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This work revolves around properties and applications of functions whose nonlocal gradient, or
more precisely, finite-horizon fractional gradient, vanishes. Surprisingly, in contrast to the clas-
sical local theory, we show that this class forms an infinite-dimensional vector space. Our main
result characterizes the functions with zero nonlocal gradient in terms of two simple features,
namely, their values in a layer around the boundary and their average. The proof exploits recent
progress in the solution theory of boundary-value problems with pseudo-differential operators.
We complement these findings with a discussion of the regularity properties of such functions
and give illustrative examples. Regarding applications, we provide several useful technical tools

for working with nonlocal Sobolev spaces when the common complementary-value conditions
are dropped. Among these, are new nonlocal Poincaré inequalities and compactness statements,
Nonlocal variational problems and PDEs which are obtained after factoring out functions with vanishing nonlocal gradient. Following
Natural and Neumann boundary conditions a variational approach, we exploit the previous findings to study a class of nonlocal partial
Localization differential equations subject to natural boundary conditions, in particular, nonlocal Neumann-
type problems. Our analysis includes a proof of well-posedness and a rigorous link with their
classical local counterparts via I'-convergence as the fractional parameter tends to 1.

Nonlocal gradients
Fractional and nonlocal Sobolev spaces

1. Introduction

It is well-known that differentiable functions with zero gradient are exactly the constant functions, that is, for any open and
connected set 2 c R” and u € C!() it holds that

Vu=01in Q if and only if u is constant on £, 1.1)

and the same is true (almost everywhere) for Sobolev functions with weak gradients. One may wonder if this fundamental
observation carries over when considering fractional and nonlocal derivatives instead of classical derivatives. As intriguingly basic
as the question may sound, a universal answer is not easily available and depends on the specific setting, as we will demonstrate
in the following.

In fractional and nonlocal calculus, the study of gradient operators has attained increasing attention in recent years, see
e.g., [4,6,13,21,36,40,47,48]. The nonlocal gradient of a function u : R” — R is of the form

gpu<x>=/ MO D) XV i)y 1.2)
e lx=yl Ix—=yl

with a suitable kernel function p, whenever the integral is defined.
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Fig. 1. Illustration of a set 2 c R" with its expansion £;, the outer and inner collar regions I'; (green) and I'_; (light green), and the reduced set £_; (gray).

Especially the Riesz fractional gradient, that is, D’ = G,s with p® o |- |=0*+5=D for s € (0, 1), has been popular. Not only does D*
have unique natural invariance and homogeneity properties [48], it also lends itself to a distributional approach towards fractional
function spaces [13]; in fact, the function spaces associated with D* in analogy to the classical Sobolev spaces coincide with the Bessel
potential spaces HS?(R"), as observed in [47]. The combination of these features make D* a good choice of fractional derivative,
both from the applied point of view and in the context of variational theories and PDEs.

In contrast, a compactly supported, radial kernel p in (2.1) reduces the nonlocal interaction between all of R” to points within
an interaction range 6 > 0, commonly referred to as horizon. By cutting-off the Riesz potential kernel, one obtains the finite-horizon
fractional gradient defined as
)

S — . : s
D(S = ng with Py X | ] |n+s—1

where w; : R" — [0, 1] is a radial cut-off function supported in a ball of radius §; for further properties, we refer to Section 2.2.
These gradients D3, which we simply call nonlocal gradients in the following, are the key objects in this paper. They were first
considered in [6] by Bellido, Cueto & Mora Corral (see also [14]), motivated by applications in materials science. Since the nonlocal
gradients inherit the desirable properties from the Riesz fractional gradients, while being suitable for variational problems on
bounded domains, they have become the core of a newly proposed model for nonlocal elasticity.

On a more technical note, we remark that in order to properly determine Dju in €, the function u needs to be defined in the
set Q5 = {x € R" : dist(x, ) < &} enlarged by the horizon variable, and in particular, in the collar Iy := 25 \ @ of thickness
6 > 0 around £, cf. Fig. 1. The values of 4 in I'; can be viewed as nonlocal boundary values. One defines the space H*"*(Q) as
the functions in L?(£2;) with Dju € L?(£); see Section 2.2 for more details. As a powerful tool, we wish to point out the translation
mechanism established in [6,14] (cf. Section 2.3). It relates the nonlocal and local setting in the sense that nonlocal gradients can
be expressed as classical ones and vice versa, allowing for statements to be carried over; in formulas, we have

Di=Vo(@Qi* ) and V=PloD;, (1.3)

where Qj is an integrable, compactly supported kernel function and P; corresponds to the inverse of the convolution with Q3. In
comparison with the analogous results for the Riesz fractional gradient [36,47], the operator P; replaces the fractional Laplacian
of order =2,

Let us now return to and specify the question raised earlier:

Is (1.1) still true when V is replaced with G,?

In the case of the Riesz fractional gradient G, = D® on H*P(R") for p € (1,0), the answer is affirmative as a consequence of
the fractional Poincaré-type inequalites [47, Theorem 1.8, 1.10 and 1.11]; in fact, the functions with vanishing Riesz fractional
gradient must even be zero due to their integrability properties. The same is true when G, = Dj is considered for functions in the
complementary-value space Hé”’ ‘5(.(2) :={u e HPSR") : u =0 a.e. inQ°}. Here as well, a Poincaré inequality is available, see [6,
Theorem 6.2]. If the complementary-value is dropped, however, and one considers nonlocal gradients G, = Dj on H $P8(2) with
bounded Q, the picture changes substantially.

This paper revolves around the class of functions with zero nonlocal gradient

N*P9(Q) :={h€ H*P%(Q) : Djh=0a.e.in Q},

which turns out to be non-trivial. Indeed, we show that there exist functions in N*?%(Q) that are non-constant in any open
subset of © (Proposition 3.1) and establish that they are numerous in the sense that N*%(Q) forms an infinite-dimensional space
(Proposition 3.3).

Knowing that the set N*P%(Q) consists of more than just constant functions stirs up interesting new issues for further
investigation. We first give a characterization of all the elements of N*P9(Q), which provides a deeper understanding of its
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properties. With this at hand, we then highlight the role of the functions with zero nonlocal gradients in the theory of the
spaces H*?%(Q2) and discuss applications in nonlocal differential inclusion problems and variational problems on H*??%(£) with
Neumann-type boundary conditions. Here is a more detailed overview of our main new findings.

Characterization of NP3(Q). While the set of functions in W!P(Q) with zero gradient corresponds to the set of constant
functions and can thus, be identified with R by taking mean values, the characterization of N*79(Q) involves an additional feature
due to boundary effects of the nonlocal interactions. Roughly speaking, two ingredients are necessary to uniquely identify the
elements of N*P#(Q), that is, an average or mean-value condition on £ and boundary values in the collar region Iy := 2; \ Q.

We start from the observation that N*?%() consists of all functions h € L?(£2;) satisfying

Q;+h=c ae inQ and h=g ae.in I}, 1.4

for a given g € L?(I5) and ¢ € R. This is a consequence of the translation mechanism (1.3). Hence, the problem reduces to finding
the solutions of (1.4). Since P; from (1.3) is in fact a pseudo-differential operator, our proof strategy is to rewrite (1.4) equivalently
as a pseudo-differential Dirichlet problem and to exploit the recent progress in their existence, uniqueness, and regularity theory.
Precisely, the properties of Pg make it fit into the setting of the works by Grubb [32] and by Abels & Grubb [1]. Given that the
regularity results are sensitive to the relation between the fractional and integrability parameters s and p, there are two qualitatively
different regimes to distinguish.

Our main characterization result (see Theorem 3.8 and Proposition 3.12) states the following:

() Ifpeq, %) (including the case p = 2), then N*?9(Q) consists of the unique solutions to (1.4), which exist for every constant
¢ € R and given boundary values g € L?(T}).
(ii) For p e [%, ), only those (unique) solutions to (1.4) that lie also in L?(£2;) constitute N*%(Q).

An alternative way of phrasing (i) is to say that
N*P9(Q) is isomorphic to R x LP(I'y),

with the isomorphism N*P%(Q) 3 h - ( fg Q; = hdx, hlp). This formalizes the statement that an average condition on 2 and the
boundary values in a boundary layer of thickness § are the characteristics for any function with zero nonlocal gradient. Besides,
we show that h — (/ o hdx.hlr) is a isomorphism between N*?9(£2) and R x L?(I;) as well, which indicates that even a simple
mean-value condition along with the values in I suffices to pin down the elements of N*P%(£). Part (ii) implies that the previous
identifications with R x LP(Is) remain injective when p € [ﬁ, ), however, surjectivity generally fails (Remark 3.13).

Technical tools in H*?%(Q) modulo functions of zero nonlocal gradient. The set N*??(Q) can be used to develop new functional
analytic tools for the spaces H*"%(2) without complementary-values. Unlike for H*?%(R") and HS’” ‘5(!2), however, analogues of the
relevant tools and estimates in classical Sobolev spaces only hold in the quotient space H*??(£2)/ N*%(&2), meaning modulo elements
in N$%(£). With that in mind, we obtain the following:

(a) Refined translation mechanism for functions on bounded domains: We show in Theorem 4.1 that the quotient space H*P(Q)/
N*P4(Q) is isometrically isomorphic to W'”(£2) modulo constants, meaning that one can identify H*?(Q) and W *(Q) up
to functions with zero (nonlocal) gradient. The isomorphism turns nonlocal gradients into gradients.

(b) Extension of functions from H*P%(Q) to H*PS(R") up to N*P(Q): Even though an exact extension of functions in H*"%(Q) to
R" is generally not possible (cf. Example 3.4), there exists a bounded linear operator & H sP5(Q) — HSPS(RM), such that
&;u differs from u in Q; merely by a function with zero nonlocal gradient.

(c¢) Nonlocal Poincaré-type inequalities: As a major tool, we prove different nonlocal versions of Poincaré inequalities. If p € (1, ﬁ),
there exists a constant C > 0 such that

llull Lo;) < ClIDZull Lo;rny

for all u € H*P%(Q) satisfying u = 0 in I'; and one of the averaging conditions [,udx = 0 or [, Q5 * udx = 0. The same
estimate holds for all p € (1, ) and u € H*»%(£2) whose metric projection onto N*7%(Q2) vanishes.

(d) LP-compactness modulo N*P?(Q). Based on (c), we derive the following Rellich-Kondrachov-type compactness: If (u;); C
H*P9(Q) is a bounded sequence such that the metric projection of u ; onto N $»3(§2) vanishes for all j, then (u ;); is precompact
in LP(Qy).

We remark that for the complementary-value spaces Hg"”‘s([)) the analogues of (a), (¢), and (d) have recently been established

in [6,14]. The approach there relies on Fourier techniques, given that the functions in Hg”’ 5(Q) are defined on the whole of R".

Variational problems on N*??(Q)* and nonlocal boundary-value problems. A significant application of the aforementioned
tools are the existence theory and asymptotic analysis of nonlocal PDEs subject to Neumann-type boundary conditions. Precisely,
we adopt a variational viewpoint and prove the existence of solutions to the problem

Minimize 1 /
2 Ja

N
Dyu

2
dx — / Fudx over N¥>(Q)* c H>%(Q), (1.5)
25

3
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where Q c R” is a bounded Lipschitz domain, F € L2(2;), and N*2(£2) denotes the orthogonal complement of N*>%(); note that
N*29(Q) plays the same role as the set of constant functions in the variational formulation of the Neumann problem with classical
gradients. In fact, a remarkable aspect of our framework is that one can also handle more general vector-valued nonlinear problems
with p € (1, ) and energy densities that are either quasiconvex or polyconvex, see Theorem 6.1 and Remark 6.2.

To draw the connection between (1.5) and PDEs with Neumann-type boundary conditions, one assumes the nonlocal compati-
bility condition

/ Fhdx=0 forall h e N**%(Q),
25

under which the solutions to (1.5) weakly satisfy Euler-Lagrange equations with a nonlocal boundary operator N featured in the
collar regions, see (6.6). In fact, this boundary operator was recently introduced by Bellido, Cueto, Foss & Radu [3], where the
authors derive, amongst others, a new integration by parts formula in the spirit of [24].

Our second main result regarding (1.5) confirms the expectation that these problems localize as the fractional parameter s tends
to 1, that is, they converge to their classical counterparts with usual gradients. Working in the framework of variational convergence,
we obtain that the I'-limit of the functional in (1.5) with respect to strong convergence in LZ(Q(;) is

l/qul2 dx—/Fudx for u € W'2(Q) with/udx:O,
2 Ja Q Q

see Theorem 6.4; again, this also holds in the more general setting mentioned before. In the case that F satisfies the classical
compatibility condition f (o F dx =0, we obtain, in particular, that the minimizers of (1.5) converge in L?*(Q) as s 1 1 to the unique
mean-zero solution of the standard Neumann problem

{—Au =F inQ,

X —0  onoQ

ov

Localization via rigorous limit passages is a general theme in the study of fractional and nonlocal calculus, not least because they
serve as important consistency checks for new problems and models; we refer e.g., to [5,14] for s 1 1, and [8,39,40] for limits with
vanishing horizon § — 0.

Let us close by pointing out some literature on Neumann problems in other fractional and nonlocal set-ups, involving the
fractional Laplacian and more general integral and integro-differential operators, see e.g., [2,9,20,24,32,41] and also the references
therein. One of the works we wish to highlight is [24], where Dipierro, Ros-Oton & Valdinoci introduce a Neumann problem for the
fractional Laplacian by a natural notion of normal nonlocal derivative. These results have been refined, expanded and generalized
in various directions, e.g., in [2,22,23,27]. Closely related are also the recent results on nonlocal trace spaces [25,33,34,50]. The
distinguishing factor in our work, is the central role of a nonlocal gradient object, which enables us to handle a broad variety of
nonlinearities.

Outline. We have organized this paper as follows. After introducing notations and providing theoretical background and useful
auxiliary results in Section 2, Section 3 is centered around a solid understanding of the functions with vanishing finite-horizon
fractional gradient. Our analysis includes proofs that non-constant functions with vanishing nonlocal gradient exist and that N*P%(Q)
is an infinite-dimensional space, see Section 3.1. The main theorems about the characterization of N*P(Q) are stated and proven
in Section 3.2. We round off this section with a discussion of regularity properties of functions with zero nonlocal gradient and give
illustrative examples in Section 3.3.

The second part of the paper presents different implications and applications involving N*79(Q). In Section 4, we establish
the technical tools (a)—(d) for working in the nonlocal function spaces H*P%(). The previous findings are then used in Section 5
to contribute to the theory of nonlocal differential inclusions. We show that rigidity statements as well as existence results for
approximate solutions can be carried over from the classical setting via the translation mechanism. Section 6 features the new
class of variational problems on N*%(Q)!, which relates to nonlocal Neumann-type problems. A proof of well-posedness for these
problems is contained in Section 6.1, while Section 6.2 establishes the rigorous link with the classical local problems through a
localization result via I'-convergence.

2. Preliminaries

In this section, we introduce the relevant notations and collect the necessary background on nonlocal gradients and function
spaces along with some useful technical tools.

2.1. Notation

Unless specified otherwise in the following, we take s € (0,1), p € [1,0], and § > 0. The Euclidean norm of x € R" is denoted
by |x| and

(x) ==/ 1+ x|~

We use the notation /4 with A € R™" for the linear function /,(x) = Ax with x € R".
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Moreover, E¢ := R" \ E is the complement of a set E C R", E is its closure, and |E| is its Lebesgue measure, provided E is
measurable. We use the notation 1 for the indicator function of a set E C R”, i.e., 1z(x) = 1 if x € E and 1(x) = 0 otherwise.
Whenever convenient, we identify a function on a subset of R” with its trivial extension by zero without explicit mention. If we
wish to highlight the trivial extension, we use an extra indicator function, writing e.g., 1.f : R” — R for the zero extension of
f ¢ E - R. The restriction of any f : E — R to a subset E’ C E is denoted by f|g.

By B,(x) = {y € R" : |x - y| < p}, we denote the ball centered at x € R" with radius p > 0, and dist(x, E) is the distance between
a point x € R” and a set E C R". For a domain £ c R”, i.e., open and connected set, we introduce its expansion and reduction by
thickness 6 as

Q; ;=024 B;(0)={xeR" : dist(x,2) <6} and Q_;:={xe€Q : dist(x,002) > 5},
where 042 is the boundary of 2, and define
I5:=0Q,\Q and I :=Q\Q_,
as the inner and outer collars of &, respectively. Further, let I',; := I'; U I'_5 U 022 be the double layer around the boundary of Q.

For an illustration of this geometric set-up, see Fig. 1.

Let U C R” be an open set. The notation C(U) stands for the space of smooth functions U +~ R with compact support, which
will often be identified with their trivial extensions to R" by zero, and Lip(y) is the Lipschitz constant of a function y : R" — R.
Throughout the paper, we use the standard notation for Lebesgue- and Sobolev-spaces L?(U) and W ’(U) with p € [1, c]. For the
inner product on L?(U), we write (-,-) 12()- Notice that each of the function spaces defined above, as well as those introduced later,
can be extended componentwise to vector-valued functions; the target set is then reflected in the notation, for example, L?(U;R"™).
Moreover, the restriction of a function space is denoted, for example, as C*R")|; := {uly : u € COR"}.

For an integrable function f € L!(R"), the Fourier transform is defined as

& = / f)e 7 xEgx, geR".
Rn

It is well-known that the Fourier transform is an isomorphism from the Schwartz space S(R";C) onto itself, which can be extended
to the spaces L2(R";C) and the space of tempered distributions S’(R"; C) by density and duality, respectively. The inverse Fourier
transform of f, denoted fV, corresponds to x — f (—x). For more background on Fourier analysis, see e.g., [26,29].

Lastly, C denotes a generic constant, which may change from one estimate to the next without further mention. To indicate that
a constant depends on specific quantities, they are added in brackets.

2.2. Nonlocal gradients and Sobolev spaces

Let us now introduce in detail the key objects in this paper, namely, a class of fractional gradients with finite horizon, and the
associated nonlocal Sobolev spaces. Our presentation follows along the lines of [6,14] (see also [7]), where we also refer to for more
details.

The truncated Riesz fractional gradient, simply referred to as nonlocal gradient, and the corresponding divergence for smooth
functions are defined as follows: For s € (0, 1) and § > 0, the nonlocal gradient of ¢ € C*(R") is

D;(p(x):/ —(p(x)—(p(y)_x—y p;(x—y)dy for x € R", (2.1)
noIx=yl Ix—yl

and the nonlocal divergence of y € C®(R";R") is

. X) — X —
div; w(x) =/ W . x ;I pi(x—y)dy for x eR";
Rn - -

here, the kernel function pj is given by

w;(z)
Cn.s.s |Z|n+s—1

pi(z) = for z € R" \ {0},

with wg : R” - [0, ) a non-negative cut-off function satisfying the hypotheses

(H1) wy is radial, i.e., ws = ws(| - |) with a function w; : R — [0, o0);

(H2) wy is smooth and compactly supported in B;(0), i.e., w; € CX(B;(0));

(H3) w; is normalized around the origin, i.e., w; = 1 on B,;(0) for some y € (0, 1);
(H4) wy is radially decreasing, i.e., wy(z) > wy(2) if |z| < |Z],

and the scaling constant c, ; ; > 0 is such that

c, sﬁ/ 5(z) dz =n. (2.2)
B

5(0) |Z|n+s—l
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Remark 2.1. (a) Note that the scaling factor c,  ;, determined by (2.2), is the same as in [7] in order to ensure that the nonlocal
derivative of any linear map /, with A € R™" is equal to A, see [7, Proposition 4.1]. This choice is slightly different from the
scaling in [14], but provides no substantial issues for the application of these results, as discussed in Remark 2.3 below.

(b) An alternative way of expressing the nonlocal gradient in (2.1) is as a principle value integral. In view of the radial symmetry
of ws from (H1), one has for x € R” that

Djp(x) = p.v. /

e(di(x —y)dy := lim/ e(dg(x — y)dy (2.3)
B(x,r)¢ rl0

B(x,r)¢

. S _ zwg(z)
with d;(z) = —Cuss |z\"5“+1

when x & supp(p). A

for z € R" \ {0}. This shows, in particular, that Dip(x) can be written as the convolution of d; with ¢,

The above definitions can be extended to locally integrable functions via a distributional approach. Indeed, for ¢ € C*(R") and
v € CX(R";R"), the integration by parts formula

/D;(pwydx:—/ pdiviydx
R7 R"

holds. Based on this, we then define v € L}DC (£2;R") as the weak nonlocal gradient of u € L}DC(.Q(;), written as v = Dju, if
/ v-ydx = —/ udivyy dx for all y € C°(;R"); 2.4)
Q Q5

the weak nonlocal divergence is defined analogously. In parallel to classical Sobolev spaces, one can introduce nonlocal Sobolev
spaces as follows.

Definition 2.2 (Nonlocal Sobolev Spaces). Let s € (0,1), § > 0, p € [1, 0], and let 2 C R”" be open. The nonlocal Sobolev space
HP4(Q) is defined as

H*P9(Q) := {u € LP(Q;) : Dju € LP(Q;R")},

endowed with the norm

==

lell sy = (Nl g + 1D )
These spaces can be equivalently defined via density if € is a bounded Lipschitz domain or 2 = R", see [14, Theorem 1]. A
more detailed study of these spaces, including results such as Leibniz rules, Poincaré inequalities and compact embeddings can be
found in [6,14].
When working with functions on the full space R”, we will often exploit the connection between the nonlocal Sobolev spaces of
Definition 2.2 and the well-known Bessel potential spaces, which are defined for any 7 € R and p € (1, ) as

HYP®R" = {ue S'®RM : ((-)a)" € LPR")}, (2.5)

with the norm |lull grpgny = II(( . )’ﬁ)vu r»@ny and the notation H' := H 12, for more on the theory of Bessel potential spaces, see
e.g., [30, Chapter 1.3.1] or [51]. Indeed, it holds for all p € (1, ) and s € (0, 1) that

Hs,p,5(Rn) — Hs.p(]Rn)’

with equivalent norms. This follows from the observation that H*?(R") coincides with the space of functions in L?(R") with a weak
Riesz fractional gradient in L?(R";R") (cf. [47, Theorem 1.7] together with the density result in [12, Theorem A.1]), along with the
fact that the latter is again the same as H*P%(R") due to [14, Lemma 5].

We mention here some additional properties of the Bessel potential spaces that we need. First of all, for each 7 > 0, there is a
f; € L'(R") with Il ey = 1 and f; = (-)™" (f, is a rescaled version of the Bessel potential function, see [30, Chapter 1.2.2]).
Therefore, for any ¢, < 7, we find with Young’s convolution inequality

NV ~\V
||14||Hf|vP(Rn) = ||(('>tll4) “LP(IR”) = ||f12-;1 * (< . )tZV) ”LP(R") (2.6)
~\V .
< ||(< : )tzu) lorny = Null greao gy

Secondly, if (u;); ¢ H"”(R") is a bounded sequence and ¢ > 0, then we find that

u; = Si* (( ‘)tﬁj)v’
which is the convolution of an L!-function with a bounded sequence in L?, and hence, precompact in Lfoc(]R") by the Fréchet-
Kolmogorov criterion (see e.g., [11, Corollary 4.28]). As such, H"”(R") is compactly embedded into L{’OC(R”). In fact, when 7p > n,
we find that f, € o4 (R"y with p’ the dual exponent of p (cf. [30, Theorem 1.3.5(c)]), so that one can even deduce the compact
embedding of H"P(R") into Cj,.(R") due to the Arzela-Ascoli theorem.

In the following, we also use the complementary value space of H"?(R") for ¢ > 0, which consists of functions with zero values
outside of an open set ¥ ¢ R” and is denoted by

HP(V)={ue H"(R") : u=0ae. in V).
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2.3. Translation operators

In this section, we present a method that will be frequently used, and further refined (see Section 4.1) in this paper, namely, a
translation procedure that allows switching between nonlocal gradients and classical gradients. The following auxiliary results are
mainly taken from [14]; related statements about the Riesz fractional gradient have been established in [36].

Our starting point is the following finite-horizon analogue of the Riesz potential from [6], defined by

S W0,
0L iR\ (0} = R, QNx) =cp, 5 / 05(r) @.7)

Il phts

It holds that Qj is integrable with compact support in B;(0) and, a simple calculation yields that, due to the choice of scaling,

1051 L1 gmy = 1. (2.8)

Remark 2.3. (a) With the scaling constant c, ; used in [14], one obtains instead of (2.8) that [0,1) 3 s — ||Q§|| LI@®M is continuous
with lim,_,; |O5ll 1 gn = 1, see [14, Lemma 6]. This shows that the two different scaling regimes are comparable uniformly in s.

(b) The Fourier transform of Q\g is a smooth, positive and radial function. Moreover, the difference between Q\g and & — 277079
is a Schwartz function for |&| > 1, see [6] and [14, Remark 2 and Lemma 11]. a

An essential observation about the kernel function Qj regards its relation with the nonlocal gradient Dj, that is,
D;p=V(Q; + 9)=Q; +« Ve  for any ¢ € CX(R").

This identity can be extended to the Sobolev spaces in a weak sense, as shown in [14, Theorem 2 (i)].

Lemma 2.4 (From Nonlocal to Local Gradients). Let s € (0,1), 6 > 0, p € [l,00], and 2 C R" be open. Then, the linear map
Q5 H SPS(Q) » WP(Q), u - Q; * u is bounded (uniformly with respect to s) with

(VoQi)u = V(Qsu) = Dsu  for every u € HSP(Q).

The convolution with the kernel O} enables us to pass from the nonlocal Sobolev space to the classical one. To go back, we
consider the operator from [14], given by

~

PSSR = SRY), Pip=—. (2.9)
N
[

It is proven in [14, Theorem 2 (ii)] that this operator can be extended to the Sobolev space as the inverse of convolution with Q3.

Lemma 2.5 (From Local to Nonlocal Gradients). Let s € (0,1), 6 > 0, p € [1, 00]. Then, Pg in (2.9) can be extended to an isomorphism
between W'-»(R") and H*P*(R") which satisfies (P$)~' = Q3. In particular,

(DSoPiv = Di(Psv) = Vv  for every v € W' P(R"). (2.10)

We mention a useful alternative representation of P; involving the kernel function of the nonlocal fundamental theorem of
calculus in [6, Theorem 4.5]. It holds that

Pip(x) = '/]R Vi(x=y)- Vo) dy=: (V5 * Ve)(x) for ¢ € CPR"), (2.11)

where Ve e C®@R"\ {015R)N L}M(R";R") is a vector-radial function, i.e., Vi) = xfi(Ix]) for x € R" \ {0} with f3 1 0,00) > R,
cf. [14, Remark 4 d)] as well as [6, Theorem 5.9] for more properties of V.

When p € (1, ), one can deduce some more general properties for P; using Fourier methods. To this end, we recall that by
Remark 2.3 (b), there are R, S; € SR such that
+ R and A} = [2ne|= 4536 for |l > 1. (2.12)

8

05 =

1
27¢|'™
As a consequence of the Mihlin-Hormander theorem (e.g., [29, Theorem 6.2.7]), using the smoothness and positivity of Q\; locally
and the decay of R}, S; for large ¢ to obtain the desired estimates similarly to [14, Lemma 8], it follows that both

(Y0 and —— (2.13)
()= 03
are LP-multipliers. We finally infer from this observation (along with the definition of Bessel potential spaces in (2.5)) that for
t>1-sand pe(1,),
Ps  HY(R") > H™U=9P(R"), (2.14)
is an isomorphism with inverse P; yl= Q3.

Moreover, since the decay of R: is uniform in s, a similar argument as in [14, Lemma 8] shows that the operator norm of P;is

uniformly bounded in s € (0, 1); in particular, using (2.6) and H? = L?, there is a C > 0 independent of s such that

1250l gy < P50l grsneny < Cllvllyiogn,  for all v € WP(R") and s € (0, 1). (2.15)

7
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2.4. Pseudo-differential operators and Dirichlet problems

The recent existence and uniqueness theory from [32] together with the regularity results in [1] for boundary-value problems
involving pseudo-differential operators play an important role for our work. We collect here the statements that we will need, while
keeping the presentation accessible, and refer to e.g., [32, Section 2.2] for precise definitions and properties of pseudo-differential
operators.

For a suitable pseudo-differential operator P, an open subset V' C R”, and a function g : V' — R, the associated Dirichlet problem
reads

Pw=g onV
{w=0 in Ve. (2.16)

By combining the results of [1,32], we obtain into the following statement tailored to our needs.

Theorem 2.6 (Existence and Uniqueness for Pseudo-Differential Dirichlet Problems). Let p € (1,0), a € (0,1/2), V C R" be an open and
bounded set with C'-!-boundary, and let P be a strongly elliptic, even, classical pseudo-differential operator of order 2a satisfying

(Po, @) 12y 2 Cllol e, for al ¢ € CZ(R") (2.17)
with some constant C > 0. Then, there exists for every g € L”(V) a unique w, € Hg’” (V) with

Pw,=g inV.
Ifpe, %), it even holds that w, € H;""’(V) and there is a ¢ > 0 such that

lwe | g2ap@ny < cllgllprgry for all g € LP(V).

Proof. We define the operator P}, with domain
dom(Py) :={w € HS"(V) : (Pw)ly € LP(V))

via restriction of P to V, i.e., Pyw = (Pw)|, for w € dom(Py). Due to (2.17), we may apply [32, Theorem 4.2] with g = 0, and
then also [32, Theorem 4.16 2°], to deduce that P}, : dom(P,) — LP(V) is a bijection. This shows the first part of the statement.

For the case p € (1, le)’ we note that in [1] (see also [32, Theorem 3.2]), the domain dom(P; ) has been characterized as the so-
called a-transmission space, which agrees with H;""’ (V)when p e (1, i) (cf. [32, Eq. (2.20)]). Consequently, P}, : Hé“"’ V) - LP(V)
is a bijective bounded linear operator. In particular, it is invertible with bounded inverse, which implies the full statement. []

Remark 2.7. (a) We note that connectedness is not part of the definition of a domain in [1,32], in contrast to our definition, and
hence, Theorem 2.6 is valid for non-connected sets V' as well. Moreover, the regularity of the domain V' in Theorem 2.6 can even
be reduced to V' c R” that have C!*-boundaries with = € (24, 1), see [1,32]. Only for simplicity of the presentation, we work here
with a stronger assumption.

(b) Note that the range of p such that w, lies in H;""’ (V) is sharp, which is due to the fact that the solutions to the pseudo-
differential problem in (2.16) contain a factor of dist(-, dV)* near the boundary. To give a precise example, we can take any smooth,
bounded domain V' and any function w : R" — R that is smooth in V, equal to dist(-, V) near the boundary oV and zero in V¢.
It follows then by [31, Theorem 4] that (Pw)|,, € C*(R")|,,, which implies, in particular, that w € Hg”’ (V) is a solution to (2.16)
with a smooth right-hand side. However, we have that wdist(-, V)% is equal to dist(-, 3V )~¢ near the boundary of ¥, which is not
in LP(V) for p > é, so that w ¢ Hé”’” (V) in view of the Hardy-type inequality [52, Proposition 5.7]. A

The translation operator P; from the previous section is in fact a pseudo-differential operator that fits exactly into the abstract
framework of Theorem 2.6, which is the content of the following lemma. This observation will be crucial for our characterization
result of N5P%(Q) (cf. Theorem 3.8 and Lemma 3.6).

Lemma 2.8 (P; as Pseudo-Differential Operator). The operator P; defined in (2.9) is a strongly elliptic, even classical pseudo-differential
operator of order 1 — s and there is a C > 0 such that

(Pio. @) 2@n > Cllol* |, fordl ¢ € CXR".
H™Z (R")

Proof. The properties can be deduced from the fact that the symbol of 7} is smooth, radial and positive, and for large frequencies

only differs from the symbol of the fractional Laplacian (—A)? up to a Schwartz function (see (2.12)). For the reader’s convenience,
we work out the details below, referring to [32, Section 2.2] for the precise definitions of the properties of pseudo-differential
operators.

It is easy to check in light of (2.12) that for any a € N,

0%(1/08)| < Cyy! =7l
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which means that P; has order 1 — s. Defining p, : R" — R to be a smooth function with py(¢) = |27&|1~S for |&| > 1, we obtain
again from (2.12) that

aa(l/é; —Po)‘ < C () mslal=

for any J € N,. This means that P} is classical (where in the expansion p; = 0 for j > 1) and, since py(=¢) = py(¢) for [¢| > 1, P}
is even. Finally, because py(¢) > C |&]'~ for || > 1, the operator P; is strongly elliptic, and since 1/ é; > C(-)!=%, we have by the
Plancherel identity that

As A Ls
(P30 @) 12wy = (@/05. 9) 12ny 2 ClI() 2 Dl 2y = C”q}”H%(R”)

for all p € C2(R"), which finishes the proof. []
3. Discussion and characterization of functions with zero nonlocal gradient
This section revolves around the study of the functions in the nonlocal Sobolev space with vanishing finite-horizon fractional
gradient. Our analysis examines different facets of the set
N*P3(Q) = {h € H*P9(Q) : Djh=0a.e. in Q},
including the existence and construction of non-trivial functions, characterization results, a discussion of regularity properties, and
illustrative examples. Throughout Sections 3-6, £ is assumed to be a bounded Lipschitz domain, unless mentioned otherwise.

3.1. Non-constant elements of N*P%(Q)

In contrast to the functions with zero classical gradient, the set N*7(£2) encompasses strictly more than constant functions. In
fact, one can find functions in N*7(£2) that are non-constant on any subset of 2, which is the content of the following proposition.

Proposition 3.1 (Existence of Non-Constant Functions in N*P%(Q)). Let p € [1, o). It holds for any open, non-empty U C Q that
N*P3(Q) ¢ {u e H*P(Q) : u is constant a.e. on U}.

Proof. Suppose to the contrary that every u € N*P9(Q) is constant a.e. on U. The reasoning that will lead to the desired contradiction

is organized in three steps.

Step 1: Representation of V; away from the origin. We deduce from the above assumption that the kernel V in (2.11) then has to
satisfy

1 x

V() = for all x € B,(0) , (3.1)

Opn—1 |x|n

where p = Diam(£2) is the diameter of £ and o,_; denotes the surface area of the unit sphere in R"." To see this, we split the
argument in three sub-steps, showing first that div V;} is constant outside of B,(0). Next, we exploit the radiality of V;} (cf. (H1)) and

its boundedness away from the origin, which yields a representation of ¥’ on mc up to constants. The latter are then determined
explicitly in the final step.

Step 1a. For every ¢ € Cf"(ﬁg), we infer from (2.10) that Di(Pip) = Ve =0in £, and hence, Pip € N sP8(0). By our initial
assumption, Pj¢ is then constant on U, which, in view of the identity Pip =V« Vein (2.11), is equivalent to

/ (Vix=2)-Vi(y—2) - Vo(z)dz=0 forallx,yeU.
RN

Since this holds for any ¢ € C® (2°), the fundamental lemma of the calculus of variations in combination with integration by parts
allows us to deduce

divVi(x—z) =divVj(y-z) forallx,yeU andallz€ 2. 3.2)

Let us fix x € U and consider w € R" with |w| > p = Diam(£2). It follows then that x—w € 56, and we obtain with z = x—w € Q°
that

div Vi (w) =divVi(w+y—x)
for all y € U. Taking y € B.(x) C U, with e > 0 sufficiently small, yields

div Viw) =divVw') for all w’ € B (w).

1 Note that the function x » —— - for x € R" corresponds exactly to the kernel function appearing in the fundamental theorem of calculus for the classical

oy X"

gradient, see [44, Proposition 4.14].
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For n > 1, this shows that the divergence of viis locally constant on the connected set mc, and thus, constant outside of m;
the case n = 1 yields the same conclusion by also utilizing the vector-radiality of V.

Step 1b. Recall that V| is smooth on R" \ {0} and vector-radial, meaning that there is a smooth function f] : (0,00) — R with
Vi(x) = xf;(|x]). We can then rewrite the divergence of VS as

div V(o = nf3(xD + Ixl (£ (D)

for x € R" \ {0}. Since this expression is constant on the complement of B,(0) by Step 1, the auxiliary function f, 5 satisfies for all
r > p the equation

nfie) +r(fY () = ¢ (3.3)

with some constant ¢ € R. The family of solutions to the ordinary differential equation (3.3) is given by r i + ,ﬁn with k € R.
Consequently, there is a k € R such that

X
|x]

Vi) =c> +k for all x € B,(0) .
n

n
Step 1c. The boundedness of V' on Bp(O)C according to [6, Theorem 5.9 5] implies ¢ = 0. To determine k, consider the compactly
supported, integrable function
s X
x e Vix) - kW,
whose Fourier transform is continuous and can be calculated to be
£ —162(%_;(%1), (3.4)
2|eP N 0L )
see [6, Theorem 5.9]. As the first factor in (3.4) has a pole at the origin, the second factor needs to vanish in 0 because of continuity.
Due to Q3(0) = IO}l L1y = 1, this eventually yields k = ‘7;1_—11’ confirming (3.1).
Step 2: Entire extension of @Z is zero-free. Let us introduce the auxiliary function Z; € C*[R" \ {0};R")n L'(R"; R") defined by

1 x
A =Vs -
6(X) S(X) Op_1 |x|n

As Z; has compact support owing to Step 1, the Paley-Wiener theorem (see e.g., [29, Theorem 2.3.21]) implies that the Fourier
transform Z 3 with

2356 = "52(%—1) for & € R"\ {0}. (3.5)
2716\ 036)
is real analytic and allows for a unique entire extension to a function C" — C". An analogous argument gives that the Fourier
transform of the kernel function (0 (see (2.7) and recall supp(Q3) C B;(0)) is extendable (uniquely) to a holomorphic function
C" - C. In the following, we write Z 3 and @; for both the Fourier transforms of Z : and 03, as well as for their extended versions
defined on C".
The goal in this step is to show that
ég : C" = C is zero-free. (3.6)
Suppose for the sake of contradiction that this is not the case, and let ¢, € C" \ {0} be a zero of é; with minimal norm r := |¢l;
note that Q;(O) =1Q5llp1@ny = 1. Applying the identity theorem of complex analysis, in each variable separately, to Z 5 asin (3.5
yields that

Z3¢) =

—iC(l

(—-1) forcec\ (0} with [¢] <.
221\ B30

We now find that lim,/y, |2 K (') = oo, which contradicts the continuity of the holomorphic extension of Z ) Thus, (3.6) is proven.
Step 3: Section of Q; coincides with exponential of a polynomial. Consider g5 : C - C, z = Qj(ze;) with ¢; = (1,0,...,0) € C". From
10511 1wy = 1 and supp(Q3) C B;(0), we conclude that

dx < e27t5|z|

32 = [G3czen]| < [ Jose0 [0

for all z € C, showing that g; is an entire function of order at most 1. As a consequence of Step 2, this function is never zero, so
that the Hadamard factorization theorem (see e.g., [37, Corollary XII.3.3]) yields that

q3(2) = e%*b for all z € C with a,b € C.

However, this contradicts the fact that q; 1z ég(zel) is non-constant and even (cf. Section 2.3), as the section of the Fourier
transform of the radial kernel Q;, which proves the statement. []

10
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We point out that the previous result is not true when 2 = R”. In fact, N*»%(R") for p < oo contains only the zero function, which
can be deduced with the help of the translation operators of Section 2.3 as follows: Let u € N*P9(R"), then v := Qju € wWlr@R")
satisfies Vv = Diu =0, and hence, v = 0, so that u = Pi(Qu) = Pjv=0. A similar argument for p = oo, shows that N*%¢(R") only
consists of constant functions. Nevertheless, there are unbounded sets £ c R” for which N*?4() is non-trivial.

Remark 3.2 (Generalization to Unbounded Sets). Proposition 3.1 holds more generally for open sets 2 c R" such that Q° contains
the trace of an unbounded continuous curve y : [0, 00) - R".

The proof can easily be adjusted, with only a minor modification in Step 1a. After showing (3.2) as above, let us fix x € U and
consider w = x — z € R” for some z € y([0, »)). It follows then from (3.2) that div Vi(w) = div V(;(w’ ) for all w' € B.(w) with € > 0
such that B,(x) c U. By applying this for all z € y([0, c0)) and exploiting the radial symmetry of the divergence of V;, we find that
div ¥} is constant in the complement of B,(0) with p := dist(x,7([0, ®))). A

The following result confirms that there exist, in fact, a great many functions with vanishing nonlocal gradients, by showing that
they form an infinite-dimensional space.

Proposition 3.3 (N*4(Q) is Infinite-Dimensional). Let p € [1, 0], then N*?¥(Q) is an infinite-dimensional closed subspace of H*().

Proof. The proof idea relies on a semi-explicit construction procedure in three steps: Starting with u € HSP%(Q), there is a
v € WhP(Q) with Vo = Dju on Q by Lemma 2.4. Next, we extend v in an arbitrary way to a compactly supported function in
WP(R"). In view of Lemma 2.5, it holds that Eu:=PveH 5p8(R") satisfies D3(£3u) = Dju on £, or equivalently,

h=(Eu)lg, —u € N*P(Q). (3.7)

Note that £Ju can be viewed as an extension operator of # modulo a function with vanishing nonlocal gradient, see Section 4.2 for
more details.

Let m € N. With the aim of constructing m linearly independent functions in N*P(Q), we take uy, ...,u, € H*"*(2) with m € N
such that no (non-trivial) linear combination of them can be extended to a function in H*?$(R") = H*?(R"). This can be achieved,
for instance, if each function u; has a suitable singularity in different places in the collar I'.

To give more details, choose x;, ..., x,, as distinct points in I'; and let € > 0 be such that the balls B,.(x;) are pairwise disjoint
and compactly contained in Is. Further, define

u;(x) = ]lBE(X/)(x)u(x i ) forxe Qsand j=1,...,m,

where u € LP(R") \ H*P5(R") with supp(x) compactly contained in m (cf. Example 3.4). Note that any function in L?(£;) that is
zero in a compact set containing Q2 lies in H*?%(Q). Indeed, the nonlocal gradient is then given by a convolution and defines an
LP-function due to Young’s convolution inequality, see Remark 2.1 (b); the integration by parts formula in (2.4) can be verified via
Fubini’s theorem. We conclude that u ;, EH 5P8(0) for all j. On the other hand, by construction no u j has an extension to H*5(R"),
and thus, nor does any linear combination of u,, ..., u,,.

According to (3.7), we now set h; = (Eupl QU EN sp8(Q) for j = 1,..., m. If these functions A ; were linearly dependent, then
one could find a non-trivial linear combination of u,...,u, that can be extended to R” via the operator 8;, which contradicts
the assumption. Hence, hy,...,h,, are linearly independent. Because m € N is arbitrary, this shows that N*»%(Q) must be
infinite-dimensional. []

For the reader’s convenience, we give here explicit examples of functions u € L?(R") \ H*»*(R") for all 1 < p < co with compact
support in B,(0), as they were used in the previous proof.

Example 3.4. Let p € [1, o). Defining for some 0 < v < min{ %, s},

n
——+v
u=1lgql-l 7 €LPRY,

gives a function with the desired properties if v is sufficiently small. That u ¢ H*P*(R"), follows by contradiction with the estimate
in [6, Proposition 7.2], once we have shown the existence of a constant ¢ > 0 such that

llu = uC- + W)l ogy0p = ¢ |AlY for all h € B,(0). (3.8)
Indeed, we have that

[lee = uC- + W)l Lo(B, o)) Z ||u||Ln(B|W2(0)) = |lu(-+ h)”L”(B\m/z(O))

1/p
1/p
> |X|*n+vp dx —(|B 0) (|h|/2)‘"+vl’
</Bn|/z<0> > () [nl/2 | )

>(—2 o)
“\optr 7 '

with ¢, ¢, > 0, so that (3.8) follows for small v.

11
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For larger p there are also more elementary examples, such as the indicator function of a ball when 1 < sp < o, or any
discontinuous function when n < sp < « (see e.g., [4, Section 2.1]). For the case p = o, we can take u to be any discontinuous
function with support in B,(0). Indeed, if it were true that u € H>*%(R"), then we also find that u € H*%(R") for all g € [1, o) given
its compact support. This would yield by [6, Theorem 6.3], that « is Holder continuous up to order s, which gives a contradiction.

3.2. Characterization of N5P%(Q)

Now that the presence of non-constant functions with zero nonlocal gradient is confirmed, the next task is to understand — and
eventually, characterize — all functions in N*7%(Q).

We start by observing that a function u € L?(£2;) lies in N*P%(Q) if and only if Qiu= 05 *u is constant (in ). Indeed, if Q5 *u
is constant, then

/ udivgcpdx=/ qu*div<pdx=/(Q’;*u)div<pdx=O for all p € C°(2;R"),
Qs R7 Q

which shows that u € H*P9(Q2) with Diu = 0. Conversely, if u € N*79((), it follows from Lemma 2.4 that Qiu € W'»(Q) has zero
gradient, and is thus, constant. The desired characterization of N*?%() therefore comes down to identifying all solutions h € L?(£2;)
for convolution equations of the form

Q;+h=c ae. inQ

for any ¢ € R.

Our strategy for characterizing N*??(£2) starts at a suitable boundary-value problem involving the convolution operator Q3. Via
inversion of Q; (based on the translation tools from Section 2.3), we then rewrite the latter equivalently as a pseudo-differential
equation featuring P; subject to Dirichlet boundary conditions, for which a solution theory can be achieved. Let us make the
mentioned equivalence precise.

Lemma 3.5 (Equivalence Between (C) and (P)). Let p € (1,), ¢ € R and g € LP(Iy). Further, let Q' C R" be any smooth and bounded
set with £2,; C Q' and I'' := Q' \ Q. Then,

Sh=c ae. in £,
© {%"=¢
h=g ae. in Iy,
has a solution h € LP(£2;) if and only if there exists a w € H'~>P(R") solving
Pgw: ]lr&g a.e. ini’,
P sw=c ae. in Q,
w=0 a.e. in ().

Specifically, the following holds:

(D If h € LP(Ly) is a solution to (C), then w := Q;(]l_qﬁ h) € H'=sP(R") solves (P).
(i) If w e H'=5P(R") satisfies (P), then h := (Pgw)l_qd € LP(Qy) is a solution to (C).

Proof. The main ingredient of this proof is (2.14) with t = 1 —s, according to which Piisa isomorphism from H'=5P(R") to LP(R")
with inverse Q3.
The implication (i) follows then immediately from the observation that

Piw="PiQi(lg ) =1gh=1g ae. in ",

along with the property that supp(Q3) C B;(0), which implies supp(w) C 25 + B;(0) C 2,5 C Q' as well as w = Qih =cae. in Q
given 02| = 0.
On the other hand, (ii) holds since Q;h = Q3(P;w) =w =c a.e. in 2 and h = P;w = g a.e. in [, again using that [02| =0. [

Based on the previous lemma, we can express N*79() in terms of the solution sets of the boundary-value problems (C) and (P).
To be precise, let

eri@i= ) @M and  P@:= | P, (3.9)

ceR,geLP(Iy) ceR,geLP(Is)

where €579(c, g) for ¢ € R and g € LP(I’;) denotes the set of all solutions in LP(£2;) to (C), and **(c, g) comprises the functions
in H'=%P(R") solving (P). Then,

N*PO(Q) = €P9(Q) = P (P2(2)) 1, - (3.10)

We take (3.10) as motivation to turn our attention to (P) and address the question of its solvability. It turns out that the recent
existence and uniqueness results by Grubb [32] in combination with the regularity theory in [1] by Abels & Grubb for general

12
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pseudo-differential operators (see Theorem 2.6 for a version tailored to our setting) provides an answer. Even though the next
lemma is a direct application of this abstract framework, we have included for illustration also a hands-on alternative proof in the
case p =2.

Lemma 3.6 (Existence and Uniqueness for (P)). Let p € (1, 00) and 2 be a bounded C'!-domain. Then, for every c € R and g € L*(Is),
1-s
the problem (P) admits a unique solution w, , € H7ZPRY. Ifpe(l, ﬁ), then w, , € HI=5P(R").

Proof. We may assume without loss of generality that ¢ = 0, since for every w € 3*»%(0, g—c) it holds that w+Q3(1 ;0) € PO (e, g).
Hence, we can focus our attention to the pseudo-differential equation

{Pgw =1lpg ae in I,

(3.11)
w=0 a.e. in (I'")¢.

The statement now follows immediately by applying Theorem 2.6 for the pseudo-differential operator 7 = P; and the set V = I"'.
Indeed, P; satisfies all the required assumptions according to Lemma 2.8 and r=q \5 is a bounded open set with C'-!-boundary,
given that oI’ = 02’ U Q.

Our alternative proof for p = 2 relies on a familiar variational argument and exploits regularity results for the fractional Laplacian.
Let us consider the operator

?
Vo,

1-s
which can be extended to a bounded linear operator H'(R") - H'~ 2 (R") for any ¢ € R. Then, (E’;)2 = LioL3 =73, and we observe

L3 SR~ SR, L=

I-s
that L5 -l 2mny is @ norm on H 2 (R") that is equivalent to ||-|| i-s in view of (2.13).
7 (Rn

H
As a consequence of the generalized Dirichlet principle, the functional

w ||Ef5w||iz(Rn) —/ 1pgwdx
R"

1=s
2

over all functions w € H_* (I'') has a unique minimizer w,, which is also the unique solution to

0
./]R" Liw L5p— lr,gpdx=0 for all(pGCc‘”(F’). (3.12)

1=s

Since (3.12) is a weak formulation of (3.11) for p = 2, the function w, € HO2 (I'") is indeed the only candidate for the sought
solution. 1-s
It remains to prove that w, € H'"(R"). To this end, we compare the operator £ with the fractional Laplacian (-0
I-s I=s
HZ (R") - L?*(R"), showing that they differ by a bounded linear operator on L*(R"). Indeed, Ky i=L5—(=4)7% isan L2-Fourier
multiplier operator with multiplier
1

6]

1-s
— 2z for ¢ e R".

mi(&) =

The boundedness of m; follows from the smoothness and positivity of éjs together with the observation that for |&]| > 1,

my(E) = <+ - 1> 2xel T
1+ 2787 Ry

1-s 1—s 1—s
which is bounded since R; (cf. (2.12)) is a Schwartz function. A particular consequence is that K=+ =(-H* K : HZ R") >
L?(R") is a bounded linear operator.
Then, (3.12) turns into

1-s 1-5 1-s
/ DT wEHT o+ 2K5(-HT w+ (lcg)zw - ]1,5g)¢ dx=0 forall p € CXI"),
Rn

which implies that w, weakly satisfies

1—s

1-s
()7 w=2K5-4"7 w+K)*w-1pg inl’,
w=0 in (I')°.
Since the right-hand side of the fractional differential equation lies in L>(I"") and the boundary aI"” = 32’ U <2 is C!, we obtain

from established regularity results for the fractional Laplacian (see, e.g., [31,38,53] for smooth domains and [1, Theorem 1.1] for
Cll.domains) that w € H'=5(R"), as desired. [

13
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Remark 3.7. The range of p for which w, € H I=sP(R™) is sharp, since even for smooth £, one can find g € L?(Is) such that
-

w, & H'-sP(R")when p € [ﬁ, o). To see this, let us take w equal to dist(-, 0I"") > near the boundary of I'" with Piw|pr € C¥R")|
as in Remark 2.7 (b). Then, we define

1= Q3(1g, Piw).
1—s
which coincides with w in a neighborhood of £, given (H2). Therefore, 0 equals dist(-,0€2) 2 near the boundary of €, which yields
w ¢ H'=P(R"). However, since b = w = 0 in 2 and supp(ib) C £,;, we deduce that
Piw=1nPw ae inl’,
w=0 a.e. in (I'")°.
With g := Pjw| r; € LP(Iy), the claim follows. A

Lemma 3.6 in combination with Lemma 3.5 provide useful information about the solution sets for the boundary-value problems
(P) and (C). Since the statement of Lemma 3.6 is qualitatively different depending on whether p is smaller or larger than the critical
value 1% we discuss these two cases separately.

o

Suppose first that p € (1, 12:). Then, for any ¢ € R and g € L?(T}), the sets B*%(c, g) and €5P%(c, g) are singletons and can be
represented as

PP (e, g) = {we g} and (e, g) = {hegls (3.13)

where w,, € H 1=sp(R") and heg 1= Piw, lo, € LP(£2;) are the unique solutions to (P) and (C), respectively.
Summarizing these findings, we are now in the position to state the main result of this section concerning the characterization
of N5P(Q).

Theorem 3.8 (Characterization of N*P*(Q) for p € (1, %S)). Let pe(l, l—is) and let Q2 be a bounded C'-!-domain. Then,

NP @ = | ePen= |J (hey) (3.14)

ceR,geLP(Is) ceR,geLP(Iy)

where h., for c € R and g € L?(Is) is the unique solution of (C).

Proof. This follows immediately from (3.9), (3.10) and (3.13). []

As a consequence of Theorem 3.8, we obtain that the bounded linear map
@ : NOPI(Q) 5 RX LX(T), hi (/ 0} + hdx.hly, ) (3.15)
Q

is bijective. The inverse ((15;)" teg) P by for (c,g) € R x LP(I) is then bounded as well by the Banach isomorphism theorem,
i.e., there is a constant C > 0 such that

gl < C(lglliacry) + lel)  for all g € LP(I) and ¢ € R.

The discussion above implies that the functions with zero nonlocal gradient are uniquely determined by their values in the single
collar I'; and an averaging condition involving the kernel function Q. Besides, one can also observe a one-to-one correspondence
between functions in N*”9(Q) and these two basic characteristics: the boundary values in I'; and the mean value in €. Indeed,
another isomorphism between N*?9(2) and R x L?(T) is given by

WS NTP(Q) > RX LP(T), hwe (/ hdx,h|F5>, (3.16)
Q

which follows essentially from the next proposition.

Proposition 3.9 (Uniqueness in N??(§) with Vanishing Mean Value). Let p € (1, ) and 2 be a bounded C'!-domain. If h € N5?%(Q)
satisfies

h=0ae in Iy and /hdx:O,
Q
then h = 0.

Proof. If h € N*P9(Q) with h = 0 a.e. in I}, then (3.14) implies the existence of a ¢ € R such that h = h,, € LP(2;). If p > 12: > 2,
it is clear that h € L?(£2;). Otherwise, this property follows from
heg € €5P9(c,0) = €2(c,0) C L*(£2;).

see (3.17) below. We exploit fQ hdx =0 and supp(Q3) C B;(0) to find

VTl e = Wl = = 05 =127 [ 1= 0 max

L2(Q)

14
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<k = Q5 % All gy < g, h — O (Lo, Wl 2gen < I = O T, All p2gm-

Since 0 <1 — ég < 1 (see (2.8) and Remark 2.3 (b)), we deduce that 11/971 =0, and hence, h =0, as stated. []

Remark 3.10 (Uniqueness in N*P9(Q) with Enlarged Single Layer). The mean value condition in the previous proposition can be
removed in exchange for replacing the Dirichlet condition in the single layer I'y by a Dirichlet condition in £, \ O for any O € .
This means, if h € N*P%(Q) satisfies & = 0 a.e. in Q5 \5, then A = 0.

Indeed, let O’ c 2 be smooth with O € O’ € 2 and take # € L' (R") with 71l 1 ey = 1 and supp(n) C B.(0) for e > 0 sufficiently
small. Since there is a ¢ € R such that Q; * h=cae in 2 with 2 = 0 a.e. in ©; \ O, we find that the convolution A, :=1n * h
satisfies

_ . ’ . _ . ’ =3
Q5 * h, =ca.e. in O with h, =0 a.e. in O3\ O'.

By the uniqueness statements in Theorem 3.8 and Proposition 3.12 (applied to the set O'), it follows that i = h,, for all such #,
which is only possible for A =0. A

Remark 3.11 (Equivalent Norms on N*P%(£2)). Based on the isomorphisms ¥; and @; we conclude that defining

WAy = Wy + | | @5
Q

and
WAl ysrscar 2= WAllocry + | / hdx|
Q
for h € N*P9(Q) yields two norms on N*P4(Q) that are equivalent to ||-|| LP(25) when p € (1, ﬁ). A

Finally, we study the case p € [— o). Before stating the corresponding representation result for N*»%(), we collect a few
further observations about the solutlons to (C) and (P). Suppose in the following that ¢ € R and g € LP(I5). By Lemma 3.6, the
solution set P*79(c, g) has at most cardinality 1; specifically,

PO (e, g) = {we g} N H' PR,

Since LP(L2;) C L(L;) for all 1 < g < p, Lemma 3.6 implies also that w,, € H I=s.4(R") for all g € (1, é). In particular, this shows
that the solution sets of (P) are independent of the integrability parameters, in the sense that

P2(c, g) = R (c,g) forall g € (1, = Y)
so that we can conclude
ms,pﬁ(c’g) — ;I;S,Z,&(c’g) n Hl_s’p(R”).

Considering the one-to-one relation between the solutions of (C) and (P) (see Lemma 3.5), the above properties of *P9(c, g)
carry over to ¢P9(c, g). Hence,

€99 (c,g) = €2¥(c,g) forall g € (I, 1), 3.17)
and along with (2.14),
C(e,8) = T2, 8) N LM (L), (3.18)
The latter gives rise to the next result.
Proposition 3.12 (Characterization of N**(Q) for p € [ co)) Let p € [ oo) and let 2 be a bounded C'-'-domain. Then,
N*P2(Q) = N¥22(Q) n LP(R25),
where N528(Q) can be characterized as in Theorem 3.8.
Proof. The combination of (3.9), (3.10), and (3.18) proves the claim. []
Remark 3.13. The maps d);; and 'I’g from (3.15) and (3.16) can be defined analogously when p € []2:, o0). While Proposition 3.12
shows that they are still injective, surjectivity generally fails in view of Remark 3.7. This shows that not all boundary values in

LP(T;) can be attained by functions in N*4(Q), in contrast to the case p € (1, ﬁ). A
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3.3. Regularity properties of functions with zero nonlocal gradient and examples

In this section, we dive deeper into some of the properties of functions with zero nonlocal gradient, such as their regularity, and
we will show some numerical examples to illustrate how they generally behave.
We start off by showing that all functions in N*7(Q) are smooth inside .

Corollary 3.14 (Functions with Vanishing Nonlocal Gradient are Smooth in ). Let p € (1, o), then every h € N*P9(Q) satisfies

hlg € C®(Q).

Proof. It suffices to prove the statement for h € €79(0, g) with g € L?(I'y), given (3.9) and the fact that €5?9(c, g) = €5P%(0, g—c)+c
for all ¢ € R. If h € €579(0, g), we deduce from Lemma 3.5 that

h=(Piw)lg, forawe P10, c Hy (I

To see that the restriction (Piw)lg is smooth, we argue as follows. For any ¢ > 0 sufficiently small and y € C*°(R") with y = div vy
on B.(0)", it holds that

Piw=divVy s w=w*w onR"\ (supp(w)),;

this follows from (2.11) via integration by parts, along with an approximation argument. Consequently, Pjw can be expressed as
the convolution of a compactly supported L?-function with a smooth function on R” \ (2¢), for any ¢, and is thus smooth on the
union of all these sets, which is 2. []

In general, we do not expect that functions in N*?%(£2) will be regular on the larger domain £2; given Remark 3.7, see also Figs. 2
and 3 below. However, there do exist smooth non-constant functions in N*?%() (cf. Proposition 3.1) and they are exactly those
that can be obtained from the translation mechanism.

Proposition 3.15 (Functions in N*P®() with Extra Regularity). Let p € [1, col, then it holds that
N*PO(Q) 0 H PO (R")| g, = (Pyvlg, © ve WP(R") with Vo =0 ae on 2},
and

N*PH(@) 0 CR(RM)| g, = (Pvlg, : ve€COR") with Vo =0 on Q}.

Proof. Let u € NSPO(Q) n HSPSRM)| o, and consider an extension & € H sP8(R") of u. Then, we find by Lemma 2.4 that
vi=Qi € wWlP@®R") with Vo = Diu =0 a.e. on 2. Moreover, by Lemma 2.5 we find that

P§U|95 = 17|Q5 =1u,

as desired. On the other hand, if u = Pjv|q, forv e WlP(R") with Vo =0 a.e. on @2, thenu € H“"’*E(R")Ig5 and Dju=VQju=Vv=0
a.e. on Q. This proves the first identification.

For the smooth case we can argue in the same way, by also using that Q; and P; map smooth functions to smooth functions
(cf. (2.11)). Note that P might not preserve the compact support, but this is not an issue since C°(R")| ;= C*[@R")]| o, O

We close this section with an illustration of selected one-dimensional examples of functions with zero nonlocal gradient. Fig. 2
depicts a numerical approximation of the unique function h,, € €%9(c,g) with ¢ = 0 and g = —1 on I';. While h,, € LI(£;) for
all g € (1, ﬁ) according to (3.17), we see in the first plot that this function has a jump singularity at the boundary of the domain
Q = (-3,3). This indicates that 4., might not lie in L”(£2;) for all p € (1, ), reflecting the observations from Remarks 3.7 and 3.13.
Moreover, while one may expect from the first illustration that the function is constant on a sub-interval of (-3, 3), the enlarged
plots show that this is not the case. Indeed, 5, , seems to be displaying oscillations with decreasing amplitude, which is in line with
the fact that functions in N*74(Q) need not be constant on any subset of € (cf. Proposition 3.1). It is an interesting topic for further
study to understand these oscillatory patterns better, and to see if all non-constant functions in N*»%(2) have a similar behavior.

In Fig. 3, there are two further examples of functions with zero nonlocal gradient. The left-hand example is similar to the one
from Fig. 2, but with different boundary values. It still features jump singularities at the boundary, and is nearly constant away from
the boundary. The right-hand example in Fig. 3 shows a function with zero nonlocal gradient constructed via the characterization
in Proposition 3.15. In contrast to the other examples, this one does not have a jump singularity at the boundary. By construction,
it is smooth and an element of N*79(Q) for all p € [1, »].

4. Technical tools involving functions with zero nonlocal gradient

In this section, we present several results regarding the function spaces H*?%(co0) in which the set N574(Q) plays an important
role. We start off with a bounded-domain analogue of the isomorphism between H*P9(R") and W'?(R") from [14, Section 2.4]
that turns nonlocal gradients into gradients. Subsequently, we study extensions of functions in H*?%(£) to the whole space R” and

prove new nonlocal Poincaré and Poincaré-Wirtinger inequalities and compactness results.
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Fig. 2. Numerical approximation of the function 4, , € N #28() for ¢ =0 and g = -1 on I; with increasing degrees of zoom. The parameters for the computation
are n=1, 2=(-3,3), s= %, 6=1and w; € CX(~1,1) is a bump function equal to 1 on (—%, %).
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Fig. 3. Left: A numerical approximation of the function ,, € N***(2) with ¢ = 0 and g(x) = x for x € I';. Right: A plot of Piovlg, €N NP9 (Q) with

v(x) =1+ 5¢(x +4) — 2¢(x — 4) for a non-negative bump function ¢ € C>(~1,1). The parameters are the same as in Fig. 2.

pell.oo0]

4.1. Connection between classical and nonlocal Sobolev spaces

As we know from Section 2.3, the translation operators Q; and its inverse P; provide a isomorphism between the spaces H sPO(RM)
and W 1-»(R") with the properties VoQ; = Dj and DjoP; = V. On a bounded open set £ C R, it still holds for u € H 5P3(0Q) that
Qsu lies in W!2(Q) with V(Qzu) = Dju (cf. Lemma 2.4), but P; is not defined on W1?(Q), which prevents an identification with
H*P%(Q) in analogy to the setting on the whole space R".

It turns out that one can resolve this issue and find a perfect translation mechanism also between the classical and nonlocal
Sobolev spaces on bounded sets, by considering the spaces modulo the functions with zero (nonlocal) gradient. In this spirit, our
next theorem gives a natural generalization of Lemma 2.4 and 2.5, cf. also [14, Section 2.4].

To state the result precisely, let us introduce the quotient spaces

H*P9(Q) := H*P9(Q)/N*P%(Q) and W'P(Q) := W'?(2)/C(Q).

17
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where C(Q) := {v € LP(2) : vis constant}; for the equivalence classes in H $13(£2), we write [ul; = u+N P8 () with a representative
in u € H>?%(Q), and analogously, [v] = v+ C(2) with v € W P(Q) for elements in W1r(Q). We endow these spaces with the norms
given by

]

Hsré (@)

I Dgull p(amny and “[U]”WI.;:(Q) = IVoll proirnys (4.1)
noting that Diu and Vo are both independent of the chosen representative of [ul} and [v], respectively. Moreover, let I.N); [ul} := Dju
and V[v] := Vo for u € H"¥(Q) and v € W1»(Q), respectively, where the choice of representative is irrelevant.
Theorem 4.1 (Isomorphism Between H sP5(Q) and Wl’”(.Q)). Let p € [1, c0]. Then, the linear map

Q5+ H™(2) > W), [ul} ~ [Qju]
defines a isometric isomorphism, and it holds with 73g = (@g)‘l that

VoQi =D; and DjoP;=V. 4.2)

Proof. Note first that @3 is well-defined since Qfsh is constant for any h € N5P9(Q). The first identity in (4.2) follows immediately
from VoQ; = Dj, and we can compute that

||Q§[U]f;||W1.p(_Q) = ||V(Qf;u)||u(_();]Rn) = ”D(S;u”LP(,Q;R") = ||[u]§||ﬁx.p<é(_(2)

for all u € H*P4(Q2), which shows that éf; is an isometry. To prove the bijectivity, we claim that the inverse of @3 is given by

Pilvl = [PsEv)lg,]; for ve w'r (),
where € : WP(Q) - WIP(R") is any bounded linear extension operator. Indeed, it holds that
D3(Ps[v]) = Dy(P(Ev)lg,) = V(E)lg = Vo for v e W'(Q),

from which we infer the second part of (4.2), as well as YNDg oé; =1d and égoﬁg =Id. O

Remark 4.2. The boundedness of @g and 7~?§ holds as well, if H sp8(Q) is equipped with the associated quotient norm, i.e.,

le = All oy + 1 D5ull Lo

e

~ = inf
Hs:p5(Q) heNsP3(Q)

for u € HP%(Q). Indeed, for @g this is clear, whereas for 7~3§ we can compute for v € W(Q) with /_Q vdx =0 that

ﬁg[u]H

N
Foob(@) < NPsED ooy + 1IVOll Loorm

< Cll€vllyrpgny + IVOll Lo :rny

< Clvllwir) + 1VOllLo@rny < ClRIG L G-
where the second inequality uses Lemma 2.5, and the last the classical Poincaré-Wirtinger inequality. Moreover, for p € (1, ),
the operator norm of P; is independent of s by (2.15). We use this observation later in Lemma 4.7 to deduce a new nonlocal
Poincaré-Wirtinger equation.

In the classical Sobolev setting, the norm -7 15y i (4.1) is equivalent to the quotient norm on W!#(Q) by the standard
Poincaré-Wirtinger inequality. a

If the characterization of N*??(£) in Theorem 3.8 holds, then any boundary values can be attained in the layer I'; by elements
in an equivalence class of H?%(Q). In other words, for each u € H*»%(Q) and each g € L?(I';), there exists a representative of
[ul;=u+N 5P4(() that coincides with g in I';. Based on this observation, we can state the following consequence of Theorem 4.1.

Corollary 4.3. Let p € (1, %S) and R be a bounded C'!'-domain. Then, for every v € W'?(Q) and g € LP(I's), there is a u € H*P*($2)
such that

Diu=Vuv ae in&,
u=g a.e. in Iy.

Proof. Let v € W!2(Q). Then, Theorem 4.1 implies that Vv = V] = 5; [ulj = Dju for some u € H*P%(Q). By Theorem 3.8, we
may assume that u coincides with g in the boundary layer I'y, which yields the desired function. []

4.2. Extension modulo functions with zero nonlocal gradient.

While not every function in H5P4(8) is the restriction of a function in H*?»*(R") (cf. Proposition 3.3), we can show nevertheless
that extensions to the whole space R" are possible up to function with zero nonlocal gradient. This technical tool has several
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applications within this paper. It has appeared already in the proof of Proposition 3.3, where it provided an efficient way for
generating functions in N*4(Q).
With p € [1, 0], we define for a given bounded linear extension operator £ : W'7(Q) - WP(R"),

£ L HWPO(Q) > HYPA(R"), &5 :=Pjo£oQs, (4.3)

with the translation operators Q and P; from Section 2.3. As the composition of bounded linear operators, £ is bounded, even
uniformly in s when p € (1, o), see (2.15). In view of (2.10), we infer for every u € H*P%(Q) that Di&ju = Diu on Q, and thus,

u—Eulg, € N*2(Q) forue HP*(Q).

In this sense, & can be viewed as an extension operator on H*"%(2) modulo functions in N*P%().
Note further that &;, as amap from H*P%(Q) to LP(£;), is compact for p € (1, o) due to the compact embedding of H*P$(R") =
H*P(R") into LP(£;), see Section 2.2. Thus, if (;); is a weakly convergent sequence in H 5p8(Q) with limit u € H*?%(), then

Eu; —» Eu in LP(Qp). (4.4)
4.3. A new nonlocal Poincaré inequality

Another application of Theorem 3.8 is that we can derive a new Poincaré inequality for the nonlocal gradient. As opposed to the
Poincaré inequality in [6, Theorem 6.1], which requires functions to be zero in the double collar I', 5, the new one only imposes a
condition in Iy together with an average-value condition. Precisely, we will work with functions in the linear subspace

HP9(Q) :={ue H*P¥(Q) : u=0a.e. in I}, / udx =0}.
Q

Theorem 4.4 (Nonlocal Poincaré Inequality). Let p € (1, ﬁ) and 2 c R" be a bounded C'-'-domain. Then, there exists a constant C > 0
such that
lull o2y < ClIDgull Lo(a;mm)

for all u € H5P3(Q).

Proof. The proof stragegy follows a well-known contradiction argument, with Lemma 4.5 below as main technical ingredient.
Suppose the statement is false, then there is a sequence (u;); C HP3(Q) with ||u illpcy) > JIID5u; Il Lporny for all j. By defining the
sequence (ii;); C HsP3(Q) via

i =
J ”uj”LP(,Qﬁ)’

we obtain |||l r,) =1 and ||Dji; |l pa.rny < 1/j for each j. This allows us to conclude for a non-relabeled subsequence that
i, ~h in H"(Q)as j - oo,

with a limit function h € H5?%(Q) that satisfies Djh =0, or in other words, h € N 5P3((2). Due to the weak closedness of H*P4(Q),
we also find that h € H*P%(82), which yields h = 0 by Proposition 3.9.

Finally, we infer from Lemma 4.5 that #; — 0 in LP(£2;) as j — co, which contradicts ||| L@y =1 for all j and thereby, proves
the result. [

The previous proof used the compact embedding of H*"%(&2) into L?(2;), which is the subject of the following lemma. We point
out that it builds substantially on the identification of N*??() from Theorem 3.8.
Lemma 4.5. Letp € (1, ﬁ) and suppose Q C R" is a bounded C'!-domain. If (u;); C H5P5(Q) is such that u; = uin H»%(Q) as
j = oo with some u € H*P%(Q), then u € H*"%(Q) and

u; > u in LP(Q5) as j — oo. (4.5)

Proof. The fact that u € H5P9(Q) is clear, since H*P(Q) is weakly closed in LP(£2;). As for (4.5), we use the extension operator
& from Section 4.2 to obtain

é'guj = &u in LP(Q;) as j - o
by (4.4). Therefore, with the sequence (h;); C N*P3(Q) given by h; =u; - Eu; and h :=u— Eu it holds that
h; =~ hin LP(Q;) and h; — h in LP(I) as j — oo, (4.6)

where the second convergence follows from u; = 0 = u a.e. on I}. If we consider the norm on N 5p-8(Q) from Remark 3.11, then (4.6)
implies

=l = 6 iy | [~ rin| 0 5= .
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Since |||“|ll ys.r5(q) is equivalent to the norm induced on N sP8(0Q) by |||l Lp(25)> WE obtain h; — h in LP(£2;), and thus,
u; =Eu;+h; » Eu+h=u in LP(Q;) as j — o,

which concludes the proof. []

Remark 4.6. The contradiction argument in Theorem 4.4 works more generally for any weakly closed subset X C H*?%(Q) that
is compactly contained in L?(2;) and satisfies X n N*»%(Q) = {0}. For example, one could replace the condition f_q udx = 0 by
the condition f,, Q; * udx = 0 or remove the mean-value condition completely and assume u = 0 a.e. in £; \ O for any O € Q
(cf. Remark 3.10). a

4.4. Nonlocal Poincaré-Wirtinger inequality

Here, we derive an inequality involving the nonlocal gradient in the spirit of the classical Poincaré-Wirtinger inequality, by
subtracting suitable functions with zero nonlocal gradient. Moreover, we complement the inequality with a compactness result.
This will be used later in Section 6 to prove the well-posedness and localization as s 1 1 of nonlocal variational problems with
Neumann-type boundary conditions.

Let p € (1, ), and consider the metric projection mi LP(25) > N sp6(0), which minimizes the distance to the functions with
vanishing nonlocal gradient in the L?-norm, i.e., for u € LP(£2;),

u—niu = min u—nh .
[ HOlTIe pens o) I lzeay);

Note that the minimum exists, considering that N *?°(Q) is weakly closed in H*?%(R2), and also in L?(2), since ||-|| wes) = Il oy
on N*P9(Q). In the case p = 2, Fd corresponds to the (linear) orthogonal projection onto N*7%(Q). Even though F need not be
linear when p # 2, one does have that Fid is 1-homogeneous and that

mu+h) =xiw+h  forall he N*°(Q). (4.7)

It is also well-known that #§ is continuous, given that L?(£2;) is uniformly convex, see e.g., [28].

We now formulate and prove the Poincaré-Wirtinger inequality with the help of the metric projection.

Lemma 4.7 (Nonlocal Poincaré-Wirtinger Inequality). Let p € (1, 00). Then, there exists a constant C = C(£2, p, §) > 0 such that
[lu — ”;(M)HLP(_QE) < ClDzull Loorm)
for all u € HP(Q).

Proof. It follows from Theorem 4.1 (in the version where H*9(Q) is equipped with the quotient norm, see Remark 4.2) and
Lemma 2.4 that

e =73l i) < |03 7100 = I3 B5005 1) < CNQ3 T3 00
= C”[Q;u]”VT/l.p(g) = C”V(QZM)HLP(Q;R”) = C”D;u”u(:);Rn),

with a constant C > 0 independent of 5. []

Second, one obtains the following compactness result. It can be seen as the trace-free analogue to [4, Theorem 2.3] in the setting
of complementary-value spaces.

Lemma 4.8 (Compactness in H*"?(Q)). Let p € (1, o), then any sequence (u ), CH P9 (Q) converging weakly to u in H*P*(Q) satisfies

u; —n;(uj) —u—miw) in LP(;) as j — co.

Proof. Using the extension operator modulo N sr5(Q) from (4.3), we define
_ o5 ; 5,p.8 .
hj =&u; —u; +u—Eue N™P°(Q) for all j.
Since Eju; — Elu in LP(£2;) according to (4.4), it follows that uj+h; — uin LP(Q;), and hence,

jlifg lluj —u—75(u; — )l ) < jlijg lu; —u+ hill oo, =0,

by definition of the metric projection. This shows that
u; = ﬂ;(uj —u) > uin LP(£;) as j > oo.

In view of (4.7) and the continuity of ng, we then find that
u; —my(uy) = u; — my(u; —u) — mi(u; — w5(u; —u)) —» u—a3(u) in LP(Qy),

which concludes the proof. []
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5. Nonlocal differential inclusion problems

In the present section we discuss results on the solvability of differential inclusion problems involving the nonlocal gradient.
This means that for a given set E ¢ R™", we aim to find all u € H>"%(Q2;R™) that satisfy

Dijue E ae. in £, (5.1)

and optionally, also a boundary condition in the single layer I'y or the double layer I',;. Problems of the type (5.1) have not
appeared in the literature before, although related results such as fractional Korn inequalities have been studied recently in various
settings [7,35,46].

Throughout this section, let p € [1, 0] and 2 c R” be a bounded C!!-domain. Additionally, whenever we work with Dirichlet
conditions in the double layer I, 5, we also assume that Q_; # @ and |02_;| = 0. The set N*»%(Q) naturally plays a key role in
the discussion of (5.1), considering that it can be interpreted as the solution to the most basic nonlocal inclusion, namely, with the
choice E = {0}. On the one hand, for any solution to (5.1), adding a function from N*P%(Q) generates a new solution, that is, if
u € HP%(Q) solves (5.1), then so does any other element in Wl =u+N $p3(Q), cf. Section 4.1. When p € (1, %), any single-layer
boundary condition g € LP(Is) can therefore be attained, by the characterization of N*?4() in Theorem 3.8.

Our overall strategy in dealing with (5.1) is to relate them with classical differential inclusions, and to carry over the by now
well-known results on their classical counterparts, that is, solving

Vve E a.e.in Q (5.2)

for v € W(Q), also subject to boundary conditions. A rich literature on the latter has emerged over the last decades, including [16—
18,43,49], see also [15,42,45] for an overview. While there is no unified theory available, the results fall roughly into two groups,
relating to the complementary themes of rigidity and flexibility. This division, which we will adopt here as well, is partly motivated
by models in materials science, where differential inclusions appear naturally when studying microstructure formation, cf. [42,45].

The connection between nonlocal and standard gradients established in Section 4.1 implies that (5.1) and (5.2) are equivalent
when it comes to solvability. Indeed, due to Theorem 4.1 the map é; gives a bijection between the solutions of (5.2) modulo
constants and the solutions to (5.1) modulo functions in N*?¢(Q). In the following, we take a look into selected aspects of flexibility
and rigidity in the nonlocal setting, starting with the latter.

One calls the classical differential inclusion (5.2) rigid, if all its solutions v have constant gradient, meaning that, v(x) = I 4(x)+¢ =
Ax +c for A € E and ¢ € R™; recall the notation /, with A € R™" for the linear function /4(x) = Ax with x € R". The nonlocal
gradient of a linear function agrees with the classical gradient, since

Dl =Q5 % Vig=0 % A=A, (5.3)

where we have used [|Qj|l 1gny = 1 (see also [7, Proposition 4.1]). Based on this observation, one obtains that rigidity carries over
to the nonlocal setting in the following sense.

Corollary 5.1 (Nonlocal Rigidity). Let E C R™" be such that the differential inclusion (5.2) is rigid. Then, all solutions u € H*P*(Q) to
the nonlocal inclusion

Djuc E ae. inQ, (5.4)

are of the form u = 1, + h with A € E and h € N*P%(Q). In particular, if p € (1, ﬁ), then for any g € LP(I), there is a solution u of
(5.4) with u = g a.e. in T}.

Proof. Asu e[/ A]§ with A € E clearly solves (5.4) in view of (5.3), it remains to show that these are the only solutions. Indeed, by
the assumption of rigidity, the solutions to (5.2) are exactly the functions that lie in [/4] for some A € E, so that any u solving (5.4)
needs to satisfy é‘;[u]g = [I,4]. Since also ég[l aly = 4l and éfs is injective according to Theorem 4.1, we finally conclude that
u—1, € NSP5(Q).

When the assumptions of Theorem 3.8 are satisfied, we may use Theorem 3.8 to find that any boundary condition is attained in
N*P5(Q), which yields the second part of the statement. []

The preceding result characterizes all solutions in terms of the set N*7(£2) and shows that there is no restriction on the boundary
conditions that can be achieved in the single layer. If one prescribes boundary conditions in the double layer I',;, instead, the set
of solutions is considerably more restrictive. Our next statement addresses a nonlocal inclusion problem with linear boundary data
14, with A € R™", precisely,

Diue E ae. in Q_,
D;“ =A ae. in [, (5.5)
u=1Iy, a.e. in I',4,

for u € HP9(Q). Note that the reason for prescribing the nonlocal gradient in the collar I'_; is that the condition u =1, a.e. in I',;

automatically implies D;u = A near 0Q2 in light of (H2). The inclusion Dju € E a.e. in 2 would therefore only be possible if A € E,
which renders the problem trivial. We now show a rigidity statement for (5.5).
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Corollary 5.2 (Nonlocal Rigidity with Linear Boundary Conditions). Let E C R™" be such that the inclusion (5.2) is rigid and let A € R™".
Then, the nonlocal inclusion problem (5.5) has a solution if and only if A € E, which is then uniquely given by u =1,.

Proof. Let u be a solution of (5.5) and define v := Qiu € W P(), which then satisfies Vv € E a.e. in 2_; and Vo = A a.e. in I,
cf. Lemma 2.4. Since (5.2) is rigid, there is an A’ € E such that Vo = A’ a.e. in Q_;. Hence, it holds that v =1,, + ¢ a.e. in Q_; for
some ¢ € R. Moreover, for a.e. x € 2\ (2_s + supp(Q3)) (by (H2), this open set is non-empty), we obtain

v(x) = (QF * u)(x) = (Q3 * [,)(x) = Ax.
Combining this with Vo = A a.e. in I'_, yields that v =1, a.e. in I'_;. We conclude that

v=Ily+c ae inQ_;,
v=1y a.e. in I'_g,

so that we must have I/, + ¢ = [, on dQ_g for v to be a Sobolev function. Unless A = A’ and ¢ = 0, we find that the set where
Iy +c¢ =1, is an affine subspace of dimension at most n — 1, which cannot contain the boundary of the bounded open set Q_;.
Therefore, we must have A = A’ and ¢ = 0, which yields, in particular, that A € E and Diu = Vv = A a.e. in Q. We now infer
from the nonlocal Poincaré inequality for double-layer boundary conditions (see [6, Theorem 6.1]) that u = I, is indeed the only
solution. []

Next is a statement on flexibility for (5.5), which also allows for solutions with non-constant nonlocal gradients and reveals a
relation between the attainable boundary conditions and the set E. In doing so, we restrict our attention to a weaker notion of
solutions, though, calling a sequence (u ) CH 5%.8(0: R™) an approximate solution to (5.5), if

dist(Dguj, E) - 0 in measure on £_g,
Diu; > A in measure on I_g, (5.6)
u; =1y in I',4.

In the classical case, it is well-known that approximate solutions to (5.2) subject to linear boundary values /4 exist if and only
if A lies in the quasiconvex hull of E defined by

E% :={BeR™" : f(B) <sup [ for all quasiconvex f : R™" - R},
E
see e.g., [42, Theorem 4.10], [15, Chapter 7]. For the approximate solutions as in (5.6), we can use the translation method to prove

an analogous statement.

Proposition 5.3 (Approximate Solutions to Nonlocal Differential Inclusions). Let E C R™" be compact and A € R™". Then, (5.5) admits
an approximate solution in the sense of (5.6) if and only if A € E%°.

Proof. First, suppose that A € E“, then by [42, Theorem 4.10], there is a bounded sequence (v;); C WJ’“’(!);R"’) such that
dist(A + Vv, E) - 0 in measure on £. (5.7)

We may assume without loss of generality that v; — 0 in L*(£2;R") and hence, also Vv; A 0 in L*®(£;R™"); otherwise, we glue

together suitably scaled and translated copies of v; for each ;.

After identifying v; with its extension to R" by zero, we define the sequence (i;); by
ii; 1= Piv; € H*®*(R";R™) for j €N.

Since Djii; = Vu; A 0 in L®(R";R"™"), and the sequence (v;); is also bounded in wLp(R"; R™), it follows along with the weak
continuity of P; that 4, — 0 in H SPORMR™) = HSP(R";R™) as j — oo for all p € (1, 0). In addition, the compact embedding of
H*P(R";R™) into L*®(2,;R™) for sp > n (see Section 2.2), yields

i, -0 inL®Q;R™ and @ —0in H*(Q;R"). (5.8)
We now introduce a sequence of cut-off functions ( Z;); C CR(L2_5:10,11) such that
Q_s\{x;=1}| >0 and Lip(xp)lli;llpw@,mm =0 asj— oo, (5.9

where Lip( ) denotes the Lipschitz constant of Zjs and we define (u ;); via

u; 1= g, € HY(Q;R™),
which guarantees

u; =0 in I (5.10)
Moreover, by the nonlocal Leibniz rule (see [14, Lemma 2]),

Du; = 7, Dyii; + K, (@) = 2;Vv; + K, (@), (5.11)
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where K 4" L®(2;) > L®(2;R") are bounded linear operators that satisfy

1K, @) oo spencny < CLP(ZI | ooy my = O @S j = 003 (5.12)

the last convergence follows from (5.9). Since dist(4 + 2 Vv, E) = 0 in measure on £2_; due to (5.7) and the first convergence
in (5.9), we conclude along with (5.11) and (5.12) that

dist(A + Dguj, E) - 0 in measure on Q_;.
Moreover, as [14, Lemma 3] yields convergence Dju; — 0 in L* in any compactly contained subset of the collar I'_s, we have that
A+ Dju; > A in measure on I_; as j — co.

Hence, we obtain the desired approximate solution to (5.5), after adding the linear function /, to (u;);.
Conversely, if (u;); C H5*3(Q;R™) is a sequence satisfying (5.6), we set v; = Qju; for all j € N to find that (v;); C Wl (Q;R™)
is a sequence with v; =/, on 922 for all j € N in the sense of traces, and

{dist(ij, E)= dist(Dguj, F) - 0 in measure on £_; as j — oo,

Vuv; = Dju; > A in measure on I'_; as j — oo.

A small adaptation to the argument in [42, Theorem 4.10 (i)] now shows that A € E%, as desired. []

6. Well-posedness and localization of nonlocal Neumann-type problems

This section is concerned with the analysis of nonlocal differential equations with homogeneous Neumann-type boundary
conditions. In fact, it even covers a more general setting with natural boundary conditions. Our main results are the well-posedness
for these problems for any fixed fractional parameter s € (0,1) and a rigorous proof of localization, i.e., the convergence to the
classical analogues of these boundary-value problems as the fractional parameter s goes to 1.

We approach these problems from the variational perspective, where the objects of interest are the associated energy functionals:
For Q c R" a bounded Lipschitz domain and p € (1, ), consider Fi:H sP3(Q; R™) — R, given by

Fg(u):/f(x,Dgu)dx—/ F -udx, (6.1)
Q Q5

where F € L” (£25;R™) with p’ the dual exponent of p and the Carathéodory function f : @ X R™" — R_ are suitably given.

Due to the absence of any constraints in the space of admissible functions H*?%(£2), the minimization of F; gives rise to natural
boundary conditions when passing to the Euler-Lagrange equations. Nonlocal variational problems on complementary-value spaces,
in contrast, lead to Dirichlet boundary-value problems, see e.g., [6, Section 8].

6.1. Existence theory for a class of nonlocal Neumann-type variational problems

In this section we prove the existence of minimizers of the functional in (6.1), on a suitable subspace of H*P*(Q) where
the Poincaré-Wirtinger inequality from Section 4.4 can be applied. Precisely, recalling the metric projection z; : LP(2;R™) —
NsP8(Q;R™) from Section 4.4 (extended to vector-valued functions), we introduce the sets

NP R™ = (ue HPH(@R") : xiw) = 0.

For p = 2, this corresponds to the orthogonal complement of N%29(€Q;R"™) in L2, whereas for the case p # 2, it need not be a linear
subspace, given the nonlinearity of the metric projection.

We now present the main result of this section, which establishes the existence of minimizers for F; on the subspaces
NoPS (R,

Theorem 6.1 (Existence of <inimizers for F3). Letpe(l,0), F € LP'(Q(S;R”‘) and f : QxR™" - R :=RuU{oo} be a Carathéodory
integrand such that
f(x,A)>c(|AIP = 1) forae x € Q and dll A € R™"

with a constant ¢ > 0. If v — fg f(x, Vv)dx is weakly lower semicontinuous on W '-?(2;R™), then the functional Fjin (6.1), Le,

Pg(u)z/f(x,D‘;u)dx—/ F -udx,
Q 5

Q5

. L . n
admits a minimizer over N*P%(Q;R™)".
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Proof. We apply the direct method in the calculus of variations. Note first that N"*Pﬁ(.Q;]R"')J' is a weakly closed subset
of HSP9(Q;R™) as a consequence of Lemma 4.8. The coercivity then follows from the lower bound on f along with the
Poincaré-Wirtinger inequality from Lemma 4.7, which reduces to

el Loyimmy < ClIDgUll po(asmmeny,

for u € NS"’*‘;(.Q;R’")l. For the weak lower semicontinuity of Fj, we observe that if u; — u in H5P3(Q2;R™), then v; 1= Quuy =
Qiu=:vin wlr(Q; R™) with Vu; = Dju; for all j and Vv = Diu, cf. Lemma 2.4. Hence,

F§(u>=/f(x,w)dx—/ F-udx
Q Q5

< liminf </ f(x, Vuj)dx—/ F-u; dx) = limiang(uj),
j—oo Q 25 TS

showing that Fj is weakly lower semicontinuous on H*P%(Q;R™). In combination with the coercivity, this yields the desired
existence of a minimizer of 7§ in N*7%(&; RMY. O

Remark 6.2. (a) For the sake of generality, the previous theorem assumes that the classical integral functional (with standard
gradients) associated to F; is weakly lower semicontinuous. Well-known sufficient conditions for this include polyconvexity of the
integrand f in the second argument or quasiconvexity of the latter along with a suitable upper bound, see e.g., [15, Theorems 8.11
and 8.31].

(b) Note that if F € LP'(Qﬁ;Rm) satisfies the compatibility condition

/ F-hdx=0 forall h e NP5(Q;R™), 6.2)
Qs

then F; is invariant under translations in N*P%(Q;R™). As a consequence of Theorem 6.1, F; then admits minimizers over the whole
space HSPS(Q;R™). A

As a consequence of Theorem 6.1, and specifically Remark 6.2, one can infer, by passing to Euler-Lagrange equations, the
existence of weak solutions for a class of nonlocal differential equations with natural boundary conditions. Namely, suppose that F
satisfies (6.2) and let f be continuously differentiable in its second argument and C > 0 such that

I/(, Al <CA+AIP) and |D,f(x, A)| < C(+ AP for all (x, A) € 25 x R™", (6.3)

with D, f the differential of f with respect to its second argument. Then, using a standard argument, see [15, Theorem 3.37], we
find that the minimizers u € H*?%(2; R™) of F; solve the weak Euler-Lagrange equation

/ D, f(x, Dgu) . D;de = / F-vdx for all v e H*PP(Q; R™). 6.4)
Q Qs

We note that the compatibility condition in (6.2) is also necessary for (6.4) to hold, since the left hand-side is zero for v €
NP5(Q; R™). Moreover, by the definition of the weak nonlocal divergence via nonlocal integration by parts, Eq. (6.4) corresponds
to the weak formulation of

—divi (LoD, f(.Djw) =F in Q. (6.5)

Within the region ©_j, this equation reduces to the nonlocal Euler-Lagrange equation from [6, Theorem 8.2], while in the double
boundary layer I, ;, the equation takes into account the geometry of the boundary 0. More precisely, one obtains

—divi(D4f (. Diu)) = F %n Q;, ©6)
NIDAfC,Diu) =G in I,
where G := F|  and N 1= —divj(1g -) coincides with the nonlocal boundary operator, recently introduced in [3, Definition 3.1]

to prove a concise nonlocal integration by parts formula.

Now, if u solves (6.5) or (6.6) (weakly), the nonlocal divergence imposes that 1,D, f(-, Diu) must be regular enough across 0.
As s 1 1, we expect to recover the natural boundary conditions D, f(-, Vu)-v = 0 on 0£2 with v an outer normal to €. This intuition
is made rigorous in the next section.

6.2. Localization for s 1 1

We now turn to studying the limiting behavior of the nonlocal variational problem from Theorem 6.1, and the closely related
nonlocal Neumann-type problems, as the fractional parameter s tends to 1. Our main result in this section (see Theorem 6.4)
rigorously confirms the expectation that these problems localize, that is, they converge to their classical counterparts with usual
gradients.
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To start, let us collect in the next lemma some preparatory tools revolving around the asymptotic behavior of the sets N*4()
and N*P9(Q)* as s tends to 1. To capture the limit objects, we introduce H'P¥(Q) := {u € LP(2;) : ulo € W'P(2)} and

NP3 (Q) = {(ue H'"P¥(Q) : Vu=0in Q) = {u € LP(Q;) : u|g is constant}. 6.7)
along with its corresponding metric projection n; 1 LP(2;) — N''P9(Q), and we also set

N'PO(@Q) = (ue BP9 (@ R™) @ xlw) = 0.
Given the definition in (6.7), the projection n;(u) agrees with u in I'; and is constant on £. Considering that arg min, g [lu — ¢|| 1»o) =
0 is equivalent to [, |u|"~" sign(u) dx = 0 for any u € L?(£2;), one can represent N'»3(Q)* as

NP3t = {u € LP(Q;) : ulg € W'P(Q), u=0a.e. in I}, / |~ sign(u) dx = 0} ) (6.8)
Q

When p = 2, the nonlinear integral condition in (6.8) reduces simply to the requirement of zero mean value.

Lemma 6.3. Let p € (1,00) and let (s;); C (0, 1) be a sequence converging to 1. Then, these statements hold:

(i) For all v € W'P(R") it holds that P/ v — v in LP(£2;) as j — co.
(i) If (u;); C LP(L25) converges to u € LP(£2;), then ﬂ;j (u)) = n;(u) as j — oo.
(iii) Let (u;); C LP(R25) with u; € NSIP3(Q)* for all j. If sup; ||D;juj||L,,(Q;IRn) < oo, then there is a u € N'"P9(Q)! such that (up to a
non-relabeled subsequence)

u; > uin LP(Q;) and DJu; — Vuin LP(Q:R") as j — co.

Proof. Part (i). Let v € WP(R"). In light of (2.6) and (2.15), we find for 0 < 5 < inf; 5; that
S; S
sup ”P(;/U“HE"’(]R”) < sup ||ngU||Hff~"(R") < 0o.
J J
Due to the compact embedding of H*P(R") into LP(£2,;5) (see Section 2.2), there is a subsequence (not relabeled) such that P;’ v w

in LP(£2,;) for some w € LP(£2,;). To identify w, consider an arbitrary test function ¢ € C®(£2;). As shown in [14, Eq. (3.4)], it
holds that Q;’ @= Q;j % @ — @ uniformly as j — co. Together with Fubini’s theorem, this implies

/ wedx = lim / (P 0)(Q] * @)dx = lim / (0] * (P v)] pdx

= _lim/ (Q;’P;’v)(pdxzf vodx,
J—00 95 -(26

from which we infer w = v on Q.
Part (ii). Since 0 € N*P%(Q) for all s € (0, 1], we deduce from the definition of the metric projection that

S .
lzy @)l Loy < 2Mujllpro,) for all j.

As (u;); is bounded in L?(£2;), so is (n;’ (4;));, and there exists a (non-relabeled) subsequence and a w € L?(£2;) with n;f (¥;) =~ win
LP(L;) as j — oo. For any test function y € C®(£2;R"), one then obtains

wdivwdx = lim | 7/@;) div’ ydx =0, (6.9)
o = fo, J 5

where the first inequality uses div;’ y — divy uniformly on £; (see [14, Lemma 7]), and the last equality follows from integration
by parts and the fact that zr;’ (u;) €N s;P%(2) has zero gradient D;j for each j. By (6.9), the limit function w is constant on £, and
hence, w € N'7%(Q), cf. (6.7). It remains to show that w = x}(u) and that n;j (u;) converges even strongly.

To this aim, we first construct an auxiliary sequence (h;); C LP(£2;) with the properties that

h; € NP%(Q) forallj and  h; > mj(u) in LP(£2;) as j — co. (6.10)

Since n; (u) is constant on £, one can find a sequence (@), C C(£2;) that approximates ﬁ;(u) strongly in L”(Q;) and satisfies that
@, is constant on £ for every k. Then, P;j @ € N »9(Q) because of

N S N S
DS (P o) =V(Qi P @)=V, =0 onQ,
and, along with part (i),
. . S 1 s 1 _
Jim jlgg 175 @1 = 25l Loy = im Nl = 75 Loy = 0-

By extracting a suitable diagonal sequence, we obtain a sequence as in (6.10).
Now, with (h nr and the convergences u > u and ﬂ;j (u;) = w in LP(£;) at hand, it follows that

1 - S
lle = 75 @l Loy < Nlu = wll Lo, < ll;ggolf lu; = 75" @ Loy
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: 1
< thUP ||“j - hj”]J’(_QJ) = lu— ”5(“)||Lﬁ(gﬁ)~
j—oo

As the inequalities in the previous lines turn to equalities, we infer zr;’ () »w= rc(;(u) in LP(£;), which finishes the proof of (ii).
Part (iii). By Lemma 4.7, the sequence (u ;1)) is bounded in L?(£;). Using that the extension operator & (see Section 4.2) is
uniformly bounded with respect to s gives

s, s,
sup ||£5l“j||H‘?yp(JR") < sup ||£5l”j||H‘/~”(R") < oo,
J J

with § € (0,inf, 5;]. By the compact embedding of H SP(R™) into LP(L;), we can extract a subsequence (not relabeled) and find

a w € LP(£;) such that 8;’ u; = w in LP(£2;). A distributional argument in analogy to [14, Lemma 9] allows us to deduce that
w|o € WP(Q), or equivalently, w € H'"»%(Q), and

D)u; =D} & u; = Vw in LP(Q;R") as j — co. (6.11)
Part (ii) shows on the other hand that n;f (6';’ u;) = n{;(w) in L?(L;) as j — oo. Hence,

wp=Elup+ y — E7uy) = €y — ) (€] u) > w—xh(w) in LP(Q) as j — oo} (6.12)
note that the second equality is a consequence of u; — 8;’ u; € N% 29(Q), Eq. (4.7), and u ;€ N 25yt which imply n;’ (8;’ u;) =
S;/uj +u; = ﬂ;j(uj) =0.

Finally, the statement follows from (6.11) and (6.12) with u := w—n;(w) € N'»4(Q)L, and the observation that lr; (w) € NVWP4(Q)
is constant in 2. []

We can now state and prove our localization result in terms of variational convergence for s 1 1. Using the framework of

I'-convergence (see e.g., [10,19]) guarantees the convergence of minimizers as a particular consequence.
Theorem 6.4 (I'-Convergence to Classical Variational Integral). Let p € (1,0), F € LP'(_Q&;R'") and f : Q XR™" - R be a
Carathéodory integrand such that

f(x,A) > c(lAI”-1) forae xe2andall AcR™" (6.13)
with a constant ¢ > 0. If v — fQ f(x,Vo)dx is weakly lower semicontinuous on W '-?(2;R™), then the family of functionals (F)s with
Fi o LP(Q25R™) — R, defined by

/f(x,D;u)dx—/ F-udx forue NSPO(Q;R™?*,
Fiw)y=4Je Q5

00 else,

I'-converge with respect to L?(2s; R™)-convergence as s — 1 to T‘; T LP(Q25,R™) > R given by

. /f(x, Vu)dx—/F~udx for u e NLPA(Q; R™M)L
Fsw=4Ja Q

S else,

with N''P6(Q;R™)* as in (6.8). In addition, the family (F}); is equi-coercive in LP(Q25;R™).

Proof. Let (s;); be a sequence in (0, 1) that converge to 1 as j — co.

Step 1: Equi-coercivity. Let (u;); C LP(£2;) with sup; F;/ (u;) < oo, in particular, u; € N*i »9(Q)L for each j. The lower bound (6.13)
together with the nonlocal Poincaré inequality in Lemma 4.7 with a constant independent of s shows that (D;’ u;); is bounded
in LP(Q;R™M"). Hence, the compactness result in Lemma 6.3 (iii) is applicable and immediately yields a subsequence of (u ) that
converges strongly in LP(€2;R™) to a function in N1»9(Q)t.

Step 2: Liminf-inequality. Let (s;); € (0,1) and (u;); C LP(L4) be sequences such that s; > 1, u; » uin LP(Q5;R™) as j — o and
assume without loss of generality that sup ! F;j (u;) < oo. Then, according to Lemma 6.3 (iii) (cf. also Step 1), u € N'"P5(Q)! with
D;’ u; = Vuin LP(Q;R™") as j — co. The desired liminf-inequality

1 imi 5j
Fs) < 11}_’2};11: Fy'(u))
is straightforward, if we exploit the weak lower semicontinuity of v ~ [, f(x, Vv)dx as in the proof of Theorem 6.1, but now with
Q;’ varying with j.

Step 3: Recovery sequence. Let u € N'74(Q)t with F}(u) < co and take v € W!»(R";R™) with v = u on Q. We define a sequence
(u;); C LP(£25) by setting

u; =P v—x) (P v) € NP (QRML.
By construction, it holds in view of (2.10) that, for every j,

DJu; =D/ (P/v)=Vo=Vu on&, (6.14)
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and Lemma 6.3 (i) and (ii) imply

u; > v-mi)=u in LP(Q;R™) as j - co.

Observe that the identification of the limit function results from the fact that both « and v — n; (v) lie in N'»9(Q)! and they have
the same gradient in Q.
Altogether, we have shown that u ;= win LP(Q45R™) and

Pasj("j)=/f(x,D;’u,-)dx—/ F-ujdx=/f(x,Vu)dx—/ Fu;dx — Fl )
Q 25 Q 25

as j — oo, which proves the stated I'-convergence. []

Remark 6.5. We point out that the statement of Theorem 6.4 does not require any growth bound on f from above. This is of
particular relevance in settings with polyconvex integrands, which — motivated by applications in elasticity theory — are often chosen
to be extended-valued. In terms of the proof, the waiver of any upper bound on f is possible by the specific construction of the
recovery sequence, whose nonlocal gradients are independent of j, see (6.14). A

Finally, we address what the previously shown convergence of the variational problems implies for the relation between local
and nonlocal differential equations subject to natural and Neumann-type boundary conditions.

Indeed, if the classical compatibility condition fQ F dx = 0 holds, then any minimizer u € L?(£2;;R™) of Fél, when restricted to
£, also minimizes the functional

Ul—)/f(X,VU)dX—/F'de
Q Q

over the full space W1?(Q; R™). In particular, if f is continuously differentiable in its second argument with f and D, f satisfying
(6.3), then the minimizer u weakly satisfies the Euler-Lagrange system with natural boundary conditions
—div(Dy4 f(-,Vu)) = F in Q,
Dyf(¢,Vu)-v=0 on 04,

(6.15)

where v is an outward pointing unit normal to 9€2. Therefore, Theorem 6.4 implies that the minimizers of 7] converge up to
subsequence in L?(Q;R™) to a weak solution of (6.15) as s 1 1.

Data availability
No data was used for the research described in the article.
Acknowledgments

The authors would like to thank the Lorentz Center for their hospitality during the workshop “Nonlocality: Analysis, Numerics
and Applications”, which has inspired initial ideas for this work.

References

[1]1 H. Abels, G. Grubb, Fractional-order operators on nonsmooth domains, J. Lond. Math. Soc. (2) 107 (4) (2023) 1297-1350.
[2] A. Audrito, J.-C. Felipe-Navarro, X. Ros-Oton, The Neumann problem for the fractional Laplacian: Regularity up to the boundary, Ann. Sc. Norm. Super.
Pisa, Cl. Sci. (5) 24 (2) (2023) 1155-1222.
[3] J.C. Bellido, J. Cueto, M.D. Foss, P. Radu, Nonlocal green theorems and Helmholtz decompositions for truncated fractional gradients, Appl. Math. Optim.
90 (1) (2024) Paper No. 16.
[4] J.C. Bellido, J. Cueto, C. Mora-Corral, Fractional piola identity and polyconvexity in fractional spaces, Ann. Inst. H. Poincaré Anal. Non Linéaire 37 (4)
(2020) 955-981.
[5] J.C. Bellido, J. Cueto, C. Mora-Corral, I'-convergence of polyconvex functionals involving s-fractional gradients to their local counterparts, Calc. Var.
Partial Differential Equations 60 (1) (2021) 29, Paper No. 7.
[6] J.C. Bellido, J. Cueto, C. Mora-Corral, Non-local gradients in bounded domains motivated by continuum mechanics: Fundamental theorem of calculus and
embeddings, Adv. Nonlinear Anal. 12 (1) (2023) 48, Paper No. 20220316.
[7]1 J.C. Bellido, J. Cueto, C. Mora-Corral, Eringen’s model via linearization of nonlocal hyperelasticity, Math. Mech. Solids 29 (4) (2024) 686-703.
[8] J.C. Bellido, C. Mora-Corral, P. Pedregal, Hyperelasticity as a I'-limit of peridynamics when the horizon goes to zero, Calc. Var. Partial Differential
Equations 54 (2) (2015) 1643-1670.
[9] K. Bogdan, K. Burdzy, Z.-Q. Chen, Censored stable processes, Probab. Theory Related Fields 127 (1) (2003) 89-152.
[10] A. Braides, I'-Convergence for Beginners, in: Oxford Lecture Series in Mathematics and its Applications, vol. 22, Oxford University Press, Oxford, 2002.
[11] H. Brezis. Functional analysis, Sobolev Spaces and Partial Differential Equations, in: Universitext, Springer, New York, 2011.
[12] E. Brue, M. Calzi, G.E. Comi, G. Stefani, A distributional approach to fractional Sobolev spaces and fractional variation: Asymptotics II, C. R. Math. Acad.
Sci. Paris 360 (2022) 589-626.
[13] G.E. Comi, G. Stefani, A distributional approach to fractional Sobolev spaces and fractional variation: Existence of blow-up, J. Funct. Anal. 277 (10) (2019)
3373-3435.
[14] J. Cueto, C. Kreisbeck, H. Schonberger, A variational theory for integral functionals involving finite-horizon fractional gradients, Fract. Calc. Appl. Anal.
26 (5) (2023) 2001-2056.
[15] B. Dacorogna, Direct Methods in the Calculus of Variations, second ed., in: Applied Mathematical Sciences, vol 78, Springer, New York, 2008.

27


http://refhub.elsevier.com/S0362-546X(24)00161-5/sb1
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb2
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb2
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb2
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb3
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb3
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb3
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb4
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb4
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb4
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb5
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb5
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb5
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb6
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb6
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb6
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb7
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb8
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb8
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb8
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb9
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb10
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb11
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb12
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb12
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb12
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb13
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb13
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb13
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb14
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb14
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb14
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb15

C. Kreisbeck and H. Schonberger Nonlinear Analysis 249 (2024) 113642

[16]

[17]

[18]
[19]

[20]
[21]

[22]
[23]

[24]
[25]
[26]

[27]
[28]

[29]
[30]
[31]

[32]
[33]
[34]
[35]

[36]

[37]
[38]
[39]
[40]
[41]
[42]

[43]
[44]

[45]
[46]
[47]
[48]

[49]
[50]
[51]
[52]
[53]

B. Dacorogna, P. Marcellini, Implicit Partial Differential Equations, in: Progress in Nonlinear Differential Equations and their Applications, vol. 37, Birkhduser
Boston, Inc., Boston, MA, 1999.

B. Dacorogna, P. Marcellini, On the solvability of implicit nonlinear systems in the vectorial case, in: Nonlinear Partial Differential Equations (Evanston,
1L, 1998), in: Contemp. Math., vol. 238, Amer. Math. Soc., Providence, RI, 1999, pp. 89-113.

B. Dacorogna, G. Pisante, A general existence theorem for differential inclusions in the vector valued case, Port. Math. 62 (4) (2005) 421-436.

G. Dal Maso, An Introduction to I'-Convergence, in: Progress in Nonlinear Differential Equations and their Applications, vol. 8, Birkhduser Boston, Inc.,
Boston, MA, 1993.

L.M. Del Pezzo, A.M. Salort, The first non-zero Neumann p-fractional eigenvalue, Nonlinear Anal. 118 (2015) 130-143.

M. D’Elia, M. Gulian, T. Mengesha, J.M. Scott, Connections between nonlocal operators: From vector calculus identities to a fractional Helmholtz
decomposition, Fract. Calc. Appl. Anal. 25 (6) (2022) 2488-2531.

S. Dipierro, E. Proietti Lippi, E. Valdinoci, Linear theory for a mixed operator with Neumann conditions, Asymptot. Anal. 128 (4) (2022) 571-594.

S. Dipierro, E. Proietti Lippi, E. Valdinoci, (Non)local logistic equations with Neumann conditions, Ann. Inst. H. Poincaré C Anal. Non Linéaire 40 (5)
(2023) 1093-1166.

S. Dipierro, X. Ros-Oton, E. Valdinoci, Nonlocal problems with Neumann boundary conditions, Rev. Mat. Iberoam. 33 (2) (2017) 377-416.

Q. Du, X. Tian, C. Wright, Y. Yu, Nonlocal trace spaces and extension results for nonlocal calculus, J. Funct. Anal. 282 (12) (2022) 63, Id/No 109453.
J. Duoandikoetxea, Fourier analysis, in: Graduate Studies in Mathematics, vol. 29, American Mathematical Society, Providence, RI, 2001, Translated and
revised from the 1995 Spanish original by David Cruz-Uribe.

G. Foghem, M. Kassmann, A general framework for nonlocal Neumann problems, Commun. Math. Sci. 22 (1) (2024) 15-66.

K. Goebel, S. Reich, Uniform convexity, hyperbolic geometry, and nonexpansive mappings, in: Monographs and Textbooks in Pure and Applied Mathematics,
vol. 83, Marcel Dekker, Inc., New York, 1984.

L. Grafakos, Classical Fourier Analysis, third ed., in: Graduate Texts in Mathematics, vol. 249, Springer, New York, 2014.

L. Grafakos, Modern Fourier analysis, third ed., in: Graduate Texts in Mathematics, vol. 250, Springer, New York, 2014.

G. Grubb, Fractional Laplacians on domains, a development of Hérmander’s theory of u-transmission pseudodifferential operators, Adv. Math. 268 (2015)
478-528.

G. Grubb, Resolvents for fractional-order operators with nonhomogeneous local boundary conditions, J. Funct. Anal. 284 (7) (2023) 55, Paper No. 109815.
F. Grube, T. Hensiek, Robust nonlocal trace spaces and Neumann problems, Nonlinear Anal. 241 (2024) 113481.

F. Grube, M. Kassmann, Robust nonlocal trace and extension theorems, 2023, Preprint, arXiv:2305.05735.

D. Harutyunyan, T. Mengesha, H. Mikayelyan, J.M. Scott, Fractional Korn’s inequalities without boundary conditions, Math. Mech. Complex Syst. 11 (4)
(2023) 497-524.

C. Kreisbeck, H. Schonberger, Quasiconvexity in the fractional calculus of variations: Characterization of lower semicontinuity and relaxation, Nonlinear
Anal. 215 (2022) Paper No. 112625.

S. Lang, Complex analysis, fourth ed., in: Graduate Texts in Mathematics, vol. 103, Springer-Verlag, New York, 1999.

A. Lischke, G. Pang, M. Gulian, et al., What is the fractional Laplacian? A comparative review with new results, J. Comput. Phys. 404 (2020) 109009, 62.
T. Mengesha, Q. Du, On the variational limit of a class of nonlocal functionals related to peridynamics, Nonlinearity 28 (11) (2015) 3999-4035.

T. Mengesha, D. Spector, Localization of nonlocal gradients in various topologies, Calc. Var. Partial Differential Equations 52 (1-2) (2015) 253-279.

D. Mugnai, E. Proietti Lippi, Neumann fractional p-Laplacian: Eigenvalues and existence results, Nonlinear Anal. 188 (2019) 455-474.

S. Miiller, Variational models for microstructure and phase transitions, in: Calculus of Variations and Geometric Evolution Problems (Cetraro, 1996), in:
Lecture Notes in Math, vol. 1713, Springer, Berlin, 1999, pp. 85-210.

S. Miiller, M.A. Sychev, Optimal existence theorems for nonhomogeneous differential inclusions, J. Funct. Anal. 181 (2) (2001) 447-475.

A.C. Ponce, Elliptic PDEs, Measures and Capacities, in: EMS Tracts in Mathematics, vol. 23, European Mathematical Society (EMS), Ziirich, 2016, From
the Poisson equations to nonlinear Thomas—Fermi problems.

F. Rindler, Calculus of Variations, in: Universitext, Springer, Cham, 2018.

J. Scott, T. Mengesha, A fractional Korn-type inequality, Discrete Contin. Dyn. Syst. 39 (6) (2019) 3315-3343.

T.-T. Shieh, D.E. Spector, On a new class of fractional partial differential equations, Adv. Calc. Var. 8 (4) (2015) 321-336.

M. Silhavy, Fractional vector analysis based on invariance requirements (critique of coordinate approaches), Contin. Mech. Thermodyn. 32 (1) (2020)
207-228.

M.A. Sychev, Comparing various methods of resolving differential inclusions, J. Convex Anal. 18 (4) (2011) 1025-1045.

X. Tian, Q. Du, Trace theorems for some nonlocal function spaces with heterogeneous localization, SIAM J. Math. Anal. 49 (2) (2017) 1621-1644.

H. Triebel, Theory of Function Spaces, in: Monographs in Mathematics, vol. 78, Birkhduser Verlag, Basel, 1983.

H. Triebel, The Structure of Functions, in: Monographs in Mathematics, vol. 97, Birkhduser Verlag, Basel, 2001.

M.I Visik, G.I. Eskin, Convolution equations in a bounded region, Uspekhi Mat. Nauk 20 (1965) 89-152, (3 (123)).

28


http://refhub.elsevier.com/S0362-546X(24)00161-5/sb16
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb16
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb16
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb17
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb17
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb17
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb18
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb19
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb19
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb19
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb20
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb21
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb21
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb21
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb22
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb23
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb23
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb23
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb24
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb25
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb26
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb26
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb26
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb27
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb28
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb28
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb28
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb29
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb30
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb31
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb31
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb31
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb32
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb33
http://arxiv.org/abs/2305.05735
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb35
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb35
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb35
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb36
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb36
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb36
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb37
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb38
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb39
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb40
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb41
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb42
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb42
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb42
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb43
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb44
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb44
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb44
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb45
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb46
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb47
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb48
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb48
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb48
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb49
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb50
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb51
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb52
http://refhub.elsevier.com/S0362-546X(24)00161-5/sb53

	Non-constant functions with zero nonlocal gradient and their role in nonlocal Neumann-type problems
	Introduction
	Preliminaries
	Notation
	Nonlocal gradients and Sobolev spaces
	Translation operators
	Pseudo-differential operators and Dirichlet problems

	Discussion and characterization of functions with zero nonlocal gradient 
	Non-constant elements of Ns, p, δ(Ω)
	Characterization of Ns, p, δ(Ω)
	Regularity properties of functions with zero nonlocal gradient and examples

	Technical tools involving functions with zero nonlocal gradient
	Connection between classical and nonlocal Sobolev spaces
	Extension modulo functions with zero nonlocal gradient.
	A new nonlocal Poincare inequality 
	Nonlocal Poincare-Wirtinger inequality

	Nonlocal differential inclusion problems
	Well-posedness and localization of nonlocal Neumann-type problems
	Existence theory for a class of nonlocal Neumann-type variational problems
	Localization for s↑1

	Data availability
	Acknowledgments
	References


