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ABSTRACT. Lower semicontinuity of surface energies in integral form is known to be equiv-
alent to BV-ellipticity of the surface density. In this paper, we prove that BV-ellipticity
coincides with the simpler notion of biconvexity for a class of densities that depend only on
the jump height and jump normal, and are positively 1-homogeneous in the first argument.
The second main result is the analogous statement in the setting of bounded deformations,
where we show that BD-ellipticity reduces to symmetric biconvexity. Our techniques are
primarily inspired by constructions from the analysis of structured deformations and the
general theory of free discontinuity problems.
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1. INTRODUCTION

In many applied problems, especially, but not restricted to, those in continuum mechanics,
equilibrium configurations are obtained by minimizing interfacial energies. One typically studies
functionals of the form

urr [ og(u(z),u’ (2), vy (2)) dH" (2), (1.1)
Ju
where u is an SBV-function with jump set J,, jump normal v,, and approximate limits u~
and u* on both sides of J,, and g: R® x R"® x S"~! — [0,00) is a suitable energy density.
Such energies often appear in the context of fracture mechanics [4], polycrystalline solids [7-9],
liquid crystals [2[3], free discontinuity problems [5], or the relatively recent theory of structured
deformations, see [10L12] or [17] and the references therein.

While energies as in (L], defined on the set of piecewise constant functions (in the sense
of Caccioppoli), were first addressed in [I], a general variational theory to handle existence
of minimizers, relaxation, and I'-convergence has been developed later in [2,3]. For bounded
densities, it was proven in [3l5] that lower semicontinuity of the surface energy (I.1]) is equivalent
to BV-ellipticity of the corresponding density g. This notion is the surface-density-analogue of
quasiconvexity, the key convexity notion in the bulk-case. One calls g BV-elliptic if

4(i jyn) < /J gu™ ut vy) A (1:2)
for every (i,7,1m) € R™ x R" x 8"~ ! and every piecewise constant function u on Qy with {u #
Uijn}t € Qp; here, the set @, C R™ describes an open unit cube with a face that is orthogonal
to 1 and u; j, is the elementary jump from j to i along the line {z - n = 0}.

Motivated by the setting of structured deformations, in which the energies account for mi-
croscopic slips and separations and, generally, the direction in which they take place, we assume
that g has the shape

g(i,3,m) = f(i—4,m) with f(a\,n) = af(\,n) for every a >0, (\,n) € R" x S*~!, (1.3)

subadditive and with linear growth in the first variable; via (2.2]) below, the function f can
be viewed as positively 1-homogeneous also in the second variable. Since the pair ([u], 1)
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with [u] = u™ — u™ is only unique up to a sign, it is natural to require that f is even, i.e.,
f(=X,—n) = f(A\,n) for every (\,n) € R x S"~L.

Our assumption (L3]) on the surface density is, however, incompatible with boundedness,
which is why only partial characterization results for lower semicontinuity are available. It is
straightforward to show that the proof of [5, Theorem 5.14] can be modified without relying
on boundedness. Hence, BV-ellipticity is still necessary for the lower semicontinuity of the
corresponding energy. A partial sufficiency result, on the other hand, follows as in [14], Corollary
2.5]; indeed, the BV-ellipticity of the density yields lower semicontinuity of the energy along
converging sequences of piecewise constant functions that are bounded in L (€2;R™).

Since BV-ellipticity is usually difficult to verify, one is interested in stronger notions that are
easier to handle. Such concepts have been analyzed and compared extensively in the literature,
for example, in [5] or [3,[7HI]. One such notion is biconvexity, which requires that the surface
density in (LI)) can be written as

9(i,j,n) = ((j —i)®n) for every (i,j,m) € R® x R" x S"7 !,

with a convex, positively 1-homogeneous function ®: R™*"™ — [0,00). This property was in-
troduced by Ambrosio & Braides [3] in a finite-valued setting. It turned out that biconvexity
does indeed imply BV-ellipticity [3] Proposition 2.2], but the reverse has only been conjectured.
Since every biconvex function is necessarily positively 1-homogeneous in the first variable, this
equivalence requires a type of 1-homogeneity condition; indeed, one can easily construct a non-
positively 1-homogeneous BV-elliptic function by exploiting joint convexity, see [5, Definition
5.17, Theorem 5.20]. The conjecture can thus only be true for densities of the form (T3]). As
proposed in [3], the inequality

m m
9(i,5,m) <Y glins Grome)  with > (ix — ) @ mp = (i = j) @, (1.4)
k=1 k=1
for all (i,7,m), (ix, ju, M) € R™ x R" x 8"~ and m € N, would verify that BV-ellipticity reduces
to biconvexity. The estimate (I4) has been shown later in [I8] by Silhavy in the context of
structured deformations, however, without establishing a connection to [23] or [5]. In this paper,
we merge the complementary results of the two communities and discuss different convexity and
BV-ellipticity notions. Our first contribution is the following equivalence:

Theorem 1.1 (Characterization of BV-ellipticity). If f: R" x S"~! — [0,00) is even and
positively 1-homogeneous in the first variable, then f is BV-elliptic if and only if f is biconver.

Note that the definition of the two properties of f as above are canonically transferred from
(L3)), see Definitions [3.1] and

Among the recent advances in the analysis of energies like (II]) defined on piecewise rigid
functions are [14.[15]. In particular, Friedrich, Perugini & Solombrino (cf. [I4]) carry the notions
of BV-ellipticity and biconvexity (as well as joint convexity) over to the BD-setting of func-
tions with bounded deformation. They show for bounded densities that the energy functional
(L), defined on the set of piecewise rigid functions with skew-symmetric gradients is lower
semicontinuous if and only if g is BD-elliptic. The latter is similar to BV-ellipticity in the sense
that (L2) holds for every (i,7,7) € R" x R® x 8"~ and every piecewise rigid function u with
{u # u;jn} € Q. It is evident that BD-elliptic functions are also BV-elliptic.

In [I4], the authors also define the concept of symmetric biconvexity, for which g satisfies

9(i,5,m) = ¥((j —i)©n) for every (i,5,m) € R" x R" x §"71, (1.5)

with a convex, positively 1-homogeneous W: RI*" — [0,00); here (i — j) ® n is short for the
symmetric part of (i —j) ® n. Whereas [14, Proposition 4.10] already establishes that symmetric
biconvex functions with {¥U = 0} = {0}, where V¥ is as in (5], are BD-elliptic, the question
whether the two notions are equivalent (under suitable conditions) remained open. Our second

main result is the affirmation of this issue for the choice (I.3]).
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Theorem 1.2 (Characterization of BD-ellipticity). If f: R" x S"~! — [0,00) is even and
positively 1-homogeneous in the first variable, then f is BD-elliptic if and only if f is symmetric
biconvex.

Proving this equivalence involves several steps. We establish that symmetric biconvex func-
tions are BD-elliptic by providing an alternative proof of [I4, Proposition 4.10] that does not
require the assumption {¥ = 0} = {0} with ¥ as in (5] by reorganizing results and arguments
from [I4]. To obtain the reverse implication, we leverage the larger class of test functions, un-
veiling additional properties besides those inherited by their BV-ellipticity. Precisely, we show
that BD-elliptic densities (or rather their positively 1-homogeneous extensions, see (2.2]) below)
are symmetric in the sense that their two arguments are interchangeable. This can be done by
combining techniques from [I8], which are based on the positive 1-homogeneity, classic argu-
ments in [5], and the class of piecewise rigid functions. The final step is to a prove a symmetric
analogue of inequality (I.4) in the BD-setting, for which we carefully adapt a construction in
[18] from the BV-setting.

Organization of this paper. In Section 2] we cover the notation used in this article as well
as a few technical preliminaries. After that, we introduce and characterize a number of BV-
ellipticity notions, defined via different classes of test functions in (I.2)). While some of these
properties coincide with biconvexity, see Theorem B.7] we also highlight that others become
trivial if the class of test functions is too large or small, see Propositions and We briefly
discuss an alternative approach to joint convexity and characterize the BV-elliptic envelopes of
functions of the form (L3]).

Section [l is then devoted to the BD-setting, where we prove the equivalence of BD-ellipticity
and symmetric biconvexity in Theorem Similarly to before, we review the notion of symmet-
ric joint convexity in our context of (I3]) and provide characterizations of BD-elliptic envelopes.
We round off the article with a curios example of a biconvex function that is symmetric biconvex
although it does not appear to be so at first glance.

2. PRELIMINARIES

2.1. Notation. Let n € N. We denote the standard basis vectors of R"™ with eq,...,e,. For
the Euclidean scalar product of two vectors a,b € R", we write a - b and the length of a is then
given by |a| = y/a - a. Their tensor product (or outer/ dyadic product) a ® b € R™*" is defined
componentwise as (a ® b);; = a;b; for every i,5 € {1,...,n}; we denote its symmetric part
%a @b+ %b ®a as a®b. The (n — 1)-dimensional unit sphere S"~! consists of all vectors in R"
with unit length. Let € S~ ! be given and let (i,...,(,—1 € 8! be such that the matrix
S = (|¢1] - |Cuo1) € R™*™ satisfies STS = SST = Id and det S = 1, where (-)7 stands for
the transpose and Id € R™*" is the identity matrix. With a little abuse of notation, we use the

symbol z - nt to indicate x - ¢; for every i = 1,...,n — 1. In particular, we write
—a<z-nt<a = —a<z-G<aq, for all i e {1,...,n—1}. (2.1)
for o > 0.

The scalar product of two square matrices A, B € R™*"™ shall be givenas A : B = Z? =1 Ai;Bij;

this scalar product then induces the Frobenius norm |A| := vV A : A of A. For the set of sym-
metric and skew-symmetric matrices in R™*" we write RI\" and RJ<"; note that A : B = 0 if
A€ RY and B € RiSH.

The notation U € V for two sets U,V C R"™ means that U is compactly contained in V.
Given n € S" !, we define @, as the open unit cube in R" centered in the origin such that two
faces are orthogonal to 7.

Moreover, we define uy, = Al{,.,>0} on @, as the elementary jump of A € R™ accross the
midplane of @, perpendicular to n; here, 1y is the indicator function of set U C R", which is
1 on U and vanishes on R™ \ U. A function h: R™ — R is called positively 1-homogeneous if
h(ag) = ah(€) for all £ € R™ and all o > 0. We say that a function f: R” x S*~! — R is even
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if f(=X\,—n) = f(\,n) for all A € R® and n € S"~!. For such a function f, we introduce its
positively 1-homogeneous extension in the second variable as

A n
FiR"xR" 5 R, () il (% ym) for 1 € R*\ {0},

0 for n = 0.

(2.2)

By H"~! we mean the (n — 1)-dimensional Hausdorff measure and £" is the Lebesgue measure
in R™.

Let U C R™ be measurable and 1 < p < oo; then we employ the standard notation for
the Lebesgue spaces LP(U;R") and the spaces BV(U;R"),SBV(U;R"), as well as C*(U;R™).
If w € BV(U;R"), then we write J, for the jump set of u, v, € S*~! for its normal, and
[u] == u™ — u~, where u™ and u~ are the approximate limits on both sides of J,; note that
the pair ([u],v,,) is only unique up to a sign, which is why we always work with even surface
densities.

2.2. Auxiliary results. We first prove that rank-one matrices have a decomposition into tensor
products of two vectors in R™ and S"~! that is unique up to a sign.

Lemma 2.1. If (\,n),(N,n') € R" x S"~1 with \, N # 0 satisfy A\@n = XN @1/, then it holds
that ()‘777) = ()‘/777/) or ()‘777) = (_)‘/7 _T,/)
Proof. Choose any & € R” such that n- £ = 0, then it holds that

- ON =N en)E=Aeni= 0 Hr=0.

Since X' # 0, it holds that ' - £ = 0 for any £ € R™ with £ -7 = 0 and thus 7’ is a multiple of 7,
which results in either n’ = 1 or ’ = —n because both vectors are normalized. Then, for any
x € R™ we find that either

(- A=XN))np=0 or (z-(A+X))n=0,
which means that A = ) or A = =\ O

Next, we briefly cover a few properties of one of the central functions in [I8 Theorem 2.3],
which will also be relevant in this work.

Lemma 2.2. Let f: R"xS8" 1 — [0,00) be even, positively 1-homogeneous in the first variable,
and continuous. Then, the function ®;: R™*™ — [0,00) given by

m
Os(F) = inf{Zf()\i,m) cmeN, (\,m) €R" x 8"t for alli € {1,...,m}
i=1
. (2.3)
i=1
for F € R"™ "™ is positively 1-homogeneous and convexr and the integer m in (2.3]) can be chosen
as m=n?+ 1.

Proof. Step 1: Auziliary function ¢;. First, we define the function

f\n) i F=X®nfor (\,n) € R* x S"~ 1,

. (2.4)
00 otherwise,

¢ RM™ - [0,00), F — {
and show that ¢; is well-defined. If FF = 0, then F = 0 x n for any n € S"~!. Since f is

continuous and positively 1-homogeneous in the first variable, it holds that f(0,7) = 0. The
case ' # 0 can be handled via Lemma 2] and the evenness of f.
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Step 2: Convex envelope of ¢¢. As f is positively 1-homogeneous in the first variable the func-
tion ¢ is positively 1-homogeneous. Its convex envelope is then also positively 1-homogeneous
and coincides with ®, since

n?+1
inf{ Z pidr () s i >0, Fy € R™™ for all i € {1,...,n* + 1}
i=1

n2+41 n2+1
with 3 ji=1land > wF = F}
=1 =1

n2+1
= inf{ Z pif(Niymi) = i >0, (A, m;) € R™ x S" forallie {1,... ,n2 + 1}
i=1

n2+1 n2+1
with Z,uizland Z”iAi@Ui:F}
=1 =1
n2+1 n2+1
- inf{ 3" Fum) s iym) € R x 8" forall i € {1,...,n2 + 1} with > A\ @n = F}
=1 =1

m m
= inf{Zf()\,-,m) :meN, \,m) €R" xS L forallie{l,...,m} with Z)\i Qn = F}
i=1 =1
The last two equalities are a direct consequence of the positive 1-homogeneity of f in the first
variable and the proof of [11, Theorem 2.35]. O

Remark 2.3 (Alternative representations of ®¢). Let f: R” x 8"~! — [0,00) be even,
positively 1-homogeneous and subadditive in the first variable, and continuous. In particular, f
satisfies

f\n) < C|A| for every (A\,n) € R" x S ! (2.5)

with C' = maxgn-1,gn-1 f. According to [I8, Theorem 2.3], the function ®: R™*"™ — [0, 00) in
([23) can then alternatively be expressed as

®(F) = sup {§(F) : 0 is subadditive on R™*™, (A ®n) < f(A,n) for all (\,n) € R" x "'}

= inf{ f([u],vy)dH™ L i u e SBV(Q,;R™), Vu =0 on @y, u(x) = Fx for x € 8Qn}
Ju

= inf{ ; f([u],vy)dH™ L i u e SBV(Q,; R™), Vudzx =0, u(z) = Fz for x € 8@,7}

Qn
for every F' € R™*™. Moreover, it holds that

Pr(A®n) = inf{ F([ul,v) AH 1w € SBV(Q,; R™), u = uy,y on 8Q,, Vu =0 on Qn}
Ju
for every (\,n) € R" x S"~L. A

Finally, we state the well-known fact that convexity and subadditivity are equivalent for
positively 1-homogeneous function. This result will be needed a few times in Section [3

Lemma 2.4. Let h: R™ — R be positively 1-homogeneous, then h is subadditive if and only if
h is convex. In this case, the function h is also continuous.

3. BV-ELLIPTICITY AND RELATED NOTIONS

3.1. Basic definitions and properties. First, we provide the reader with a few classes of
functions that appear in the literature, though often without explicit notation, in the context
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of BV-ellipticity and lower semicontinuity of surface energy functionals. For n € 8", we
introduce

SBVo(Qy; R") ={¢ € SBV(Q,;R") : ¢ = 0 on 0Q,},
VAo (Qn; R™) :{gp € SBV(Q,; R") : / Vedxr =0, =0 on 8Qn},
Qn
VGo(Qy; R™) ={p € SBV(Q,; R") : Voo =0 on @, = 0 on 0Q,},

PCo(Q,; R™) :{(,0 € SBV(Q;R") 1 ¢ = Z}\k]lpk with A\, € R”,
keN

and (Py)x a Caccioppoli partition and supp ¢ € Qn},

SJo(@n:R™) ={¢ € SBV(Q,;R") : ¢ = Alp with A € R", P € Q}. (3.1)

The space SBV((Qy;R") appears in [0, Theorem 4.2.2], the subset VA (Q,; R™) with vanishing
average of the gradient and VG(Q,; R") with vanishing gradient can be found in [10, Theorem
2.16, Theorem 2.17]. The set of piecewise constant functions PCy(@Q,;R™) (in the sense of
Caccioppoli) is the standard class of test functions for BV-ellipticity and appears in, for instance,
[, Definition 5.13]. Single jumps in SJo(@,; R™) are an addition of ours to round of the discussion
about different BV-ellipticity notions.

Clearly, it holds that

SJQ(Qn;Rn) C PCQ(Qn;Rn) C VG()(Q”;R”) C VAo(Qn;Rn) C SBVQ(Qn;Rn). (3.2)

All inclusions above are also strict: while the first and last one are obvious, the other other two

might not be as easy to see. For the second inclusion, we refer to the construction in [I8, Lemma
5.2]. As for VGo(Q.; R™) € VAo(Qy; R™), we choose A € R™™\ {0} and n € 8"}, define

Q;’::{xEQn:x-UZO} and Q;::{$€Qn::n-n<0}, (3.3)

and

. 1
@) = {0 if 2 €Q,\1Q, reo,

+tAz if x € 1QF,

and observe that ¢ € VAo(Q,; R™) \ VGo(Qy; R™).
Now, we introduce several BV-ellipticity notions with varying classes of test functions.

Definition 3.1 (BV-ellipticity). Let f: R” x S"~! — [0,00) be an even function. We say
that f is BV-elliptic if for any A € R and n € S*~! it holds that

FO < [ f(il ) ! (34)
for all v € uy , +PCo(Qy; R™).

More generally, we say that f is BV-elliptic with respect to SBVy/ VGo/ VAy/ STy when
B4) holds with PCo(Qy; R™) replaced by one of the corresponding sets introduced in (3.1).

In Section B2l we provide characterizations of all these BV-ellipticity notions. While BV-
ellipticity with respect to the extreme cases SJg and SBVg result in trivial statements, BV-
ellipticity with respect to PCy, VG, and VAq are all equivalent and coincide, under suitable
conditions, with biconvexity. In general, the latter is a stronger notion and is much easier to
verify. We introduce this concept in the next definition and adapt it from [3] Section 2.2].
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Definition 3.2 (Biconvexity). We call f: R" x S"7! — [0,00) biconvex if there exists a
convez, positively 1-homogeneous function ®: R™*™ — [0,00) such that

fun) =2\ ®n)
for every (\,n) € R® x S*~1.

Naturally, any biconvex map has to be positively 1-homogeneous in the first argument. It
was already conjectured in [3, Page 9] that BV-ellipticity with respect to PCy and biconvexity
are equivalent concepts. This conjecture can, however, not be true in general. To see this, one
needs to construct a BV-elliptic function that is not a positively 1-homogeneous in the first
variable. This can be done with the help of a jointly convex one with said property, cf. Remark
B0 or [B, Definition 5.17], as every jointly convex function is BV-elliptic with respect to PCy
in view of [5 Theorem 5.20]. If one amends this question by requiring positive 1-homogeneity
in the first variable, then the two definitions are indeed equivalent, as is shown in Theorem [3.7]
below.

We now gather a few properties emanating from BV-ellipticity with respect to SJg. This
statement can be drawn from combining and adapting the proofs of Theorem 5.11 and The-
orem 5.14 in [5]. The benefit of our argument is a direct proof which does not rely on lower
semicontinuity arguments.

Proposition 3.3. If f: R" x S"~! — [0,00) is even and BV -elliptic with respect to SJg, then
the following statements hold true.

i) For any n € 8", the function f(-,n): R™ — [0,00) is subadditive.

1) For any A € R™, the function f(A,-): R™ — [0,00) (cf. [22])) is convez.

Proof. i) For fixed \,¢& € R™ and n € 8" !, we use the single-jump test functions () C
SJo(Qy; R™) defined by

Pk = —Eljocom<l 1 d<onici-ty  fork>2

see Figure [[l(a); recall also the notation ([2.I)). Setting up = uy, + ¢k (see Figure [di(b)), the
BV-ellipticity with respect to SJo(Qy; R™) gives

fAm) < J F(un), va,) M

1\n—1
=(1-3) UO-en+fEn)
_ n—1
+ %(1 - %) i (2 FOum) + ; (f(=&.G) + (=€, —c»));
letting k£ — oo yields

fum) < fA=&m) + f(&,m).
Substituting A by A + £ implies

fA+&n) < fAn) + f(&n)  for A& eRY,

which means that f(-,7) is subadditive for any fixed n € S"~1.

ii) In view of Lemma 24 we can equivalently show that n — f(\,7) is subadditive on R".
We illustrate the proof in the case n = 2 for clarity and indicate how to modify it for general
dimensions n € N.

Let 171,72 € R? and set 19 :== 01 +n2 and 7j; := n;/|n;| for every j € {0,1,2}. On the “upper”
side of the square @5, we build a triangle T° with side lengths Ly = p > 0, L1 = p|n1|/|no|, and
Lo = p|na|/|no| and normals 79, —71, and —1,, respectively. Notice that the triangle “closes”
because of the definition of ng. Setting p = ﬁ, we let T* be the corresponding triangle, and we
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(a) (b)
FIGURE 1. (a) the function ¢y and (b) the function uy in dimension n = 2 (here
pictured for k = 4), the dashed lines marking the jump set J,, . For the purpose
of illustration, here we have taken ), ¢ € R? with vanishing first component.

denote by Tj, the union of 2k — 2 triangles given by shifting 7% along the upper side of Q7o SO
that dist(7},0Q,) > i Let now ¢y, € SJo(Qy; R™) be the function taking the value —\ on T},
and use up = uy 7, + @k as a test function for the BV-ellipticity of f with respect to SJo. We
have

FOumo0) = ol i) < [l /J F(lug], vy 42!
" (3.5)

1| 1 g ; ;
= {No 2k —2 |:f A)Ul YR +f )‘7772 | f )‘7771 +f )‘7772
ml(2k = 2)| PO I FO ) g | = ) + FOm)
as k — oo, so that f is subadditive.
To deduce the statement for arbitrary dimensions, it suffices to use the previous construction
on a thin cuboid whose base is a 2-dimensional section of the cube Q7,, and whose thickness is
5 in the remaining n — 2 dimensions. In doing so, the bracket in (3.5) must be modified to

(1 1) ek 2 s a g B o 2 (2 e s
k)™ i Tl | T \2k) TR

which reduces to the right-most term in (B.5]) in the limit as k — oo. O

Remark 3.4. Let f: R" x 8" ! — [0,00) be even, positively 1-homogeneous in the first
variable, and BV-elliptic with respect to SJo, then f is separately convex, in view of Lemma 2.41
In particular, it follows that f, and thus also f, is continuous and satisfies (2.5)). A

3.2. Characterization results. In this section we show that, under suitable assumptions, BV-
ellipticity with respect to the extreme sets SJg and SBV( turn out to be rather trivial and that
all other BV-ellipticity notions introduced in Definition Bl coincide.

Proposition 3.5. If f: R" x S"~! — [0,00) is even and positively 1-homogeneous in the first
argument, then f is BV-elliptic with respect to SBVy if and only if f = 0.

Proof. For any (A\,n) € R" x 8"~ ! and k € N, let ¢), € C°(Q,; R") such that

Yp=—Ain (1-1)Q, and SlllgPH%Hoo < C < +o0,



CHARACTERIZING BV- AND BD-ELLIPTICITY 9

for some positive constant C'. We define ¢ = wle;, with Qf{ as in (33) and observe that
i, € SBV(Qy; R™) by design. The only jumps of u;, appear on the set
Ny={z€Qyio-n=0, -3+ <z <g- g}

Since f is BV-elliptic with respect to SBV, one obtains with the test fields uy, := wy , + ¢} and
in view of Proposition [33]7) that

f(Am) é/

Juy,

<H" Y (N f(\n)+C

ol ) 4= = [ 5O e

Ny
(ot
NN {4 #0} |9k || oo

< (140) max [f(€mH"™ (Ni) 0.

The second step exploits that f(0,1) = 0 for all € S*~!, noting that f(-,n) is continuous by
Lemma [2.4] and the third one makes use of the subadditivity in combination with the positive
1-homogeneity of f; for the final two steps, we have used that f is continuous in its first variable,
and hence, f(-,7) is uniformly bounded on S"~!, and that

H'HNE) <1—(1—4)"!

tends to zero as k — 0. This shows that f < 0, from which we conclude that f = 0 since f is
non-negative by assumption. O

The next theorem shows that separate convexity of the positively 1-homogeneous extension
of f: R" x S"~! — [0,00) in the second variable is sufficient for the BV-ellipticity of f with
respect to SJg.

Proposition 3.6. If f: R" x S"~! — [0,00) is even and positively 1-homogeneous in the first
variable, then f is separately convez if and only if f is BV -elliptic with respect to SJg.

Proof. The necessity follow immediately from Remark B4l We now turn to the proof of suffi-
ciency. Let (\,n) € R" x 8" and ¢ € SJo(Qy; R™) with ¢ = {1p for ¢ € R" and P € Q, a
set of finite perimeter. Moreover, take PT := PN Q:{ and P~ = PNQ, with fo as in ([3.3).
In the following, we take OP as the reduced boundary of P in the measure-theoretic sense and
let vp: OP — S™ ! be the generalized outer normal to P according to [5, Section 3.5]; and
analogously for P*.

Setting Ny, = {z € @, : ©-n = 0}, by the measure-theoretic Gau-Green formula (see

e.g. [5]),

/ vpr dH" ! = —/ vpsr dH" ! = £H"H(OPF N N,)n. (3.6)
APE\N,, OPENN,

By Jensen’s inequality, exploiting the convexity of f in its second variable, we find together
with (3.0]) that

J S 2 0P\ N (6 f

OPT\N,
= H"LOPT\ N, f(—€,m),

Vp+ d%n_l) (3 7 )
da

and similarly,

/ F(=&,vp-) AH™Y = W1 (OP~ \ Ny) f(—€, —1). (3.7b)
OP—\N,
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Further, let u = ), + ¢ and invoke (3.7) and the evenness of f to obtain

£([u], v) dHT = / (=€, vpe) AR 4 / F(—&,vpe) dHn!
Ju OP+\N,

6P7\N7,
+ / F—&— A —m)dHm !+ / FOh— &) dHr!
dPT\OP~NN, aP—\OP+NN,
+ / FOum AR ¢ / O ) AR
N,\OP dP+NAP—NN,

> HPTHOPT N\ Ny) f(=€,m) +H"HOP™ \ Ny) f (&)
+HHOPT\OPT NN f(E+ A n) +H"H(OP™ \OPT NN, f(A—&n)
+H N, \ OP)F(A,n) + H(OPT NP~ NN, f(An).
Using the estimates
H'HOPT\ Ny) 2 H'"HOPT\OP™ NN,y) and  f(\n) < fF(A£E&m) + fF(FE ),
which hold due to ([3.6) and Lemma B3] a), we find

| #ln) et = 1 0P 0P AN, (£(€+ M) + (=)
SuNQy

+HTHOPT\OPT AN, (= &) + F(&m)
+HH N \OP)f(A ) + HOPY N OP™ NN, F(A ) = (A n),
since
H" YN, \ OP) + H" 1 (OPT\ 0P~ N N,) + H* H(OP~ \ 9PT N N,) + H(OPT NOP~ NN,)
=H"Y (N, \OP) + H" (0P \ N,)) = H" }(NN,) = 1.
O

As a consequence of [I8, Lemma 6.2 and Lemma 6.3], BV-ellipticity can be characterized as
follows:

Theorem 3.7 (Characterization of BV-ellipticity). Let f: R™ x S"~! — [0,00) be even
and positively 1-homogeneous in the first argument. Then the following statements are equivalent:

(1) f is BV-elliptic with respect to VAg;
(2) f is BV-elliptic with respect to VGy;
(3) f is BV-elliptic with respect to PCy;
(4) f is biconvex and f(A\,n) = Pr(A®n) for every (A\,n) € R", cf. (Z3).

Proof. The implications “(1) = (2)”, “(2) = (3)” are trivial in light of (8:2). It remains to
prove “(3) = (4)” and “(4) = (1)”. Let (\,n) € R” x S~ ! now be arbitrary.
“(3) = (4)”. As a consequence of Remark [3:4], the function f is separately convex, continuous

and satisfies (Z0]). Then, the assumptions of Remark 23] are satisfied in view of Lemma 2.4 and
it holds that

Op(A®n) = inf { Ful,va) dH" 1 u € uy ) + VGO(QU;R")}
Ju

= inf{ F(ul,v) dH™™ i u € uyy + PCO(QU;R")};
Ju

the latter equality follows from the proofs in [I8, Section 6] where only test functions in PCj
instead of VGg are employed. Due to the BV-ellipticty with respect to PCy of f, we then
conclude that ® (A ®n) > f(A, 7). On the other hand, by choosing u = ), as a test function,
one immediately finds that ® (A ®@n) < f(A\, 7).
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“4) = (1)”. Let ¢ € VAg(Qy; R™) and u = uy 4 + . Then, we infer by Jensen’s inequality
and by exploiting the positive 1-homogeneity of ®; (see Lemma [2.2) that

. f([u],vy) dH™ 1 = /J Pp(fu] @ vy) dH" ™ > q>f</J [u] ® vy d”H”‘1>

=0r(A®n) = f(An).
To see the equality before the last, we argue that
/ ] © vy dH = / A+ [g]) @n dHm + / o] ® v, M
u N, Ju\Ny,

:/\®77+/ [Pl @ v, dH" ' =A@,

T

due to
/ (0] ® v, dH" ™ = Dp(Q,) — / Vodr = / YRV, dH™ ' =0,
Jo Qn 0Qn

where we have exploited that the mean value of Vy on @, is zero and that ¢ has zero boundary
conditions on 0Q),,. Moreover, we used the fine properties of SBV functions (see [5]) and

Do) = [ ¢ vg,dn,
n
which follows from the trace theorem for BV functions, see e.g. [13] Section 5.3, Theorem 1]. O
Remark 3.8. It is known (see [16, Proposition 4]) that SBV-functions cannot generally be
approximated by piecewise constant ones. PropositionB.5land Theorem 3.7l provide an additional
confirmation of this fact: if such an approximation existed, then SBVg-elliptic functions could

be approximated by PCg-elliptic ones, but this cannot be the case since the former class only
contains the zero function. A

To close this section, we briefly discuss two closely related topics. We first cover a relaxation
result in the BV-setting. Here, Theorem [3.7] is the key to characterizing BV-elliptic envelopes
of even functions f: R" x S"~1 — [0,00). Two versions of such envelopes could be defined as
follows:

BY(\n) == sup {h(\,n) : h is BV-elliptic and h < f},
fev(An) = inf{ Flul,va) dH" ! s w € upy g + PCO(QU;R”)} :
Ju

In the following, we prove that they both suitably coincide with ®; under the assumptions in
Theorem [3.71

Proposition 3.9 (BV-elliptic envelope). Let f: R" x 8"~ 1 — [0,00) be even and positively
1-homogeneous in the first variable. Then, it holds that

PV O0m) = fev(An) = @A @),

for every (\,n) € R™ x 8"~ In particular, the BV-elliptic envelope of f is BV-elliptic, and f
1s BV-elliptic if and only if it coincides with its BV -elliptic envelope.

Proof. The function
FiRY x 8" 15 [0,00), (A,m) = @A @)
is BV-elliptic due to Theorem B.7l Hence, it follows

orA@n) = f(An) < PV (\n)
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for every (\,n) € R" x 8!, The inequality fpy < f has been shown in [I8, Lemma 6.2], so it
remains to show that f2Y < fpy. To this end let u € uxy + PCo(Qy; R™) be any test function
and let € > 0. By definition of fBY, we find a BV-elliptic function h with h < f such that

FPY ) < h(Am) + e < / h(ul,v) AR e < | F([u),va) dH™ ! e,
Ju

u

Since u and ¢ are arbitrary, we conclude the remaining inequality. O
Lastly, we mention another closely related notion of convexity.

Remark 3.10 (Joint convexity). We say that an even function f: R" x S"~! — [0, 00) is
jointly convez if there exist Lipschitz continuous functions g; € C*(R™;R") for every i € N such
that
fn) = sug (gi(/\) — gi(O)) -n  for every (\,n) € R" x s
i€

This definition differs slightly from the literature [5, Definition 5.17] in the sense that we do
not require the functions g; to be defined on compact sets. We also do not necessitate uniform
continuity and boundedness when extending the functions in [5, Definition 5.17] to all of R™.

It turns out that this convexity notion is also equivalent to BV-ellipticity if f is positively
1-homogeneous in the first variable. Indeed, any jointly convex function is BV-elliptic and the
proof can be handled exactly as in [5, Theorem 5.20].

On the other hand, any biconvex function is jointly convex since any convex function ®: R"*" —
[0, 00) with ®(0) = 0 can be approximated from below by linear functions g;: R™*" — R, which
can be expressed as g;(F) = A; : F for some A; € R™™" and every F' € R"*". A

4. BD-ELLIPTICITY AND RELATED NOTIONS

4.1. Basic definitions. First, we introduce the primary set of test functions relevant for BD-
ellipticity. For € S"~!, we define the set of piecewise rigid functions with compact support in

Qy as

PRo(Qy;R") = {gp € SBV(Q;R") : ¢(z) = Z(Ak:n +by)1p, (z) for x € Qy,
keN

Ap e REX™ by, € R™, (Py) a Caccioppoli partition of @, and supp ¢ € Qn}7

skew’
cf. [14] Section 2.1], and give the following definition of BD-ellipticity:

Definition 4.1 (BD-ellipticity). We call an even function f: R"xS"~t — [0, 00) BD-elliptic
if

fum) < / £ ([, v) dH

u

for every u € uy,; + PRo(Q,: R™).

Several examples of BD-elliptic functions can be found in Section [14] Section 4].
The next definition is the BD-analogue of biconvexity, taken from [I4] Definition 4.8], and
tailored to our setting.

Definition 4.2 (Symmetric biconvexity). An even function f: R"™ x S"™1 — [0,00) is
said to be symmetric biconvex, if there exists a conver and positively 1-homogeneous function
U REX™ — [0,00) such that

sym

fONn) =¥\on) foral (\n) € R" x S L,
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Before we prove our second main theorem, we briefly summarize a few properties of BD-
elliptic functions as a direct consequence of their BV-ellipticity.

Remark 4.3. Let f: R" x S"~! — [0,00) be even, positively 1-homogeneous and BD-elliptic.
In view of PCo(Qy;R") C PRo(Qy;R"™) and the chain of inclusions in (8.2), it follows from
Proposition 3.3l and Remark 3.4l that f as in (2.2)) is separately convex, continuous and satisfies

@5). A

4.2. Characterization result. First, we prove that BD-elliptic functions that are positively
1-homogeneous in the first variable are symmetric in the sense that the two variables can be
switched.

Proposition 4.4 (Symmetry of BD-elliptic functions). If f: R" x S"~! — [0, 00) is even,
positively 1-homogeneous in the first variable, and BD-elliptic, then

fOun) = f(n,\)  for all (\,n) € R" x R", (4.1)

with f as in 2.2).

Proof. Since f is positively 1-homogeneous in both variables, it suffices to establish ([@I]) for
unit vectors. For n = 1, the statement is clear, which is why first consider the case n = 2. We
detail the generalization to higher dimensions in Step 3.

Without loss of generality, we may assume that A € S?! is arbitrary and 1 = e. The goal
is then to show

f()‘7 62) < f(627)‘)’

Our proof strategy relies on the construction of suitable test functions that generate many small
jumps by multiples of es in the direction A, and at the same time compensate the elementary
jump uy.,. To establish the above inequality for any given n € S"~1, we simply rotate the
construction. The desired equality (@Il can be obtained by exchanging the roles of A and
n. If A = +eq, there is nothing to prove, which is why we exclude this case in the following
calculations.

Step 1: Construction on a single triangle (n = 2). Let k € N with k£ > 2. In this step, we
consider the unique matrix 4; € R2*? with the property that

skew

Akel = —k‘2€2. (4.2)

We define a small triangle Ay with vertices 0, %el and & = %el + k—%w, where w € S' is the
vector with

1
For now, we assume that w - e5 > 0; the case w - ea < 0 is detailed at the end of this step.

We intersected the triangle by k? — 1 parallel lines with normal A in such a way that their
intersection points with [0, %) x {0} are equidistant with distance k_13 The resulting geometric

figures inside A}, (a single triangle and k? — 1 trapezoids) are denoted by M ,%, e M ,52, counting
from left to right. For an illustration of the geometric setup, see Figure 2
We now set

in(z) = Akx+%eg ifoMg for some j € {1,...,k%},
R U eo (T) if o ¢ Ay,
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A, Ek

o
!
=

1€k
%2

\
=
o

i

2
o
1
k3

FIGURE 2. An illustration of the triangle Ay, including k% — 1 parallel lines

with normal A that intersect the bottom line equidistantly. All other lengths are
uniquely determined as a consequence of the intercept theorem:.

for x € Q,. The task is now to carefully estimate the jumps of u; on 0Aj as well as those
within Ay. Along the bottom edge Di of Ay in direction e;, we compute with (£2) that

3 .
f([uk] Vi, ) dH™™ 1 Z/ :171+ 62,62 dxl Z/k (—k‘2x1+%) dzqf(eg, e2)
= 1 < 1 4.4
Z k4f €2, 2 k2f(e2762) = ﬁs ma‘é‘(n 1f ( . )

note that —k2x; + % > 0 on (Jk;;, %), which allows us to exploit the positive 1-homogeneity of
[ in the first variable. With similar arguments, we estimate, with the help of (£2]) and (&3],
along the top edge Di of Ay, in direction & == ‘5—1k|§k (and outer normal ()

k2 JlEk|

b f([ag), va,) dH" ™ = ;/@ PO REAE — fean () dt
gl
2_: G- 1>\sk\ At iqtes — Zrth — fea, Gi) dt
k_ a\sk\
Z[a ey [ — Bt S G) — (gt - E)f(—eka)] dt
— EZ;' f(—e2, G) < % ,max f< %Sn max f (4.5)

On the shortest edge D3, in direction w € S"~!, we observe the total jump energy

2

Flag), va,) AR = /EZ FO A+ key — KA — keg, \) dt
0

D},
— FOUN) /ﬁu B2 b+ F=A ) [T (= 1) at
1 1
= S FON +FCAN) < 5 maxf (16)
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due to (£3)). The parallel lines inside the triangle Ay, which we denote by L{C and have length
% for j =1,...,k* — 1, yield the jumps

k2-1 E2-1 .
Z /el va) b P= Y Lf (e
7j=1
k2 1
k:4 k:2 1
=5 Z if(e2,N) = —5—Ffle2, V) < 2 f(e2, ). (47)
If w-eq < 0, then we redefine Ay as having the vertices 0, — el, and — el kzw; the parallel
lines Li for j =1,...,k* —1 inside A} are drawn analogously. The function %y, is now set to be

_ —Apx — %62 ifxe Mg for some j € {1,...,k?},

ag(z) = )
U e, (T) if x ¢ Ay,

for x € Qe,. Using the evenness of f, it is evident that the previous estimates still hold.

Step 2: Extending the construction to multiple triangles (n = 2). We now chqose k = 2N for
N € N and place k — 2 = 2N — 2 copies of Ay next to each other, i.e., we set A} = Ap + 55€1
fori € {1 —N,...,N —2}, cf. Figure Bl Moreover, we define

e T T o ‘

1 1 ‘
2N 2N

FIGURE 3. An illustration of the translated copies A}; of Ay.

() Up(z — Fe1) if x € A for some i€ {1—N,...,N —2},
ug(x) =
g U eo (T) otherwise,

for x € Qe,. In light of ([@4]) - (£7) and Figure Bl we then obtain
/ F([ur] v, ) AR =

k
k21

= pf0e+ =2 | [ fllmd v an- Y ) e
<gf(>\e)+(/<: 2)<3 f+ f(e ))
=k }2 snlygn-1 2y

For k — oo, this estimate and the BD-ellipticity of f yield

F(\ e2) < limsup /J £ (fu], ) AHPY < e ).

k—o0 uy,

Step 3: Generalization to higher dimensions (n > 3). Let n € N with n > 3. We aim
to prove again that f(\,ea) < f(ea, A) for any A € S"~1. To this end, let us consider the
two-dimensional plane H spanned by A and es, choose a vector v € S" ' N N, N H with
Ne, = {x € Qe, : © - e3 = 0}, and select the unique matrix Ay € RX" with

skew
Apv = —k?es and Ayz =0 for every z € H™, (4.8)

where H™' is the orthogonal complement of H. This matrix describes a rotation by - and

scaling by k2 in the plane H. If X lies in the e;-eo-plane then Ay can be chosen as in the Steps 1
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and 2 and filled up with zeroes in the remaining components. Any other case is handled by the
fact that UTAU € RIZ" for every A € RI" and every orthogonal matrix U € O(2). As before,
we select w € S"! such that (43]) is satisfied and assume that w - ea > 0; the case w - ez < 0
can be addressed analogously.

In the A-es-plane, we can set up a triangle Ay as in Step 1, where ey is replaced by v. We
introduce parallel right prisms Ak n» €ach base of the shape A, where i is taken from an index
set I of consecutive mtegers with cardinality k. These prisms are constructed in such a way

that dist(A}, n,@QGQ) E and their union covers the hyperplane N,, up to an error in H" -
measure of order % Moreover, we intersect each prism by k% — 1 hyperplanes with normal \;
the intersection of these planes with the prism Afw are called L?fn and we denote the resulting

geometric subfigures by M g; for j € {1,...,k%}. We then define

() {Ak(x—%v)+%62 ifoMg’iforsomejG{1,...,1{:2},1'6[,
U ) = ’

U e, () otherwise,

for z € Qe,.

The calculations for the occurring jumps are now simple modifications of those in Steps
1 and 2 due to (£3) and (A8). For instance, in the analogue case of ([LT), we can write
Ly, = (L], + iv) x Cy., with (n - 2)-dimensional cuboids Cj,, C H*. The jump energy across
these surfaces 1n51de the prism A} is given by

k-1 k2—1
Z/ uk l/uk)d”H" 1= Z / f( eg,)\) dH L < H™ 2(C’,m) flea, N).
= LI xC? k

After taking the sum over all i € I, the right-hand side converges to f(ez, A), since the expression
Y icr H"_Q(C]im)% converges to the H"~!-measure of N, up to an error of % The computations
for the remaining surfaces, that is, the analogues of (4.4)) - (4.4]), are even easier since the cuboids
C’,im are bounded and the cardinality of I is of order k.

Additionally, one needs to account for the jumps across the two bases AZ and AZ of each
prism, which are described by the triangle Aj. If n = 3 and z € H+ with |z| = 1, then the
energy contribution of the jumps across these two triangles Wlth normal z (or —z) vanishes in
the limit. Indeed, since the lines L] from Step 1 have length for all j € {1,...,k% — 1} and

the edge of A; with normal A\ has length 7z, we find that

/. £ (lug], v, ) dH™ Z/kg /Hf()\ Aj(tv + sw) — Les, z) dsdt
i 0
k2 j

25

ZE:/k3 /Hf()\+k2t€2—/€28)\— %eg,z) dsdt
- J

7j=1 k;Sl 0
SZ/ 1/ C(1+ K+ ks + 1) dsdt

X 1= 0

J=1% %3

k2 J 2

w2 2C(3 + 2k)

<> /0 C(3+2k) dsdt = ——5—,

J=1" %3

while exploiting (2.5)), as well as ([£3) and ([£3J); analogously for A}. The energy contribution
at the combined prism bases therefore vanishes in the limit, considering that the cardinality of
the index set I is of order k. For n > 4, the bases of the prisms are sets of zero H"'-measure
and thus, can be neglected when calculating the surface energy. O
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Next, we prove the BD-elliptic generalization of [I8, Lemma 6.2], see also (IL4]), by tailoring
Silhavy’s construction to our setting.

Lemma 4.5. Let f: R*x 8" ! — [0,00) be even, positively 1-homogeneous in the first variable
and BD-elliptic. Then, for any (\,n) € R x S"~1 it holds that

3

for all (X\iym;) € R* x 8"t fori e {1,...,m} and m € N such that Y \" ;1 \i @0 = X O 7.

Proof. Let (\,n) € R x 8"~ ! with

AOn= Z Ai ® m;, or equivalently A®n = 22)% RN —nQ A, (4.9)
i=1 =1

for a collection (\;,7;) € R® x 8"~ ! for i = 1,...,m. We consider for ¥ € N with & > 2 the
rectangle

11 1 1 1
Bk::{meR":Oﬁx-nS—,——+—<x-nl§§——}

and define

v (x) if x € By, . | 9 K
= th — _)\i k - m; k A S| eW
e {umm g my, M @)= Y pA R )~ k@ )

for z € Q,; here, (n ® AV == %(7} ® A —A®mn), and the notation (r) stands for the integer
part of r € R. In particular, it holds that, for any ¢t € R and n € N,

0<t—%<nt> S% (4.10)
Note that (£9) and ([@I0) then yield that
|EX(z - 1) — vp(2)| = |E(A @)z é%)\ (K2x ;) 4+ k(n @ NV
= i_n: (@-m)— @A)z i%m%-nn + (@AY
< %2:; [Ail + 2:;)\2(:17 ) — RNz + (@AY
:%ip\y+‘(>\®n)x—(n®A)x+(n®ASkew ( Zm (4.11)

=1

for every x € Q.
The jump set J,, of u; can be written as the union

Juk:LkUMkUNkURkUSk
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with

Ly=\JILi with Lj={xeBy: Kz n cZ},
i=1

1
Mk:{l‘eaBk:0<$'7]<E},
2 2k 2
Ry ={x€0By:z-n=0},
1
Sk:{xeaBk:x-n:E}.

We now compute the energy of the jumps at these interfaces. Just as in the proof of [I8, Lemma
6.2], we obtain on Lj that

1 1 1
Nk:{ern:x-n:O,———<\x-nﬂ<—},

m

n— 1 % n— i
/L Flunl v ) U< 2D FQam)H TN L) = Y fim) ask oo, (412)
k i=1 i=1
where we have used that f is subadditive in light of Proposition B3l On Ny, we compute

/ I ([ur), vy dH" ! = %f()\,n) —0 ask — oo, (4.13)

Ng

and for x € My, we exploit ({II) to estimate
A —op(2)] < A=Az - n)| + [kA(2 - n) — vg ()]

< (G mD g DI < 200+ 3 < 2
=1 i=1
Hence, |\ — vg(z)| is bounded uniformly in & and
/M flug), vy ) dH™ =0 as k — oo (4.14)
k
since H"~1(Mjy) vanishes in the limit. If x € Ry, we use (@11 to obtain

ZP\:’L

()] = v (x) — kA(z - 1)

W |

and if x € Si, we similarly find

A —wv(@)] = [kA(z - 1) — vp(x

wh—‘

which results in
/ f(lug], v, ) dH™ =0 as k — oo. (4.15)
R, USk
Combining (AI2) - (£15), we then conclude the desired inequality since f is BD-elliptic and
U € Uny + PRO(QU; Rn) O
We are now in a position to prove our second main result of this paper.
Theorem 4.6 (Characterization of BD-ellipticity). Let f: R" x S"~! — [0,00) be even

and positively 1-homogeneous in the first variable. Then, f is BD-elliptic if and only if f is
symmetric biconvexr with

fsm) =@p(Aon)
for every (\,n) € R" x 8"~1, where ®; is given as in ([23).
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Proof. Step 1: BD-ellipticity implies symmetric biconvexity. 1f f is BD-elliptic, then it holds
that f(\,n) = f(n,A\) (cf. @2)) for every (\,n) € R" x 8! due to Lemma 4l In particular,
we find that

Or(A@n) < FsAn) + fGmA) = f(\n) (4.16)

for every (\,n) € R" x 87! since f is positively 1-homogeneous in both variables. In view of
Lemma [45] we conclude that the two sides of (4.I6]) coincide, which proves that f is symmetric
biconvex.

Step 2: Symmetric biconvezity implies BD-ellipticity. The proof is essentially a reformulation
and simplification of some results in [14]. For the reader’s convenience, we present the details
below. If f is symmetric biconvex, then there exists a positively 1-homogeneous, convex function
U R — [0,00) such that f(A,n) = ¥(A©n) for every (A,n) € R" x SnL

Following the proof of [14, Proposition 4.9], which is based on [5, Proposition 2.31], we find
a sequence of symmetric matrices (4;); C RIS such that W(F) = sup;ey 4; @ F for every

Sym
F e R:X" In particular, it holds that

sym *
fOn) =sup(A4;\) - for every (A, 1) € R" x "1 (4.17)
€N
Finally, we define the auxiliary functions g;(x) = A;x for every x € R"™ and continue with

the strategy in [I4, Theorem 3.4]. We fix i € N, (\,7) € R" x 8"~! with A\ # 0 (otherwise
there is nothing to show), and select any u € uy , + PRo(Qy; R™). Since u € SBV(Q,;; R™) and
gi € C1(R™;R"), we may apply the chain rule [5, Theorem 3.96] to differentiate the composition
gi ou € BV(Q,;R"), obtaining
D(g; o u) = Vgi(u)Vul + (gi(u™) — gi(u™)) @ v H" 'L J,
= A;Vul™ + (A[u]) @ v, H" L Jy

where D(g; o u) is the distributional derivative. By evaluating in @, and taking the trace, we
then find

Tr (D(g; o w)(Qy)) :/Q AZ-:(Vu)TdE"—i—/ (A;[u]) - vy dH™ L

Since A; is symmetric and (Vu)? is skew-symmetric, their scalar product vanishes. Moreover,
as g; o u — g; © uy, has compact support in @, it holds that D(g; o u)(Qy) = D(g; o ux)(Qy),
which leads to

/ (Ai[u]) - vy dH™E = (A;)) - .

u

Finally, we conclude from (£IT) that

) a4t = [ sup(aful) -paret
Ju Ju €N
> sup / (Aifu]) - ndH" = sup(Ai) - = F(A ),
ieN J 7, iEN
which proves that f is BD-elliptic. O

Now that we have established the equivalence of BD-ellipticity and symmetric biconvexity
under suitable assumptions, we turn to a relaxation result similar to Proposition For an
even function f: R™ x S"~! — [0, 00) we define the two BD-elliptic envelopes

PP\, n) = sup {h(\,n) : h is BD-elliptic and h < f},
fep(A,n) = inf{ f([ul,v) dH" ':u e Uy + PRO(QU;R")} .
Ju

for every (\,n) € R" x S"~1.
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Proposition 4.7 (BD-elliptic envelope). Let f: R" x S"~1 — [0,00) be even and positively
1-homogeneous in the first variable. Then, it holds that

fBD()‘777) = fBD()\ﬂ?) = (pf()‘ © 77)7
for every (\,n) € R" x 8", In particular, the BD-elliptic envelope of f is BD-elliptic, and f
1s BD-elliptic if and only if it coincides with its BD-elliptic envelope.

Proof. The proof can be handled analogously to Proposition B9l We merely replace Theorem
B.7 with Theorem .6 and [I8 Lemma 6.2] with Lemma O

Similar to Remark [B.10, we tackle one final related convexity notion.

Remark 4.8 (Symmetric joint convexity). We say that an even function f: R" x S*~! —
[0,00) is symmetric jointly convex if

F(m) =sup (g;(A) — g:(0)) -n  for every (A, n) € R" x S"71,
1€N

where g; € C}(R™;R") is Lipschitz continuous and conservative for every n € N.

Here, we merged [14], Definition 3.1] with the class of functions for ¢g; used in [14, Remark 3.2].
In our setting the chain rule for compositions of g; with BV-functions can be applied directly.
Moreover, if f is positively 1-homogeneous in the first variable, then symmetric joint convexity
is also equivalent to BD-ellipticity.

The proofs of both implications can be handled almost exactly as in Step 2 of the proof
of Theorem [£.6] which are inspired by [I4, Theorem 3.4] and [14, Proposition 4.9] but do not
require boundedness of the functions g;. A

We close this article with a curious example for a symmetric biconvex function. It has already
been establishes in [14, Example 4.16] that densities of the form

f()\ﬂ]) = 1/}()‘)7 ()‘777) eR" x ™!

with an anisotropic function 4 are, in general, not BD-elliptic. In the following, we tackle the
case 1 = | - |, which has been addressed in [14, Theorem 4.1]

Example 4.9. We consider the function
fiR?x S = [0,00), (An) = [A@1],

where |.| is the Frobenius norm. It is then obvious that f is biconvex, and also BV-elliptic due
to Theorem 3.7, since f(\,n) = ®(A ®n) for every (\,n) € R? x S! with

®: R*2 - [0,00), F s |F|.

It might be surprising to see that f is also symmetric biconvex, and thus BD-elliptic in view of
Theorem &6} since f(\,n) = ¥(A®n) for every (), 1) € R? x S! with

T:R2X2 5 [0,00), F > \/(Fi1 — Fa2)2 + (Fio 4+ Fo1)2 = /| F|2 — 2det F.

sym

However, neither ® nor ¥ (extended canonically to all of R**?) coincides with ®; (cf. (Z.3)) on
all of R?x2,

It turns out that ® is the nuclear norm | - |, on R?*?, i.e.,
Dp(F) = |F|y :=Tr (VFTF) = 01(F) + 02(F)

for every F € R?*2, where o1(F),02(F) > 0 are the two singular values of F. To prove this
identity, we turn our attention to Lemma [2Z2] in which we established that ®; is the convex
envelope of (24]). Since the nuclear norm is convex and coincides with f on tensor products,
we obtain the trivial inequality |- [, < ®. We establish the reverse inequality by exploiting the
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singular value decomposition: for every F' € R?*2 there exist orthogonal matrices U,V € O(2)

such that
o fou(F) 0 T,
F_U< ( 02(F)>v,

in particular, it holds that
F = O'(F)(Uel) & (Vel) + UQ(F)(UCQ) & (Veg).

This composition then yields that ®; < | - |« since the columns of U and V' are normalized and
the singular values are non-negative.
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