.4], so that the slightly different definition
will not cause problems.

For applications of coorbit theory, one has to verify Ky € A, y for the space Y
of interest and a certain weight m. In many cases, it turns out to be easier to verify
Ky € By, where B, is a smaller space of kernels that satisfies B,, — An v,
possibly with my = m. Precisely, since we are mostly interested in the product setting
of kernels on A = A1 x Ay, we will use the following spaces B, introduced in [60].

Definition 2.8 Let (A, u) = (A1 x Ap, 1 ® u2), where (Aq, (1), (Az, ) are o-
finite measure spaces. Given a kernel K : A x A — C, we define

K2, (0, p1) i= K (&, p) for A= (A1, 42), 0= (p1, ) €A. (2.13)

Using this notation, we define

IKlls, = 1K Iy = | R, p2) 1= [ K922 [0, oo,

S
Aj(Az)

Birkhauser



62 Page 14 0of 87 Journal of Fourier Analysis and Applications (2024) 30:62

and By := Bi(A) :={K : A x A — C: K measurable and ||K ||3, < oo}. Finally,
given a symmetric weight m : A x A — RT, we define B,, := B, (A) := {K :
AxA—C:m-K € B}, withnorm ||K |5, = |m- K|p,.

As shown in [60, Propositions 2.5 and 2.6], B,, is a solid Banach space of integral
kernels that satisfies || K lls,, = KI5, and furthermore || K || 4,, < |IK |35, for every
kernel K. If the weight m additionally satisfies m(x, z) < Cm(x, y)m(y, z), for all
x,y,z € A and some C > 0, then it is easy to see that A,,, 3, are algebrae with
respect to the standard kernel product, defined by

Kl'K2=fAK1(°1,X)K2(?»,°2) du(r).

Most importantly for us, the integral operators associated to kernels in B,,, act bound-
edly on the mixed-norm Lebesgue spaces L. *? (A); see the following proposition.

Proposition 2.9 (see [60, Proposition 2.7]) Let A as in Definition 2.8, let k be a weight
on A, andletm, : A x A — RT be as in Equation (2.10). Then, for each kernel K €
B, (A) and arbitrary p, q € [1, 00], the associated integral operator K (e) defined
in Equation (1.2) restricts to a bounded linear operator K () : LI* (A) — LI (M),
with absolute convergence almost everywhere of the defining integral, and with

K (F)llgpacay < KB, - 1Fllgpan, ¥ F € LPY(A). 2.14)

In particular, this implies for Y = LY (A) and any (symmetric) weight m with

m > my that | K| 4, , < 1K|lB,-

2.4 General Coorbit Spaces

In this subsection, we give a brief crash-course to general coorbit theory. Our treatment
is essentially based on [66], but incorporates additional simplifications (from [60]) that
are on the one hand due to using the kernel space B, instead of 4, y, and on the
other hand due to imposing slightly more restrictive assumptions than in [66]. For the
warped time-frequency systems that we consider, these assumptions are automatically
satisfied, justifying this restriction.

To formulate our assumptions for the applicability of coorbit theory, we need one
final ingredient.

Definition 2.10 Let V = (V;) jcs be an arbitrary open covering of A = R? x D. The
maximal kernel MyK associated to a given kernel K : A x A — C, given by

MyK: A x A — [0,00], (A,p)+ sup |[K(v,p)| where

\)EV;L

vi=|J v (2.15)
Jj€J with AeV;

In what follows, we shall always work in the following setting:
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Assumption 2.11 Let D C R? be open, and let A = R? x D, equipped with the Borel

o-algebra and the Lebesgue measure . We assume that

1. U = (Uj) ey is a product-admissible covering of A;

2. u: A — RT is continuous and Z{-moderate;

3. mg : A x A — RT is continuous and symmetric and satisfies mg(A, p) <
CO .y u(p) forall », p € A and some C > 0;

4. U = (Y¥)ren is a continuous Parseval frame for L7 (D), and the map A —
L2(R?), A > v, is continuous;

5. v: A — [1, co)iscontinuous and satisfies v(A) > c¢-max {||1/fk||Lz, u(k)/wa(k)}
for some ¢ > 0 and all » € A, with wy, as in Eq. (2.9);

6. Y C LllOC (A) is arich, solid Banach space such that || K (e)[ly—y < ||K||Bm0 for
all K € Byyy;

7. The kernel Ky defined in Eq. (2.4) satisfies

Ky € Ay, and MyKy € By,. (2.16)

with m, as defined in Eq. (2.10).

By Proposition 2.9, Condition (6) is satisfied for ¥ = L2"?(A), as long as
mo(A, p) forall A, p € A.

k(M)
k(o) =

Remark 2.12 If the kernel K is continuous in the second component (as is the case for
the reproducing kernel Ky, under the conditions in Assumption 2.11), then My/K is
lower semicontinuous and hence measurable. To see this, let @ € R and (Ao, pg) €
A x A with MyK (A9, po) > «. Then there are j € J with 49 € U; and some
v € Uj such that |[K (v, po)| > a. By continuity of K (v, e), there is thus an open set
V C A with pg € V and such that |K (v, p)| > « for all p € V. Overall, we see for
(A, p) € Uj x V that MyK (A, p) = |K (v, p)| > a. Since U is a product-admissible
covering, U; is open; thus, we have shown that My/K is indeed lower semicontinuous.

The next theorem shows that the conditions in Assumption 2.11 ensure that one
can extend the voice transform to a suitably defined space of distributions.

Theorem 2.13 Under Assumption 2.11, the following hold: The space
Hy = Hy(®) = {f e L>F(D) : Vy f € Ly}, with the norm | f I := [Vw fll 1,
(2.17)

is a Banach space satisfying 'Hll) — L>7(D), with dense image. Furthermore, there
is some C" > 0 such that ||, |l;0 < C"-v(X) < oo forall A € A. In fact, Hll) is the
minimal Banach space with that iﬁroperty.

Finally, for each f € (H}})j, the extended voice transform

Vof: A—=>C, A (f, I/IA>(H$)1»H5 = f() (2.18)

satisfies Viy f € L?‘/’v (A). In fact, the expression |Vy f || L, defines an equivalent

norm on (H}J)—'.
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Proof Define C’" := ||Ky]||4,, - Then, [66, Lemma 2.13] shows that [|{;[l,1 < C”-
v(X) holds for all A € A\ N, if A — 1, is weakly measurable. If A 1% and v
are continuous, their proof is easily seen to hold pointwise for all A € A and hence
v C H}J. Since W is a continuous frame for L>7 (D), this in particular implies that
H,lj c L>7(D) is dense. The completeness of (H}}, | e ”H{,) and the continuity of the

embedding H,]J — L>%(D) follow from [60, Lemma 8.1]. The minimality property
of Hl is shown in [46, Corollary 1].

For ¢ € (H}j)—', [60, Lemma 8.1] shows that Vg ¢ is measurable with respect to
the Lebesgue o-algebra, and that ¢ +— ||Vyo|| Ly, defines an equivalent norm on
(’Hll))—'. Thus, we only show that Viy ¢ is in fact measurable with respect to the Borel
o-algebra. To see this, define W := {Vy f: f € 'H})} C L}}(A) andy : W —
C,Vyf > m, noting that this is a well-defined, bounded linear functional since
Yy Ve )l = le(HI = C- 1 fllyy = C - Ve fli)- By combining the Hahn-Banach
theorem with the characterization of the dual of Lllj (A), we thus see that there exists
G € Ly), (M) satisfying

Vep) = o) =y Ves) = /A G(p)Vai(p)dp.

Now, since (A, p) = Vyi(p) = (¥, ¥p) = Kw(p, L) is measurable and since
G e L‘f‘jv and Vy vy, € L,lj (as shown above), the measurability of V¢ is an easy
consequence of the Fubini-Tonelli theorem (see [27, Proposition 5.2.1]). O

Now that we have constructed the “reservoir” (H,ﬂ)—', we can use it to define the
coorbit space associated to the frame W and a solid Banach space Y.

Theorem 2.14 Suppose that Assumption 2.11 is satisfied. Then the coorbit of Y with
respect to W,

CoY :=Co(W,Y):={f e (H) : Vufer} (2.19)

is a Banach space with natural norm || fllcoy = |Vw flly.

Additionally, for any G € Y, the property G = Ky (G) is equivalent to G = Vy f
for some f € CoY. The map Vy : CoY — Y is an isometry of Co Y onto the closed
subspace Ky (Y) of Y. Finally, the inclusion CoY — (’H,lj)—| is continuous.

Proof This follows from [60, Proposition 8.6] together with [66, Sections 2.3 and 2.4].
O

Note that the definition of CoY is independent of the weight v in the following
sense: If v'is another weight such that Assumption 2.11 holds, then (2.19) defines the
same space, see [66, Lemma 2.26]. Furthermore, according to [66, Lemma 2.32], we
have the following special cases:

CoL! =H!

v

CoL{j, = (H})' and CoL?=1L"
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The coorbit spaces (CoY, || e ||coy) are independent of the particular choice of
the continuous frame W, under a certain equivalence condition on the mixed kernel
associated to a pair of continuous Parseval frames.

Proposition 2.15 If ¥ and U are continuous Parseval frames for L>7 (D) such that
Assumption 2.11 is satisfied for V and also for U, and Ky g Ky .y € An, N By,
where '

Ky § is the mixed kernel defined by

Ky g p) = (V. ) (2.20)
then
HL(W) = HL(®) and  Co(W,Y) = Co(¥, ).

Proof Assumption2.11 implies A,,, N B, — A, y. Thus, [66, Lemma 2.29] yields
the claim. O

2.5 Discretization in Coorbit Spaces

General coorbit theory provides a machinery for constructing Banach spaces CoY
and associated (Banach) frames and atomic decompositions through sampling of the
continuous frame W on A. The results summarized here have been developed by
Fornasier and Rauhut [46] and extended in [11, 60, 61, 66, 78].

In a nutshell, the idea for discretizing the continuous frame W is to consider a
sufficiently fine covering V = (V) jes such that the frame W = (Y3)xen is almost
constant (in a suitable sense) on each of the sets V;. Then, by choosing A; € V;,
it is intuitively plausible that the discrete family (1/ij) jes behaves similarly to the
continuous frame W. The following definition makes this idea of W being almost
constant on each of the V; more precise.

Definition 2.16 LetT" : A x A — S! C C be continuous. The I"-oscillation oscy r :
A x A — [0, 00) of a continuous Parseval frame W = (¥ )¢ With respect to the
topologically admissible covering V = (V) jes of A is defined as

oscyr(A, p) i=oscyyr(h, p) = sup (¥, ¥p — (0, v)¥h)l

veV,

= sup [Ky(p.2) = T(p. )Ku(. M| 51

veVv,

= sup Ky, p) — (o, v)Kg (A, )],

veVv,

where Vo :=Ujc s with pev; Vi-

Remark 2.17 The oscillation oscyr : A x A — [0, co) is well-defined and lower
semicontinuous and hence measurable. Indeed, each set V,, C A isrelatively compact
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as a finite union of relatively compact sets, where finiteness of the union is implied
by the remark after Definition 2.3. Next, note that Ky is continuous, since the map
A +— i is (strongly) continuous by Assumption 2.11. Since continuous functions
are bounded on relatively compact sets, this shows that oscy r is finite-valued. Now
proceed analogous to Remark 2.12.

We further consider specific sequence spaces associated to Y and a collection W
of subsets of A.

Definition 2.18 For any family W = (W;);c; with a countable index set J and
consisting of measurable subsets W; C A with 0 < u(W;) < oo and any sequence
c=1(cj)jes € C’, we define

lellyson = | Y lejliw,| €10,00] and
jed Y

lellyeom = | 3~ 1y, | e 0, 001,
/GJPL(Wj) Y

and finally

Y'OV) :={c e C’: |lcllysy < oo}

; (2.22)

and Y'OW) :={ceC’: lcllyzan) < oo}

The following set of assumptions summarizes the conditions that ensure applica-
bility of the discretization results from coorbit theory.

Assumption 2.19 In addition to Assumption 2.11, assume the following conditions:

1. V= (Vj) ey is a topologically admissible covering of A;
2. T': A x A — S'is continuous;
3. With m := max{mg, m,}, we have

loscy,rls, - CllKwlls, + lloscyrls,) < 1;

Remark 2.20 If VV in Definition 2.18 is identical to the topologically admissible cov-
ering V = (V;) ey, we often write ¥” and Y* for Y*(V) or Y*(V). In fact, it is often
possible to choose the product-admissible covering U from Assumption 2.11 identical
to the topologically admissible covering V), and we will indeed do so, but this is not
required. However, the oscillation of W provides a useful, straightforward estimate for
the maximal kernel associated to Ky :

MVK‘I-’()‘" 10) S |K‘I’()‘" p)' + OSCE’V’[‘()‘W Io)v a.c., (223)

for any choice of I'. Hence, Assumption 2.19(3) implies the second part of Assump-
tion 2.11(7) if U = V.
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Remark 2.21 Note that an appropriate choice of the map I' : A x A — S is crucial
to achieve small B,,-norm of the oscillation and, consequently, for satisfying Item 3
above. In this work, we will only consider a single, straightforward choice for A
andthemap ' : A x A — S, namely A = RY x D, with D c R? open, and
r: ((y, w), (z, 77)) > e 2miy=2.) of Theorem 6.1. However, other continuous
frames W may require a different choice of I.

The following theorem shows that the preceding conditions indeed imply that suit-
ably sampling the continuous frame W produces a Banach frame decomposition of
Co(Y).

Theorem 2.22 If Assumption 2.19 holds and if for each j € J some L;j € V; is
chosen, then the discrete frame YV, = (1,0;\_ j ) jes forms a Banach frame decomposition
for Co(Y) = Co(W, Y), with the sequence space Y’ and Y* taking the place of B
and B®.

Proof This follows from [60, Proposition 8.7], by choosing L := oscy r and U=
V and by noting that the fopologically admissible covering V is admissible in the
terminology of [60]. O

One strategy to satisfy the conditions of Theorem 2.22 is the construction of a
parametrized family of topologically admissible coverings V° such that

loscys I, = 0. (2.24)

Then, §o > 0 can be found such that Theorem 2.22 holds for the fixed frame W and
all V’ with § < 8.

In [78]—Iater generalized in [66, Theorem 2.50] —a complementary discretization
result is introduced, which allows to derive Banach frame decompositions for all
appropriate Co Y directly from (discrete) frames on the Hilbert space H, obtained by
sampling a continuous frame. This is an intriguing and important result, given that
the explicit construction of frames for H by sampling a continuous frame is often
straightforward, see, e.g., [62]. Although we do not consider this result in detail here,
we would like to note that its adjustment to our setting is straightforward.

2.6 Sequence Spaces Associated to Mixed-Norm Lebesgue Spaces
In this subsection, we show for ¥ = L?'9(A) and under suitable conditions on the
covering W, that the coefficient spaces ¥” (W) and Y# (W) coincide with certain mixed-
norm sequence spaces Z?q(] ). Here, given a (countable) index set J of the form
J = J| x Jp, and any fixed discrete weightk: J — RT, the space E»f(z’q(f) consists
of all sequences ¢ = (ce.x)(t,k)es € C’ for which

lellgza gy = [k = 1o, k) coellercn sy < 00- (225)

Precisely, our result is as follows:
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Lemma2.23 Let J = Ji x Jy be a countable index set and Q = (Qi)key, an admis-
sible covering of Ay. For each k € J, let P = (Py )¢y, be an admissible covering
of A1 such that supy ;, N(Py) < oc. Define U = (Ug 1) ¢.kyes by

Uek == Pox X Qk, forall (£, k) € J. (2.26)

If the weight function i : A — R satisfies

k(ro)/k(X1) < C, for some C > 0, all g, 11 € Uy andall (¢, k) € J = J1 x Jo,
(2.27)

then, forall 1 < p,q < 00,

(L’I()»q (A))b(u) — KP[;Q(J) and (Lf’q([\))u(z,{) = Kp:'q J), with equivalent norms.
Ky Ky

(2.28)

Here, (L29(A))’ ) and (L2 (A))*U) are the spaces defined in (2.22) and the

weights KZZ and Kfl are given by

e (0, k) = (1 (Pe)l"P - (2 (Q1Y4 ke and
k(0 k) = [ (Pl (2 (@019 - kg,

where kg i = SUP ey, k(A) forall (£, k) € J.

Proof We prove the assertion for p, g < 0o; the proof for the cases p = coorg = 0o
is similar and hence omitted.

Note that if V = (V}) jes is an admissible covering of a set O and if (a;) ey €
[0, 00)”, then at most A(V) summands of the sum Zjej ajly;(x) are non-zero for
each fixed x € O. Therefore, given any r € RT, we have ()_;.; a1y, (x))" =<
» jer a; Ly, (x), where the implied constant only depends on r and on NO).

Let (ce i) e, 00es € C’ and set f.(1) := ZME] lce.kl Ty, (A). The estimate from
the preceding paragraph, first applied to V = Q, and then applied to V = P for fixed
k € J,, shows

(£:0)" = (310,02 Y lewsl Tr, Gn)”

ke led;
14
=y [ngkuz)(z cel Ly o) } (2.29)
kelJy ey

=3 10,02 Y. leeal"Lp,, ().

kelJy Leld;
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Furthermore, note that Eq. (2.27) implies k(L) =< k¢ for A € Ugx = Ppi X QOk.
Therefore, integrating the estimate (2.29) over A| € A1, we see

gc(12) i=fA(fc(/\1,)»2) Kk (A1, 22)) " dpr (hy)
1

=Y 1) Y |C€,k|p/

(k(r1,22))" - 1p, (1) dpi (A1)

kelJy lel; A
=3 [1002) Y levk - kenl” - wi (P |
kelJ; Leld;

Now, we again use the estimate from the beginning of the proof (for V = Q) to obtain

[ge ()17 = <Z (10,02 Y letes - keal” ',U«I(Pe,k)])p

keJy ledy
q
=2 [ﬂgk(xz)( > leek kel - 11 (Pep)) ]
kel tel;

Integrating this over Ao € A, we finally see
q _ q — q/p
”c”(Lf'q(A))b(U) = ”fC”L,](LK{(A) = /1‘\2[86‘()\2)] dpa(r2)

= n2(Qx) lee - e xl” - 1 (Pe)” | = lel %,
¢ b

keJy Leld; *u

which completes the proof for the identification of the space (L,‘l(7 4 (A))b(l/{).

The identification of (L{? (A))ﬁ(L{) follows by substituting ¢, i (Up 1) ~" for cg i
everywhere in the derivations above. i

Our proof of the above result relies heavily on the product structure of the covering
Uin (2.26). Although minor generalizations of the conditions placed on I/ are possible
without significant complications, one cannot expect to recover a similar result without
restrictions on /. However, in our setting of warped time-frequency systems, product
coverings as in (2.26) arise quite naturally and the result above is entirely sufficient.

3 Frequency-Adapted Tight Continuous Frames Through Warping

In this section, we define the class of warped time-frequency systems as tools for the
analysis and synthesis of functions. The framework presented here generalizes the
systems introduced in [61] to arbitrary dimensions. The basic properties presented
in this section are proven analogous to the one-dimensional case, such that we only
provide references.
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As explained in the introduction, a warped time-frequency system generates a joint
time-frequency representation in which the trade-off between time- and frequency-
resolution at any given frequency position is governed by the associated frequency
scale. That frequency scale is generated by the warping function.

Definition 3.1 Let D C R be open. A C! diffeomorphism ® : D — R? is called a

warping function, if det(D®~! (7)) > 0 for all t € R? and if the associated weight
function

w: RS RY w(r) = det(DP (1)), (3.1

is wo-moderate for some submultiplicative weight wo : RY — R¥.

Remark We note that wq is automatically locally bounded, as shown in [57, Theo-
rem 2.1.4] and [94, Theorem 2.2.22].

Let us collect some basic results that are direct consequences of w being wy-
moderate. For the sake of brevity, set

A(t):=Dd () VreR? (3.2)

for the remainder of this work. First, note that the chain rule—applied to the identity
T = ®(d (1)) for T € RY—yields

id=D®(@ (1) - A(x), ie., A(r)=[DO@ ()] " (3.3)

In particular, we get (for arbitrary 7 = ®(§)) that w(P(§)) = WENS))‘ Thus, given

any measurable nonnegative f : RY — [0, 00), a change of variables leads to the
frequently useful formulae

/ f(®(E)) d& :f w(t) - f(r)dt, and consequently
D R4
If o @lLro) = ISl - (3:4)

Finally, we note that submultiplicativity of wg and wg-moderateness of w yields
translation invariance of L”,  and L”,, . Indeed, if w is any wo-moderate weight
Wo

(not necessarily given by (3.1)), then w(z +¢) < min{w(r)wo(t), w()wo(7)}, so that
(3.4) yields

ITfIp, < wo@ Iy and TSI, < w@ IS, GS)
wl/p w w,

wl/p 1/p (l)p

for all measurable f : RY — C and all wo-moderate weights w. In particular, one can
choose w = wy, since wy is submultiplicative and hence wg-moderate.

Birkhauser



Journal of Fourier Analysis and Applications (2024) 30:62 Page 23 0f87 62

Moderateness (and positivity) of the weight function w associated to the warping
function @ ensure that warped time-frequency systems and the associated represen-
tations are well-defined and possess some essential properties, as we will see shortly.
But first, let us formally introduce warped time-frequency systems.

Definition 3.2 Let @ be a warping function and 6 € L%(Rd). The (continuous)
warped time-frequency system generated by 6 and @ is the collection of functions
GO, o) = (8y,0)(y,w)eAs where

g0 =Tygn, with gui=w(@®@) 2 (Ted) o @ forally e R, w e D.
(3.6)

Here, the function g, : D — C is extended by zero to a function on all of R4, so that
So is well-defined. The phase space associated with this family is A = R? x D.

Since w is moderate with respect to wg, we obtain gy ,, € L>7 (D). In fact, (3.4)
and (3.5) show

wo(® (@) o

2 ——2 2
) —||0 oo and |g <16 € [0, oo].
||8y,w||1 Z(D) = w(I( ) || ”IZUJ(Rd) < || y’w”IZ(D) = || ||12w [0, o0]

3.7)

Thus, GO, ®) C L27 (D) and the associated analysis operation, i.e., taking inner
products with the functions gy ,, defines a transform on L7 (D).

Definition 3.3 Let ® be a warping function and 6 € L%/E(Rd). The ®-warped time-
frequency transform of f € L>¥ (D) with respect to the prototype 6 is defined as

Voof: RIxD—C, (v.0) > (f. gyo)2m)- (3.8)

For » = (y,w) € A = R? x D, we will alternatively use the notations
Vo0 f(y, w) = Vg o f(A) and gy, = gx, Whenever one or the other is more conve-
nient.

By definition and (3.7), we have Vg o f € L°(A), whenever 6 € LE/FO(Rd).

Furthermore, using that ® < C! and the translation-invariance of L%(Rd), one can

also deduce that Vy ¢ f € C(A), even under the weaker assumption 6 € L%/E(Rd ).
Proposition 3.4 Let ® be a warping function and 0 € L%(Rd). Then
Voof € C(A), forall f e L*F(D). (3.9)

In fact, the mapping R? x D — L>7(D), (y, w) 8y,w IS continuous.

Proof Analogous to the proof of [61, Proposition 4.5]. O
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The next result provides the crucial property that makes warped time-frequency
systems so attractive. Namely, V, ¢ possesses a norm-preserving property similar
to the orthogonality relations (Moyal’s formula [53, 72]) for the short-time Fourier
transform.

Theorem 3.5 Let ® be a warping function and 61,6, € L%/E N Lz(Rd). Then the
following holds for all fi, f» € L>(D):

/;\ V91,<I>f1()\)V62,<I>f2()\) dr = (f1, f2)L2(Rd)<921 QI)LZ(Rd)- (3.10)

In particular, for any 0 € L%/E N L*(RY), GO, ®) is a continuous tight frame with

frame bound |6 ||i2.

Proof Analogous to [61, Theorem 4.6]. Note that 0y, 6, € L? (Rd) implies the admis-
sibility condition required there, and moreover serves to justify the application of
Plancherel’s theorem in the proof. O

As already remarked in [61], 81,6, € L2 (Rd) is a sort of admissibility condition
and, in fact, yields the classical wavelet admissibility, if d = 1 and ® = log. Besides
the tight frame property, Theorem 3.5 shows that the warped time-frequency repre-
sentations with respect to orthogonal windows, but the same warping function, span
orthogonal subspaces of L2(A). Similarly, orthogonal functions fi, f» have orthogo-
nal representations, independent of the prototypes 61, 8>. These additional properties
are useful, e.g., for constructing superframes for multiplexing [9, 54] or multitapered
representations [33, 87, 97].

The tight frame property itself is a basic requirement for general coorbit theory,
and provides a convenient inversion formula:

Corollary 3.6 Given a warping function ® and some nonzero 0 € L%/E N L*(RY).
Then any f € L>% (D) can be reconstructed from Vo.of by

1
f= —Zf Voo f (1) g di. (3.11)
1612, Ja

The equation holds in the weak sense.

Proof The assertion is a direct consequence of G(6, ®) being a tight continuous frame
with bound |10 ||i2. O

Now that the essential properties of warped time-frequency systems are established,
and before proceeding to construct and examine coorbit spaces associated to warped
time-frequency systems, we provide some instructive examples of warping functions
and the resulting warped time-frequency systems.
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3.1 Examples

We present several examples of warping functions. We begin by constructing a d-
dimensional function as a separable (coordinate-wise) combination of 1-dimensional
warping functions. Examples of such 1-dimensional warping functions can be found
in [61].

Separable warping. Fix C! -diffeomorphisms ®; : D; — R, i € d, such that
D& (1) = 2@ (1) > 0, forallt € R,i € d. If each D®; ', i € d, is
wo,;-moderate and we take ® to be defined as

T
®E) = (P11, ... Pa(&a)) . forall &€ D:=Djx - x Dy,
then clearly ® : D — R is a diffeomorphism and D®~! is diagonal, and hence

w(r) =detD® (1)) = [[DP; '(r) >0 VreR’,
ied

and w is wo-moderate for wqo(7) := ]_[ied wo,; (T;).

A family of anisotropic wavelets can be constructed by selecting ® = log, where
log : (RT)? — R4 denotes the map £ > (log(&1), ..., log(€7))T . It follows that !
is the componentwise exponential function and satisfies

D®; ! (7) = diag(e™, ..., e™) and w(r) =exp(r| + -+ 14),

for all = € RY. Hence, w is submultiplicative and moderate with respect to itself.
Furthermore, writing d(w) := diag(w, ..., wy) € R4 for w € (RT)4, we see that
the elements of G(0, @) are given by

gv.0 = W(P(@) 2 Ty F ! (Tiogw)?) o log)
= det(d(w)) "2 - T, 7! (9 ° log([d(a))]_l(~))>

= det(d(w))"/? - [F (0 o log) |(d(@)(- — y))
= det(d(w))"/? - Z(d(@)(- — y)), with § := F (6 o log).

Thus, G(6, @) is a wavelet system in the sense of [15, 47], with the dilation group
given by the diagonal d x d-matrices with entries in RT. The derivations above do
not seem to generalize, however, to a setting that recovers wavelets with respect to
general dilation groups. Finally, the expression of gy ., through linear operators applied
to a single mother wavelet g defined in the time-domain relies on properties of the
coordinate-wise logarithm log and does not generalize to arbitrary warping functions
D.

Radial warping. By choosing the warping function ® to be radial, we can construct
time-frequency systems with frequency resolution depending on the modulus |&]| of
& € RY. The deformation is then fixed on any (d — 1)-sphere of fixed radius, similar
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to isotropic wavelets (see [32, Section 2.6] and [48, Example 2.30]). Generally, radial
warping functions are of the form

Do RIS RY £ 0(E]) - E/IE),

for a strictly increasing diffeomorphism ¢ : R — R. Under suitable additional
assumptions on g, it can then be shown that (<I>Q)_l = ®&,-1 and that P, is a warping
function as per Definition 3.1. It will be shown in future work that radial warping does
not recover isotropic wavelets exactly in dimensions d > 1, for any choice of o, but
that warped time-frequency systems can be close to isotropic wavelets in a sense that
will be made formal in the mentioned follow-up work. An in depth study of radial
warping with some specific examples is provided in Sect. 8.

An explicit, exotic example for d = 2. To demonstrate that there is potential for
warping functions beyond the separable and radial cases, consider the continuous
C'-diffeomorphism

d: R R £ (24, éz)T-

It is straightforward to see that ® is a diffeomorphism with inverse ®~!(zr) =
(e"™ 11, )T, which satisfies

~1 . e 2 —eT2
Do (1:)—( 0 |

and hence w(t) = det(D®~1(1)) = =2 > 0. Moreover, it is easy to see that w is
multiplicative (and in particular submultiplicative) and hence self-moderate. Thus, ®
is a valid warping function that is neither separable nor radial.

4 Membership of the Reproducing Kernel in 3,

As we saw in Sect.2.4 (see in particular Assumption 2.11), the main challenge in
verifying the applicability of coorbit theory for a continuous Parseval frame W lies in
showing that (the maximal function of) the reproducing kernel Ky is contained A,,,
or By, for suitable weights m,, mg : A x A — R*. We will do so in two steps:
(1) In the present section, we will derive verifiable conditions on the warping function
® and the prototype function 6 which ensure that the warped time-frequency system
v = G0, ®) satisfies Ky € B, for a weight m satisfying suitable assumptions.
(2) In Sect. 6, we do the same for the I"-oscillation of ¥ and additionally demonstrate
that |oscy rllB, can be made arbitrarily small by choosing an appropriate covering
V. Then, the desired properties of the maximal kernel My Ky are a consequence of
Remark 2.20.

To prepare for the treatment of the I"-oscillation, we already consider mixed kernels
in the present section. This setting only requires little additional effort. We begin by
introducing some notation and conditions that will be used throughout this section.
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Notation & Definition 4.1 By ®, we denote a warping function ® : D — R?, with
associated weights w, wq as in Definition 3.1, A = D® ! and A := R¢ x D. In
all instances, 6, 61, 6> € L%(Rd ) and we denote the mixed kernel associated with

9(91, CD) and g(92, (b) by K91,92 = Kg(gl,qp)’g(ez,q;). Finally, for £ € {1, 2}, we write
_ ( _ (T J0
g(Qg, CD) - (g)’vw)ye]Rd,wED - (Ty 8w )ye]Rd,weD'

1. If there is a continuous function m® : R? x RY — R* satisfying
m((x, @7 1(0), (v, @7 '(@) =m®(x =y, 0 —1)  Va.y,o.1eRU4D

then we say that m is ®-convolution-dominated (by m®). If that is the case, we
denote by M : R? x R — R+ the weight

M(x, 1) = sup [\/wo(r)md’(y, )] where
yeRY,|y|<Ro|x|
Re = ;Up DD ()|l € RT U {oo}. 4.2)
eD

D

2. If there exists an m™ as in (1), such that m is ®-convolution-dominated by m®

and

Rp <oo or m®x,0) <m®0,0)forall x,o € R?, (4.3)

then we say that m is ®-compatible (with dominating weight m®).

Furthermore, we require a slightly stricter and more structured notion of regularity
for warping functions.

Definition 4.2 Let @ # D C R? be an open set and fix an integer k € Ny. A map
® : D — R?isak-admissible warping function with control weight vy : R? — R if
vp is continuous, submultiplicative and radially increasing and @ satisfies the following
assumptions:

e @ isa C¥*!.diffeomorphism.
e A =D®! has positive determinant.
e With

be (1) == (A*‘(z)A(L n r))T —AT+1) AT (D), 4.4)
we have

|8%¢: ] <vo()  forall 7, € RY and all multiindices & € N&, || < k.
(4.5)

Remark 4.3 1) The function ¢, describes the regularity of A around t; its relevance
will become clear before long, see Eq. (4.27) below.
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2) On the right-hand side of (4.5), one could allow constants Cy, and different weights
Uy not necessarily being radially increasing, therefore obtaining tighter bounds on
[10%@: (1)]]. However, whenever such C,, U, exist, there also exists a weight vg
satisfying all the requirements of Definition 4.2.

3) We remark that (4.5) generalizes the conditions mentioned in [61], even for the
case d = 1 considered there.

Theorem 4.4 below shows that smoothness of the prototypes 61, 6, and decay
(or localization) of their partial derivatives implies Ky, g, € By, provided that m is
®-compatible. In particular, all conditions are surely satisfied for arbitrary 61, 6, €
CSO(R" ). The proof of Theorem 4.4 is deferred to the end of the section.

Theorem 4.4 Let ® be a (d + p + 1)-admissible warping function with control weight
vo, where p = 0if Ry = 00, defined asin (4.2), and p € Ny otherwise. Let furthermore
m: A x A — RT be a symmetric weight satisfying

m((v.&). @ m) < L+ 1y —zDP - v () — (). forall y,z € R? and &, n € D,
(4.6)

for some continuous and submultiplicative weight vy : RY — R¥ satisfying vi(1) =
v1(—) forallt € R4,
Finally, with

wrr RT = RY c (L) 01 - [uo P20,

assume that 01, 6, € C4tPHI(RY) and

n

3
ﬁeg eLy, R, foralljed (e{l,2},0<n<d+p+1,
j

and let

b (Rd))' 4.7)

wy

8”
C = Chax (k, 01, 62) := max max H—G
max max (k. 01, 62) zel{jlz} < jed O<n<d+p+1 8c§ ¢

Then, m is ®-compatible with dominating weight m® (x, t) = (1 + |x|)? - vi (1)
and there is a constant C > 0, independent of 01, 62 and m, satisfying

” K01v92 ”Bm S C : Cmax < Q.

4.1 Bounding ||Kg, 0, Il 5,, Via Fourier Integral Operators

Towards an explicit estimate for || K¢, 6, 5,,, the next result provides an estimate in
terms of families of Fourier integral operators [38, 39, 63, 85] dependent on 61, 6>.
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Here and in the following, we use e;, T € R4, as short-hand for the (P-dependent)
map

er: RIXRI = C, (x,0) > e 27iATT @@ @747, (4.8)
Theorem 4.5 Define

LD (6, 1) 1= Legl6g. B3_1(x. 1) = f wi+ 1)

ki w3t Tebp) () - exy(x, 1) d,

(4.9)

for ¢ € {1,2} and x, T, v9 € RY. If m is ®-compatible with dominating weight m®,
then we have

@)
1 Koy.6, 18, = Jmax, [esns:;P |20 ”L,l\,,(Rded)j| : (4.10)

< oo, forl € {1,2},

with M asin (4.2). In particular, if ess sup, cga || Lgﬁ) ||L1 (RIxRd)
M

then || Ko, 6, I8

m

is finite.

We prove Theorem 4.5 by means of two intermediate results. First, an (elementary)
lemma concerned with the 3,,,-norm of Ky, ¢, .

Lemma 4.6 If m is ®-convolution-dominated by m®, we have
” K91,92 ”Bm

< max |:ess sup/ ess sup/ mq)(y—z,cb(a))—cb(n))
D R4

T ee(l2) | pep 2eR4 4.11)

.|K01f,93_g ((y7 (,()), (Z7 n))l dy da)}

Proof If we define m®(x, 1) := min{mq’(x, 7), m®(—x, —1)}, the symmetry of m
easily shows that (4.1) also holds for m® instead of m®. Hence, we can assume in
what follows that m® satisfies m®(—x, —t) = m®(x, 7) forall x, € R?.

For ¢ € {1,2} and w, n € D, define

By(w, n) := ess sup fR | m®(y —z, ®(w) — ©() - | Koy, (v, @), (z. m)| dy,

z€R4

and let C := maxge(1,2) €8S SUP,cp fD B¢(w, n) dw, which is precisely the right-hand
side of the target inequality. Equation (4.1) yields

ess sup /H; d}(rn - Ko, .0)((v. w). (z. )| dy < Bi(w, n). 4.12)

z€R4
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Next, note that (Ty f1, T; f2) = (T—; f1, T—y f2) and (f1, f2) = (f2, f1) for all
fi, fr € Lz(Rd). Based on these identities and the translation-invariant structure of

warped time-frequency systems, we see

K@],@z((y’ w)v (Zv ’7)) = K@],@Q ((_Za w)s (_yv ’7))

= K92,01 ((_ya 77)7 (—z, (1))) = K92,91 ((Z7 T]), ()’» a)))
(4.13)

Using these identities and renaming 7 = —y and j = —z, we see
ess sup / |(m - Koy.6,) (v, @), (2. m)| dz
yeRd JRI

<ess Sup/ m®((—=2) — (=), (@) — ®M)) - |Koy.0,((—2, @), (—y, m))| dz
yeRd R4

= ess sup /Rd m‘D(i -2, () — 2(n) - |K91,92 (G, ), G, ﬂ))|d§

ZeRd

= Bi(w, n). @.14)

Combining (4.12) and (4.14), we see with notation as in (2.13) that

|on - Koy 0) ™ 4 < Bi(w,m) Yw,neD.

A simple calculation using (4.13) and the symmetry m®(—x, —7) = m®(x, 1)
proves the identity
Bi(w, n) = B2(n, ). Overall, we thus see

I+ Koy 15, = max { ess sup f 1Gn - Koy.0) " .4y dev,
neD D

ess sup/ Il(m - Koy.0,) ™ 4, d’l]
D

weD

< max { ess sup/ Bi(w,n)dw, ess sup/ B>(n, w) dw},
neb JD neD JD

which completes the proof. O

The second intermediate result expresses the integral over D in (4.11) through the
Fourier integral operators ng).
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Lemma4.7 Let L%), £ € {1, 2}, be as in Theorem 4.5. For all (y, w), (z,n) € A and
L e {1, 2}, we have

w(P(n)) 1O

’K95,934 ((y, ), (2, 77))’ = 2 @@) Lot

(AT @)z = y), P(@) — D).

(4.15)

If m is ®-compatible with dominating weight m®, then we have, for given arbitrary
L e{l,2}andn € D,

/Dess sup /]Rd m‘b(y — 2, P(w) — P(0) - 1Koy, (v, @), (2, )| dy do

z€R4

<L (4.16)

D(n) ||L1 (R4 xR4)>
with M as in (4.2).

Proof. We provide the proof for £ = 1; the proof for £ = 2 follows the same steps.
First, recall from after Eq. (3.3) the identity 0 < w(®P(§)) = [det DD (£)]~! for all
& € D. This identity will be applied repeatedly. To show (4.15), apply Plancherel’s
theorem and perform the change of variable t = ® (&) — ®(n) to derive

’K91»92((y’w)’ (z, 7)))‘ = |<gz n’gv w)| - }(g?,]?,gyw)’

f 02(DP(E) — @) - O1(P(E) — P(w)) =2ty g
D Nw(@®) - w(P(w))

4.17)
w(t+ @(n))

Vw(@m)w(P(w))

62(1) - 01t + P() — P (w)) -
R4

e 2mile=y. o7 o) 4|

This easily implies (4.15).
To prove (4.16), set tp := ®(n) and note that (4.15) implies that the left-hand side
of (4.16) satisfies

® := LHS(4.16)

i RO TN
e f o s ow - R0
T

(z—y), B(w) — ro)( dy do.

Next, perform the change of variable T = ®(w) — 19 to obtain

® = / ess sup/ m‘D(y —z, )V w(tg)w(t + 19)
R4 R4

z€R4
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JLO AT o) = ). 0| dy dr = .

Next, perform the change of variables x = A’ (19)(z — y) in the inner integral and

apply the estimate ./ wl(‘f(f)()) < Jwo(7) to derive

@ =< Ad ‘/Rd mq)(—A*T(TO)(X),‘[) \/m ‘L.(E(l))(x,t)‘ dx dr.

Now, in the case where D® is unbounded, we are done, since in this case Egs. (4.3)
and (4.2) show

m® (AT () (x), T) - Vwo(r) = m®(0, ) - Ywo(r) < M(x, 7).

For the case that D® is bounded, recall from (3.3) that A~7 (z9) = A*T(Q(n)) =
[D®]” () and thus |A~7 (r9) (x)| = ID®T (5)(x)| < R|x| by choice of R in (4.2).
Therefore, by choice of M, we see

m® (= AT (1) (x), T) - Ywo(r) < M(x, 7).
0

We now obtain Eq. (4.10) in Theorem 4.5 simply by inserting Eq. (4.16) into
Eq. (4.11).

4.2 Uniform Integrability of the Integral Kernels L(T?

To control ess sup, cga ||L§f;) ”L}u , we find that k-admissibility of the warping function
® is crucial. The remainder of this subsection is dedicated to proving Theorem 4.8
below, which will in turn be central to proving Theorem 4.4.

Theorem 4.8 Let © be a k-admissible warping function with control weight vo. Fur-
thermore, let w; : R? — R be continuous and submultiplicative and such that
wy(—1) = w () for all . € R?. Define

wy: RS RY, e wi(0) - [uo(]¢H¥,

assume that 01, 6 € ck (Rd) are such that
n

3
8—,19[ eLy, R, foralljed, te{l,2},0<n<k, (4.18)

and recall from Eq. (4.7), that

86
8LZ

Chmax = l_[ max max
jed 0<n<k
re{1,2}

szz(Rd)>.
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Then, with e, as defined in Eq. (4.8) and L%) as in Theorem 4.5, there exists a
constant C = C(d, k, vo) > O satisfying for all x, v, 19 € R and ¢ € {1, 2} the
estimate

4
L0, 0| =

(t + 70) _

< C - Cimax - (L+xD7* - [wi ()7L (4.19)

Remark 1In Sect. 6, we will apply Theorem 4.8 in a setting in which 6y, 6, depend on
x, T, 79. We suggest that the reader keeps this potential dependency in mind.

In a first step, we derive a number of important consequences of Definition 4.2 that
will be used repeatedly.

Lemma 4.9 If ® is a 0-admissible warping function with control weight vy, then ®
is a warping function in the sense of Definition 3.1. In particular, w = det A is wop-
moderate with wy = vg, ie.

wit+1) <w@ - [ Vi, eR? (4.20)
and |AGC+ D) < |AQ] - vo(r) V7t,eRe 4.21)

Additionally, for arbitrary y € S ' and 7,1 € RY, we have

ot — 17 < A7 @AW < g r =0 ) < I1A71W - A@) < vo(T —0)
(4.22)

and
Bro (1) = Pryir (1 = T) - ey (7). (4.23)
Finally, we have
[0 Iyl < g (DY) <o) - |yl Vy eR%andr,ieRY. (4.24)

Proof To show that @ is a warping function, we need only verify moderateness of
w = det A. To prove this moderateness, apply Hadamard’s inequality |det M| <
M4 = |MT||? (see [79, Chapter 75]) for M € R?*¢  combined with (4.5) (for
o = 0) to see that

w(t+1)

S = ([A(L)]_IA(L + r)) < [tao1'ac+ o

= 1.1 |* < o).
Hence, we obtain (4.20). Moreover,
-1 T, 4
A+ DI =1AQAT WA+ DI < NTAOI - I (D] | < AW - vo(T),
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proving (4.21). To show (4.22), first note for y € §9=1 and any M € GL(RY) that
[My| > |IM~'||~', and then apply (4.5) twice:

1 _ _
— <= = 1A @A = 1AT @) - AT 1|
vo(t — 7)

= g — 017"
g (r — Oyl < llp(r — 0l = 1A~ @) - A(D) |l

<wvo(t —t), forall ¢, 7€ RY, y € s,

IA

Finally, assertion (4.23) is easily verified using direct computation, and [vo()]~! <
|¢.(T) - v| < vo(r) for |y| = 1 is obtained from (4.22) through the bijective map
T — t — ¢ and using that vg is radial. This proves (4.24). O

Lemma 4.9 shows that w is vg -moderate. The next result provides vg -moderateness
(up to a constant) for the partial derivatives of w.

Lemma 4.10 Let ® be a k-admissible warping function with control weight vy. For
every j € d andn € Nog withn < k, we have

n

—w(+ 1)

" < Dy - [vo1¢ - w(z), foralli,r € RY, (4.25)
A
J

with D,, := D,(d) :=d!-d".

Proof We begin by rewriting % w(t+1) using some simple properties of determinants:
J

an n 3}’! T
W+ 1) = — det(A(t + 1)) = —; det(A” (t + 1))
8[/- 8tj 8tj
n n
- det(AT(r))aa? det(AT (1 + 1) AT (1)) & w(r)§7 det(¢r (1)).
j j

Let S; be the set of permutations on d. Then, the definition of the determinant yields

d
a" a"
o det@e ) = 5 | 3 sen(@) [ [lee Oio)
J i=1

ot
J o€Sy

d
8n
= > sm©) o [ [ler Oiow-
oeSy Lj i=1

The general Leibniz rule for products with d terms shows

d d

a" n ami
R | | O oy = E | | R Oli o6y,
8(’}- ' [¢T( )]z,a(z) (ml o md> ] BL".“ [¢r( )]1,0(1)
i=1 mi,..., my€Np, i=1 J
mi+...+mg=n
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n!

where ( " ) := ——— is the usual multinomial coefficient. Moreover, the esti-
mi,..., my myl---mgy!

mate (4.5) yields

ami )
'W[@(O]i,a(z‘) <[8™¢: O] < vo.

J

Altogether, we obtain

8—Zw(t + 1) = |w(T) - 8—1 det(¢ (1))
atj alj

IA

w(T) - [Uo(l)]d : Z Z (ml n md>

oc€Sy mi+..+mg=n

=d!-d" - [v®] w(T) = Dy - [wo]? - w(t),

where we used |Sy| = d! and the multinomial theorem (see e.g. [45, Exercise 2(a)]),
i.e.

d
Z < " )l_[a;ni =(aj+...+ayg)", foralln €N, (a;)jeq € R?,
my,....ma) <

mi+...+tmg=n
for ay, ..., ay = 1. Thus, the proof is complete. O

We now turn our attention towards the Fourier integral operators Lgﬁ) defined in
(4.9). We will obtain the desired integrability with respect to x € R¢ by means of an
integration by parts argument of the kind well-known for establishing the smoothness-
decay duality of a function and its Fourier transform, as well as the asymptotic behavior
of oscillatory integrals, cf. [85, Chapter VIII]. An additional complication in our setting
is that we require a uniform estimate over all L%), 2 e (1,2}, 19 € RY.

For now, we replace wltte) (92 m (1) in (4.9) by an unspecific, compactly

w(Tp)
supported function g € C’C‘ (Rd ), i.e., we consider

/I;d g(1) - ey (x, 1) dt, recalling e (x, 1) = e‘anA_T(r)(x)’q)_l(LH)),

forall x, ¢, T € RY. (4.26)

Note that, with f = e;(x, @), we have

—f) =27 - (A7 (D){x), — P+ 1)) er(x,0)
ot at;

J
—27i - (P (1) - x)j - ex(x,0).
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The final equality can be verified by observing

0
(AT @), 5@~ e+ D) = (AT (@) (1), DO+ D)e)))
L (4.27)

= (AT (@), AL+ 1)ej)) = B () - 1),

which motivates the definition of ¢. Provided (¢ (¢) - x); # 0 on the support of g,
we obtain, with g(¢) = (—2711' (= (L)(x))j)_1 -g(),

a 0
/g(t)f(t)dt=/§(t)gf(t)dt= —fgg(t)f(t)dt,
J J

where the last equality is obtained through integration by parts.
For fixed x,7 € R? and j € d and all g € CK(R?) such that (¢, (-)(x)); # 0 on
the support of g, we define the differential operator [; ; , by

—1 0 I{0) -1 0 g

O,y =2 1—[7}= 2 1—[7]

i) 0= @m0 5| o) = 5 LG,
(4.28)

where p, € §97! with x = |x|px. We can rewrite the integral in (4.26) as

/Rd gWer(x,)dt = fRd(Dj,r,x g) e (x, 0)dt
- / (T g ectx e, forn k. (429)
R4 o

where [} - denotes n-fold application of U; ¢ x.

By (4.28), each application of L; ;  provides additional, linear decay with respect
to |x|, x € R?. For a given pair (®, §) of warping function and prototype, however,
we cannot expect the support restriction required for the application of the differential
operator [J; ; v, i.e., (¢ (-){x)); # 0 on the support of g, to hold. To account for this,
we decompose gz 7, (1) := “’Lf)‘(t 0’;)) (6> - T:61) (1) into compactly supported functions,
such that each of them allows the application of [J; ; ., for some j € d. Therefore,
our next steps are:

Step 1: Find a suitable splitting gr zy = D i/ 8ty = Doics Yi8r,7y (With
(¢i)i only depending on 1) into compactly supported elements g; ¢ 7y = ¢i &z, 7>
such that, for any fixed p, € sa-1 T € RY and i € I, there is an index Jj =
j(px, 10,1) € d and a positive function v (independent of i, p,, 79, T), such that
[(z, (D (0x))j] = V(1) > O for ¢ € supp ¢; D supp(gi,z,z,)- Besides being able to

apply [J; ¢, x, this property lets us control the growth of WIOO))/ independently
0 x 1),

of the orientation p, € §9=1 and of 7, 1.

Step 2: Estimate (D’;,m’x gi,r,ro) (), for x = |x| - px # 0, independently of

i, px, To. In fact, this estimate will exhibit rapid decay with respect to |x| and
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depend boundedly on the derivative of g; ¢ ,, which can be used to obtain decay
with respect to |T].

Towards Step 1, we introduce a specific family of coverings in the following
lemma. The smooth splitting of g, into the building blocks g; ., = @i gr,1,» S€€
Lemma 4.13, is provided by a C2° partition of unity (¢;); with respect to these cover-
ings, introduced in Lemma 4.12. Lemmas 4.14 and 4.15 take care of Step 2.

Lemma4.11 Let ® be a 1-admissible warping function with control weight vy. For
any 1y, 1o € RY, the following are true:

1. The family (U(lo’m)> defined by
/ jed

Lo, T — l
U](- 0:%0) . {y e si-1 . ’(¢z0(lo)()/))j’ >3 |¢r0(t0)(3/>|}

is a covering of S¢~1.
2. Forany § > 0 satisfying § - v9(6/(4d) - e1) < 1/\/2 and arbitrary v € Bs;a)(Lo)

(t0,70)
Uj

andy € , we have

| (0O (); | = Cs - w1,

with Cs:= Cs(d, vo) := [4d - vo(8/(4d) - e)] .

Remark 1f § < min{l,1/(v/d - vo(e1/(4d)))}, then & - vo(8/(4d) - ;) < & -
vo(e1/(4d)) < 1/+/d. Hence, the condition of Part (2) of the lemma is satisfied
for all sufficiently small § > 0.

Proof Part (1) does not use any of the properties of ®, except that ¢, (1) € GL(R?):
We simply note that any z € RY \ {0} satisfies

d
lz| < Z!zj] <d-max{|z;|: j ed} <2d-max{|z;|: j ed}.
=1

Hence, there is some j € d with |z;| > ﬁ - |z|. Now apply this to z = ¢, (t0) (),
noting that z # 0 since ¢, (10) € GL@RY) and y € 5971,

For part (2), let t € Bs;(q)(t0) and y € U](.LO’IO) C §9=1 be arbitrary. The triangle
inequality provides

(@2 (D (YD) j1 = (@ (o) (V) j | = [ @y (DY) — ¢ (t0) (V)]

(since yeU;lO'ro)) > w - (¢T()(L) - ¢T0 (LO)) <V>|
Note that
P (1) — e (10) = (Prg1o (¢ — t0) — id) Py, (10), (4.30)
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where we used the identity (4.23) of Lemma 4.9, with T = 1.
To estimate the first factor on the right-hand side of (4.30), recall that
@19+, (0) = id. Therefore,

lid = Gry10 (¢ — 10)|| = || Prot0 (0) — Pron (¢ — 10) |
[hro-410 (t (L — 0))] ds

-\
Odtt:s

1 d
< fo 371G berran) 5 — )] - | = 0)e] ds = (.
=1

We now rewrite this expression further, recalling that vy is radially increasing and
applying the Cauchy-Schwarz inequality, and inequality (4.5):

@1 Bryi0) (2 = 0)) |

(%) < |t—1tg|- sup

O B Brprio) (£ — 10)) |
4.5)
<" |t—1o]-Vd- sup vo(t(t — 1))
te[0,1]
4 Jd -8 -v(8/@d) -er) 1
(since |t—tp|<8/(4d)) < 4d < 4_d
Hence,
a1 2 P2 g ) — - 60, (o))
_ |9 @0 ()]
- 44

To finish the proof, it remains to show |¢, (t0)(y)| > 4dCs - [vo(\)]~". To see this,
note

. (4.24) 1
b2 ) )] Y2 1y 10(t0 — 1) - by O ()]

e — . _1
00— 10500 >4dCs - [vp(W]™ 7,

where we inserted Cs = (4d - vo(§/(4d) - e1)” L, using |t — o] < &/(4d). O

Lemma4.12 Let 8’ > 0 be arbitrary. The sequence (B‘S/(L"))ieZd’ with (t;);czd =

(j_/gi )iezd’ is an open cover of R%. Moreover, there is a collection of smooth functions

(¢i)jczd, such that

1. ¢i > 0and ¢; € C°(RY),

2. supp(¢i) C By (1),

3. ¢i=1onR4, and

4. for every multi-index o € Ng, there exists a constant D,S,'S) > 0 such that
[0%; ()] < Dé,s/) uniformly over i € 7Z¢ and 1 € R%.

) Birkhduser



Journal of Fourier Analysis and Applications (2024) 30:62 Page390f87 62

Proof The resultis a direct consequence of standard constructions of smooth partitions
of unity; see e.g. [64, Theorem 1.4.6]. O

Lemma4.13 Let ® be a k-admissible warping function with control weight vy and
8 > 0 be such that § - vo(5/(4d) - e1) < 1/«/3. Set 8" = §/(4d) and let (1;);c74,
(Ba/(4d)(t,-))iezd and (¢;);cza be as in Lemma 4.12. Then

tli € ZY : By(u) N By (u) # 2} < 1+4d)?  and

431
tli e Z : 1€ By(u)} < (1+4d), *30

forallt € Z9 and v € R?. For6,,0, € L* _ (Rd)ﬂck(Rd) 1, 7,70 € Rl andi € 79,
define

8itry () = Qi (08 () With grg(t) 1= ———0 w(‘“(’) (62 - T201) (.
4.32)

Then gi ¢z, € CIC{(B(;/(L[)) and, for any fixed Ty € R? and x € Rd\{O}, there exists
a sequence (j;);czd with j; € d, such that py := x/|x| € U](-’_L"’TO) (where this set is
defined is in Lemma 4.11) for all i € Z¢ and such that

/ 8r, ro(L)ero(x O de= Z / ,, 70, gi,r,ro)(L) . ero(x, 0) d, for alln < k.

iezd

(4.33)

Proof The first assertion, (4.31), is verified by a straightforward calculation and
8t € C]Z.(B(s/ (¢i)) is a consequence of Lemma 4.12, with k-admissibility of &
and 61, 6, € C~ (RY). Lemma 4.11(1) provides the existence of j; = j; (i, 79, px) € d
satisfying p, € U](.f"’m), for arbitrary, fixed 79, p and each i € 74 . The elements of
the covering (35 /(4d) (Ui )) czd Are specific instances of the set in Lemma 4.11(2), such
that the application of D” o E N, to gi 1,7, is well-defined. Thus, to prove (4.33)
it only remains to Justlfy the interchange of integral and summation

f D S Wer(x, ) di = Z/ 8itr (Ve (x, ) du. (4.34)

ieZd ieZd

Since
/ D 181 ey (x. 0] di < / 2 Ly © - I8 Ol di
iezd Ciend
(. @30) < (144D - gzl
(since %Swo(o) <1+ 4d)d Nlwo - 62 - TrO1 ]I
(wo is submultiplicative) < wo(‘f) . (1 + 4d)d . ||92||L2 . ||T1—91 ||L2 < 00,

the dominated convergence theorem justifies (4.34). O
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To prepare for an estimate of D’}[_ w0.x 8i.w.7o itself, we consider the partial derivatives
of g 7,7

Lemma4.14 Let ® be a k-admissible warping function with control weight vy, let
01,602 € Lf/% NC*, and let (@i);cza be a bounded partition of unity as in Lemma 4.12,

for some given §8' > 0. For any fixed j € d, i € Z% and t, 19 € R, we have

o . o gm
ﬁ 8i,t,10 < Cn . UO . Z WQZ . WTTQ] s foralln < k,
J m1,mo€eNg J J
mi+my<n

(4.35)

for some constant C, = C,(§',d) > 0. Here g; r r,(1) = wu(f;;;))% 0 (92 . Tfél) 0
is as in (4.32).

Proof. We begin by applying the general Leibniz rule, with 4 terms in this case, to
rewrite the partial derivatives of g; ; -

a" " (T_w —
— g =—|—— ¢;-6,-T;0
3L7 8i, T, 3L5’» ( w(z0) @i 02 T ])
1 ( n ) 0" "2 ™ "4
= E c—T_w- —=¢; - —=6 - ——T 6
ni 70 ny ¥t nj3 ng TV
w(To) nio e ni, ..., N4 azj atj Btj atj
ni+--+ng=n
(4.36)
where (m ” n4) = m is, once more, the usual multinomial coefficient.

We now consider each term appearing in (4.36) individually. Since all the involved
sums are finite, there is a finite constant C,, > 0, depending only on 8’ > 0, the chosen
partition of unity (¢;);cz4, and (implicitly) d € N, such that

n 02 n " ~
max il < max -Do )| <Cy,
2€j
ni,...nse€Ng |\, ..., N4 ol ni,....,n4€Ny ni,...,N4
ny+-tna=n J ny+-tna=n

where property (4) of (¢;);cz« in Lemma 4.12 was used, and nje; is interpreted as a
multi-index.
For the term [w(z)] ™! - ;;';11 w(t + to) on the other hand, we apply the estimate

L.
given in Lemma 4.10, i.e.
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ni

a
—rw(+ 10)
acj

[w(zo)] ™" -

< Dy, - [vo]¥ < <Omax Dm) w19
= Dy - [vo (1%,

where D,, = d!d" as in Lemma 4.10. With C,, := D,,a,, we see that

n - "3 gna
ﬁ 8i,t| = D,Cy - Z Vo - WQZ : WTIQI
J Nlyeens n4€No / /
ny+-tna=n
d o
<Cy-vgy- Z al_n-392 . WTtgl .
n3,ns€Ng J J 0
n3+n4a<n

The nextlemma provides an estimate of |D7,- 1. 8l interms of the partial derivatives
of g and the weight function vy from Definition 4.2.

Lemma 4.15 Let ® be a k-admissible warping function with control weight vy and
choose 8 > 0 such that § - vo(8/(4d) - e1) < 1//d. Fix j € d and 19, 79 € R?, and

let U;‘O’TO) be as in Lemma 4.11(1). If g € C’;(Bg/(4d) (10)) and if x € RI\{0} satisfies

x/|x| € U](-LO’TO) then, with

0 (e
Ojroox =2 5 | e
(Oj,z.x 8) = @milx]) o |:(¢m(.)(x/|x|>)j:|

as in (4.28), there exists Dy, s := D, s(vo) > 0, independent of j, x, o, as well as i
and the function g € C]:.(Bg /(4d)(10)), such that

n

0% 8] = Dus - Q™ w3

m=0

0

8
m

BLj

holds for all0 < n < k.

Proof Step 1 (Preparation): Given j € d and a strictly positive (or strictly negative)
function i € C' (U) defined on an open set @ #= U C R4, we define the differential
operator @; , by B, ;, g := % (%) Then the following identity can be derived from
the quotient rule by a tedious, but straightforward induction:

n

g L 9%h

w, g=h""". E (8[7 § <C(m'“).l_[w)>, forall g € C*(U) and n € k,
, _ I
=1 %

m=0 J aeNg
|a|=n—m

(4.37)
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for suitable constants C"®) ¢ 7, that depend only on v € Ng andonm € {0, ...,n}.
Furthermore, we have the equality

OF 0x 80 = Qmilx)™" l" T (B O/ 151), 2.

Step 2 (Completing the proof): For n = 0, there is nothing to prove. Hence, we
can assume n € k. With U;LO’IO) c 8§91 as in Lemma 4.11(1), there is a j € d,
such that x/|x| = py € U;‘O’TO) and therefore, (J; 7, g is well-defined for arbitrary
g€ C]C‘(B(g/(4d) (tp)) by Lemma 4.11(2). Now, (4.37) provides
W 6e o) ;8

T o moge
= (fa )Y (a—,f - <c<"“*> 1%

m=0 J aeNj (= 1
la|=n—m

(#0000 ))

(4.38)

We now estimate the modulus of the innermost product by using (4.5):

[ox|=1
2

=1

n qae

H o (¢ (o2);

9%
a oy ¢T0 (1‘)

J

< vg(1).

Insert this estimate into (4.38) to obtain

n

n [vo(]" _
W01, 8 (”‘ = Galpn P 2 (

am
o PGl |C(m’a)|)
a € Nj
el =n—m

n
(Lemma 4.11) < M . Z < g~ Z ‘C(m.a) )
~ Cs(d, vo)™" 'y
a € Nj
el =n—m

n am

< Dy [woOF" - 3 |52
m=0 J

where D, s(vo) := Cs(d, vo)’z" - MaXm=0,...n (Z\alzn—m IC(’"’“)|) only depends
onn < k,§ > 0, and on the control weight v. O

We are ready to prove Theorem 4.8, in particular we can now estimate the integral
appearing on the right-hand side of (4.9).

Proof of Theorem 4.8 Recall from Lemma 4.9 that wg = o Furthermore, note
by submultiplicativity of w; that w;(0) = w;(0 + 0) < [w; (0)]?, and hence
wi(0) > 1. This implies wy; > 1: Another application of submultiplicativity yields
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1< wi(0) = w4 (=) < wi@) - wi(—) = [wi)]?, since wi(—1) = wi).
By the same arguments, we see vy > 1. Therefore, we conclude that (4.18) implies
6 € de/z (Rd) = Lf/%(Rd), i.e., 01, 0> satisfy the conditions of Lemma 4.13.

Y

In the following, we only consider the case £ = 1; the corresponding estimates for
£ = 2 can be obtained simply by swapping 61, 6>; our assumptions, and the definition
of Chax, are invariant under this operation.

A first estimate for the modulus of L%) (as defined in (4.9))—which is effective for
[x] < 1 and which can be obtained using the v(‘)l -moderateness of w (see Lemma 4.9)
and the submultiplicativity of w{, vo—reads as follows:

/d WEETO) (4, F8) (1) ey (. 1) de
R

w(T0)

5/ WO - 1001 101G — )] di
Rd
=wi(0)"" - wi(r) - /Rd v6’(t) 62 ()] - 101t — )| du

=@ [ |0 060] oie =60l d

wrisrdia) < wi (D)7 01z - MO2llz, < Conas - [w1 ()17 (4.39)
val

The last step used vo > 1, such that |01 ]ly2 < [|61ly2 and likewise ||92||de <
w| U}2 vO "-'l
16212 .
To obtain an estimate which is effective for large | x|, we have to work harder: We fix
some § = §(d, ®, vg) > 0, such that svp(§/(4d) - e1) < 1/\/3. Hence, we can apply
Lemma 4.13 to obtain a sequence (j;);cz4, With j; € d, such that p, = x/|x| € U/(',-l)

foralli € Z4, and

/d w(+ ) (02 - T101) (1) - exy(x, 1) du
R

w(7o)

= Z /I‘Qd (D];i,r(),x gi,r,r()) (l) . ero(x, L) di
iezd
S/ Z ‘(Dlji,ro,x gi,r,rg) (l)) du
R iezd
= Z/l;’ Z ‘(D];,m,x gi,r,r0> (t)‘ de, (4.40)

Jjed iezd
S.Lji=]

for any x € RY\{0}, 7, 7o € R?.
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For j; = j (which implies p, € U - l(.i)) we further see that

’(DI;’TO,X gi,r,ro) ([)‘
n

Lem. 4.15
ng,r,rg ()
J

k
< Dps- QxR vt @Y
n=0

Lem. 4.14 —k
=< Dk,«S : 135/(4[1)(”)(0 . (27T|)C|)

d om

DT D
n=0 my,myeNy
mij+my=<n

d+3k([)

T 92(t) 577 91 (t—1).
J ]

Note that constants above are independent of i € Z<. Next, using the finite overlap
property, (4.31), we get

Z ‘(Dk &i, rro) (l)‘ <C- Qml|x])™ kvd+3k(t)

J5>T0,X%
iez?
s.t. ji=J
mi am
> SO St =1,
m1,mpyeNy J ]
mi+my<k

where C := k+1-0+ 4d)‘1 - D5 - max,—o,.. kx Cp. Insert this estimate into
the final line of (4.40), apply the Cauchy-Schwarz inequality, and recall that w; is
submultiplicative and satisfies w(—t) = w1 (¢), whence 1 = [wi (O] wi(+1—0)
< [wi ()]~ wi () - wi(t — 1), to obtain

Z;,éd Z ‘(D]](‘,ro,x gi,r,ro) (L)’ di
J€4a

iezd
s.tji=]j
~ —k d+3k 9™
<C.Qnulxl)” Z/ ORI DI o T ORE mz@](t—‘[) du
jed m1,mpeNg LJ ]
my+my <k
< C- Q@ulx) w17
d 3k G 9™
> O wi© mlé)z(t) wi(t = 1) m291(t—r) du
]Ed my, m2€NO ] ]
mi1+my<k
~ B B gm am2 _
<C-@uDTwi@™ Y Y0 | e PR
jed my,mz€Ny J L,zl,,2 J L%U]

my+my=<k
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Since all the involved sums are finite, so is the total number of summands. Moreover,
the highest order partial derivatives that appear are —9 1 and 92, for arbitrary j € d.

J
Hence, a joint maximization over j € d and the partial derlvatlves of 61, 6 yields

w(t + 10) _
A{d Cw(ty) (92 ’ Tfel)(t) eqy(x,0) du

<" Qulx)Fwi ()™

4.41)

2
Lwl

< C"-QrlxDTF - [wi (T Crnax,

2
L2,

for a suitable (large) constant C’ > 0 Here, the last step used again that wi < wy.
Now, define

Cmax, if |)C| <1
F(x):=1 &
C’ - Cpax - Qm|x|)™", else.

It is not hard to see |F(x)| < C” - Cmax - (1 + |x|)~* for some constant C” > 0.
Combining the inequalities (4.39) and (4.41), we obtain for all x, 7, 79 € R? that

(l)(x )| = 'f wit)(-i; ;O) QQ-m)(t)em(x,t) di

<[wi (@] Fx)
< C" Cax - L+ x5 [wi ()]

If we collect all the hidden dependencies, then we note that the final constant C”
depends on Dy s = Dy s(vp) and C, = C,(8', d), and also directly on d, k. However,
the support radius 8’ of the assumed partition of unity is derived directly from §, d,
where the largest valid choice of § itself depends only on vg, d, see Lemma 4.12
for both dependencies. Further, noting that Dy _s(vo) is increasing in § (see proof of
Lemma 4.15), we can choose, without loss of generality, the largest possible value of
8. Overall, C” is a function of d, k and v, as desired. O

4.3 Proof of Theorem 4.4

Recall that w = det A is wg := vg -moderate (Lemma 4.9) and vg, v; > 1 (see proof
of Theorem 4.8), such that wy > vg/z = Jwg and 01, 0, € L2 (Rd) follows. That

m is d-compatible with dominating weight m® is an 1mmed1ate consequence of the
inequality (4.6), i.e.,
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m((v.§), @ m) < L+ 1y —zD? - vy (@) — (1), forall y,z € R? and &,y € D,

and the choice of p € Ny (in particular, p = 0 if Rp = 00).
Thus, Lemmas 4.6 and 4.7 can be applied, showing that

| Ko,,6,118, < max ess sup/ / M(x, 1) - |L(,f;)(x, 7)| dx dt,
Le{1,2} r0eRd Rd JRd

where

d
Mx,t)=  sup  (1+]y)?-vi? (@) vi(1).
yeR4,|y|<R|x|

Note that M(x,t) < Co - (1 + |xD? - v)() - vi(r), where
Cop:=max {1, SUPgep ||D<I>($)||P} if p > 0and Cg := 1 otherwise.

Define w; : R4 — Rt 1 > (14N v1(0) - [vo(1)]9/2. Since v, v; are submul-
tiplicative and satisfy vy (—t) = v¢(¢) for £ € {0, 1} and ¢ € R4, itis easy to see that wy
satisfies the same two properties. Furthermore, w» (1) = wy (1) - [vg(¢)]4 3@ +P+D 50
that Theorem 4.8, withk = d + p+ 1, yieldsaconstant C = C(d,d+p+1,v9) > 0
satisfying

1Ko, 6,118, < max ess sup/ / M(x,7)- |L§f;>(x,t)| dx dt
Le{l, R JRrd

T()ERJ
< Co -ess sup/ / 1+ |xp? - vg/z(r) -v1(7) - max |L(,f;)(x, )| dx dt
0eR? R4 JRd Lef{1,2}
(Thm. 4.8) < cccpcmax-fRd /}R vg 20 o1 (@) - [ (@17 (1 + [x) 7D dr dx
sccq)cmax/ / (1 + [~ + ey~ g7 dx
R4 JRA

=:C - Cpax < 00.

Here, the final constant c = C d, p,®,v9) > 0 is finite, simply because
(141 |)_(d D e ! (Rd). Arguably, the dependence of Con vo could be expressed as
a consequence of the dependence on @, but there may be cases where different choices
of vy could be of interest, such that we prefer to keep it explicit. This concludes the
proof. O

5 The Phase-Space Coverings Induced by the Warping Function ®

To prepare for the estimation of [|oscyy - || 5, we construct families of coverings Vi =

(Vl.‘s) ie1 of the phase space A, induced by a given warping function ® and study their
properties. In the next section, we will show that [loscys [, — 0as § — 0, with
0sCys - as introduced in Definition 2.16.
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Definition 5.1 Let ®: D — R< be a warping function. Define
097 := @715 B,(1)), forallr,§>0and7 € R 5.1
We call V3, = (ng)zgkezd, defined by

Ve, = AT (8k//d) (5 : Bl(z/ﬂ)> x 0, with

0! = ng:kl;ﬁ = &7 (8- Bi(k/Vd)), (5.2)

the ®-induced §-fine (phase-space) covering.

By allowing r # 1 in (5.1), it is possible to control the overlap of the covering
elements. In particular, any radius strictly larger than 1/2 provides a covering. For
proving the feasibility of discretization in coorbit spaces, however, the above choice
of r = 1in (5.2) is completely sufficient.

Proposition 5.2 Let ® be a 0-admissible warping function with control weight vy (see
Definition 4.2). Then the ®-induced §-fine phase-space covering Vfb = (Ve‘s’ ekerd
is a topologically admissible cover of A = R x D which is also product-admissible
as per Definition 2.4. More precisely, we have the following properties:

(1) Ifk, £, ko, Lo € Z9 satisfy |k — ko| > 2+/d, then V), N v}o v = @- Furthermore,

sup  #{(Co. ko) € Z4 x Z¢ : V), N V) # @)
(L,k)ez

< (1 +4d)* (1 +2vd - (1+vo(28))”.

_ )
(2) We have [vy(8)]™% < w?.ww < [vo(8)1? for all k, ¢ € 7.

(3) We have (V) /iu(Ve ) < [vo(8)]* for arbitrary £, k, Lo, ko € Z9.

0.ko

(4) For each fixed § > 0, the weight wyy as given in Eq. (2.8) satisfies

(wy3, ) = min {w(s - k/Vd), [ws - k/vd)] ™)

= min {w(® &), [w@EN]'} 2 [wo(@ENT™, (63
forall ¢,k e 24, & € QF.
In particular, there exists a constant C = C(d,d,v9) > 0 such that
(wvg)e,k/(wvg)go,ko < C forall £,k Lo, ko € Z4 with V{, N vgm £ @.
Moreover, (2.9) holds with

w;‘%: A — R, (x,8) > min {w(®E)), [w@ENI'].
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Proof Note that the family & - By (£/ \/3), ¢ e 74 forms a covering of R4, since

ﬁ(ﬂ + [0, 1)d) C Bl(Z/\/Z). Considering that ® : D — RY is a diffeomorphism

and A’T(rSk/ \/E), for any k € 74 is an invertible matrix, it follows that pr indeed
covers all of A.
We first prove part (1). Fork, £ € 74, let

Jowi= {0 ko) € Z! x 24 VRV, £ o)

If V), NVY . # @, then in particular 0 N QF # @. Straightforward calculations

show that the latter implies |ko — k| < 2+/d, and then ko € k + {—2d, ..., 2d}".
Moreover, if (£o, ko) € Jo k. then an easy calculation shows that there exist xy, xo €
B1(0) such that

0= AT (5k0/ﬁ) AT (ak/ﬁ) <fz +Vd- x1> —Vd-x.

Property (4.5) shows that Agy, = A7 (ako/ﬁ) C AT <5k/ﬁ) -
b5/ ya® - (ko — k) /+/d) satisfies

[ Akl = vo (2500 = B)) = vo(25).

Here, we used |kg — k| < 24/d and that vo is radially increasing. Since x1, xp € B1(0),
we thus have £y € Ay € + [—C1, Cl]d, where

C| = Vd - (1 + UO(Z(S)) > )«/E Ak kX1 — x/c_z'-xz‘ .
Altogether, we have shown

e U (70 (At 1= a?) ] x (ko).

koek+{—2d,...,2d}*

But we have #[Z¢ N (Ag k€ +[—C1, C11?)] < (1 +2C1)? and hence

ekl < > 20t =14+ 207,
koek+{-2d,...,2d}¢

completing the proof of part (1). This also shows that Vfb is an admissible covering.
Since each VZ‘S’ « 1s open and relatively compact in A, we see that V‘fb is topologically
admissible.
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We proceed to prove Item (2). By the change of variables formula, cf. Eq. (3.4), we
get

M(Qi) = /;18~B|(k/ﬂ)(®(§)) d§ = —/;-Bl(k/ﬁ)w(t) dr.

Recall that w is vg -moderate by Lemma 4.9, where vy is submultiplicative and radially
increasing. Therefore,

[vo(8)]? < #’;ﬁ) < [vo(8)1%, forall T € 8 - By (k/~/d)

In combination, the two preceding displayed equations show that

QD € w(BIO) 8" w (- k/Vd) - [[ro@] . wod]]. (54

Moreover,

M (A‘T((Sk/x/z)((S B (z/ﬁ))) ’det (A—T(a - k/ﬁ))’ " (5 : Bl(z/ﬁ))

1(B1(0)) - 5
= (5.5)
w(s - k//d)

Since u(VY,) = u(A™T (8k/~/d) (8- B1(£/v/d)))-11(Q2), this proves part (2). Finally,
part (3) is a direct consequence of part (2).

It remains to prove part (4). Since V‘fp is a covering of A = RY x D with count-
able index set and with each set Vf’  being a Cartesian product of open sets, this
will then imply that V%, is product-admissible. First note that min{1, u(V7,)} =< 1
as a function in ¢,k € Z9 and that ng = Vﬁ(&k) X Vza,(z,k) with Vl‘sﬁ(gﬁk) =
AT (8k//d)(5 - B{(£//d)) and vzﬁ(&k) = 0f. Hence, by (5.5) and (5.4), we have

min { (VY o). (V3 (@)} = min {w(Sk/v/d), [w(sk/Vd)] "},

as a functionin £, k € 74,

Together, this yields the first estimate in (5.3). The other two estimates in (5.3) are

simple consequences of w being vg -moderate (and thus w™! is as well) and of the

identity & ( Qi) =4 Byi(k/ \/c_l). Note that (5.3) implies (2.9) with the stated choice

of w‘cﬁ .
[

To prove that (wvg)g,k/(w%)go,ko < 1if VZ‘S’kﬁVl‘SO’k0 # o, first note that since w is

~

vg -moderate and vy is radially increasing (and hence radial). Note that taking reciprocal
values, as well as pointwise minima/maxima preserve moderateness relations, see
Remark 2.6, such that
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min{w(8k//d), [w(sk/V/d)] "'}

d d
m 8(k — ko)/~d Yk, ko€ Z°.
in{w(8ko/~/d), [w(Sko/~/d)]~'} < [vo(( o)/f)] o e

Furthermore, part (1) of the proposition shows that if Vf_ e N VZ‘SO_ ko # o, then
lk — ko| < 24/4d. Combining these observations with Eq. (5.3) and with the fact
that vy is radially increasing, we see (w%)g,k/(wvg))go,ko < vo(26)d < 1, where the

~

implied constant depends (only) on d, 8, and vg. O

The next lemma is concerned with the sets Vi = J;c; ¢ 1ey, Vi defining the

oscillation oscy r, see Definition 2.16. For the induced coverings WV , the set Vi can
once more be estimated by a convenient product set. Moreover, the lemma implies
that if 2 = (z, 1) € V3, with A9 = (y, w), then

|AT(<I>(a)))(z -y <Cs and |P(n) — P(w)| <Cs, with
Cs > 0 independent of A, Xg.

In particular, this holds if there exists (¢, k) € 72 such that A, Ao € V/Z‘S ¢ These
estimates will be crucial for estimating [|oscys |5, -

Lemma 5.3 Let ® be a warping function, and let Vzb be the ®-induced §-fine covering.
For all (y, w) € A and all § > 0, we have

Vie= U Viico+P) =g, (5.6)
(L,k) s.t.
.V,

where

Q=0 ' (®(@) + Bs(0)) and Py = v9(8) - A~ (P(@)) (B2s(0)) (5.7)

w

Proof Let (¢, k) € Z4x Z? be suchthat (y, w) € V. Then 8k /+/d € ®(w)+8-B;(0)

and by extension of that argument, Q,‘z C & (P (w)+25B1(0) = Qfo, which proves
the first part of the claim.
Next, for (x,&) € V/., we have |AT(8k/v/d)(x—y)| < 26, since

X,y e AT (5k/v/d) <5Bl(z/ﬁ)>. Hence,
AT(@(@) (x = )| = [AT@ @) AT Sk/VDAT $k/Vd) (x - )|
<28 - | AT (@) AT (8k/Vd) | =28 - by ) ya (@) — 8k/d) |

(cf. Eq. 4.5)) < 26 - vo(P(w) — Sk/x/c?) < 26§ -v9(8),

which shows x — y € AT (®(w)) (28v9(8) B1(0)), and thus x € y 4+ Pﬁ), as desired.
O
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Proposition 5.4 Let @ be a 0-admissible warping function with control weight vg. Let
further mg © A x A — RY be continuous and symmetric, with 1 < mg(A, p) <
CO o, v) - mo(v, p), forall ., p,v € A and some cO >, satisfy

mo((y,€), (z,m) < A+ 1y —zD” - &1 (®E) — () Y (v, ), (z,1) € A.

Here, p=0if Rp =supgcp [DP(§)[|=00 and p € Ny otherwise, and ¢; : R? - R+
is a continuous function with ¢1(—t) = ¢1(v) for all T € RZ. Define, for some
arbitrary, fixed v € A,

u: A—>RY A mo(h,v) and

v A= R (3, 8) b u(y, §) - max {w(® ), [w@E)] '}

and let my be as in Eq. ((2.10)). Then u is V‘é)-moderate, for any § > 0, and mo and
my are ®-convolution-dominated by (1+|e|)? - ¢1(e) and mg) =14+ e)?-22(e),
where {, = v(‘)l - £1. In particular, items (1)—(3) of Assumption 2.11 are satisfied.

Proof. Proposition 5.2 provides product-admissibility of V3, such that item (1) of
Assumption 2.11 is satisfied. Item (3) is a direct consequence of the symmetry of m:

mo(h, p) < CO - mo(r, v) - mo(v, p) = CO - ur) - u(p).

To show Vfb-moderateness of u (which coincides with item (2) of Assumption 2.11),
observe that

U _ ~oymots p)mo(p. v)

= COmor, p). 5.8
u(p) ~ mo(p. v) molk £) 68

If L = (y,€) and p = (z, n) are both contained in ng, for some ¢, k € Z%, then
[P() — ()| < 4, and

Iy -zl <8-|ATT(8k/Vd)|l <6 - Ro, if R < 00.

Hence, and % < COmy((y, &), (z.n) < COU + 8Ra)? - £1(8), independent

of £,k € Z?.If R = oo, then g—ig < COmg((y,£), (z.n)) < CO¢((8) instead.
That m¢ is ®-convolution-dominated by (14 | e |)? - £ (e) is immediate. To prove
that m,, is ®-convolution-dominated by m?)’ , observe

max {w(7), [w(r)] 7'} - {w(r) w(t)

wir) wi) de. d
- {w(L), [w(t)]—l} < max ) w(t)} <v(r — 1), forall 7, € R".

Combine the above with (5.8), such that

v(y, ®(&)) ) . 4 -
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6 Controlling the BB,,,-Norm of the Oscillation

In this section, we employ the ®-induced §-fine phase-space coverings V%, constructed
in the previous section, to derive conditions concerning the prototype function 6 which
ensure'that ||OSCV‘§,,F B, < oo with HOSCV%»F B, Oasé 0. We will obtain the
following result.

Theorem 6.1 Let ® be a (d + p + 1)-admissible warping function with control weight
vo, where p = 0 if Ro = supgcp [|[DP(E)[| = oo and p € No otherwise. Let
furthermore m : A x A — R™ be a symmetric weight that satisfies

m((y,€), z,m) < (1+1]y —z])? - v (®E) — d(1),Vy, z € R and £, € D,
(6.1)

for some continuous and submultiplicative weight v : R? — R satisfying v (1) =
v (—1) forall L € RY.
Finally, with

wy R — RY ts (14 )01 (1) - [up(0)]PV/2H3P 3,

assume that 6 € C*tPHI(RY) and

gd+p+h—n

b pr? €L B, foralljed 0snsd+ptl,
J

Then, with T : A x A — C, ((y,a)), (z, ,7)) “2mi(y=20) gpd V)
(ng)g’kezd the ®-induced 5-fine covering:

loseys rlls, <00 foralls >0 and loscys s, Z%. 6.2

Remark 6.2 The conditions of Theorem 6.1 are largely the same as those for Theorem
4.4. The only difference is the appearance of an additional factor v}, for certainn € Ny,
in the conditions on 6. Since vy > vo(0), the conditions of Theorem 6.1 imply those
of Theorem 4.4.

To prove Theorem 6.1, we study the second component of the oscillation, i.e.,
g —T'(X, p)gp, for p € V‘i If we can bound certain weighted L2-norms of this
difference and its derivatives uniformly in A € A and p € Vi, then we can show that
0sCyy 1 € B, by a slight variation on Theorem 4.4. In fact, the estimates we obtain
converge to 0 for § — 0, such that we naturally obtain the second part of Eq. (6.2) as
well.
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6.1 Local Behavior of the Oscillating Component

In order to rely on the machinery we already developed in Sect.4, it will be useful
to rewrite g, — I'(A, p)g, as the warping of a function 65, p € L (dependent on

A, p € A) derived from the prototype 6.

Proposition 6.3 For D C R? open, let A = R? x D, and define the phase function T
via

F:AxA—C,((y,0),(z0n) e 2T020) (6.3)

Let ® : D — RY be a warping function, assume 0 € L? (Rd) and denote
(8y,w)(y,wen = GO, ®) as usual. Then the identity

G = DO @), m)gey = e ™07 - (w@@) ™ (Towly.oen) ° @)
(6.4)

holds for all (y, w), (z,n) € A, with

~ w(P(w))
O(y.0). ) = (9 “w@a)  Fe@.AT@@) ) (T<I><n>—d>(w>9)) & LY (6.5

The operator E¢ ¢ in Eq.(6.5) is a multiplication operator defined by

Eiof = 2riAT (@) 07 (+D)-07 (@) | f forall f:R?Y—> Candrt,eeR.
(6.6)

Proof. To see that Oy 4) (2.n) € Lf/%, note that T (;)—o(w) and E; ¢ are bounded

operators on L%/uTo and that o/w(®(w))/w(P(n)) is finite for all w,n € D. Here,

boundedness of T, on L? 7 is a consequence of (3.5), since wy is submultiplicative.

To prove (6.4), note that, by definition,

(vo — T((, @), (2, M)gay) (§) = e 27108 g, (&) — e 2720l gm0 8] o (£)
_ e—Zm(),{E) <ga) _ e—Zm()/—z,w—» gn> (%.)’
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and furthermore
8w — e TR,
= w(®(@) " (Tow@h) o ® — e 2y (1)~ /? (Toyb) o @

_ —-1/2 _ w(@(a)))_ 27i(y—z,d 1 ()—w) o
= w(P(w)) (T<I>(a))9 ‘/—w(CD(n)) e Towt | o ®

= w(® )/

[W(P(®) itz d-l(. _
AT o — |~ 2mify—z, @7 (P (w)—w)p B 0 ®
( ¢(w)( w(D (1)) e D) —P(w) ©

= w(CI)(a)))_l/2 (T<1>(w)§(y,w),(z,n)) o . O

Now that we can express g, — I'(A, p)g, through 6(x, p), we aim to derive con-
ditions on @, such that Lemma 4.8 can be applied with 61 = 0,6, = ] (A, p). In
particular, we investigate the (uniform) continuity of the map (z, &) — E, in the
next lemma. Here, E; . is considered as an operator on L?D (Rd), for suitable weights

w.

Lemma 6.4 Let g € [1,00) and let  : RY — R be a continuous weight function.
Furthermore, assume that ® is a k-admissible warping function with control weight

V0.
The operatorE¢ ¢ : L‘é) (R?) — L%} (RY), 7, & € RY, given by (6.6), is well-defined
and has the following properties:

(1) If9 € LL(RY) with supp(9) C Bs(0) for some § > 0, then

I = EceDllpg < V2I1 = cos (r - min{1, 2[&]svo () D] - 1. (6.7)

e—0

(2) If9 € L% (RY), then sup [|# — B e0llps = 0.
reRd v

(3) If 9 € C"(RY) for some 0 <m <k + 1, and if j € d with

m—n

5 — 9 € L (RY) forall 0 < n < m, (6.8)
L.
J

Vg -

then 38721’ € LYRY) for0 < £ <m, %(Emz‘}) e LY (RY) forall t,e € RY,

and

m

m
8lj

e—0

5
w

sup
reRd

(0 —E¢ )
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Furthermore, for each gy > 0, there is a constant Cy, ¢, > 0 satisfying for all

le| < &g that
m m m gm—n
sup | = (Bre®)| < |25 + Cimeo el D |G —— < .
TeR? [j qulv aLj L?Z: n=1 8Lj L1
w
6.9)

Proof Assumption (6.8) implies %ﬁ‘ € LZ) (R?) forall 0 < € < n, since vy is radially
j

increasing. Now, to prove (1), note for arbitrary ¢ € R? that
9(0) = (Bee?) )] = |1 = AT @@ ED=0TED |y ),

where supp® C Bj(0), such that it suffices to estimate this expression for |¢| < §.
We begin by expressing the difference ®~!(¢ + 7) — ®~!(r) through the Jacobian
A = D® ! of ®~! by using the directional derivative. This furnishes the following
estimate:

1
A Moy @ e+ - () = ’/ AN D AG@ +ro) dr
0

. 1€B5 (0)
< - max AT (DA +rol = §-v9(d),
rel0,1]

where we used (4.5) in the last step. Therefore, |(e, A ()@ Yi+1r)— ! ()] <
le] - 8 - vo(S). _

Next, a simple calculation shows that |1 — e™'"| = {/2[1 — cos(srr)], which is an
even function that is increasing on [0, 1] and converges to O for r — 0. Thus, we
obtain

|9 — Ere®) ()] < /2[1 — cos( - 2[e[8vp(8))] - [9 (1)

forall 0 < |g| < 251)0(5) For |e| > (28vp(8))~! apply the trivial estimate |1 — e™"| <
2 = /2[1 — cos(r)] instead. This easily yields (6.7), in fact for any solid Banach
space X, and not only for LZ.

To prove (2), note that for a given ¥ € Lifb (R?), we have || — Oy lya — O as
n — oo for the sequence ¥, = v - 15 0y by the dominated convergencg theorem.
Furthermore, for every n € N,

sup 9~ Er,edllpa <19 = Dullps + sup (19— Er.cdullys + [EBecdn —Eredlps )
reRd Yo reRd w v

=219 —Onllga + sup 90 —ErePnllpq.
w TERd w
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For any n € N and any g9 > 0, we can choose ¢, > 0 such that

319 1lys - v/2[1 — cos (r - min(1, 2|e,|nvo(n))} < &o.

Noting that supp(1%,,) C B, (0) by definition, we can now apply (6.7) with § = n and
any € € B_gn(O) to obtain ||, — E¢ ¢y llye < &o/3, forall T € RY. If additionally,
n € Nis such that | — ¥ [l;¢ < €0/3, then 19 —E; e < €0 Since g9 > 0 was
arbitrary, we obtain ‘ N

VYeg>03neNande, > 0, such that e € B, (0) implies sup || — Eretllia < eo.
teRd w

To prove (3), we first note that for m = 0, all claims in this part are easy con-
sequences of the definitions and of item (2). Therefore, we can assume m € k + 1.
Apply Leibniz’s rule to obtain

am =z m\ 0" A-T —1 -1 "
Eee)© =Y ( (AT (@) (e), @7 (4)— (r))) ) EY B
a(;{, ( 7,6 )O) ((n) at'} e ) PYRT (1)

n=0 J

(6.10)

Moreover, Faa Di Bruno’s formula [28, Corollary 2.10]— a form of the chain rule for
higher derivatives—yields for n € m that

al’l

o
J

(ezm<A*T<r)<e>,<1>*'(-+r>—<1>*‘(r)>) @ = 2HATT@E T =0T @) p (g

= Er,s Pn,t,e(l),

where

Pn,r,e(L)

RS N % T -1 gl

=S (e (C“'Haﬂ" (AT @) o+ -0 (z)))
=1 oe(n—L+1)¢ i=1 J

N ! O Ay -]

_ @riy- Y (cg-l_[aﬁ <8,A (0)(® (L+T))>> (6.1
=1 oe(n—L+1)¢ i=1 J

for suitable constants C, > 0. For the second equality, note that o; > 1 for all i,
so that the term (A~ (7)(e), ®~!(r)) —which is constant with respect to (—can be
ignored. In fact, the main statement of Faa Di Bruno’s formula is exactly which C,
are nonzero and what value they attain, see also Lemma 8.6, but these details are not
required here. Similar to (4.27), we have that
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O’,‘—l

o (e AT @A D)
A
J

8(7,'71

T <[A1(I)A(t + r)]T e>

J
aai*]

= (ﬁﬁbr (L)(8>> )
a‘j' i

YDA+ r)]T is as in (4.4). By (4.5), we can estimate

80,-—1 30,-—1
F% W) ) | = F% 0
J i J
and inserting this into (6.11),

90
W <£, A @@+ r))>

J

i

where ¢; = [A~

“lel = wvo(V) - [e]

n

1Prce@ <Y [ @r-v0@- 1D Y Co

(=1 oe(n—L+1)¢

n

= Colel- Y (" el ).

=1

for a suitably large C = C(n) > 0. Since we only consider n e m, we can in fact
choose the same constant C for all values of n. Moreover, 1 < v0 < forall £ < n.

By assembling all the pieces and by separating the term n = 0 in (6.10), we thus

get

am o™

8/” 7,8 E € &_mﬁ (L)
(Er,e Pure) @) - <

i )0)
J
Py re()- <8n,: nﬁ> 0]
m gm—n B
<lel- Yy <| W ELACIR (C('Z)vo(M : |e|“))
J =1

o) )

Birkhauser




62 Page 58 0f 87 Journal of Fourier Analysis and Applications (2024) 30:62

Let0 < Cp¢ := max,cp (Zz 1 ( ) C|£|£ 1) < 00 to obtain the estimate

m m m m—n
o7 Bre) O = e | 550 | O = Cne - lel - 3 (o S0
J j n=1 J
Since L‘é) is solid, we conclude
om om m m—n
at_m(Er,sﬁ) —Ec; E)L_’f‘ﬂ <Cms-lel- Z v - W < 00.
J LY n=1 J LL
(6.12)
Finally, with Cy,, ¢ < Cyy g9.¢; =: Cim,¢, fOr |€| < €9, we obtain
8m
sup |, (@ —Er D)
TeR? aLj Le
am am
< su —9 — E —
- reﬂsd 3L7 ne 8[7’ ”
am am
+ || Er.e o v ~ o 5 (Ez ) —>|8|_)0 0
J J Lq;}

as a consequence of part (2), and‘ (6.12).
To prove (6.9) (and thus also gl—,j,](Er,ez?) € L’é)), observe ||Emf||L?D = ”f”LZ-, for

all f e Lqﬂj (R%). By Eq. (6.12) the triangle inequality for norms yields

m om m gm—n
sup |~ (Ere?)| < sup B | oot + Come - lel- Y |vg - —?
reRr? || 9 Ly TeR? G e el 9 L
om m gm—n
Y m S ¥V +Cme - lel- Z v(’)Z ’ 5,/m—n
L n=1 J L
This proves (6.9), since Cy, ¢ < Cyy. ¢, as noted before. O

‘We now show that 9(8 w),(z,y) uniformly converges to 0 as § —0, for (y, w) € A and
(z,mel+ P‘S) x Q¢. Recall that (y + Pﬁ)) X Qfo was introduced in Lemma 5.3

as a simple superset to V(‘ o) = Uw.ka(y’w) Ve .k, appearing in the oscillation. The

considered notion of convergence is in terms of the LZ) -norm of certain derivatives of
Oy.w).z.n)- With Lemma 6.4, obtaining the desired estimates for 6y, ). (;.,) amounts
to little more than an application of the triangle inequality and a somewhat elaborate
three-g-argument.
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Lemma 6.5 Letq € [1, 00) and let w : RY — R* be a continuous, submultiplicative
weight function. Furthermore, assume that ® is a k-admissible warping function with
control weight vy. If

0 e Cm(Rd)forsomeO <m<k+1, and

amfn
v - S —0 eLq R forall0<n<m, jed,
J
then
m " w(d(w)) q mpd
< yeyem = — 0 - [P E, oz (Tom—owb) | € LT (R
e d e = ( Vo (@(n) Fe@-AT @) o (Tom-ow) )) » RY)
(6.13)
forall (y, w), (z,n) € A, and j € d. Furthermore, with
m
Fj,m(s; 9, q, II)) ‘= Ssup sup Y m@(y ),(z,n) s (6.14)
(y.0)EN ze(y+P%),ne@’, e

where Q% and P® are as in Lemma 5.3, we have

Fju(;0,q,w) <oo forallé >0, and Fj;,(8;6,q9,w) ﬁ 0.
(6.15)

Proof Since vy and w are submultiplicative so is v;w, and LZ,,w(Rd ) is translation-
0

invariant, see (3.5). Hence, since = ,19 € Lq (Rd), 0<n<mandi € d, the
J

same holds for arbitrary translates. Thus, Lemma 6.4(3) shows 6, g wBr e (T,0) €

qu (R?) for all 79, 7, ¢ € R?. This establishes (6.13), since 2‘;((2((;))))) < 00.

Fix§ > Oand (y,w) € Aand(z,n) € (y+P2)) Xqu.ForbreVity, sett := ®(w)—
®(n) and & := AT (®(w))(y — z), noting that T € Bys(0) and & € AT (d(w))(P2) =
Basuy5)(0) =: Bg; (0). In particular, e5 < &5, for all § < 89, and es — 0 as § — 0.
Recall the definition of é(},,w),(z’n) (given in (6.5)), and apply the triangle inequality
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twice to obtain the estimate

mo. w(d(w)) o™
—0( <‘1— [ ———=1 - |—0
m Y (y,),(z,n) — m
8Lj L w(®(n)) 3Lj L
w(P(w)) | 9"
+ . J———= || 75 (0 —Eo(w),:0 6.16
V@ | a0 Eew0) Lz{ (©10
4 (w@@) " e 0)
Next, Lemma 6.4(3) yields
3m
Es := sup sup —m(G — Eq;@,),g@) < oo, forall § > 0,
le]<es weD 8‘]' LY
with Es — 0 as § — 0, and (6.17)

am
Fs:= sup sup | — Eq(w),e(0 —T_:0)

le|<es weD 3L7
am ( am )
—0—-T_, | —0
m m
BLJ. 8LJ~

Note that the first term of the right-hand side of (6.18) converges to 0 for § — 0,
since |t| < 26 and translation is continuous in L?D, since w is continuous and sub-
multiplicative. Furthermore, the sum over z in the right-hand side of (6.18) is finite,
since qub is translation-invariant and hence, all summands are finite by assumption.
Therefore, Fs vanishes for § — 0. In fact, since |¢| < g5 and w is vg -moderate with
radially increasing vy (cf. Lemma 4.9), 3((2(((;7)))2 < vg (es), which settles the desired
convergence of the second and third term in (6.16).

L

w

m

+ Cm,650 cEs - Z

L n=1
w

m—n

d
U6l . aLm—_n(g_T_tG)
J

Ll
(6.18)

§—0 .
To settle convergence of the first term, we need to show that ’1‘1’)((2((‘,‘;)))) = 1, uni-

formly with respecttow € D, n € qu. To this end, note that

w(P(w))
w(®(n))
_w(®0) + 01 %I,:S [w(®() +s7)] ds - SUP, & Bys (D)) YrW()

- )

w(®(n)) - w(P (1))

where V; denotes the derivative in direction T € R?. We now use Jacobi’s formula
d
T det A(r) = det A(z) - trace([A(t)]_1 A1),

) Birkhduser
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valid for the derivative of the determinant (see [70, Section 8.3, Equation (2)]) of any
differentiable function M: I — GL(R?), where I C R, to obtain

Vew(@) = Y 1 % det(A(1) = det(A(1) - Y _ 7, - trace (A‘l (z)%A@))

jed jed

T
AI(L)A(L+77))

=w() - th - trace <ai

jed i In=0
0
=w()- ) 7 trace rr AN B
jed ni n=0

with ¢, asin (4.4). Note that ¢, (0) = id forall: € R¢, so that (4.5)yields [[(9;9)(0)|| <
vp(0). Additionally, the trace of a matrix M € R4*%4 can be (coarsely) estimated by
| trace(M)| < d||M]||, such that

IVew@| <d-w@ - vo(0) - |zjl <d-w@ - llz]i - vo(0) < d** w() - [z] - vo(0).
Jjed

Therefore, with || < 2§ and v(‘)’ -moderateness of w,

‘1_ W@ 32 500) - max LW D
w(®(n)) ref0,11  w(®(n))
<28-d%? - vl (28) - v9(0) =: C? < o0. (6.19)

The final estimate is independent of @ € D, and of n € qu, and C% = 0as s — 0.
O

We are now ready to prove Theorem 6.1.

6.2 Proof of Theorem 6.1

Recall that, by Remark 2.17, 0SCyy is continuous. Using Proposition 6.3 and Parse-
val’s formula, we can rewrite the oscillation at ((y, w), (z, 1)) € A x A, as follows:

(&

oseys r(( ). @m) = sup  [(gyw 8ep — T(( 1) (20.M0)) * &zgmo|

z0.m0)eVE, )

= sup ‘K

o0 @) (620
zo.n0)eV?, )

eve(z,n)‘(zo,no)’
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Based on (6.20), Lemma 4.7 provides

‘Keﬂé(z,n),(zo-no)»q’((y’ ), (z, 77))‘

[w@m) ;
= Vo@a Lo fen e AT @) =), @w) ~ o)

where Lo (y) is as in (4.9). If we define £, : R? x R — RJ, 79 € R?, by

’

Lyy(x, ) := sup sup ‘Lro [0, é(z,CD*‘(To)),(zo,no)](x’ O} 62D
zeR4 (zo,ﬂo)evtz. o= (zg))

then, for all (y, w), (z, ) € A,

| w(P ()
oscys (v, @), (z,m) = %ﬁwn)(AT@(n))(z —y), ®(@) = D).

Via a tedious, but straightforward derivation involving several changes of variable
in a manner similar to the proof of Lemma 4.7, we obtain in particular that

[l osc s pllB, < ess sup/ M(x, 1)L (x, T) dx dr,
@ R4 JRA

70 ERd

6.22)

where M is defined as in (4.2) and we used that m is ®-compatible with the (symmetric)
dominating weight m® (x, ) = (1 + |x|)? - v (7).

By Lemma 6.5, with w = wy, all functions 0}1,,7),(10,,,0) with (z,n) € A and
(zo, no) € Vg,} C(z+ P‘f]) X Q‘f] satisfy the conditions of Theorem 4.8, as does 6.

Hence, for any z, 1o € R4 and (zo, no) € V‘ZS Theorem 4.8 yields

o~ (10)’

ILey[6. 801 (200 comn 1062 DI < € - Copag - (14 [x )~ @HPED 03083 0y s ()71,
(6.23)

where C > 0 depends only on d, k and the control weight vy, and furthermore

Ciax = Cmax <d +p+1,0, é(z,drl(m)),(zo,ﬂo))

" m
=  max — max 0, -1
jed H ot 1.2 (R9) jed H o (2.7 (10)).(z0.70) L2 (Rd)
Osm=d+p+l T @ Osm=d+p+1 = 7/ )
am
(Lem. 6.5) < max — max  Fj (80,2, wy) =: DY, < 0.
jed 3L/ L2 (RY) jed
0<m=d+p+1 ’ wy 0<m=<d+p+1
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0 ax 1S independent of p € RP, z € R? and
(z0,no) € VZ o1 ()’ such that taking DmaX instead of Cpax in (6.23) produces a

Note that the estimate DS

valid upper estimate for £y, (x, 7). Moreover, note that Lemma 6.5 implies D3, — 0
as§ — 0.
Proving ||0ch§I> rls, < oo is now analogous to the proof of Theorem 4.4, and

||och§b rllB, = 0asé — 0 follows directly from DS .. — 0. O

7 Coorbit Space Theory of Warped Time-Frequency Systems

We have now developed explicit sufficient conditions that ensure Ky, o, oscys €
B, and hence, by Eq. (2.23), MVa Koo € By, since B, is solid. These are the
crucial ingredients for applying coorblt theory in the setting of warped time-frequency
representations.

Theorem 7.1 Let ® be a (d + p + 1)-admissible warping function with control weight
vo, where p = 0 if Ro = supgcp IDP(E)|| = oo and p € No otherwise. Let
furthermore mg : A x A — R be a symmetric weight that satisfies 1 < mg(A, p) <
COmor, vImo(v, p) forall x, p,v € A and

mo((y,§), (z,m) < (L+ |y —zD? - v (P () — (),
forally,z e RYand&,ne D, ,ieRY,  (71.1)

for some continuous and submultiplicative weight v : RY — R withv (1) = vi(—0)
forallt € RY.
Then there exist nonzero 6 € de 1 (RY), such that for any rich, solid Banach space
Yo

Y < Ll (M) with By (Y) < Y,

1. Co(G(0, @), Y) is a well-defined Banach function space.
2. Thereis a §g = 80(0, ®, m) > 0 independent of Y, such that

(gyz,k’we,k)lz,kezd C G, ®)

is a Banach frame decomposition for Co(G(0, ®),Y), whenever the points

(e @61)) g gega C A satisfy (yex, wex) € Vi, where Vo = (VP )g keza
is the ®-induced §-fine covering and § < §.

In particular, items (1) and (2) above hold for Y = L29(A), with 1 < p,q < ooand
any weight k : A — [1, 00) that satisfies m, < my.

Proof By Propositions 5.2 and 5.4, the ®-induced §-fine covering V‘zp is atopologically
admissible, product-admissible covering that satisfies items (1)—(3) of Assumption
2.11 and item (1) of Assumption 2.19. Moreover, item (6) of Assumption 2.11 is
satisfied, by the assumptions of this theorem.
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Next, choose 6 € Lf/%(Rd), such that ”9”L2(Rd) = 1 and the assumptions of

Theorem 6.1 are satisfied with m = m,, defined by

v((z, m) " v((y, w))
with v((y, ) := mo((y, ), (x, £)) - max{w(®(w)), [w(d(@))] "'},

my((y, ), (2. 1)) =max{v((y’w)) v((z, n))}

forall (y, w), (z, n) € A and some fixed, arbitrary (x, §) € A. Thisis always possible,
since any function 6 € C° (R?) c L*>(R?) with unit L?>-norm satisfies these assump-
tions. In particular, the assumptions of Theorem 6.1 are also satisfied for m =mqy <m,,.
By Proposition 3.4, the map (y, @) — gy, is continuous and by Corollary 3.6, the
warped time-frequency system G(6, ®) is a tight Parseval frame, such that item (4)
of Assumption 2.11 is satisfied. In particular, by Eq. (3.7), sup(, yyea 8y,0ll2 <
||0||L2J% < 00. Hence, with w;?b = max{w(®(w)), [w(@(w))]_l} as in Proposition

5.2 and u(A) := mo(A, (x, £)) with the same choice of (x, &) € A as above, item (5)
of Assumption 2.11 is satisfied as well.
Moreover, by choice of 8, and with I" as in Theorem 6.1, we have

1Ko,0l5,, <00 and My Koolls,, < 1Kols,, + loscy; 15, < oo,

showing that the final item (7) of Assumption 2.11 is satisfied. Hence, Assumption
2.11 is fully satisfied and we can apply Theorem 2.14 to show that Co(G(0, @), Y) is
a well-defined Banach function space.

Finally, note that I" as in Theorem 6.1 is continuous, to verify that item (2) of
Assumption 2.19 is satisfied. By the same theorem, we can choose §y > 0, such that

lloseys rliB,, - ClKwlls,, +lloscy rls,,) <1

for all § < §p, proving the second assertion. The proof is completed by observing that
the statement about weighted, mixed-norm Lebesgue spaces is a direct consequence
of (2.14). O

By definition, the coorbit space Co(G(#, ®), Y) depends on both the prototype
function € and the warping function ®. The dependence on the warping function
® is an essential consequence of (sufficiently) different warping functions inducing
time-frequency representations with vastly different properties. Relations between
coorbit spaces associated to different warping functions are studied in the framework
of decomposition spaces [19, 42, 95] in a follow-up contribution. Here, we will show
that the dependence on the generating prototype 6 can be weakened, i.e., under certain
conditions on 8y, 6, the coorbit spaces Co(G(0;, @), Y) and Co(G(6,, D), Y) are
equal, similar to modulation spaces for the STFT. Before we do so, however, we show
that the mixed kernel associated with two warped time-frequency systems inherits the
membership in 5, (or A,,) from the kernels of the individual systems.
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Lemma7.2 Let X € {A,, By}, with a symmetric weight m satisfying m(x, p) <
COmx, v)m(v, p), for some CO and all A, p,v e NIO,0; € Lf/% N L2(Rd)
are nonzero and such that Ko, ¢, Ko, & € X, then

Ko,.6,,0 = Kg,,0),606,,0) € X. (7.2)

Proof. We first consider the case (01, 6») # 0. In that case, the orthogonality relations,
Theorem 3.5, applied to the kernel Ky, ¢ - Ko, ¢ yield, for all (y, w), (z, ) € A,

K91,<1>~K92,c1>((y,w),(z,n))=/ Ko, 0 ((y, ®), (x,8))Kg, o ((x,§), (z,n) d(x,§)
- [ W e gffg)d(x,s)

(De. of Va.0) = / Voy. 082 (. 6)Va, 080 (x. §) d(x. &)

1
= (Vop.08%), Vo, 085 0)

(orth. rel) = (g2, £410,) (61, 02) = (61, 62) Ko, . 0((3, @), (2, 7).
Since, under the conditions on m, A,,, B, are algebrae, this establishes (7.2).
If (01, 62) = 0, then we need an auxiliary function 63, which may be any function
in L%/wT) N L2(RY) such that Ko, .» € X and that is neither orthogonal to 61 nor to 6,.
For example, 63 could satisfy the conditions of Theorem. 4.4. By the first part of the
proof, we obtain

(Koo - Koy, 0) - (Koy,0 - Koy, 0) = (01,03)(62,63) - Ko, 65,0 - Koy 0,,0 € X.

Now, apply the argument in the first part of the proof again to obtain that

Ko, .00.0 = C (Ko, .0 - Koy 0) - (Koy. 0 - Koy ) with C = [163]%(61,63)(62,03). O

Remark 7.3 If 61, 0, satisfy the conditions of Theorem 4.4, then the assumptions of
Lemma 7.2 can be verified by applying that theorem. However, since Theorem 4.4
only provides sufficient conditions, there might be 61, 6, with Ko, &, K¢, & € B, that
do not satisfy those conditions, for which Lemma 7.2 remains valid.

Theorem 7.4 Assume that ®, mqy and both 01 € Lf/% and 6, € Lf/% Jjointly satisfy

the conditions of Theorem 6.1.
Then, for any rich, solid Banach space Y — Llloc(A) with By, (Y) — Y, we have
Co(G(01, @), Y) = Co(G(62, ), Y).

In particular, the statement holds for Y = L,[Z’q(,u), with 1 < p,q < oo and any
weight k : A — [1, 00) that satisfies m, < my.
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Proof The same derivations as in the proof of Theorem 7.1 show that Assumptions
2.11 and 2.19 are fully satisfied and consequently, by Theorem 2.14, Co(G(6;, ®), Y)
and Co(G (62, @), Y) are well-defined Banach spaces. By Lemma 7.2, the mixed kernel
Ko, 0, is contained in B,,, C By, with v as in the proof of Theorem 7.1. Hence, we
can apply Proposition 2.15 to obtain the desired result. The statement about weighted,
mixed-norm Lebesgue spaces is, once more, a direct consequence of (2.14). O

8 Radial Warping

In this section, we consider warped time-frequency representations for which the
warping of frequency space depends only on the modulus in the frequency domain,
i.e., we study maps of the form

@y R RY £ > E/1E] - 0(IE]),

which we call the radial warping function associated to the radial component
o : [0,00) — [0, 00). More precisely, we will provide conditions on the radial
component ¢ which ensure that @, is a (k-admissible) warping function, as introduced
in Definitions 3.1 and 4.2. In particular, we will see that if  is a strictly increasing C**!
diffeomorphism which is also linear on a neighborhood of the origin, then ®, is a ck1
diffeomorphism, with inverse CDgl = CDQ—I. Finally, under additional “moderateness
assumptions” on the derivatives of o', we will show that the diffeomorphism D, is
a k-admissible warping function. These claims will be established in Sect. 8.1.

Section 8.2 is concerned with circumventing the somewhat unnatural restriction that
o is linear in aneighborhood of the origin. Using the so-called slow-start construction,
one can associate to a “sufficiently well-behaved” function ¢ : [0, c0) — [0, 00) a
k-admissible radial component ¢ : [0, 00) — [0, c0), which equals ¢ outside an
arbitrarily small neighborhood of the origin.

Finally, we discuss several examples of radial warping functions in Sect. 8.3.

8.1 General Properties of Radial Warping Functions

To enable a more compact notation, we will from now on denote by o, := o~ ' the
inverse of a bijection o : R — R.

Definition 8.1 Let k € Ny. A function ¢ : R — R is called a k-admissible radial
component with control weight v : R — R, if the following hold:

1. o is a strictly increasing CkH-diffeomorphism with inverse o, = 07!

2. o is antisymmetric, that is, o(—&) = —p(§) for all £ € R. In particular, o(0) = 0.

3. Thereare ¢ > 0 and ¢ > O with o(§) =c - & forall £ € (—¢, ¢).

4. The weight v is continuous, submultiplicative, and radially increasing. Addition-
ally, o/, and
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0% R —> RT, definedby gx(§) := 0x(£)/E, for £ #0, and §3(0) :=c"!

(8.1)
are v-moderate.
5. There are constants Co, C; > 0 with
Co-0x(8) <0, (§) <Ci-(14+8)-0:(6) VEeR (3.2)

6. We have
0@ <vE —m-ol)  VYngel0oo)adlek+l. (8.3

Note that the property (8.3) can equivalently be exchanged by the simpler
|Q§<g)| < Col, for all £ € k41 (using that ¢} is v-moderate and v is submulti-
plicative), at the cost of introducing a multiplicative constant Cv(0) on the right-hand
side of (8.3).

Remark 8.2 The reader may wonder why Definition 8.1 prescribes properties of ¢ on
the negative half-axis at all. These requirements are not strictly necessary, but neither
are they an actual restriction: The existence of an odd extension of regularity C* ! (R)
of afunction gg: [0, 00) — [0, 00) is, in fact, necessary for the radial warping function
®,, induced by gg to be in CH1(RY). This is easily seen by considering the cased = 1.

On the other hand, the third condition in Definition 8.1 could indeed be slightly
weakened, as long as 05 (§) = 04(&)/& has a positive, finite limit for § — 0 (and
sufficiently many of its derivatives have a finite limit at 0), and none of the other
conditions are violated. However, the behavior of ¢ in a small neighborhood of zero has
comparably little effect on the induced warped time-frequency system. The slow-start
construction discussed in Sect. 8.2 provides a method to modify functions satisfying
a weaker variant of Definition 8.1 in a small neighborhood of zero, resulting in a
k-admissible radial component. Concerning the (lack of) impact of the slow-start
construction on the resulting coorbit spaces, cf. Remark 8.10.

Remark 8.3 (1) An important consequence of these assumptions is that there exists a
constant C» = Cz(p, v) > 0 with

0PE) <Cr-(14+8)-02() VYEeRTandle{0JUk+1.  (84)
Indeed, for £ = 0 (8.4) is always satisfied as long as C, > 1, since g is increasing
with 0,(0) = 0, whence [0 (§)] = 0+(£) = £ - 02 () < (1 +&) - G (€) for £ € RY.

Thus, it remains to verify Eq. (8.4) for £ € k 4 1. But for this case, applying (8.3)
with n = &, we see that

10 (€)] < v(E — &) - 0L(5) = v(0) - 0L(E),
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so that (8.2) yields [o\” ()] < v(0) - QL(§) < C1 - v(0) - (1 + &) - §x(£). Setting
C> := max{l, C; - v(0)} and C; only depends on the radial component o, we have
thus established (8.4).

(2) To indicate that being an admissible radial component is a nontrivial restriction
on o, we observe that condition (8.2) entails certain growth restrictions on the function
0« = o~ '. Indeed, for arbitrary ¢ > 0 and & > 1/, Eq. (8.2) shows o/ (§) <
Cr - (14£) - 0u(€)/E < (1+£)C) - 04(£). This implies

d / _ _ _
15 (T 0.0)) = (1 )0y IS 0,6 4TI gl )
< —(1L+e)Cp-e I 0. &) + (L +)Cy

Fe TN 0,(6) =0

for all & > 1/e. For any & > a > 1/e, this implies e~ (1901 . o (g)
< e~+8C1a .y (a), and hence

0+(§) < % LIHOCE e > g >l foranye > 0. (8.5)
e

Likewise, the lower bound in (8.2) implies

d

g8 (E00®) = o 0@ + 6D 0l
> (_CO)E_CO . Q*_(E) +Co- S_CO ) 0+(§) —0
> : é

forall £ € RT. Thus, for £ > a > 0, we get £ €0 . 0,(§) > a~ . p,(a), and thus

Q*(E)EQZ—g)-ECO VE=a>0. (8.6)

In words, Egs. (8.5) and (8.6) show that the inverse of an admissible radial com-
ponent @ can grow at most exponentially, and has to grow at least like a positive (not
necessarily integer) power of &.

We define (for a larger class of radial components) the radial warping function
associated with p.

Definition 8.4 For a diffeomorphism ¢ : R — R with g(§) = ¢& forall & € (—¢, ¢)
and suitable ¢, ¢ > 0, the associated radial warping function is given by
@, RY > RY £ B(E) -, with B(r) :=o(t)/t fort € R\ {0},
and 9(0) :=c. (8.7)
Clearly, if 0 € CK(R), then § € C*(R). Our goal in this section is to show that

®, is a k-admissible warping function as per Definition 4.2, provided that ¢ is a k-
admissible radial component. To this end, we first show that the inverse <I>51 of @, is
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given by 61351 = ®,-1, and provide a convenient expression of the Jacobian DCDle.
The following notation will be helpful for that purpose: For & € R?\{0}, we define

& = &/I&|, ng:Rd—HRd,rl—) (1,&) - &, and ng‘ = idga — 7¢
(8.8)
so that 7r¢ is the orthogonal projection on the space spanned by &, while JTEJ‘ is the

orthogonal projection on the orthogonal complement of this space. With these nota-
tions, the derivative of ®, and <I>£1 can be described as follows:

Lemma8.5 Leto : R — Rbea Ck-diﬁ‘e()morphism with o(t) = ct forallt € (—¢,¢)
and suitable &, ¢ > 0. Then ®, is Ck, and for & € Rd\{O}, we have

D, (€) = Q(€]) - s + o' (E]) -7z . and
Do, )] = [EUENT" 7 + [/ (&N - 7. (8.9)
Furthermore, ®, is a ck -diffeomorphism, with inverse

cpg‘ = &, and satisfies 0+(t) =t/c fort € (—ce, ce).
Finally, if o is a 0-admissible radial component, then we have

ID®,, ()17 S 1/6:(E1) V& eRY, with g asin(8.1),  (8.10)

where the implied constant only depends on the constant Cy in (8.2).

Proof Recall that g € CF(R), with @ = ¢ on (—¢, €), and hence d, € Ck(RY).
Now, a direct computation using the identity d;|&| = &;/|§| shows for & € R4 \{0}
that

8;(y)i (&) = 9 (sl- - %) — B(ED -5 +

o' (15D —o(§D)

gz

In vector notation, and with &, = £/|&| as in (8.8), this means

Dd,(§) = B(€]) - id + (0'(1E) — BED) - &.&] -

Now, recall that £,£! is the matrix representing the linear map me, and that id =
e + ng-. Inserting these identities into the previous displayed equation establishes

the claimed formula for D®, (§). In particular, each n € R? with n L £ is mapped
to 0(|€]) - n by D®, (&), while each n € span(&) is mapped to o'(|€[) - . Since
R? = EL @ span(§), the stated formula for [D®,, (S)]_l follows.

Linearity of 04(t) = t/c for t € (—ce, ce) is clear, such that @, is a radial
warping function as per Definition 8.4. Note |®,(§)| = o(|§|) for & € R?\ {0}, such
that 0.(|Po(§)) = 0«(e(1§])) = |§| and Py(§)/[P, ()] = §/1§]. Together, this
implies @, (P, (€)) = &, for all £ € R? \ {0} and thus, by continuity, for & = 0 as
well. Repeating this argument after interchanging o, and @ yields ®, o &, = id.
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To prove (8.10), consider & € R?\{0} and observe that ||[D<DQ*(§)]’1|| =
max {[6x(IENT™", [, (1ED1'}. by (8.9). Applying the lower inequality in (8.2), we
get

ID®,, ()17 < max{1, Cy'} - 1/84(€D.
For & = 0 the result follows by continuity. O

To verify Property (4.5) of Definition 4.2, i.e., [|[0%; ()] < wvo(¢), for all
7,0 € R and all @ € Ng , |a| < k, we need to control certain derivatives of the
(matrix-valued) function

be (1) = (A*l(r) CAG+ r))T with A(r) = Do, (7) 8.11)

from (4.4). To this end, we will frequently use Faa di Bruno’s formula, a chain rule
for higher derivatives. Precisely, we will use the following form of the formula, which
is a slightly simplified (but less precise) version of [28, Corollary 2.10]. Note that, for
a nonnegative multiindex «, i.e., ¢ € Ng, we denote the sum of its components by
|| > 0 and by o = 0 we refer to the unique multiindex with || = 0.

Lemma 8.6 Fora € NJ\{0} and n € |a], set

n

Fani= 7 =01 e [NV 0] Yy =«
j=1

Furthermore, set T' := UaeNg\{()} Ullf;ll Co.n-

Then, for each y € T, there is a constant D, € R such that for any open sets
UcRYandV C R, and any C* functions f : V. — Rand g : U — V, the following
holds for any o € Ng with || € k:

||

(o) =) | fM)- Y (Dy- ]_[(aV-/g)(x)> VxeU,

n=1 y€lan j=1

where £ denotes the n-th derivative of f.

Remark From the statement of [28, Corollary 2.10], it might appear that the constants
D, also depend on «, n, d, in addition to y. But these parameters are determined by
y: On the one hand, we have y € [Ng]", which uniquely determines n and d. On the
other hand, @ = 3}, y; fory € To .

With these preparations, we can now prove that the radial warping function ®,
associated to a k-admissible radial component g is indeed a k-admissible warping
function. Most significantly, the following proposition proves that Property (4.5), cf.
Definition 4.2 or the discussion preceding the above lemma, is satisfied.
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Proposition 8.7 Let o : R — R be a k-admissible radial component with control
weight v : R— R,
Then there is a constant C > 1, dependent on o, v, d, and k, such that with

v : R = RT t 1> C- (142 - v(|z)),

the function ®, satisfies (4.5) for all o € Ng with |o| < k.

Proof 1Itis easy to see that vg is submultiplicative and radially increasing as the product
of submultiplicative and radially increasing weights C, (1 4+ | e |) and v(] e |).

The proof is divided into five steps. As a preparation for these, recall from
Lemma 8.5 that ®,1 = ®,, = (e) - @i(| @ |), with g, = ¢~ and g; as defined
in (8.1). By Lemma 8.5, g € ck+l (R). Our main goal is to estimate the derivatives
of ®,,.

Step 1 - Estimate the derivatives of ¢.: A trivial induction shows %t‘l =
(=D ¢! - t=U+O_ With this, Leibniz’s rule shows for any n € k + 1 and any ¢ €
[ce, 00) that

(n) n 0 —1
~ (1) 0« (1) _ n\ dt (n—0)
6" (1) - = —; o) e o
n
< Cky- Y 710 o0 )
=1
Y cwe Xn:t—“l L)' &
- 2 = t 1+¢
(" <(ce)"" and (140) /1=t +1<(ce) 1 +1) < CV - 5o (1) /(1 + 1), (8.12)

where the constant C(k) > 0 in the first inequality only depends on k, C is as in
(8.4), and CV is given by CV = C(k) - Ca((ce)™" + 1)? - (k + 1) - max{l, (ce) k).
In particular, |67 (1)] < CDV - 51.(t) /(1 + 1) + [0 (t) /1], such that

(8.2),(8.3)

(n)

t

0L(1)
==,

0x(1) n

o« (D] = T+

(8.13)

Furthermore, the same estimate yields, with (1 + 1)/t < (ce)~! 4+ 1 and (8.4),
60 = €V a0 + Co - (eo)™ + Dax(n) <2V -G, (8.14)
where both (8.13) and (8.14) hold for all 7 € [ce, 00) and n € k + 1.
Step 2 - Estimate the partial derivatives of 7 +— || for 7 # 0: It is well
known that the derivative of order n € N of the square root function ¢ — ¢!/? has

the form ¢ > ¢, - t~"*1/2 for all t € Rt and some constant ¢, # 0. Further, noting
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that 3%|7|> = O unless o = iej fori € {0,1,2} and j € d, it is easy to see that
|8%|z?| <2 [¢|>71l for all T € RY\{0} and o € N{.

Since 7 > |7| equals the composition | e | = (e)!/? 0| e |?, Faa di Bruno’s formula
(see Lemma 8.6) yields

||

[0%Izl] = D ealr'2 - Y (Dy-l"[<ayf|-|2>(r)) :
n=1

Y€l n Jj=1
fora € Ng\{O} and T € R?\{0}. But we have Z’}zl yj =afory € I'y ,, and hence,

using n < ||, we have ‘]_[;le(am ° |2)(1)‘ < plel . |r|2n—\a|_ Overall, we obtain

|0%|7]] < Co - 71" VT e R\ {0} and & € N§, (8.15)

for some constants C, that may also depend on d.

The estimate is trivial in case of &« = 0.

Step 3 - Estimate the partial derivatives of ¢ : R/\{0} — R, 7 — g.(|7]):
Note that this map is just the composition of gy with the map T + |7| analyzed in
the preceding step. Thus, Faa di Bruno’s formula (see Lemma 8.6) shows for any
a € Nd\{0} with |¢| <k + 1 and T € R?\{0} that

Joe]

n
e =y [a"ath- Y by -[To71el] |- (8.16)

n=1 y€lan j=1
In the previous step, we saw [377[t]] < C), - ||~ 17l Since 27:1 yj = a for
Y = (Y1, ..., ¥n) € I, there thus exists a constant C;, > 0 that may additionally

depend on d, such that

n
[To7Ixl] = Cy-1x" ™ VreR\{0), aeNj\{0), nela|, and
j=1

¥ € Lan. (8.17)

Now, let us focus on the case |t| > ce. Then, if n € |«| — 1, the estimate (8.14)
yields with |71l < (ce)™t1=lel L 1|71 < (ce)™ 1711 + (ce)™") /(1 + |7]) that

G
SRENE

Vi e R\ B (0)andn € |a| — 1.

" Y (Dy : ]'[ayfm)
j=I1

v€lan

(8.18)
Here, o € N with || € k + 1.
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Overall, by combining (8.16)— (8.18) (and noting that the case n = |«| is not
covered by (8.18)), we get

ox(t))

9* =
10%¢ (D) T+ 7]

(8.19)

0*(@a7D)| 5

G (feh| +

(8.14)
< Gu(t)) YaeNd

with |a| € k+1 and 7 € RY\ B (0).  (8.20)

We note that the total implied constant between the left and right hand sides of
Eq. (8.20) depends on g, v, d, and k. Note that the quantities ¢, ¢, Co, C1 and Cy
that are more explicitly present in the dependencies are themselves directly derived
from o and v. Finally, the case o = 0 is trivial.

Step 4 - Estimate 9%¢, (1) for 0 < || < k and ¢ € R?\ B.;(—1): Recall from
(8.11) the definition of ¢ (1) = (A_l(r) -A(T + L))T. Since |M|| = ||MT| for
all M € R4 and since M) = [0°M)]F for any sufficiently smooth
matrix-valued function M : RY — R4*4 it is sufficient to estimate ||0%¢; (1)|| with
@ (1) ;== A" (1) - A(T + 1), where A(1) = D&y, (7).

Furthermore, |M|| < Z?:l [M,, ;| for all M € R?*4 such that it is sufficient to
estimate the columns of M individually. In the following, we denote, for o € Nd and

teRY, 97 = o 'aad Letus fix T € R?\{0}. Then, 8%¢; (1) = A~ (¢) - (0% A)(t+0).
3 o Lq

We see that the Jj-th column of 3% (¢) is simply

[0 ], ; = A7 @ 0AGC +0lsj = A7 @) - BT @)@ +0). (B21)

Now fix j € d, and set 0 := « + e; for brevity. Note o € Ng\{O} with |o| € kK + 1.

By definition of ®,_, the i-th entry of ®, () is [P, (7)]; = T; - ox(It). Let oy,
fora € ZO, be the elementwise positive part, i.e., (¢4+); = max{0, «;}, i € d. The
Leibniz rule, with 8#; = 0 for B ¢{0,e;}and 0;7; = 1, yields

[07 @ (D)]; = 7 - [07(@(TI)] + 07 - 87V (Gu (7)) Vied,

or in other words,

07 0, (1) = (O [E(TD]) T+ v, With v 1= [ A7 (@) |

Now, by (8.20), we have |v,:| < 0x(|z|), for all T € R? \ B.(0). Fur-
thermore, Lemma 8.5 provides the estimate 1A~ ()| = ||[D<I>Q*(r)]’1|| <
max{1, C(;l }/0%(|T]) with C as in (8.2). Note that we inserted the explicit constant

derived in the proof of Lemma 8.5 above. Since gy is v-moderate and v is radially
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increasing, this implies

A (0) - Vool < max{l, €31} % < max(1, €3} - v(lel)
*

= max{l, Cy '} - vo(0) (8.23)

for all ¢ € R? \ Be(—7). Thus, in view of (8.22), it remains to estimate
(agﬂ) [6x(T +D]) - A1 (@) (T + 1) for T +1 € RY\ B, (0).
Lemma 8.5 implies

AN D) = D, (1 = (@D -y + [0 (TD] T e (8.24)
Now, we apply (8.20), and v-moderateness of ¢y for radially increasing v, to derive

07 (&t + )| - [62(TD] " - 1wt (x + 0]

Sl@ah]™ @i+ -1 (8.25)
o(lel) - I

(vo=(1+le])-v(le)) < vo(1).

IA

Here, we additionally used the straightforward estimate |7'r$(r + )| = |n$(r) +
7| =t O] < .
Finally, with the elementary estimate |7, (t + 7)| < |t + |, we get

67 (&e+D)| - [0, (zD] ™ - 1me (4 1)
oL(lt+

ERIrACD)

(#3) S < My,

(8.19), 8.2), and 8.13)) < |t + 7] - (8.26)

Overall, combining (8.21)— (8.26), we finally see
8% = 139 O] = d - max |[3"¢: O], |
(G20) =d-max |A7H(x) - (077 ®,)(z +0)]
JE€a
(822) = d - max (o @+ on)| - 1A @ €+ o)l

HAT ) vy o)

(823)-8.26)) S vo(t) forall: e R4 \ Bee(—7) and || <k,

where the implied constant between left and right hand side depends on g, v, d, and
k.
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Step 5 - Estimate 0%¢,(¢) for 0 < |¢| < k and ¢ € B..(—7): By Lemma 8.5,
04(t) = t/c, and thus g4 (1) = cforr e (—ce, ce). Hence, ®,, (1) = ¢~ 1.z forall
T € B.:(0), so that A(t) = D®,, (1) = ¢! - idpa for T € B (0).

Hence, ¢ (1) = AT(t+0)- A" T(r) = ¢ '+ AT (1), whence ||8%p. (1)|| =0 <
vo(t) fort € Bee(—7) and @ € Ng with || € k. For @ = 0, Eq. (8.10) in Lemma 8.5
shows

gl =1 AT (@) = ¢ D@y, ()11 < max{1, Cy "} - ¢/ Gu(Iz))

But since 05 is v-moderate, we have ¢~! = 03.(0) < 0x(|z|) - v(|z|), and finally
|T| < ce + ||, such that v(|t]) < v(ce) - v(]t]). Altogether, ||, (1] < max{l, Co_l} .
v(ce) - v(|t]) <o), forall T € R? and t € Beo(—1). O

That every radial warping function associated to a k-admissible radial component
o is indeed a k-admissible warping function is now a straightforward corollary.

Corollary 8.8 Let ¢ : R — R be a k-admissible radial component with control weight
v, for some k € N with k > d + 1. Then there is a constant C > 1, dependent on o,
v, d, and k, such that with

vw: RI R, s C- (14 7)) - v(t)),

the associated radial warping function ®, : RY — R? is a k-admissible warping
function, with control weight vo. Furthermore, the weight w = det(DCDEI) is given
by

w(t) = o, (|7]) - [ox (T 1~ (8.27)

Proof Lemma 8.5 shows that @, : RY — R? is a CK*! diffeomorphism with
@, = @, and (8.9) implies that w(r) = det Db, (1) = o, (I)-[gx(TD]*~ > 0,
for all T € R?\{0}. By continuity, and since ¢/ (0) = 05(0) = ¢! is positive, the
above formula remains true for t = 0. The remaining properties required in Defini-
tion 8.1 follow from Proposition 8.7. O

8.2 The Slow Start Construction for Radial Components

So far, see Definition 8.1, we assumed that a k-admissible radial component ¢ has
to be linear on a neighborhood of the origin. Our goal in this section is to show that
if a given function ¢ satisfies (slightly modified versions of) all the other conditions
from Definition 8.1, then one can modify ¢ in a neighborhood of the origin so that it
becomes linear there, but all other properties are retained. We call this the slow start
construction.

Definition 8.9 Fix some ¢ > 0, and let ¢ : [0,00) — [0, o) be continuous and
strictly increasing with ¢(0) = 0. Furthermore, fix ¢ € (0, c(e)/ (28)), and an even
function @ € C°(R) that satisfies Q(£) = 1forx € B;(0), 2(§) = Oforx ¢ By:(0),
and Q'(¢) < 0 for & € [0, 00). Then the function
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c& - Q&) +sgn&) - (1—-Q()) c(&]), if& #0,
0, ife =0
(8.28)

o: R—R, .§r—>{

is called a slow start version of ¢.

Remark 8.10 The intent of the slow start construction is to establish a k-admissible
warping function that only differs from a radial function derived directly from ¢ in
a small neighborhood of zero. This raises the question whether different slow start
versions of ¢, obtained, e.g., by choosing different values of ¢ in Definition 8.9, are
equivalent in the sense that they generate the same coorbit spaces. Although we suspect
that this can be shown directly by verifying the conditions of Proposition 2.15, instead,
under fairly general conditions, we will obtain this equivalence as a consequence of
identifying the respective coorbit spaces with certain decomposition spaces [19, 42,
94, 95] in a follow-up contribution.

The following lemma summarizes the main elementary properties of this construc-
tion.

Lemma8.11 Let ¢ : [0, 00) — [0, 00) be continuous and strictly increasing with
c(0) = 0. Let ¢ > 0 be arbitrary, and c € (O, §(8)/(28)). Then, the function o
defined in (8.28) has the following properties:

We have 0(&) = ¢ (&) for all &€ € [2¢, 00).

o is antisymmetric.

o) =c& forall§ € (—¢,¢).

If ¢+ is C* for some k € Ny, then ¢ is C~.

If ¢clg+ is CY with ¢'(€) > 0 for all € € (g, o), then o'(§) > 0 for all € € R.

If c|p+ is Ck with ¢’ (§) > 0 forall & € (g, 00), and if furthermore ¢c(§) — oo as
& —> oo theng :R— Risa Ck—diﬁ”eomorphism and ¢ : [0,00) — [0,00) isa
homeomorphism. Finally, we have

A S

o 'E =¢71E)  VEelse), ).

Remark Item (6) above is particularly interesting, since it is often more important to
know the properties of the inverse of the warping function (CIJEl = &,-1 by Lemma
8.5) than those of the warping function itself.

Proof Ad (1): For & € [2e,00), we have Q(¢§) = 0. Therefore, o(§) =
sgn(§) - s (I&) = 5 (§).
Ad (2): 2 is symmetric, i.e., 2(—&) = Q(&) forall £ € R. For & # 0, this implies

o(=§) =c-(=§)-Q(=§) +sgn(=§) - (1 —=Q2(=§)) - c(| — &
= —<CE -2(8) +sgn(§) - (1 = (&) - §(|f;'|)> =—0(§).

For & = 0, we trivially have o(—£§) = 0 = —p(§).
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Ad (3): By choice of 2, we have Q(&) = 1 for & € (—¢,¢). For & # 0, this
immediately yields o(§) = c&, which clearly also holds for £ = 0.

Ad (4): Since 2 is smooth, and since the functions £ +— sgn(€) and & — |&| are
smooth on R\{0}, it is clear that o is C* on R \ {0}. But in the preceding point we saw
that o is linear (and hence smooth) in a neighborhood of zero. Hence, o is C¥.

Ad (5): On (—¢, €), we have g(§) = c&, and thus o’(§) =c¢ > 0 on [—¢, €]. Also,
on (—oo, —2¢) U (2, 00), we have (&) = 0, and hence o(§) = sgn(&€) - c(|€)).
Since & +— |£] is smooth away from zero, with j_g|§| = sgn(&), this implies o’ (§) =
(sgn(€))* - '(I&]) > 0 for & € R with [§] > 2e.

For & € (s,2¢), we have 0'(6) = [Q&)-c+(1-Q©&) )] +
(—Q'(&)) - (c(&§) — &) > 0, since all three terms are nonnegative and they can-
not vanish simultaneously. To see this, note that /(&) < 0 for & € [0, 00), ¢'(§) > 0
for & € (e,00), and ¢(§) > ¢(e) > 2ce > c& for & € (¢, 2¢). For the last inequal-
ity, recall ¢ € (0, ¢(¢)/(2¢)). Positivity of ¢’ on (—2¢, —¢&) follows from o being
antisymmetric.

Ad (6): We have 0(0)=0and o(¢) = ¢ (&) for & > 2¢, such that o([0, c0)) D [0, c0)
by the intermediate value theorem. Hence, o is surjective by (2) and with ¢’ > 0 by
(5) even bijective. As a strictly increasing bijective C* map with positive derivative, o
is a Ck-diffeomorphism by the inverse function theorem.

Similar arguments show that ¢ is a homeomorphism. The remaining property
0+(&) = (&) for all £ € [¢(2¢), 00) is now a straightforward consequence of
0(&) =¢(&) forall £ € [2¢, 00). i

Our final goal in this subsection is to state convenient criteria on ¢ which ensure
that p is a k-admissible radial component. For this, the following general lemma will
be helpful.

Lemma8.12 Let 8§ > 0, and let 01,0, : [§,00) — [0,00) and u : [0, 00) — RT
be continuous and increasing with u(¢ +n) < u(€) - u(n) for all &, n € [0, c0).
Furthermore, assume that there is some D > 0 such that

D =0:(n)-u(m and 01(§) <O -u(l§ —nl) V&, neld 00).(829)

If B1 : R — [0, 00) and By : R — R™ are continuous with Bj(&) =0;(§&]) forall
E e Rwith |&| = § and all j € {1, 2}, then there is a constant C > 1 with

p1(§) =C-fa(m) -u(l§ —nl) V& nekR.

Proof. By continuity of 8; : R — [0, 00) and 8, : R — R, there are constants
c1,cp > 0 with B1(§) < ¢y and B2(€) > ¢ for all &€ € [—6, §]. Further, note that
the conditions on u imply #(0) > 1 and that u(| e |) is submultiplicative and radially
increasing. We distinguish four cases:

Case 1 (|§] < and |n| <8): Bi(§) < c1 = il - Bo(n) - u(lE — ).

Case 2 (|| > 6 and [n| = 8): fi(§) = 61(1ED) < O2(InD) - u([1E] = Inl]) =
p2(n) - u(l§ —nl).

Birkhauser



62 Page 78 of 87 Journal of Fourier Analysis and Applications (2024) 30:62

Case 3 (|| < 4 and [n| = §): We have D = 6x(InD) - u(ln)) <=
02(Inl) - u(ln — &) - u(®), since u(|]) < u(8). Hence, fi(§) < ¢ < 4O .
O2(1n)) - u(ln — &) < 4O By () - u(ln — £1).

Case4 (/5| > sand || < 8): Wehave | [§| =8| < |§] < [E—nl+|n] < |§—n]+3.
Hence, $1(6) = 61(1&]) < c3' - f2() - 61 (1€ D) < 221D gy () - u(l — ).

Altogether, we have shown S1(§) < CB2(n) - u(|€ — n|) forall &, n € R, with

)

C- { cl cr-u(@@ 6209 - M(S)}
:=max 31, ) :
2 - u(0) D 2

O

We now formally introduce a class of functions ¢ : [0, c0) — [0, oo) for which
the slow-start construction produces a k-admissible radial component. This will be
proven in Proposition 8.15 below.

Definition 8.13 Let £ € Ny. A continuous function ¢ : [0, c0) — [0, 00) is called a
weakly k-admissible radial component with control weight u : [0, c0) — R™, if
it satisfies the following conditions:

1. cisC*'on R, with ¢/(§) > O forall £ € RT.

2. ¢c(0)=0and ¢(§) > o0 as & — oo.

3. The control weight u is continuous and increasing with u(§ +n) < u(§) - u(n) for
all&, n € [0, 0o). Furthermore, there are § > 0 and Cg, C| > 0 with the following
properties:

Co- %@ ) <CrcE) VEels o), (8.30)
S8 S —a) Venels oo, (831)

S @1 < clp-ulls —n)  VEmels,co)andmek+1. (832)

Remark 8.14 Properties (1) and (2) imply that ¢ : [0, 00) — [0, 00) is a homeomor-
phism, with inverse ¢, := ¢~ .

In many cases, one even has the stronger condition ¢,(§) < ¢«(§)/& for all
& € [§, 00) instead of (8.30). In this case, it is not necessary to verify condition
(8.31), since—after possibly replacing u by C - u for some C > 1—this condition is
implied by (8.32) for m = 1. Indeed, if (8.32) holds, then

(&)
§

S« (1)

=6 (&) < ci(m-u(E—nh <

~u(lg —=nl) for&,n els,00).

Overall, if ¢ (§) < c«(§)/& for & € [8, 00), then ¢ is a weakly k-admissible radial
component, if ¢ is C1 with ¢'(£) > 0, ¢(0) = 0 and with ¢(§) — o0 as & — oo
and ¢ satisfies (8.32).
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Our final result in this subsection shows that the slow-start construction, applied to
a weakly k-admissible radial component, yields a k-admissible radial component.

Proposition 8.15 Let k € Ny, and let ¢ : [0, 00) — [0, 00) be a weakly k-admissible
radial component with control weight u : [0, 00) — R™T. Furthermore, let ¢ be a
“slow-start version” of ¢ as in (8.28). Then there exists a constant C := C(k) > 1,
such that o is a k-admissible radial component with control weight

v:R— R & C-u(lg]).

Proof Lemma8.11showsthatp : R — R satisfies conditions (1)—(3) of Definition 8.1.
As already observed in the proof of Lemma 8.11, the conditions on # imply that u(| e |)
is submultiplicative, such that the same holds for v, since C > 1. Note furthermore,
that 04(§) = ¢4(§) for all £ > & := max{¢(2¢), 8}, with & > 0 as in Lemma 8.11
and § > 0 as in Definition 8.13.

We proceed to prove condition (5) of Definition 8.1: For |&| > &', the inequality
(8.2) (with some constants C 1, C‘z in place of C1, C») is a direct consequence of (8.30)
and (8.28).

For |&| < ¢(¢), 0%(€) = ¢x(§)/& = ¢!, such that g5 is continuous and there are
c1, €2, ¢3, ¢4 > 0, such that for all § €[5, 8'], ¢1 <0x(§) <c2 and ¢3 <@L (§) <ca.
Thus, with C; = min{C}, ¢3/c»} and C; = max{C», c4/c1}, (8.2) is satisfied for all
EeR.

To prove condition (6) of Definition 8.1, consider the following: For || > &', the
antisymmetry of o implies that

0+(&) = sgn(€) - cu(sgn(€) - &). A straightforward induction therefore shows

0 ()] = 6™ (sgn(€) - &) = [c{™ (D[ forall mek+1 and [§] =6

Furthermore, note that (8.32) withm = l and & = § and ¢/(§) > O forall & € (g, 00)
implies 0 < ¢ (8)/u(8) < g, (n)u(n), since u is increasing.
Fix some ¢ € k + 1. In view of (8.32), we can apply Lemma 8.12 (with §’ instead
. 4 . {4
of 8), with 1 = [6{”|i5.00) |, 2 = I ), and with B = [0\”], B = ol
Consequently, there is a constant G, > 1 such that

10 €) = B1(E) < Gy - Bon) - uln —E1) = Gy - () - u(ln — &) Vn, & € R.
(8.33)

Since £ € k 4 1 was arbitrary, (8.3) is satisfied with C > max{G7y, ..., Gi41}.

In particular, if we set £ = 1, then (8.33) implies that o is v-moderate with
v = Cu(| o |) and any C > G. Hence, for condition (4) in Definition 8.1 it only
remains to prove that gy is v-moderate.

Withf; = 0, = ¢, /|e|(and §’ instead of §) the inequality (8.29) is implied by (8.31).
Therefore, we can invoke Lemma 8.12 with this choice of 81, 6, and B; = B = 0x.
Note that B;(§) = 0;(|€|) for |§] > &'. We obtain a constant G > 1, such that
0% is v-moderate with v = Cu(| o |) and any C > G. Altogether, condition (4) in
Definition 8.1 is satisfied with v = Cu(] e |), for any C > max{G1, G}. O
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8.3 Examples of Radial Warping Functions

We now present two examples of radial components ¢ : [0, c0) — [0, 00). We show
that they are weakly k-admissible as per Definition 8.13. By Proposition 8.15 and
Corollary 8.8, any slow start version o of ¢ yields a radial, k-admissible warping
function ®,. Additionally, we provide in each case a control weight v for ®,.

Example 8.16 Let p > 1, and consider the function
¢ :10,00) — [0,00), & > (1+&)1/7 — 1.

Conditions (1)—(2) of Definition 8.13 are clear. For p = 1, Condition (3) is easily
verified with u = 1. To verify Condition (3) for p > 1, we first show that ¢; < ¢./(e).
By Remark 8.14, it is then sufficient to verify only (8.32).

Note that ¢4 (§) = (1+&)? —1.Foré > § := 1,itiseasytoseethat (14+£)" —1 =
(14 &)", for any r > 0. In particular, with r = p — 1, we obtain

ey o A+87 A+ -1 ()
& =p-(1+&P =< Tre s = for &> 1.

Note the inequality 1 +& < 1+n+1& —n| < (1 +n)- (1 +|& —n|), which holds
for n, £ > 0. As a direct consequence, we obtain for all #, £ > 0 and «, § € R with
o < B that

I+ <A+8f <A+n? A +p—gnh. (8.34)

Define it = (1+(e))/?~!l and note that "™ (£) = Cpp-(1+£)P " forallm € k + 1,
for suitable constants C,,, = Cy,,(m, p) € R, in particular, C; = p > 0. Therefore,

(8.34) 3
1Col - (L+EP™™ <7 [Cl - (1 + P~ Yi(1E — 1))

Cm / ~
_ Gl () -u(lE —nb),
p

lsm ()]

IA

for all n, & > 1. This proves (8.32) with u = maXx,,,cx+1{|Cn|/p} - &.

Hence, ¢ is a weakly k-admissible radial component with control weight u :
[0, 00) = Rt u(&) = C-(14&)!P~! forany k € Ny and some appropriate constant
C > 1, depending on p and k. By Proposition 8.15 any “slow start” version o of ¢ is
k-admissible, with control weight v = C’-u(| e|), for some C’ > 1. Therefore, Corol-
lary 8.8 shows that the associated radial warping function ®,, is indeed a k-admissible
warping function with control weight vg = C”-(14|e|)-u(je|) = C”(1+]|e[)!TIP~1I
for constant C” > 1.

Atthis point, we conjecture that the coorbit spaces Co(G(6, ®,), L? ’q) that are asso-
ciated to the warping function @, constructed here coincide with certain «-modulation
spaces , specifically with @ = p~!(p — 1) € [0, 1), for a proper choice of the weight
«. In future work, we will verify this by identifying Co(G(0, ®,), L{'?) with certain
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decomposition spaces, cf. [19, 42], and considering embeddings between the result-
ing decomposition spaces and «-modulation spaces [30, 41, 51, 55] using the theory
developed in [94, 95].

Example 8.17 Consider the function ¢ : [0, o0) — [0, 00), & — In(1+§).Itiseasyto
see that conditions (1)—(2) of Definition 8.13 are satisfied and that ¢, (§) = g‘l &)=
e —1.

We now verify condition (3) of Definition 8.13 by proving that the inequalities
(8.30)— (8.32) hold with § = 1 and u : [0, 00) — [1, 00), & > ¢f. Note that ¢ = u
for all £ € N, such that (8.32) clearly holds, even for all ¢ € R*.

Ad (8.30): For & > § = 1, we have 1 < eg/e, and thus ¢.(§) = 5 — 1 >
et - (1 — e~ 1. Therefore,

& —1

<t <(l—-eH ),

so that (8.30) is fulfilled with Co = 1and C; = (1 —e~H~1 > 0.
Ad (8.31): Let ¢4 (&) := g*T(é) = ess—_l for £ € RT, and note that &, has the power
series expansion

_ _1 Ooé-n _oo%_n_l_oo E(Z
5*@)_5'(2?_1)_ n! _Z(£+1)!’

n=0 "

which shows that & is increasing, since each term of the series is increasing on R
Therefore, § < 7 implies 6.(§) < ¢x(n) < cx(me*~.
If0 < n < &, then

el —1 el —1 1—e" & —1
celfmml — T g — Lot > .

n n n - §

Here, the final inequality uses that & — 1*§7$ is decreasing on R™. Therefore, (8.31)

even holds for all £, n € RT.

In other words, ¢ is a weakly k-admissible radial component with control weight
u: [0,00) - R, u(€) = ef (for any k € Np). By Proposition 8.15, any “slow
start version” o of ¢ as per (8.28), is a k-admissible radial component with control
weightv : R — R, & C- el8l, for some C > 1. By Corollary 8.8, the associated
radial warping function ®, is a k-admissible warping function with control weight
vo: R4 —» Rt 7+ C"- (1 +|7]) - el”!, for a suitable C’ > 1.

It is likely that the coorbit spaces Co(G(6, ®,), LE'?) associated with the warping
function @, constructed can be embedded into certain inhomogeneous Besov spaces
[88-90], if the weight « is chosen properly. If such an embedding exists, we expect
the converse to be true as well, possibly with a different weight « instead of «. Similar
to the previous examples, the interpretation of Co(G(6, ®,), L2'?) as decomposition
space will be the first step towards verifying such embeddings.
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9 Conclusion

We developed a theory of warped time-frequency systems for functions of arbitrary
dimensionality. These systems, defined by a prototype function 6 and a diffeomor-
phism @, form tight continuous frames and admit the construction of coorbit spaces
Cog (Y), which we have shown to be well-defined Banach spaces, provided that ® is a
k-admissible warping function and Y is a suitable, solid Banach space. We have further
shown that stable discretization, in the sense of Banach frame decompositions, of the
continuous system G(6, ®) is achieved across said coorbit spaces, simply by sampling
densely enough. In all cases, the results are realized by choosing the prototype 6 from
a class of smooth, localized functions that includes C2° (Rd). Moreover, the results can
be invoked simultaneously for a large class of spaces Y including, but not limited to,
weighted mixed-norm Lebesgue spaces L2 1 < P, q < oo. Finally, we considered
radial warping functions as an important special case, showed how they can be con-
structed from (weakly) admissible radial components, and provided examples of radial
warping functions for which we expect a relation to well-known smoothness spaces.
Altogether, we have demonstrated that warped time-frequency systems, a vast class of
translation-invariant time-frequency systems that enable the adaptation to a specific
frequency-bandwidth relationship, can be analyzed with a unified, and surprisingly
deep mathematical theory.

There is an abundance of opportunities for further generalization, of which we
mention only two: (1) That the weight m may only depend on the time variable if
supgep | DP(§)]l < oo (in Theorems 4.4 and 6.1) remains an irritating and somewhat
unnatural condition, but cannot be dropped if m is to be majorized by the product of a
time-dependent and another frequency-dependent weight. If the latter requirement is
relaxed and a more general weight is considered, it may be possible to consider time-
dependent weights if | D®(£)|| is unbounded. (2) The construction analyzed in this
work does not accommodate frames with arbitrary directional sensitivity. In particular,
the degree of anisotropy is determined directly by the warping function and cannot be
chosen freely. For example, without further modification, it cannot currently mimic
popular directional frames like curvelets or shearlets, or even isotropic wavelets; see
below for the last point.

While the present article shows that the coorbit spaces Cog (Y) are well-defined
Banach spaces admitting a rich discretization theory, it does not answer all open
questions regarding the structure of Coe (Y) as smoothness spaces. These questions
concern, e.g., the description of Cog (Y) purely in terms of Fourier analysis, as well
as the existence of embeddings between the spaces Cog (Y) for different choices of
the warping function ® and the space Y, or between Cog (Y) and established smooth-
ness spaces, such as Besov spaces, Sobolev spaces, a-modulation spaces, or spaces of
dominating mixed smoothness [74, 75, 96]. In a follow-up article, we will study these
questions in the context of decomposition spaces, a common generalization of Besov-
and modulation spaces. Specifically, we will show that the spaces Cog (Y) are special
decomposition spaces, so that the rich theory of these spaces can be employed to answer
the questions posed above. In that work, we will confirm the conjectured relation to
a-modulation spaces (see Example 8.16) and prove that equality between (inhomoge-
neous) Besov spaces and the coorbit spaces related to warped time-frequency systems
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can only be achieved in the one-dimensional case, thereby making the statement about
isotropic wavelets in the previous paragraph formal.

Appendix A Formal Details for Making Sense of the Intersection BN B’

To make sense of the intersection B N B’ that appears in Definition 2.1, we assume that
B is compatible with a suitable Gelfand triple in the following sense: We assume that
there exists a topological vector space V of "test functions" which satisfies V — H,
with dense image. For instance, in the case H = Lz(Rd) one could choose V =
cx (RY) or V = S(R?). One can then identify each 1 € H with the anti-linear
functional (or "generalized distribution")

on: V—>C, vi> (h vy,

since it is easy to see that the map H — V ', h > ¢y, is linear and injective. Since
V < 'H, we can thus consider V as a subset of V ', by virtue of the dual pairing
coming from H.

Then, we say that a Banach space B is compatible with the Gelfand triple
(V,H, Vj), if B satisfies the following properties:

(i) (B, | - |lp) is a Banach space,

(i) B C V ' assets (here, one potentially has to make some (canonical) identifications,
such as considering L” (R¥) as a subset of S'(RY)),

(iii) thg inclusion B < V' is continuous (with respect to the weak-x-topology on
Vo),

(iv) V C B is dense (this rules out spaces such as B = L®(R?) for H = L2(R%)
and V = S(Rd), but one can then instead use the closure of V in B, which in this
case would be equal to Co(R?), the space of continuous functions "vanishing at
infinity").

For such a compatible Banach space, we then say that b € B C V ' satisfies
b € BN B, if there exists a constant C > 0 such that

b()| =C-lvlpg VYveV.

Since V C B is dense, this implies thatb € V/ (given by (b, Vyy = W) uniquely
extends to a continuous linear functional on B; we then identify b with this functional.

Note that if 2~ € B N H, then since we are identifying # with the functional ¢, we
have for v € V that

h(v) = @n(v) = (v, h)n,
so that this interpretation of elements of B as elements of B’ is again consistent with
the duality pairing coming from H.
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