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Abstract

Generalized Cesaro operators C;, for t € [0, 1), are investigated when they act on
the disc algebra A(ID) and on the Hardy spaces H”, for 1 < p < co. We study the
continuity, compactness, spectrum and point spectrum of C; as well as their linear
dynamics and mean ergodicity on these spaces.
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1 Introduction and preliminaries

The (discrete) generalized Cesaro operators Cy, for ¢ € [0, 1], were first investigated
by Rhaly [18, 19]. The action of C; from the sequence space w := CMN0 into itself,
with Ny := {0, 1, 2, ...}, is given by

(t”xo " x4y
C,x =
n+1
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neNy
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For t = 0 and with ¢ := (ﬁ)neNo note that C is the diagonal operator

Xn
Dy,x := , x=(x € w, 1.2
© (I’l n l)neNO ( n)neNo (1.2)

and, for ¢ = 1, that C is the classical Cesaro averaging operator

Cix = (xo tot +x"> . x = (p)neny € . (1.3)
n+1 neNp

The behaviour of C; on certain sequence spaces is well understood; see [1, 8, 22],
and the references therein.

By H (D) we denote the space of all holomorphic functionsonD :={z € C: |z]| <
1}, which is equipped with the topology 7. of uniform convergence on the compact
subsets of ID. According to [16, §27.3(3)] the space H (D) is a Fréchet-Montel space.
A family of norms generating 7, is given, for each0 < r < 1, by

qr(f) == sup | f(2)|. f e HD). (1.4)

lz|=r

We identify a function f € H (D) with its sequence of Taylor coefficients f =

(f(n))neN0 (ie., f(n) = f(':!(o), for n € Ny), so that f(z) = Y o2 fm)z", for
z € D. The operator C;: H(D) — H(D), for ¢ € [0, 1), given by (C; f)(0) := f(0)

nd L[ FE©
(CefH)@)i=- | —-d§ zeD\ {0}, (1.5)
Z Jo 1—t§
for every f € H(D), was investigated in [2]. For f(z) = Z;’f’zo f (n)Z" in H(D), we
also have that

o0 n g n—1 7 r
(r fO) +1¢ f(1)+...+f(n))zn. 16

CHR)=Y o

n=0

Note that the coefficients in (1.6) are as in (1.1).

The discrete generalized Cesaro operator acting in w (cf. (1.1)) is denoted by C;°,
whereas the notation C; will be used for the operator (1.5) acting in H (D). Note that
Cy = D, (see (1.2)). Moreover, for t = 0 observe that the operator (Cp f)(z) =
% foz f(&)d& for z # 0 and (Cof)(0) = f(0) is the traditional Hardy operator in
H(D).

The generalized Cesaro operators C;, for t € [0, 1], are investigated in [2], where
they act on the Fréchet space H (D) and on the weighted Banach spaces H° and H,?
endowed with with their sup-norms. The operator C; is actually continuous on H (D),
[2, Proposition 2.1]. In this article we study the operators C; when they act on the disc
algebra A(D) and on the Hardy spaces H” over D, for 1 < p < oo.

Section 2 establishes the continuity and compactness of C; acting on the spaces
A(D) and H* and determines their spectrum. It is also shown that each C;, for
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t € [0,1), is power bounded and uniformly mean ergodic in these spaces but, it
fails to be supercyclic. In Sect. 3 the continuity, compactness and spectrum of C; are
investigated when they act in the Hardy spaces H” for 1 < p < oo. Estimates for the
operator norm ||C; || gr— gr are also provided. To establish the compactness of C; in
H? it is necessary to invoke properties of the forward and backward shift operators
acting in H? as well as properties of certain Volterra type operators. An important
point is that each Cy, for ¢t € (0, 1), belongs to the class of Volterra operators being
considered. It is also established that C; maps H* into A(ID). The spectrum and point
spectrum of C; (acting on H?) are completely determined. As in the case when C;
acts in A(D) or H®, it turns out that C; is again power bounded and uniformly mean
ergodic when acting in H”, 1 < p < oo, but fails to be supercyclic.

Let us briefly recall the definition of the spaces involved; see [10, 24] for more
details. The space H is a Banach space when it is endowed with the norm

I flloo :=sup|f()|, feH™. (1.7)
zeD

The disc algebra A(D) consists of all holomorphic functions on I that extend to a
continuous function on the closure D of D. That is, f € A(ID) if and only if there exists
f eC (ﬁ), necessarily unique, such that f(z) = f (z) for all z € D. In particular,
f € H*. Endowed with the norm || - || the space A(DD) is a commutative Banach
algebra with respect to multiplication of functions. It is routine to verify that A(D) is
a closed subalgebra of H.

For 0 < p < oo the Hardy space H? consists of all functions f € H (D) satisfying

1 27 _ I/p
I fllp:= sup (2—/ lf(re’9)|”d9> < o0. (1.8)
0<r<l1 T Jo
For p = o0, a function f € H (D) belongs to H* if
sup | sup [f(re?)|) < oo. (1.9)
0<r<1 \0€l0,27]

Of course, the expression in (1.9) equals || f||co; see (1.7). With this quasi-norm, H?
is a metrizable, complete, topological vector space. For 1 < p < oo, it turns out that
| - Il p is actually a norm for which H” is a Banach space.

We are mainly interested in the setting when 1 < p < oo. In this case, for all
1 < p < g < oo, it turns out that H? C H? with a continuous inclusion. Moreover,
the norm || - ||, is increasing with p. Given 1 < p < oo and f € HP, there is a
standard notation for the terms in (1.8), namely

1/p

1 2 0
My(r, f) = <E/O |f(re )|pd9> , rel0,1),
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which increase with 0 < r 1 1. Accordingly, for every r € [0, 1), we have

My(r, f) = IIfllp = sup. My(r, ) = rir?_ My(r, f). (1.10)

0<r<

The same is true for p = oo if we define

M (r, f) == sup |f(rei9)|, rel0,1).
6€(0,27]

Itis known, for each z € D, that the evaluation functional §,: f +— f(z),for f € H?,
is continuous, that is, §, € (HP?)'; see the Lemma on p.36 of [10] for 1 < p < oo. For
p = 00, fix z € D and let r := |z|. Then the inequality

(O =1f @] = Moo(r, f) < I flloo, f€H™,

shows that §, € (H*>)'.

We end this section by recalling a few definitions and some notation concerning
Fréchet spaces (always locally convex) and operators between them. For further details
about functional analysis and operator theory relevant to this paper see, for example,
[11, 15,16, 21].

Given Fréchet spaces X, Y, denote by L(X, Y) the space of all linear operators
from X into Y which are continuous. If X = Y, then we simply write £(X) for
L(X, X). If both X, Y are Banach spaces then, for the operator norm ||T||x—y =
sup <1 ITxlly, withT € L(X, Y), the space L(X, Y) is a Banach space. Equipped
with the topology of pointwise convergence on a Fréchet space X (i.e., the strong
operator topology t,) the quasi-complete locally convex Hausdorff space L£(X) is
denoted by L£,(X). The range T(X) := {Tx : x € X} of T € L(X) is also denoted
by Im(T"). Moreover, Ker(T) :={x € X : Tx =0}.

Let X be a Fréchet space. The identity operator on X is written as /. The transpose
operator of T € L(X) is denoted by T'; it acts from the topological dual space
X' := L(X, C) of X into itself. Denote by X/ (resp., by X/’s) the space X’ equipped
with the weak* topology o (X', X) (resp., with the strong dual topology B(X’, X)). It
is known that X/ is quasicomplete, that 7’ € £(X_ ) and also that T’ € E(X/’g), [15,
p.134]. The bi-transpose operator (T’)" of T is denoted simply by 7" and belongs to
L(X /’3);3). In the event that X is a Banach space, both X ;3 (denoted simply by X’) and
(X})s (denoted simply by X”) are again Banach spaces. The dual norm in X" is given
X"l = sup <1 [{x, x)|, for x" € X".

The following result, [1, Theorem 6.4], which is stated below for Banach spaces,
will be needed in the sequel. Given § > 0, we introduce the notation B(0, §) :=
{z € C: |z| < é}and B(0, ) for its closure in C. Denote the unit circle in C by
T:={ze€C: |z| = 1}. Of course, B(0, 1) = D and T is the boundary of . For the
definition of power bounded and uniformly mean ergodic operators see Sect. 2.

Theorem 1.1 Let X be a Banach space and let T € L(X) be a compact operator such
that o (T; X) CDand o(T; X) N'T = {1} and which satisfies Ker(I — T) N Im(I —
T) = {0}. Then T is power bounded and uniformly mean ergodic.
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Remark 1.2 The conditions in Theorem 1.1 concerning o (7'; X) are equivalent to
1eo(T; X)and o(T; X)\{1} < B(0, 6), for some § € (0, 1).

2 Continuity, compactness and spectrum of C; in H*° and in A(D)

For r = 1 itis clear that C; fails to act from H into itself; consider C;1, where 1 is
the constant function z +> 1 for z € . For a study of Cy acting on H* see [9] and,
for C; acting on H*, for ¢t € [0, 1), see [2, Proposition 2.3].

The following result establishes that C; € L(A(ID)) and identifies its operator norm
precisely.

Proposition 2.1 For each t € [0, 1) the operator C;: A(D) — A(D) is continuous.
Moreover, the operator norms are given by ||Co|l omy— am) = 1 and

—log(l — 1)
ICll A@)— A@) = gf t € (0,1).

Proof Fix t € [0, 1). We first show that C;(A(D)) € A(D). Recall, for f € H(D),
that we have (C; f)(0) = f(0) and, via the parametrization £ := sz, for s € [0, 1],

that

LI® 4, ' fGs2)
zJo 1—1t& S0 1=st12
Moreover, if f € H* then C; f € H®, [2, Proposition 2.3]. Accordingly, for a fixed
function f € A(D) C H®, it follows that C; f € H. The claim is that C; f is the
restriction to ID of an element of C (E). Indeed, let f eC (ﬁ) agree with f onD. Then

it is routine to verify that the function z > fol {_(i ?Z ds, for 7 € D, is continuous on

D and agrees with C, f on . Accordingly, C; f € A(D).

Since C;(A(D)) € A(D), for ¢ € [0, 1), and A(D) is a Banach space, by a closed
graph argument we can conclude that C; € L(A(D)). Indeed, let f, — 0in A(D) and
Cifn — gin A(D) for n — oo. Since A(D) € H(D) continuously, also f,, — 0 in
H(D) and C; f, — g in H(D) for n — o0. The continuity of C; € L(H (D)) yields
that C; f,, — 0in H(D) forn — oo and so g = 0.

We now compute the norm of C; € L(A(D)) for ¢t € [0, 1).

Consider first t = 0. Let f € A(D) be fixed. Then f € H® and so, by [2,
Proposition 2.3], we can conclude that ||Co flloo < || fllco- Since A(D) is a closed
subspace of H, this implies that || Co || om)— am) < 1. Onthe other hand, the function
ho(z) := 1, for z € D, belongs to A(D) and satisfies both ||/1g]|oo = 1 and Cohg = hy.
It follows that ”CO”A(]D))—>A(]D)) =1.

Now let ¢ € (0, 1). Again by [2, Proposition 2.3], for each f € A(D) € H*® we
have that

CiNH) =

ds, zeD\{0}. 2.1)

—log(1 —¢

1Ci flloo = )Ilflloo,

which implies that | C[|am)—am) < =212 But, |Crholloc = 221 and so

ICillamy—am) = M- O
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Recall thatalinearmap 7 : X — Y, with X and Y Banach spaces, is called compact
if T (By) is a relatively compact set in Y, where By denotes the closed unit ball of X.
It is routine to show that necessarily T € L(X, Y). For the spectral theory of compact
operators see [11, 14, 21], for example.

The proof of the next result, which establishes the compactness of C; on both A (D)
and H®°, proceeds along the lines of the proof of [2, Proposition 2.7].

Proposition 2.2 For each t € [0, 1), both of the operators C;: H*® — H* and
Ci: A(D) — A(D) are compact.

Proof Fix t € [0, 1). Since A(D) is a closed subspace of H* and C;(A(D)) € A(D)
(cf. Proposition 2.1), it suffices to show that C;: H>® — H is compact.
First we establish the following Claim:

(*) Let a sequence (fy)nen C H satisfy || fullooc < 1 for every n € N and
fu — 0in (H(D), t.) for n — oo. Then C; f,, — 0in H.

To prove the Claim, let (f;;),en C H™ be a sequence as in (x). Fix ¢ > 0 and select
6 € (0, B), where B := min{1, #}. Since B(0, 1 — §) is a compact subset of D,
there exists ng € N such that

JRax (@] <8, n = no.

Recall that (C; f;,)(0) = f,,(0) foreveryn € N. Therefore, (C; f,,)(0) — Oasn — oo.
For z € D\ {0} we have, via (2.1), that

1 1-5 1
[(C f) ()] = ‘/ Mds’ 5/ Mds—i—/ [ fn(s2)] ds
o 1 —stz 0 | —

[1 — stz| _s |1 —stz]

Denote the first (resp., second) summand in the right-side of the previous inequality
by (A,) (resp., by (By)). Since |1 — stz| > 1 — st|z] > max{l —s,1 —1,1 — |z]},
for all s,¢ € [0, 1) and z € D, it follows, for every n > ng, that fol_a | fu(sz)|ds <
(1 = 8) maxg|<1-s) | fu(8)] (as [sz] < (1 — ) forall s € [0, 1 — 5]) and hence, that

(An) =

(1 - £
T—; ‘Sl‘léagalfn(é)l <3

On the other hand, for every n > ng, observe that

1 1
<Bn>=/ 1 (52) ds</ Uil 8¢
1

_s |1 —stz| s 11—t 11—t

It follows that ||C; f, || < € forevery n > ng. Thatis, C; f, — 0in H* forn — oo
and so (%) is proved.

Concerning the compactness of C; € L(H), let (f,)nen C H be any bounded
sequence. There is no loss of generality in assuming that || f;,]lcc < 1 forall n € N.

To establish the compactness of C; € L(H®) we need to show that (C; f;,),eN has

W Birkhauser



Generalized Cesaro operators... Page70f19 5

a convergent subsequence in H°. This follows routinely from the fact that (f,),eN
is also bounded in the Fréchet-Montel space H(D), as H* C H (D) continuously,
together with condition (x). O

Given a Fréchet space X and T € L(X), the resolvent set p(T'; X) of T consists of
all > e C such that the inverse operator R(A, T) := (A —T) ! existsin £(X). The set
o(T; X) :=C\ p(T; X) is called the spectrum of T. The point spectrum o,;(T; X)
of T consists of all A € C (also called an eigenvalue of T) such that (Al — T') is
not injective. In the event that X is a Banach space, the residual spectrum o, (T'; X)
(resp. continuous spectrum o.(7T'; X)) of T consists of all A € C such that A — T is
injective and Im(A/ — T') is not dense (resp. is proper and dense) in X. This provides
the pairwise disjoint decomposition

o(T; X) =0,(T; X)Uor(T; X) U (T; X).

Proposition 2.3 Foreacht € [0, 1) the spectra of C; € L(H®) and of C; € L(A(D))
are given by

1
Upt(ct; HOO) = O-pt(C‘t; A(D)) = {m——l—l m e N()} , (22)
and .
o (Cr; H®) = 0(C; A(D)) = {— :meNo}U{O}. 2.3)
m+1

Proof Let ¢ € [0, 1) be fixed. By [8, Lemma 3.6] the point spectrum of the operator
Cy € L(w) is given by o (C}; w) m+] : m € Ny} and, for each m € Ny, the
corresponding eigenspace Ker(m 7/ — C/”) is 1-dimensional and is generated by an
eigenvector xI™ = (x[™), oy, € £1. Since A(ID) € H® C H(D) with continuous
inclusions and the map ®: H(D) — w given by f +— ( f (n))neN,» 1s a continu-
ous embedding (see Sect. 1 of [2]), we have that 0, (C;; A(D)) € 0,/ (Cr; HX) C

{m+L1 : m € Np}. Indeed, let f € H(D)\{0} and A € C satisfy C;f = Af.

Then Af(z) = Z;”O(T?)(n)z = Yo rf(mz" and, by (1.6), we have that
(CifHr) = X2 O(wa)nz" It follows that C*f = Af in w with f # 0 and
soA €0y (CP 0) = {m—Jrl m € Np}.

To conclude the proof, it remains to show that {m+1 :m e No} C 0, (Cr; AD)).
To establish this recall, for each m € Ny, that the eigenvector x""! corresponding to

ﬁ belongs to £!' and hence, the function g, (z) := > xnm] " belongs to A(ID).
Then (1.5) and (1.6) imply, for each z € D, that

o o
1 1
_ [m] _ [m]_n _
(Crgm)(z) = E_ (CPx"™), 7" = o nE_Oxnm "= m 1gm(Z). (2.4)

Thus g, is an eigenvector of C; € L(A (D)) corresponding to the eigenvalue +1

) Birkhauser
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Finally, 0 (C;; A(D)) = o(C;: H®) = {347 : m € No} U {0} follows from the

fact that C; is a compact operator on both A(DD) and H°. O

An operator T € L(X), with X a Banach space, is called power bounded if
sup,eny, 17" I x—x < 00. Given T € L(X), define its Cesaro means by

1
T = ; Z T", neN.
m=1

Then T is said to be mean ergodic (resp., uniformly mean ergodic) if (T{,))nenN 1S a
convergent sequence in L;(X) (resp., a convergent sequence for the operator norm
in £(X)). It is routine to check that TT" = Tin) — ”n;lT[n_l], for n > 2, and hence,
To-lim;,, s oo TT" = 0 whenever T is mean ergodic. An operator T € £(X) is said to be
supercyclic if, for some z € X, the projective orbit {AT"z : A € C, n € Ny} is dense
in X. Since the closure of the linear span of a projective orbit is separable, whenever
any supercyclic operator in £(X) exists, then X is necessarily separable.

For the linear dynamics of 7" we refer to [5, 13] and for mean ergodic operators to
[17], for example.

As a consequence of the previous proposition, combined with Theorem 1.1, we
have the following result.

Proposition 2.4 For each t € [0, 1) both of the operators C;, € L(H*) and C; €
L(A(D)) are power bounded, uniformly mean ergodic but, fail to be supercyclic.

Proof Fixt € [0, 1). Since H® is non-separable, C; € L(H) cannot be supercyclic.

The operator C; is compact on both H*° and on A (D) (cf. Proposition 2.2). There-
fore, the compact transpose operators C; € L((H*®)') and C; € L((A(D))’) have the
same non-zero eigenvalues as C (see, e.g., [11, Theorem 9.10-2(2)]). In view of Propo-
sition 2.3 it follows that o, (C;; (H*)') = 0,;(C}; (A(D))) = {mil :m € Ng}. We
can apply [5, Proposition 1.26] to conclude that C; is not supercyclic on the separable
space A(D).

By Proposition 2.3 and its proof (as x0T = (t")nen,) we have that Ker(/ — C;) =
span{h;}, with h;(z) 1= > 02 1"7" = 1+tz for z € B(0, 1) (with % > 1). Note
that D € B(0, %). The function h; € A(D) is the eigenvector denoted by go in
the proof of Proposition 2.3 corresponding to the eigenvalue 1. On the other hand,
Im(I — Cy) is a closed subspace of H* (resp., of A(D)), as C; is compact in H*
(resp., in A(D))). Also, Im({ — Cy) € {g € H*® : g(0) = 0} (resp., Im(/ — C;) C
{g € AD) : g(0) = 0}), because (C;f)(0) = f(0) for each f € H*> (resp., for
each f € A(D)). Moreover, [11, Theorem 9.10.1] implies that codim Im(/ — C;) =
dim Ker(I — C;) = 1 regarded as subspaces of H* (resp., of A(ID)). Accordingly,
both Im(/ — C;) and {g € H*® : g(0) = 0} = Ker(8p) are hyperplanes of H (resp.,
of A(D)). It follows that necessarily Im(/ — C;) = {g € H* : g(0) = 0} (resp.,
Im(I — C;) ={g € A(D) : g(0) =0}).

Let u € Im(I — C;) N Ker(I — C;). Then u(0) = 0 and there exists A € C
such that u = Ah;. This yields that 0 = u(0) = Ah;(0) = A. Hence, u = 0. So,
Im(I — C;) NKer(I — C;) = {0}.

W Birkhauser
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Proposition 2.3 implies that 1 € o(C;; H®) = o(Cs; AD)) = {m+] ;m €
Np} U {0}. Consequently, for § = %, all the assumptions of Theorem 1.1 (see also
Remark 1.2) are satisfied. So, we can conclude that C, is power bounded and uniformly

mean ergodic both on H* and on A(D). O
3 Continuity, compactness and spectrum of C; acting in HP

In this section we investigate various properties of the operators C; when they act in
the family of Hardy spaces H”, 1 < p < 00, as well as some related Volterra type
operators. We recall a known fact which follows easily from Jensen’s inequality for

R-valued functions, [20].

Lemma 3.1 Let h: [0, 1] — C be an integrable function. For each p > 1 we have

/ h(s)ds / |h(s)|Pds.
0

It follows from [4, Theorem 1], by substituting for g there the particular function
g(z) = z, for z € D, that the Hardy operator Cq is bounded in H? forall 1 < p < oo.
We include a simple and direct proof of this fact based on Lemma 3.1.

Proposition3.2 Let 1 < p < oo. The Hardy operator Co: HP — HP is continuous
with operator norm ||Collgr—pgr = 1.

Proof Recall from (2.1) that the Hardy operator Co: H(D) — H (D) is given by
(Co f)(0) = f(0) for z =0 and, for z € D \ {0}, by

1 z 1
(N = /0 FE)dE = fo F(s2)ds. 3.1

For z € D fixed, s — f(sz) is continuous on [0, 1] and hence, integrable. For every
f € HP andr € [0, 1), Lemma 3.1 and Fubini’s theorem imply that

do

27 2| pl p
My, Cof)? = o / [(Cof)(re®)|P do = i[ / f(sre®)ds
2 0 2 0 0

i ! 1 27
([ 1roretras)ao = [*(5 [T ireretyean) as
0 0 21 0

1
:/0 Mp(sr, f)Pds < Mp(r, ) < 11l

IA

This implies that Cof € H? and |Cofll, < | fllp for every f € H?. So, Cy €
L(HP) and ||Collgp—pgr < 1. Since ho := 1 € H? with ||ho|l, = ||1]|, = 1 and
Coho = 1 = hy, it follows that |Co||gr—gr = 1. O

) Birkhauser



5 Page100f19 A. A. Albanese et al.

Proposition 3.3 Let 1 < p < oo. Foreacht € (0, 1) the operator C;: HP — HP is
continuous and its operator norm satisfies

1
I < ICllgrspur < T—7 te 1. (3.2)
Actually, for p = 1, it is the case that
—log(1 —1)
ICllgr gy < ——, 3.3)

t

and for 1 < p < o0, it is the case that

1 1 I/p
ICellp—Hr < [t(p -y <(1 1 1):| . (34)

Proof Fix p > 1 and t € (0, 1). The function h,(z) = ﬁ, for z € D, belongs to

A(D) € H® (see the proof of Proposition 2.4) and satisfies ||/;]|c0 = 1_£z’ because

lh: ()] < ﬁ and lim,_, ;- h,(z) = ﬁ Since h; € H®, the multiplication operator
M;: HP — H? defined by

le:zhlf, fGHp,

is continuous with || M;||gr—pmr < |htllcc = ﬁ, as is well known (and routine to
verify).

Since C; = Co o M; (cf. (2.1) and (3.1)), it follows from Proposition 3.2 that
Cy € L(HP) and that |Cillgp—nr < [Collzr—rr - IMillgr—pmr = 1.

On the other hand, the function 4, belongs to H” and satisfies C;h; = h;. This
yields that 1 < ||C;||gr— mr. Hence, (3.2) has been established.

Concerning (3.3) let p = 1. Then, for every f € H'and r €0, 1), by (1.10) and

Fubini’s theorem we obtain

1 2w 1 i0 1 21 1 i0
M(r, th)=—/ SGre) ol ao < —/ / LGreDl 16 ao
27 Jo o 1—srtet? 2 Jo o 1—ts

_ [t Lo i0 [ —log(1—1)
[ (G [ e ) as = (2 ) e

5<M> £,

t

Hence, [|C/ll 1 g1 < —229=D which is (3.3).
Let 1 < p < oo. Then, for every f € H? and r € [0, 1), by Fubini’s theorem and

Lemma 3.1 (because s +— lf_(és?z is integrable over [0, 1] for each z € D) we obtain

Again via (1.10) it follows that ||C, f]l; < (%) | £ll1, for every f € H'.
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via (1.10) that

p

2 1 i0
M, (r, Co )Y 1 ] f(sre'?) 40

T2 o 1 —srtet?

- 1 1 1 2 0 pde J
_/0 (I —1s5)P (271/ 7 (sre™)] ) ’
1 1
_ P
fo a=17 —————M,(rs, f)Pds < (/ ErnY )”f”p

__ ! ( ! —l)n 15
Ct(p—D \(1—pp! Ilp-

It follows that

1/
i, < | — L O s, £enr,
P=1ltp -1 \ —1)r-! P

from which (3.4) follows. O

Remark 3.4 Foreach1 < p < ocoandt € (0, 1) the estimate of |C;||gr— gr given in
(3.3) and (3.4) is better than the upper estimate given in (3.2). Indeed, for p = 1 we
have w < ﬁ for every t € (0, 1), as was shown in [2, Example 2.2]. For a

fixed 1 < p < oo, observe that

1 1 1/p 1
-1 —, t€(0,1), 3.5
[t(p—l)((l—r)ﬁ—l ﬂ T G-
if and only if
! L 1 ! te(0,1)
—_ < , . .
t(p—1H \d—-nr! (I =20)r
Therefore, the inequality (3.5) is satisfied if and only if
1—(1—rpr! 1 1
. < , te(0,1),
tip—1 (I—pp=t ~ (1 —=nr
that is, if and only if
1—(1—nr!
(- 1 e, 1) (3.6)

< b
t(p—1) 1—1¢

To show the validity of (3.6) it suffices to establish, for each o > 0, that

1-a-»" 1 . te(0,1). (3.7)
ot —1
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So, fix @ > 0 and define y(r) = [1 — (1 — )*](1 — ¢t) — «at, for t € [0, 1]. The
function y is continuous in [0, 1] and differentiable in (0, 1). Furthermore, y (0) = 0
and y (1) = —a < 0. On the other hand, for each ¢ € (0, 1), we have

YO =all—0*'0-—[1-(1-" -«
=a(l—-0*—-14+10-0)" -«
=(a+ D[ -0)%—1].

Sincea > 0and 0 < (1 — )% < 1fort € (0, 1), it follows that (1 — #)* — 1 < O for
t € (0, 1). Accordingly, y'(¢) < 0 for every ¢ € (0, 1). This means that the function
y is decreasing in [0, 1] and hence, y (t) < y(0) = 0 for every ¢ € (0, 1). So, we can
conclude that

yO)=[1-0-0*11—-1)—at <0, te(0,1),
that is,
[MT-—0-=0%11—-1t) <at, te(,1).

The previous inequality implies that (3.7) is valid. This completes the proof that (3.6)
is valid. Hence, also (3.5) is valid.

In order to establish the compactness of the operators C; € L(H?) we need to
introduce some additional operators and preliminaries.
For each 1 < p < o0, define

HP :={f € H? : f(0) =0}

Accordingly, H(f = Ker(8p) is a closed 1-codimensional subspace of H”. Moreover,
Ao(D) :={f € A(D) : f(0) =0} is aclosed 1-codimensional subspace of A(D).
Consider now the operator S: H (D) — H (D) defined by

8@ :=zf(), feHD), zeD,

which belongs to L(H (D)) and is called the forward shift. The following Lemma
3.5 concerning the forward and backward shift operators is certainly known. Observe
that the operator S~! in the proof of Lemma 3.5 below is the restriction to the closed
subspace H(f of H? of the backward shift operator given by (Bf)(z) := (f(z) —
f(0))/z, for z € D. This operator and its invariant subspaces on Hardy spaces have
been thoroughly investigated in [6]. We present a formulation of Lemma 3.5 which is
useful for our purposes; a proof is included for the sake of completeness.

Lemma3.5 Let1 < p <o0. Then S € L(HP) with |S|gr—pgr = 1 and S(HP) =
H(f . Moreover, the operator S is injective with the inverse operator S -l.g (H?) —
HP continuous and satisfying ||S~! lscHry—Hr = 1.
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The operator S € L(A(D)) with operator norm ||S|lamy—am = 1 and
range S(A(D)) = Ao(D). Moreover, S is injective with the inverse operator
~1: S(AD)) — A(D) continuous and satisfying | S~ | scamy)—am) = 1.

Proof Consider first the case 1 < p < co. Given f € H” and r € [0, 1) we have

1 2 ) . 1 2 .
My(r, Sf)P = —/ Ire' f(re'?)|P do < —f |f(re')P do = M,(r, f)P.
2 0 2 0

Accordingly, [|Sfll, < I fllp, which implies that S € L(H?) and ||S||gr—pr < 1.
Moreover, for every n € N, observe that

1 2 ) 1/p
1z"ll, = sup Mp,(r,z") = sup (—/ |(re’0)"|”d9) = sup r" =1
0

0<r<l 0<r<1 \27 0<r<l

and that S(z”") = 71!, from which we can conclude that || S||zr— gr = 1.

Clearly, S is injective and satisfies S(H?) C H(f .

To show that S(H”) = H{ and that the inverse operator S~!: S(HP) — H? is
continuous, we proceed as follows.

Given g € H!, let f(z) := g(Z) = 8@- g(()) for z € D. Clearly f € H(D) as
z=0is aremovable singularity of f by settmg f(0) := g’(0). On the other hand, for
every r € (0, 1), we have

1 2 ) 1 2w |g(r619)|p 1
P — i0yp - By I - b4
My(r, f) —27T/0 | f(re”)|” do 271/(; do rpMp(r,g)

rpP
It follows from (1.10) that f € H? withg = Sf and || fl, < llgll . Hence, S(H?) =
H(f (in particular S(H?) is closed in H?) and the inverse operator S~'. S(HP) — HP
is continuous. Moreover, || S~!||s(zry—mr = 1 because [|S~'gll, = I fll, < llgll,
and the function go(z) := z, for z € D, belongs to H(f and satisfies ||goll, = 1 with
S~lgo = 1.
The case p = oo follows along the same lines. We only observe that

ISflleo = suplzf ()] < sup|f()| = [ fllws f € H™,
zeD zeD

and that [|S1|lec = lIg0llcc = 1. S0, S € L(H*) and ||S|lg=—p~ = 1.
Moreover, if g € HS®, then the function f(z) := %Z), for z € D\{0}, and f(0) :=

g’ (0) belongs to H* (see above) and satisfies, for each k € N and r € (%, 1), the
inequality

k+1

g(Z) _TMOO(r g)-

Z

Moo (r, f) =

\zl r

It follows that || fllc < 5 lIgllo for every k € N. This implies that f € H* with
g=Sfand | flloo < llglloo- Now proceed as for H” with 1 < p < oo.
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Concerning A(DD), note that it is a closed, invariant subspace of S: H>*® — H*®
and so S € L(AD)) with [|Slam)—am =< 1. Since 1 € A(D) satisfies ||S1|lcc =
lgollo = 1, it follows that ||S||am)—am) = 1, Clearly S(A(D)) < Ap(D). As
for H* it can be verified that S(A(D)) = Ay(D), that S is injective and that
IS~ lscamy—am) = 1. O

Remark 3.6 1t follows from ||S| gr—gr = 1, foreach 1 < p < oo, that the operator
S: HP — H} also satisfies IS0 gzp oy = 1.

We now investigate a further class of operators. For a fixed g € H(D), let us
consider the operators V,: H(D) — H (D) and T, : H(D) — H(ID) defined by

1 Z
(Ve £)0) := f(0), (Vg f)(2) = Z/o f®E ) ds, feHD), zeD)\{0},

3.8)
and

(T, )(2) = /O f@®)g€)dE. fe HD), zeD. (3.9)

Note that (T £)(0) = O for each f € H(ID). The operators V, and T, are called
Volterra-type operators. Both operators V, and T, act continuously in H (D). They
have been investigated on different spaces of holomorphic functions by many authors.
We refer to [7, 23] and the references therein.

The important connection to this paper is that the generalized Cesaro operators
C; € L(H(D)), for t € (0, 1), are Volterra type operators of the kind V, for suitable
functions g. Indeed, fix ¢ € (0, 1). Given f € H(DD), by (1.5) we have that (C; f)(0) =
£(0) and

_ e _l/z o
Cn@=; [ Togde=2 | fEO e

1 (2 —log(1 — !
=—f £ (—Og( ”’”) de, zeD\ (o),
Z Jo t

where the function

g = 2020 Z

; (3.10)

n+1

is holomorphic on B(0, 1/¢) with 1/ > 1. Since D < B(0, 1/1), we can conclude
that g; € A(D) € H(D). Accordingly,

Cif=Vy,f, feHD). (3.11)
Topological properties such as continuity and (weak) compactness of the operators
V, and Ty, for g € H(ID), when acting in H? are related to each other as the following

result shows.
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Lemma3.7 Letg € HD)and1 < p < co.Then Vy: HP? — HP is continuous (resp.
compact, resp. weakly compact) if and only if To: HP — HP is continuous (resp.
compact, resp. weakly compact). In the case of continuity we have || T, ||gr—pr =
Vellr—mr.

Proof Fix1 < p < co.Assume first that V, € L(H?).By Lemma 3.5 the forward shift
operator S € L(H?) andso also T, = S o V, belongs to L(H?). Conversely, suppose
that T,: H? — HP? is continuous. Clearly, T,(H?) € HY and Ty: HP — HJ is
also continuous. Since the inverse operator S~ : H(f — HP exists and is continuous,
the operator V, = § ) T, belongs to L(H?). The proof for the compactness (resp.
weak compactness) follows along the same lines.

From the fact that ||S||HpﬁHop =|s! ”Hé’»HP =1 (cf. Lemma 3.5 and Remark

3.6), together with T, = S o V, and V, = S~! o Ty, it follows that || Tg | gr— mr =
Vellr—mr. o

The following definitions play an important role; see [24] for more details. The
space BM O A consists of all functions f € H? such that

|fO) +sup [ f opa — fla)l2 < oo,

aeD

where ¢,, for a € D, is the family of Mobius automorphisms of I given by ¢, (z) :=
< for z € D. The space VM O A consists of all functions f € BM O A satisfying

1—az’

Jim (1 o = f (@2 =0.

The space VM O A is the closure of the polynomials in BM O A, [12, Theorem 5.5].
In particular, H* € BMOA and A(D) € VM OA, [12, Theorem 5.5 and Remark
5.2].

The following result collects together various facts concerning the operators 7,
when they act in the HP-spaces.

Theorem3.8 Let1 < p < o0.

(i) The operator T,: HP — HP is compact if and only if g € VM OA. In particular,
if g € A(D), then both Ty: HP — HP and V, = §~1o T,: HP — HP are
compact.

(i) Let t € (0,1). The generalized Cesaro operator C;: H? — HP is compact.
Hence, also the operator S; := Ty, = SoCy: HP — HP is compact, where g; is
given by (3.10).

For part (i) of Theorem 3.8 we refer to [4] and, for all p > 0, to [3]; see also
[23, Corollary 4.2]. Part (ii) of Theorem 3.8 follows from part (i) after recalling (see
(3.11)), for each ¢ € [0, 1), that C; = V,, with g; € A(D).

Compactness criteria for the operators T on both H° and on A(ID) are formulated
in the following result.

Theorem 3.9 (i) Let g € H(D) and Ty: H*® — H® be weakly compact. Then
g € AD).
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(i) For g € H(D) the following statements are equivalent.

(@) Ty: H® — H™ is compact.

(b) Tg: AD) — A(D) is compact.
(c) Tg: H*® — A(D) is compact.
(d) T,: AD) — H® is compact.

If either one of (a)—(d) holds, then necessarily g € A(D).

We point out that parts (i) and (ii) of Theorem 3.9 are, respectively, Theorem 1.4
and Theorem 1.7 in [7]. The statement in part (ii) that g € A (D) follows from part (i).

Proposition 3.10 Let t € [0, 1). Then C;(H*®) C A(D).

Proof Fix ¢t € [0, 1). By Proposition 2.2 the operator C; = V1 H® — H™ is
compact and hence, by Lemma 3.7 the operator Ty, : H* — H* is compact, where
g is given in (3.10). So, Theorem 3.9(ii) ensures that the operator T, : A(D) —
A(D) is also compact and satisfies Ty, (H*®) S A(D). Since (T, f)(0) = 0, for
every f € H(D), actually Tg, (A(D)) € Ao(ID). Moreover, Lemma 3.5 shows that
S~ Ag(D) — A(D) continuously. Hence, C; = V,, = s1o Ty, : A(D) — A(D)
is compact and C;(H*®) = V,(H®) = S~™1(T,,(H®)) C A(D).

We are now able to calculate the spectrum of the generalized Cesaro operator C,
and of the operator S; = S o C;, for ¢ € [0, 1), when they actin H?.

Proposition 3.11 Let 1 < p < oo. Foreacht € [0, 1) the spectra of C; € L(HP) are
given by
1
0pi(Cys HP) = {—1 :meNo}, (3.12)

m +
and

o(Ct;H”)z{; :meNo}U{O}. (3.13)
m+1
Proof Let 1 < p < oo and ¢t € [0, 1) be fixed. Recall, by [2, Proposition 3.7],
that the point spectrum of C; € L(H (D)) is given by 0,,(Cy; H(D)) = {m;ﬂ :
m € Np}. Since A(D) € H? € H(D) with continuous inclusions, we obtain that
0pt (Cr; AD)) C 0pi (Cr; HP) C 0 (Cr; H(ID)). Then Proposition 2.3 implies the
validity of (3.12).

Finally, (3.13) follows from the fact that C; is a compact operator on H?; see
Theorem 3.8(ii). O

Proposition3.12 Let 1 < p < o¢. For eacht € [0, 1) the spectra of S; € L(HP) are
given by
opi(Sis HP) = 05 0,(Si; HP) = {0}; 0.(Si; HP) = 0. (3.14)

In particular, o (Sy; HP) = {0}.

Proof Let1 < p < ocoand ¢ € (0, 1) be given. For a fixed > € C \ {0} the equation
Af — Sif = 0 yields, after differentiation, that A f'(z) = £ for z € D, which has
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the solutions f(z) = A(1 — 1z)~" for constants A € C. Moreover, S, f = Af
together with S, (H?) C Hé’ implies that £(0) = 0, thatis, A = 0 and hence, f = 0.

Fort = 0 and A € C\ {0} we consider the solutions of A f — Sy f = 0, for f € H?.
From the definition of Sy this equation reduces to foz f(&)dE = A f(z). Differentiating
yields f/(z) = %f(z) and so f(z) = Be¥/* for some B € C. Since (Sph)(0) = 0 for
every h € H(D), it follows that B = 0. Hence, f = 0 is the only solution.

Finally, for A = 0 the equation S; f = 0 implies f = 0 as both S € L(H?) and
C; € L(HP) are injective.

So, we have established that o, (S;; H?) = ¢.

Since the operator S; € L(HP) is compact (cf. Theorem 3.8(ii)), it follows that
o (Si; HP) = 0,,(S;; HP) U {0} = {0}. Moreover, S; is injective and S;(H?) =
(SoCyH(HP) C S(HP) C H(f show that S;(H?) is not dense in H”. Hence, 0 €
0, (Ss; HP). The proof of (3.14) is thereby complete. ]

Our final result establishes certain linear dynamic features of C; and S;.

Proposition3.13 Let 1 < p < oo. For each t € [0, 1) both of the operators C; €
L(H?) and S; € L(HP) are power bounded, uniformly mean ergodic and fail to be
supercyclic.

Proof Fixt € [0, 1). The operator C, is compact in H? by Theorem 3.8(ii). Therefore,
the transpose operator C; € L((HP)"), which is also compact, has the same non-zero
eigenvalues as C;; see [11, Theorem 9.10-2(2)]. In view of Proposition 3.11 it follows
that 0,,,(C;; (HP)) = {ﬁ : m € Np}. So, we can apply [5, Proposition 1.26] to
conclude that C; is not supercyclic on H?.

Arguing as in the proof of Proposition 2.4 one shows that Im(/ —C;)NKer(/ —C;) =
{0}. On the other hand, Proposition 3.11 implies that 1 € o (Cy; HP) = {m;-i-l ym €
Np} U {0}. Consequently, for § = %, all the assumptions of Theorem 1.1 are satisfied;
see also Remark 1.2. So, we can conclude that C; is power bounded and uniformly
mean ergodic on H?.

The operator S; € L(H?) is also power bounded and uniformly mean ergodic.
Indeed, Proposition 3.12 implies that its spectral radius r(S;; H”) = 0. On the other
hand, it is known that also r(S;; HP) = lim,_ oo (|| S} Il zrp— mp)'/™; see pp.234-235
of [21] for the unital Banach algebra A := L(H?). Accordingly, ||S} ||lgr—ar — 0
as n — oo and so $; is surely power bounded.

Given f € HP?, its projective orbit satisfies

{(AS7f: AeC, neNgy} Cspan({fHU{AS}f: L eC, neN}L
But, S!(H”) € HY forall n € N and so
{AS]'f: »€C, neNo} Cspan({f}H UH]. (3.13)
Since both span({ /}) and Hé’ are proper closed subsets of H?, also their union is a
proper closed subset of H?. It follows from (3.15) that the projective orbit of f cannot

be dense in H?. Since f € H? is arbitrary, we can conclude that S; is not supercyclic.
O
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