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Summary

The study of nonlocal energy-based models has proliferated in the last decades due to their rele-
vance in applications and the novel mathematical challenges that they provide. Within this context,
the thesis addresses a wide variety of aspects concerning variational problems involving nonlocal
gradients. These have been proposed for modeling the emergence of cracks and cavitations inmate-
rials, and can be used in image denoising applications to preserve sharp features. The contributions
of the thesis are concerned with several families of nonlocal gradients and can be divided into the
following overarching themes:

(𝑖) Development of nonlocal Sobolev spaces;
(𝑖𝑖) existence theories for minimizers of nonlocal integral functionals;
(𝑖𝑖𝑖) asymptotic analysis of parameter-dependent problems.

In the context of (𝑖), we extend and unify the results established for the Riesz and finite-horizon
fractional gradient by considering more general nonlocal gradients with radial kernels. Precisely,
based on a delicate analysis of the Fourier symbol of the nonlocal gradient, we present minimal
assumptions on the kernel function such that Poincaré inequalities and compact embeddings hold.
Moreover, we provide sharp embeddings into Orlicz spaces and spaces with prescribed modulus of
continuity, that refine the fractional Sobolev and Morrey inequalities.

With these tools at hand, the goal in (𝑖𝑖) is to establish rigorous existence results for minimizers
of integral functionals depending on nonlocal gradients. We develop a translation mechanism that
connects the nonlocal gradients with their local counterpart and use this to characterize the lower
semicontinuity of the nonlocal functionals in terms of the classical notion of quasiconvexity. Based
on this, we establish the existence of minimizers via the direct method under Dirichlet or novel
Neumann-type boundary conditions. The latter conditions necessitate the study of functions with
zero nonlocal gradient, which surprisingly constitute an infinite-dimensional vector space, and we
employ recent results regarding pseudo-differential boundary-value problems to characterize them.
We also tackle linear growth functionals, which lack the usual coercivity requirement, and provide
an explicit formula for their relaxation in the space of functions with bounded fractional variation.
This reveals insights about the behavior of minimizing sequences and is based on a careful analysis
of the concentration effects of the fractional gradient by using tools from Young measure theory.

Building upon the existence results, the focus in (𝑖𝑖𝑖) lies on studying the dependence of the
minimizers on parameters in the problem, specifically, the fractional parameter 𝑠 and the interaction
range 𝛿 . We establish using Γ-convergence that the minimizers depend continuously on 𝑠 and
converge to the local solutions as 𝑠 → 1. In parallel, we prove that localization also occurs in the
vanishing horizon limit𝛿 → 0, while the diverging horizon regime𝛿 → ∞ leads to themodels based
on the Riesz fractional gradient. A crucial ingredient for the proofs of these results are uniform
compactness statements, which are established by studying the dependence of the Fourier symbols
on the respective parameters. In terms of applications, we develop an abstract framework for the
well-posedness of bi-level optimization problems for parameter learning in image denoising. The
results of the thesis show that the models involving nonlocal gradients fit into this framework,
where the fractional parameter is tuned in order to obtain the optimal degree of smoothing.
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Zusammenfassung

Die Betrachtung von nichtlokalen energiebasierten Modellen hat in den letzten Jahrzehnten auf-
grund ihrer Relevanz für Anwendungen und der damit einhergebenden neuen mathematischen
Herausforderungen erheblich zugenommen. In diesem Zusammenhang befasst sich diese Arbeit
mit einer Vielzahl Aspekten von Variationsproblemen mit nichtlokalen Gradienten. Diese wurden
für die Modellierung der Entstehung von Rissen und Kavitation in Materialien vorgeschlagen und
können verwendet werden, um scharfe Merkmale bei der Rauschentfernung in Bildern zu behal-
ten. Die Beiträge dieser Arbeit beziehen sich auf mehrere Familien von nichtlokalen Gradienten
und können in die folgenden übergreifenden Themen unterteilt werden:

(𝑖) Entwicklung von nichtlokalen Sobolev-Räumen;
(𝑖𝑖) Existenztheorien für Minimierer von nichtlokalen Integralfunktionalen;
(𝑖𝑖𝑖) Asymptotische Analyse von parameterabhängigen Problemen.

Im Kontext von (𝑖) vereinheitlichen wir die Ergebnisse für den Riesz-Gradienten und den frak-
tionalen Gradienten mit endlichem Horizont, indem wir allgemeinere nichtlokale Gradienten mit
radialsymmetrischen Kernen betrachten. Basierend auf einer detaillierten Analyse des Fourier-
Symbols des nichtlokalen Gradienten stellen wir minimale Annahmen für die Kernfunktion so auf,
dass Poincaré-Ungleichungen und kompakte Einbettungen gelten. Außerdem zeigen wir scharfe
Einbettungen in Orlicz-Räume und Räume mit vorgeschriebenem Stetigkeitsmodul, die die fraktio-
nalen Sobolev- und Morrey-Ungleichungen verfeinern.

Unter Verwendung dieser verfügbaren Werkzeugen ist das Ziel in (𝑖𝑖), die rigorose Herleitung
von Existenzresultaten für Minimierer von Integralfunktionalen, die von nichtlokalen Gradienten
abhängen. Wir entwickeln dazu einen Translationsmechanismus, der nichtlokale Gradienten mit
ihrem lokalen Gegenstück verbindet, und eine Charakterisierung der Unterhalbstetigkeit nichtlo-
kaler Funktionale durch den klassischen Begriff der Quasikonvexität ermöglicht. Auf dieser Grund-
lage können wir die Existenz vonMinimierern mit Hilfe der direktenMethode unter Dirichlet- oder
neuen Neumann-Randbedingungen nachweisen. Die zuletztgenannten Bedingungen erfordern die
Analyse von Funktionen mit verschwindendem nichtlokalen Gradienten, die überraschenderwei-
se einen unendlich-dimensionalen Vektorraum bilden, und charackterisieren diese mittels moder-
ner Ergebnisse zu Randwertproblemenmit Pseudodifferentialoperatoren.Wir behandeln außerdem
Funktionale mit linearemWachstum, die die übliche Koerzitivitätsannahme nicht erfüllen, und ge-
ben eine explizite Formel für ihre Relaxierung in dem Raum der Funktionen mit beschränkter frak-
tionaler Variation. Dies liefert neue Erkentnisse über das Verhalten von Minimalfolgen und basiert
auf einer sorgfältigen Analyse der Konzentrationseffekte fraktionaler Gradienten unter Verwen-
dung der Young-Maß-Theorie.

Aufbauend auf den Existenzresultaten liegt der Schwerpunkt in (𝑖𝑖𝑖) auf der Betrachtung der Pa-
rameterabhängigkeit der Minimierer, insbesondere bezüglich des fraktionalen Parameters 𝑠 und des
Interaktionsradius 𝛿 . Mittels Γ-Konvergenz zeigen wir, dass die Minimierer stetig von 𝑠 abhängen
und, im Fall 𝑠 → 1, zu lokalen Lösungen konvergieren. Parallel beweisen wir, dass die Lokalisierung
auch bei einem verschwindenden Horizont 𝛿 → 0 auftritt, während das Regime des divergieren-
den Horizonts 𝛿 → ∞ zu den Modellen führt, die auf dem fraktionalen Riesz-Gradienten basieren.
Ein entscheidender Bestandteil zum Beweis dieser Ergebnisse sind gleichmäßige Kompaktheitsaus-
sagen, die durch die Untersuchung der Parameterabhängigkeit der Fourier-Symbole gezeigt wer-
den. In Bezug auf Anwendungen entwickeln wir einen abstrakten Rahmen für die Lösbarkeit von
Bilevel-Optimierungsproblemen für das Parameterlernen bei der Bildentrauschung. Die Ergebnisse
der Arbeit zeigen, dass die Modelle mit nichtlokalen Gradienten in diesen Rahmen passen, wobei
der fraktionale Parameter abgestimmt wird, um den optimalen Grad der Entrauschung zu erhalten.
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Chapter 1

Introduction

Modeling and predicting the behavior of complex phenomena in the real world is one of the ma-
jor applications of the abstract field of mathematics. Although there are a vast number of ways
to design mathematical models, an exceedingly versatile and successful approach is based on the
minimization of a given intrinsic quantity; the minimized quantities will often have a physically
relevant meaning in the application, such as energy, time or distance. The mathematical area that is
devoted to these problems is called the calculus of variations, and the thesis will consider problems
within this framework.

In general, the calculus of variations is concerned with so-called variational problems that con-
sist of the minimization of a given functional

F : 𝑋 → ℝ∞ := ℝ ∪ {∞},

with 𝑋 a suitable space of functions. The key challenge that distinguishes these problems from
more elementary optimization problems on ℝ𝑛 , is that 𝑋 is an infinite-dimensional space, and this
necessitates the use of vastly different and more advanced tools. On the flip side, the formulation in
terms of minimization problems is quite convenient for modeling purposes and many applications
can be translated into this framework. Prominent examples include, among many others, Fermat’s
principle of least time in optics, Hamilton’s principle of least action in classical mechanics, the study
of geodesics and minimal surfaces in geometry, optimal control theory, and variational methods in
image processing (cf. [20, 150, 182, 206]).

The example that initiated the calculus of variations, however, is commonly attributed to the
well-known Brachistochrone problem, which was posed as a challenge by Johann Bernoulli to his
peers in 1696 [43]. The problem consisted of finding a continuous path between two fixed points
such that the time it takes for a frictionless ball to roll down this path, solely driven by gravity,
is minimized. It turns out that the optimal curve is a cycloid, which is a shape that can be traced
out by a circle rolling along a straight line. Multiple prominent figures in the scientific world at
the time solved the problem, such as Leibniz, Newton and both Bernoulli brothers [121,206], but it
was the contributions of Euler and Lagrange in the next century that provided the first systematic
method for solving variational problems.

Their approach, which is nowadays called the classical or indirect method in the calculus of
variations, consists of deriving necessary conditions for minimizers, i.e., functions that minimize
the functional, by setting the first variation of F equal to zero. In essence, one generalizes the con-
cept of stationary points to functionals, and this leads, in the case of the commonly studied integral
functionals in (1.1), to solving a partial differential equation known as the Euler-Lagrange equa-
tion. This important observation allows one to solve these equations in order to find minimizers,
and gave shape to the field for years to come. One major drawback, however, is that not every sta-
tionary point of the functional needs to be a minimizer, and therefore, solving the equations does
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2 CHAPTER 1. INTRODUCTION

not immediately solve the minimization problem at hand. In fact, a surprising discovery made by
Weierstrass in 1870 [209] showed that, even in the class of integral functionals, there are examples
that do not admit any minimizers.

The urge to resolve these shortcomings gave way to the modern calculus of variations, whose
development was set in motion by Hilbert when he presented his famous 23 problems in 1900 [131].
Out of the three problems related to the calculus of variations, it was the 20th problem that pertained
to the existence of minimizers for variational problems involving integral functionals. Significant
contributions to this problem were made by Hilbert, Noether, Tonelli, Lebesgue and Hadamard,
which led to the conception of the direct method, see Section 1.1. As opposed to arguing through
stationary points of the functional, one directly works with the functional by verifying that it is
coercive and lower semicontinuous, after which the existence of minimizers is guaranteed. This
method finally put the calculus of variations on a rigorous mathematical foundation, and is still
immensely important nowadays.

The generality of the direct method allows it to be applied to any kind of functional, but the
most prevalent class of functionals considered in the calculus of variations are integral functionals
involving first order derivatives, that is

F (𝑢) =
∫
Ω
𝑓 (𝑥,𝑢, 𝐷𝑢) 𝑑𝑥, (1.1)

with Ω ⊂ ℝ𝑛 and 𝑢 : Ω → ℝ𝑚 a suitable function with 𝐷𝑢 its derivative, see Section 1.1 for more
details. As a result, a lot of attention in the 20th century went to finding conditions under which
these functionals satisfied the requirements of the direct method. Coercivity can be achieved when
one works on Sobolev spaces by imposing certain growth bounds on the integrand, but only with
respect to the weak topology. Hence, the lower semicontinuity has to be verified with respect to
this same topology, which is a delicate issue. It turns out that convexity of the integrand plays a key
role in this regard; in fact, for integrands with standard growth the weak lower semicontinuity of
vectorial integral functionals can be characterized in terms of quasiconvexity, which is a generalized
convexity notion introduced in the seminal work of Morrey in 1952 [165].

Further significant aspects of the modern calculus of variations include the topics of relaxation
and Γ-convergence. The former is an approach for studying functionals that are not lower semicon-
tinuous, and therefore, not tractable by the direct method. One considers a related relaxed problem,
by determining the lower semicontinuous envelope of the functional. Under suitable coercivity
assumptions, this new functional will admit minimizers that are related to the original problem.
Explicitly, the minimizing sequences of the functional converge up to subsequence to a minimizer
of the relaxation. In the case of classical integral functionals, it has been shown by Dacorogna [74]
that the relaxation is again an integral functional, with the integrand replaced by its quasiconvex
envelope.

Introduced by De Giorgi and Franzoni in 1975 [85], Γ-convergence is a method to study se-
quences of variational problems and their asymptotic behavior. It provides a systematic way to
verify whether the sequence converges to a limit variational problem, in the sense that the min-
ima and minimizers converge. In this way, one can relate the sequence of functionals to its limit
functional, or study the continuous dependence of minimizers on certain parameters in the model.
An overview of the direct method in the calculus of variations and the results regarding integral
functionals involving gradients is given in Section 1.1.

While functionals as in (1.1) have proven very effective in applications, a recent development
has seen the interest rise in different classes of functionals as well. This is because they can possess
new features that are desirable in given applications. Especially models that are of a nonlocal
nature have been intensively studied due to their ability to incorporate long-range effects; this is in
contrast to models based on purely local notions like the gradient. Applications of nonlocal models
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range from continuummechanics [195–197], to fractional models in physics, chemistry and biology
[132, 177], and image processing [13, 21, 117, 134]. Additionally, in nonlocal models derivatives are
often not needed, which makes it possible to work with less regular functions that can exhibit
discontinuities. This can be particularly useful when one is interested in the formation of cracks
and cavities in elastic materials or in recovering sharp features in noisy images, see also Section 1.3.

There are different ways in which nonlocal effects can be incorporated into variational models,
but in the thesis we will mostly focus on integral functionals similar to (1.1) where the derivative
is replaced by a nonlocal gradient of the form

𝐷𝜌𝑢 (𝑥) :=
∫
ℝ𝑛

𝑢 (𝑥) − 𝑢 (𝑦)
|𝑥 − 𝑦 |

𝑥 − 𝑦
|𝑥 − 𝑦 | 𝜌 (𝑥 − 𝑦) 𝑑𝑦, (1.2)

for 𝑢 : ℝ𝑛 → ℝ and with 𝜌 : ℝ𝑛 \ {0} → ℝ a suitable kernel function. Intuitively, this gradient
can be seen as an average of discrete difference quotients weighted by the function 𝜌 . Despite the
natural way of incorporating nonlocality by replacing the gradient with 𝐷𝜌 in (1.1), such models
have only been considered in the last few years. The first existence results for minimizers appeared
in 2015 in the paper by Shieh & Spector [193] for the so-called Riesz fractional gradient, which
arises by choosing

𝜌 (𝑥) = 𝑐𝑛,𝑠 1
|𝑥 |𝑛+𝑠−1

in (1.2) with 𝑠 ∈ (0, 1) and 𝑐𝑛,𝑠 a normalizing constant. They developed the suitable function spaces
and applied the direct method to obtain the well-posedness of integral functionals depending on
the fractional gradient. Since then, the interest in this gradient and in related variational problems
has grown tremendously, see e.g. [28, 31, 66, 92, 93, 140, 208] and also Section 1.2 for a more broad
overview of these and related fractional and nonlocal models.

Since the study of variational problems involving nonlocal gradients is still in its inception,
there are a lot of fundamental tasks in the context of the direct method left open, which we con-
sider in this thesis. They include the development of the appropriate function spaces and Poincaré
inequalities, characterizing weak lower semicontinuity, proving relaxation and localization results,
and investigating different types of boundary conditions. The gradients we consider range from
the Riesz fractional gradient, to a truncated fractional gradient with finite interaction range, and to
even more general nonlocal gradients of the type (1.2).

Although theoretical in nature, the models we consider are motivated by applications of which
we highlight two in Section 1.3. The first is in peridynamics, which is a nonlocal formulation of
continuum mechanics introduced by Silling [196]. The advantage of this formulation is that peri-
dynamic models can incorporate interactions at a distance in the material and allow discontinuities
like cracks and cavities to emerge through the use of nonlocal terms instead of derivatives. The
original formulation of bond-based peridynamics is quite limited though, since the linear elastic
models are restricted to materials with Poisson ratio equal to 1

4 [195, 197], and only a small class
of nonlinear models can be recovered in the localization limit [27, 160]. Therefore, a more general
state-based theorywas developed (cf. [195,197]), which overcame these shortcomings. We point out
that the integral functionals depending on nonlocal gradients constitute a mathematically rigorous
class that fits into the state-based framework.

Secondly, the nonlocal models can be used as regularizers in applications of image denoising.
This is because the freedom of choosing the kernel 𝜌 , for example, through the fractional parameter
𝑠 ∈ (0, 1), allows one to change the amount of regularity that is imposed on functions. Therefore,
one can tune the regularization in order to find a balance between the amount of smoothing of
the noise and the retention of sharp features in the image. The learning of the optimal regularizer
with respect to a given data set can be done with a bi-level training scheme, and this topic will also
appear in Chapter 7 again.
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Wenow turn to themain body of the thesis, which consists of six chapters that correspond to the
articles [36,72,73,82,141,189]. Each chapter is introduced and highlighted in Section 1.4 below. To
summarize, Chapter 2 deals with linear growth integral functionals involving the Riesz fractional
gradient. Such functionals lack the coercivity properties to apply the direct method, and, therefore,
we characterize their relaxation to the space of functions with bounded fractional variation, see
also Section 1.1.2 for the theory around classical linear growth functionals. In Chapter 3, we fur-
ther the development around integral functionals involving the finite-horizon fractional gradient
introduced in [31], providing a broad theory for the weak lower semicontinuity, Γ-convergence and
localization of these functionals subject to Dirichlet conditions. Chapter 4 addresses the same gra-
dients, where we investigate problems with Neumann-type boundary conditions instead of Dirich-
let conditions. This necessitates the careful study of the functions with vanishing finite-horizon
fractional gradient, which are characterized using the recent existence and regularity theory for
pseudo-differential operators [2, 125]. The general gradients of the type (1.2) and associated func-
tion spaces are studied in Chapter 5, where almost minimal conditions on 𝜌 are derived in order
for Poincaré inequalities and compact embeddings to hold. This paves the way for the study of
integral functionals involving this more general class of nonlocal gradients, which is taken up in
Chapter 6. Moreover, it is shown via a vanishing and diverging horizon limit that these models
are consistent with their local and fractional counterpart, respectively. Finally, in Chapter 7, an
abstract framework is built around the learning of optimal regularizers in applications of image
denoising. Several examples with regularizers of nonlocal and fractional type related to the ones
in the thesis are shown to fit within the general framework. In fact, we show in Section 1.3.2 that
also the integral functionals depending on nonlocal gradients can be used in these applications.

1.1 The direct method and classical integral functionals

As mentioned in the introduction, the direct method was developed in the 20th century to provide
a rigorous mathematical framework for the calculus of variations and existence of minimizers for
variational problems. The goal of this section is to detail the general abstract theory of the direct
method in its modern form, which is used repeatedly in the main body of the thesis. Subsequently,
we will highlight the results regarding integral functionals depending on derivatives and how the
direct method specifies to this setting. We refer to e.g. [19, 49, 75, 80, 112, 173, 182] for more details
on this topic.

1.1.1 The abstract framework

We begin with the abstract direct method, which is used to establish the existence of minimizers
for a functional F : 𝑋 → [−∞,∞] on a topological space 𝑋 . To obtain a clean and comprehensive
theory in which all the results of the thesis fit in, we assume that we are in one of the two situations:

(A1) 𝑋 is a first countable topological space;
(A2) 𝑋 is a reflexive separable Banach space endowed with the weak topology.

Although these assumptions are not crucial for the direct method, they will become impor-
tant later when talking about relaxation and Γ-convergence. Let us now introduce the two main
properties of functionals which enable the use of the direct method.

Definition 1.1.1 (Sequential lower semicontinuity). A functionalF : 𝑋 → [−∞,∞] is sequen-
tially lower semicontinuous if for every sequence (𝑢 𝑗 ) 𝑗 ⊂ 𝑋 with 𝑢 𝑗 → 𝑢 in 𝑋 it holds that

F (𝑢) ≤ lim inf
𝑗→∞

F (𝑢 𝑗 ).
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Definition 1.1.2 (Coercivity). A functional F : 𝑋 → [−∞,∞] is coercive if the closure of the
sub-level set 𝐿𝑐 (F) := {𝑢 ∈ 𝑋 : F (𝑢) ≤ 𝑐} is sequentially compact for every 𝑐 ∈ ℝ.

Remark 1.1.3. a) There is also the notion of lower semicontinuity, which states that the sub-level
sets 𝐿𝑐 (F) are closed in 𝑋 for all 𝑐 ∈ [−∞,∞]; sequential lower semicontinuity only requires them
to be sequentially closed. Under the assumption (A1) of first countability, the two notions agree.
Moreover, in the setting of (A2) and the additional assumption that F is coercive, the sequential
and topological notion also coincide, see Proposition 1.1.6 below. In view of this and since we will
mostly only work with the sequential notion, we often refer to sequential lower semicontinuity
simply as lower semicontinuity.

b) There are some alternative notions of coercivity available in the literature, most notably the
weaker assumption that the closure of the sub-level sets 𝐿𝑐 (F) are countably compact for all 𝑐 ∈ ℝ

[80, Definition 1.12]. However, this coincides with our definition in the setting of (A1) or (A2). This
is because countable compactness agrees with sequential compactness in first countable spaces and
in the weak topology of Banach spaces by the Eberlein-Šmulian theorem. Finally, in the setting of
(A2), coercivity is also equivalent to the simpler assumption

F (𝑢) → ∞ as ∥𝑢∥ → ∞,

with ∥ · ∥ the norm on the Banach space 𝑋 , see [80, Example 1.14].
c) If we are in the case (A2) but F is only defined on a subsetA ⊂ 𝑋 , then as long asA is closed,

the coercivity and sequential lower semicontinuity of F on A remain preserved if we extend F to
𝑋 as identically∞. Therefore, working on the full space 𝑋 as opposed toA loses no generality. △

We now state the result on the existence of solutions of the variational problem

inf{F (𝑢) : 𝑢 ∈ 𝑋 }, (1.3)

whose proof we detail for the reader’s convenience.

Theorem 1.1.4 (Direct method). Let F : 𝑋 → [−∞,∞] be sequentially lower semicontinuous
and coercive. Then, F admits a minimizer 𝑢0 ∈ 𝑋 , that is,

F (𝑢0) = inf{F (𝑢) : 𝑢 ∈ 𝑋 }.

Proof. If F ≡ ∞, then any point in 𝑋 is a minimizer of F . Otherwise, we may take a minimizing
sequence (𝑢 𝑗 ) 𝑗 ⊂ 𝑋 that satisfies

lim
𝑗→∞

F (𝑢 𝑗 ) = inf{F (𝑢) : 𝑢 ∈ 𝑋 } < ∞.

Therefore, there is a 𝑐 ∈ ℝ such that 𝑢 𝑗 ∈ 𝐿𝑐 (F) for all 𝑗 ∈ ℕ large enough. By coercivity of
F , there is a 𝑢0 ∈ 𝑋 so that up to a non-relabeled subsequence 𝑢 𝑗 → 𝑢0. The sequential lower
semicontinuity then yields

F (𝑢0) ≤ lim inf
𝑗→∞

F (𝑢 𝑗 ) = inf{F (𝑢) : 𝑢 ∈ 𝑋 }.

□

In the case that lower semicontinuity is not satisfied, the direct method is not applicable and (1.3)
might not have any solutions. A common strategy is to resort to the relaxation of the functional.
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Definition 1.1.5 (Relaxation). Let F : 𝑋 → [−∞,∞], then we define its relaxation F rel : 𝑋 →
[−∞,∞] as

F rel(𝑢) := inf
{
lim inf
𝑗→∞

F (𝑢 𝑗 ) : 𝑢 𝑗 → 𝑢 in 𝑋
}
.

We also introduce the lower semicontinuous and sequentially lower semicontinuous envelopes

lscF (𝑢) := sup {G (𝑢) : G lower semicontinuous, G ≤ F}
and

slscF (𝑢) := sup {G (𝑢) : G sequentially lower semicontinuous, G ≤ F}
see [112, Definition 3.8], which are the largest lower semicontinuous and sequentially lower semi-
continuous functionals belowF , respectively. In general, it follows from the definitions that lscF ≤
slscF ≤ F rel ≤ F . In light of [112, Proposition 3.12 and 3.16], where the latter uses the local metriz-
ability of the weak topology in the setting of (A2), we also obtain the following.

Proposition 1.1.6. Let F : 𝑋 → [−∞,∞] and assume (A1) is satisfied, or (A2) is satisfied and F is
coercive. Then, it holds that F rel = lscF = slscF .

We can now state the main result regarding relaxation and how it relates to the original mini-
mization problem (1.3), see [80, Theorem 3.8].

Theorem 1.1.7. Let F : 𝑋 → [−∞,∞] be coercive, then F rel is coercive and admits a minimizer
with

min{F rel(𝑢) : 𝑢 ∈ 𝑋 } = inf{F (𝑢) : 𝑢 ∈ 𝑋 }.
If F . ∞, then any minimizing sequence (𝑢 𝑗 ) 𝑗 of F , i.e.,

lim
𝑗→∞

F (𝑢 𝑗 ) = inf{F (𝑢) : 𝑢 ∈ 𝑋 },

converges up to subsequence to a minimizer of F rel.

We now proceed with the concept of Γ-convergence introduced by De Giorgi and Franzoni in
1975 [85], which is related to the convergence of a sequence of variational problems.

Definition 1.1.8 (𝚪-convergence). Let (F𝑗 ) 𝑗 ,F∞ : 𝑋 → [−∞,∞], then we say that (F𝑗 ) 𝑗 (se-
quentially) Γ-converges to F∞, and write F∞ = Γ- lim𝑗→∞ F𝑗 , if:

(𝑖) For every sequence (𝑢 𝑗 ) 𝑗 ⊂ 𝑋 with 𝑢 𝑗 → 𝑢 in 𝑋 , it holds that

F∞(𝑢) ≤ lim inf
𝑗→∞

F𝑗 (𝑢 𝑗 ) .

(𝑖𝑖) For each 𝑢 ∈ 𝑋 , there exists a sequence (𝑢 𝑗 ) 𝑗 ⊂ 𝑋 with 𝑢 𝑗 → 𝑢 in 𝑋 such that

F∞(𝑢) ≥ lim sup
𝑗→∞

F𝑗 (𝑢 𝑗 ) .

Property (𝑖) is called the liminf-inequality, while (𝑖𝑖) is referred to as the limsup-inequality. In
fact, if (𝑖) is satisfied, then any sequence with the property as in (𝑖𝑖) satisfies

lim
𝑗→∞

F𝑗 (𝑢 𝑗 ) = F∞(𝑢) .

Therefore, the sequence in property (𝑖𝑖) is called a recovery sequence. We also introduce a uniform
notion of coercivity, that is used alongside Γ-convergence.
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Definition 1.1.9 (Equi-coercivity). A sequence (F𝑗 ) 𝑗 : 𝑋 → [−∞,∞] is called equi-coercive, if
there exists a coercive functional G : 𝑋 → [−∞,∞] such that F𝑗 ≥ G for all 𝑗 ∈ ℕ.

Remark 1.1.10. a) The definition of equi-coercivity is equivalent to the one in [80, Definition 7.6]
in light of [80, Proposition 7.7]; indeed, we do not need to assume that G is lower semicontinuous
since we can replace it by lscG which is also coercive, cf. Theorem 1.1.7 and Proposition 1.1.6.

b) We note that there is also a topological notion of Γ-convergence, see [80, Definition 4.1].
However, this agrees with the sequential notion in the case (A1), or in the case (A2) with the addi-
tional assumption of equi-coercivity [80, Proposition 8.1 and 8.10].

c) In the setting of (A2), there exists a metric that induces the weak topology on bounded sets
[80, Proposition 8.7]. For any such metric, the Γ-limit of an equi-coercive sequence with respect
to this metric coincides with the weak Γ-limit [80, Proposition 8.10]. In particular, if 𝑋 is a type of
Sobolev space that is compactly embedded into 𝐿𝑝 for some 𝑝 ∈ (1,∞), then the metric given by
𝐿𝑝-convergence can be used instead of the weak topology on 𝑋 cf. [80, Example 8.9]. Because of
this, we often state our Γ-convergence results with respect to the 𝐿𝑝-convergence. △

Suppose now that (F𝑗 ) 𝑗 : 𝑋 → [−∞,∞], and we are in the setting (A1), or in the setting (A2)
with the additional assumption of equi-coercivity so that Remark 1.1.10 b) applies. If (F𝑗 ) 𝑗 has a
Γ-limit F∞, then this functional is automatically lower semicontinuous [80, Proposition 6.8]. Intu-
itively, this means that Γ-convergence induces a relaxation process in addition to the convergence
of variational problems. In fact, this can be made precise as it holds that

Γ- lim
𝑗→∞

F𝑗 = F∞ if and only if Γ- lim
𝑗→∞

F rel
𝑗 = F∞,

see [80, Proposition 6.11]. Moreover, if F : 𝑋 → [−∞,∞] is a functional in the setting of Propo-
sition 1.1.6, then F rel coincides with the Γ-limit of the constant sequence F𝑗 ≡ F for all 𝑗 ∈ ℕ,
i.e.,

F rel = Γ- lim
𝑗→∞

F , (1.4)

cf. [80, Remark 4.5].
We now phrase the main result about Γ-convergence, which justifies its usage in studying the

convergence of variational problems, see [80, Theorem 7.8 and Corollary 7.20].

Theorem 1.1.11. Let (F𝑗 ) 𝑗 : 𝑋 → [−∞,∞] be an equi-coercive sequence that Γ-converges to F∞ :
𝑋 → [−∞,∞]. Then, F∞ is coercive and admits a minimizer with

min{F∞(𝑢) : 𝑢 ∈ 𝑋 } = lim
𝑗→∞

inf{F𝑗 (𝑢) : 𝑢 ∈ 𝑋 }.

If F∞ . ∞, then every sequence (𝑢 𝑗 ) 𝑗 ⊂ 𝑋 of almost minimizers, i.e.,

lim
𝑗→∞

F𝑗 (𝑢 𝑗 ) = lim
𝑗→∞

inf{F𝑗 (𝑢) : 𝑢 ∈ 𝑋 },

converges up to subsequence to a minimizer of F∞.

1.1.2 Classical integral functionals

With the abstract theory established, we now consider the application to the specific class of integral
functionals involving derivatives, which is the most prominent class studied in the modern calculus
of variations with applications in classical mechanics, biology, chemistry, finance, optimal control
theory and image processing [20, 150, 182, 206]. The natural space to work on is the Sobolev space
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on a bounded Lipschitz domain Ω ⊂ ℝ𝑛 , which consists of the functions in 𝐿𝑝 with distributional
derivative in 𝐿𝑝 , i.e.,

𝑊 1,𝑝 (Ω;ℝ𝑚) := {𝑢 ∈ 𝐿𝑝 (Ω;ℝ𝑚) : 𝐷𝑢 ∈ 𝐿𝑝 (Ω;ℝ𝑚×𝑛)},

endowed with the norm

∥𝑢∥𝑊 1,𝑝 (Ω;ℝ𝑚 ) := ∥𝑢∥𝐿𝑝 (Ω;ℝ𝑚 ) + ∥𝐷𝑢∥𝐿𝑝 (Ω;ℝ𝑚×𝑛 )

with 𝑝 ∈ [1,∞], see [5, 52, 94, 108, 149] for a detailed account on Sobolev spaces. Let𝑊 1,𝑝
0 (Ω;ℝ𝑚)

be the collection of functions with zero trace on 𝜕Ω and𝑊 1,𝑝
𝑔 (Ω;ℝ𝑚) := 𝑔 +𝑊 1,𝑝

0 (Ω;ℝ𝑚) for a
boundary condition 𝑔 ∈𝑊 1,𝑝 (Ω;ℝ𝑚). We now consider the integral functionals of the form

F (𝑢) :=
∫
Ω
𝑓 (𝑥,𝑢, 𝐷𝑢) 𝑑𝑥 for 𝑢 ∈𝑊 1,𝑝

𝑔 (Ω;ℝ𝑚), (1.5)

with 𝑓 : Ω×ℝ𝑚 ×ℝ𝑚×𝑛 → ℝ a Carathéodory integrand, i.e., 𝑓 (·, 𝑧, 𝐴) is measurable for all (𝑧,𝐴) ∈
ℝ𝑚 × ℝ𝑚×𝑛 and 𝑓 (𝑥, ·, ·) is continuous for a.e. 𝑥 ∈ Ω. We first study the reflexive case 𝑝 ∈ (1,∞),
where we are in the setting of (A2) given the weak closedness of𝑊 1,𝑝

𝑔 (Ω;ℝ𝑚), cf. Remark 1.1.3 c).
Therefore, in order to apply the direct method one needs to show that F is coercive and lower
semicontinuous in the weak topology.

We first focus on the lower semicontinuity, which is themost involved of the two, and dates back
to the work of Morrey in 1952 [165]. He introduced the following generalized convexity notion,
which plays a key role in the characterization of lower semicontinuity.

Definition 1.1.12 (Quasiconvexity). ABorel-measurable locally bounded functionℎ : ℝ𝑚×𝑛 → ℝ

is called quasiconvex, if for every 𝐴 ∈ ℝ𝑚×𝑛

𝑓 (𝐴) ≤
∫
𝑌
𝑓 (𝐴 + 𝐷𝜑 (𝑦)) 𝑑𝑦 for all 𝜑 ∈𝑊 1,∞

0 (𝑌 ;ℝ𝑚),

with 𝑌 := (0, 1)𝑛 .

Remark 1.1.13. a) The inequality in the definition of quasiconvexity resembles Jensen’s inequal-
ity, but it only needs to holds for gradient fields. This shows that quasiconvexity is a weaker notion
than convexity, cf. [75, Theorem 5.3]. In fact, when either 𝑛 = 1 or 𝑚 = 1, then quasiconvexity
coincides with convexity [75, Theorem 5.3].

b) One can replace the class of test functions by either 𝐶∞
0 (𝑌 ;ℝ𝑚) or 𝑊 1,∞

per (𝑌 ;ℝ𝑚) without
changing the definition of quasiconvexity [75, Remark 5.2 and Proposition 5.13], where𝑊 1,∞

per (𝑌 ;ℝ𝑚)
denotes the 𝑌 -periodic functions in𝑊 1,∞(ℝ𝑛;ℝ𝑚). Additionally, if 𝑓 is quasiconvex, then it holds
for any Lipschitz domain 𝑂 ⊂ ℝ𝑛 by [75, Proposition 5.11] that

𝑓 (𝐴) ≤ 1
|𝑂 |

∫
𝑂
𝑓 (𝐴 + 𝐷𝜑 (𝑦)) 𝑑𝑦 for all 𝜑 ∈𝑊 1,∞

0 (𝑂 ;ℝ𝑚).

△

It turns out that under suitable growth conditions, quasiconvexity can be used to characterize
the (sequential) weak lower semicontinuity of functionals of the form (1.5). The following statement
can be found in e.g. [75, Theorem 8.1 and 8.11], with the addition of boundary data being due to
[75, Remark 3.19 (ii)].
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Theorem1.1.14 (Characterization of lower semicontinuity). Let 𝑓 : Ω×ℝ𝑚×ℝ𝑚×𝑛 → [0,∞)
be a Carathéodory integrand that satisfies for 𝐶 > 0

𝑓 (𝑥, 𝑧, 𝐴) ≤ 𝐶 (1 + |𝑧 |𝑝 + |𝐴|𝑝) for a.e. 𝑥 ∈ Ω and all (𝑧,𝐴) ∈ ℝ𝑚 ×ℝ𝑚×𝑛 . (1.6)

Then, F in (1.5) is sequentially weakly lower semicontinuous on𝑊 1,𝑝
𝑔 (Ω;ℝ𝑚) if and only if 𝐴 ↦→

𝑓 (𝑥, 𝑧, 𝐴) is quasiconvex for a.e. 𝑥 ∈ Ω and all 𝑧 ∈ ℝ𝑚 .

Remark 1.1.15 (Growth bounds). The non-negativity of the integrand and the upper bound
can be further generalized as in e.g. [75, Definition 8.10]. Additionally, we mention that there is
the notion of polyconvexity introduced by Ball [23], which is stronger than quasiconvexity, but
also provides a sufficient condition for lower semicontinuity when the integrand 𝑓 takes values in
ℝ∞ := ℝ ∪ {∞}, see [75, Theorem 8.16]. This is useful in applications of hyperelasticity, since
one can impose the orientation-preservation condition det𝐷𝑢 > 0, by setting 𝑓 (𝑥, 𝑧, 𝐴) = ∞
when det𝐴 ≤ 0. Well-known examples of such integrands include the ones that are used for
neo-Hookean, Mooney-Rivlin and Ogden materials [182, Examples 6.2-6.4]. △

With the lower semicontinuity resolved, it remains to consider the topic of coercivity, which
relies on the well-known Poincaré inequality: There is a 𝐶 = 𝐶 (Ω, 𝑛, 𝑝) > 0 such that

∥𝑢∥𝐿𝑝 (Ω;ℝ𝑚 ) ≤ 𝐶 ∥𝐷𝑢∥𝐿𝑝 (Ω;ℝ𝑚×𝑛 ) for all 𝑢 ∈𝑊 1,𝑝
0 (Ω;ℝ𝑚) . (1.7)

Now, if 𝑓 satisfies a growth bound from below of the form

𝜇 |𝐴|𝑝 ≤ 𝑓 (𝑥, 𝑧, 𝐴) for a.e. 𝑥 ∈ Ω and all (𝑧,𝐴) ∈ ℝ𝑚 ×ℝ𝑚×𝑛, (1.8)

with 𝜇 > 0, then it holds that F (𝑢) ≥ 𝜇∥𝐷𝑢∥𝑝
𝐿𝑝 (Ω;ℝ𝑚×𝑛 ) . In particular, if (𝑢 𝑗 ) 𝑗 ⊂𝑊 1,𝑝

𝑔 (Ω;ℝ𝑚) with
∥𝑢 𝑗 ∥𝑊 1,𝑝 (Ω;ℝ𝑚 ) → ∞,

then the Poincaré inequality shows that F (𝑢 𝑗 ) → ∞. In view of Remark 1.1.3 b), we conclude that
F is coercive. An application of the direct method (Theorem 1.1.4) shows the following.

Theorem 1.1.16 (Existence of minimizers). Let 𝑝 ∈ (1,∞), 𝑓 : Ω × ℝ𝑚 × ℝ𝑚×𝑛 → [0,∞) be
a Carathéodory integrand that satisfies (1.6) and (1.8), and assume 𝐴 ↦→ 𝑓 (𝑥, 𝑧, 𝐴) is quasiconvex for
a.e. 𝑥 ∈ Ω and all 𝑧 ∈ ℝ𝑚 . Then, F in (1.5) admits a minimizer over𝑊 1,𝑝

𝑔 (Ω;ℝ𝑚).
Now that themain goal of existence of minimizers is achieved, wewill deduce some information

about these minimizers inspired by the classical methods in the calculus of variations. Indeed, these
methods consisted of showing that minimizers are zeroes of the so-called first variation ofF , which
is a generalization of the directional derivative of F . In the case of integral functionals, this first
variation can be explicitly computed, which leads to a system of PDEs known as the (weak) Euler-
Lagrange equations [182, Theorem 3.1]. By𝐷𝑧 𝑓 and𝐷𝐴 𝑓 we denote the derivative of 𝑓 with respect
to its second and third argument, respectively.

Proposition 1.1.17 (Euler-Lagrange equations). Let 𝑓 : Ω×ℝ𝑚×ℝ𝑚×𝑛 → ℝ be a Carathéodory
integrand that is continuously differentiable in its second and third argument with

|𝑓 (𝑥, 𝑧, 𝐴) | + |𝐷𝑧 𝑓 (𝑥, 𝑧, 𝐴) | + |𝐷𝐴 𝑓 (𝑥, 𝑧, 𝐴) | ≤ 𝐶 (1 + |𝑧 |𝑝 + |𝐴|𝑝)
for a.e. 𝑥 ∈ Ω and all (𝑧,𝐴) ∈ ℝ𝑚 × ℝ𝑚×𝑛 . Then, any minimizer of F in (1.5) over𝑊 1,𝑝

𝑔 (Ω;ℝ𝑚)
satisfies {

div[𝐷𝐴 𝑓 (𝑥,𝑢, 𝐷𝑢)] = 𝐷𝑧 𝑓 (𝑥,𝑢, 𝐷𝑢) in Ω,

𝑢 = 𝑔 on 𝜕Ω,
(1.9)
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in a distributional sense, that is,∫
Ω
𝐷𝐴 𝑓 (𝑥,𝑢, 𝐷𝑢) · 𝐷𝜑 + 𝐷𝑧 𝑓 (𝑥,𝑢, 𝐷𝑢) · 𝜑 𝑑𝑥 = 0 for all 𝜑 ∈ 𝐶∞

𝑐 (Ω;ℝ𝑚).

Remark 1.1.18. a) Under the assumptions of Theorem 1.1.16 and Proposition 1.1.17, one can com-
bine these statements to establish the existence of weak solutions to the Euler-Lagrange equations
(1.9). This provides the solvability for a general class of nonlinear systems of PDEs with Dirichlet
boundary conditions.

b) Instead of using the Poincaré inequality in (1.7), one can use the Poincaré-Wirtinger inequal-
ity

∥𝑢∥𝐿𝑝 (Ω;ℝ𝑚 ) ≤ 𝐶 ∥𝐷𝑢∥𝐿𝑝 (Ω;ℝ𝑚×𝑛 ) , (1.10)

for all 𝑢 ∈ 𝑋 :=
{
𝑣 ∈𝑊 1,𝑝 (Ω;ℝ𝑚) :

∫
Ω
𝑣 𝑑𝑥 = 0

}
. One can then deduce under the same assump-

tions as Theorem 1.1.16, that F admits a minimizer on 𝑋 . In fact, if we assume that F is invariant
under translations by constants, that is, F (𝑢 + 𝑐) = F (𝑢) for 𝑢 ∈ 𝑊 1,𝑝 (Ω;ℝ𝑚) and 𝑐 ∈ ℝ, then
F admits a minimizer over𝑊 1,𝑝 (Ω;ℝ𝑚). Under the assumptions of Proposition 1.1.17, the Euler-
Lagrange equations for this minimizer then become{

div[𝐷𝐴 𝑓 (𝑥,𝑢, 𝐷𝑢)] = 𝐷𝑧 𝑓 (𝑥,𝑢, 𝐷𝑢) in Ω,

𝐷𝐴 𝑓 (𝑥,𝑢, 𝐷𝑢) · 𝜈 = 0 on 𝜕Ω,
(1.11)

with𝜈 an outward pointing unit normal to 𝜕Ω. These boundary conditions are called natural bound-
ary conditions, since they are not imposed but arise via the boundary term coming from integration
by parts. △

Next, we would like to have an explicit expression of the relaxation of integral functionals,
which will be useful to study the behavior of minimizing sequences when lower semicontinuity is
not granted, cf. Theorem 1.1.7. Since quasiconvexity is intrinsically linked to lower semicontinuity
due to Theorem 1.1.14, it is not surprising that the following concept of quasiconvex envelope is
crucial in this regard.

Definition 1.1.19 (Quasiconvex envelope). Let ℎ : ℝ𝑚×𝑛 → ℝ be locally bounded and Borel-
measurable, then its quasiconvex envelope is defined as

ℎqc(𝐴) = sup
{
ℎ̃(𝐴) : ℎ̃ : ℝ𝑚×𝑛 → ℝ is quasiconvex, ℎ̃ ≤ ℎ

}
.

In case ℎ : ℝ𝑚×𝑛 → ℝ is bounded from below by a quasiconvex function, it holds that ℎqc is the
largest quasiconvex function below ℎ, and the following characterization is valid

ℎqc(𝐴) = inf
{∫

𝑌
ℎ(𝐴 + 𝐷𝜑 (𝑦)) 𝑑𝑦 : 𝜑 ∈𝑊 1,∞

0 (𝑌 ;ℝ𝑚)
}
,

see [75, Theorem 6.9]. We can now state the relaxation result, see e.g. [75, Proposition 9.5 and
Theorem 9.8] or [182, Theorem 7.6], where we specify to the simpler case of

F (𝑢) =
∫
Ω
𝑓 (𝑥, 𝐷𝑢) 𝑑𝑥 for 𝑢 ∈𝑊 1,𝑝

𝑔 (Ω;ℝ𝑚), (1.12)

with 𝑓 : Ω ×ℝ𝑚×𝑛 → ℝ a Carathéodory integrand.
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Theorem 1.1.20 (Relaxation formula). Suppose 𝑝 ∈ (1,∞) and 𝑓 : Ω × ℝ𝑚×𝑛 → [0,∞) is a
Carathéodory integrand with

𝜇 |𝐴|𝑝 ≤ 𝑓 (𝑥,𝐴) ≤ 𝐶 (1 + |𝐴|𝑝) for a.e. 𝑥 ∈ Ω and all 𝐴 ∈ ℝ𝑚×𝑛,

for some 𝜇,𝐶 > 0. Then, the relaxation of F in (1.12) with respect to the weak convergence in
𝑊

1,𝑝
𝑔 (Ω;ℝ𝑚) is given by

F rel(𝑢) =
∫
Ω
𝑓 qc(𝑥, 𝐷𝑢) 𝑑𝑥 for 𝑢 ∈𝑊 1,𝑝

𝑔 (Ω;ℝ𝑚),

with 𝑓 qc(𝑥, ·) the quasiconvex envelope of 𝑓 (𝑥, ·).

Note that due to theweak closedness of𝑊 1,𝑝
𝑔 (Ω;ℝ𝑚), the relaxationwould not change if we first

extend F to𝑊 1,𝑝 (Ω;ℝ𝑚) as∞. Therefore, in view of the coercivity of F , the benefits of relaxation
in Theorem 1.1.7 apply to F rel.

Linear growth functionals. With the theory in the reflexive case of 𝑝 ∈ (1,∞) rounded off,
we now focus our attention to the case 𝑝 = 1, which has a rich history as well (cf. [10, 79, 113, 120,
144, 181, 183]). The leading motivating example for considering this case, is the famous Plateau
problem of finding a surface with minimal area and given boundary conditions [118]. Namely, this
corresponds to minimizing the area functional

F (𝑢) =
∫
Ω

√︁
1 + |𝐷𝑢 |2 𝑑𝑥 for 𝑢 ∈𝑊 1,1

𝑔 (Ω),

which has an integrand 𝑓 (𝑥,𝐴) =
√︁
1 + |𝐴|2 with linear growth. More generally, we are interested

in functionals of the form

F (𝑢) =
∫
Ω
𝑓 (𝑥, 𝐷𝑢) 𝑑𝑥 for 𝑢 ∈𝑊 1,1

𝑔 (Ω;ℝ𝑚),

with 𝑓 : Ω ×ℝ𝑚×𝑛 → ℝ a Carathéodory integrand satisfying for 𝜇,𝐶 > 0

𝜇 |𝐴| ≤ 𝑓 (𝑥,𝐴) ≤ 𝐶 (1 + |𝐴|) for a.e. 𝑥 ∈ Ω and all 𝐴 ∈ ℝ𝑚×𝑛 . (1.13)

The immediate difficulty is that𝑊 1,1(Ω;ℝ𝑚) is not reflexive, so bounded sequences might not
admit weakly convergent subsequences. Hence, the functionalF is not coercive with respect to the
weak topology. A way to resolve this is to consider a weaker topology, since bounded sequences
(𝑢 𝑗 ) 𝑗 ⊂ 𝑊 1,1(Ω;ℝ𝑚) converge up to subsequence to a function 𝑢 ∈ 𝐵𝑉 (Ω;ℝ𝑚) in the weak*
topology, or equivalently, the strong 𝐿1-topology; here the space of functions with bounded vari-
ation 𝐵𝑉 (Ω;ℝ𝑚) denotes the 𝐿1-functions with their distributional gradient being a finite Radon-
measure, that is,

𝐵𝑉 (Ω;ℝ𝑚) = {𝑢 ∈ 𝐿1(Ω;ℝ𝑚) : 𝐷𝑢 ∈ M(Ω;ℝ𝑚×𝑛)},
see e.g. [11, 109, 110, 210]. Therefore, if we extend F in the following sense

F (𝑢) =

∫
Ω
𝑓 (𝑥, 𝐷𝑢) 𝑑𝑥 for 𝑢 ∈𝑊 1,1

𝑔 (Ω;ℝ𝑚),
∞ for 𝑢 ∈ 𝐵𝑉 (Ω;ℝ𝑚) \𝑊 1,1

𝑔 (Ω;ℝ𝑚),
we deduce by the Poincaré inequality and growth bounds in (1.13), that F is coercive with respect
to the strong 𝐿1-topology; note that we could also take the weak* convergence, but the 𝐿1-topology
fits into the setting (A1). Unfortunately, by changing the topology we do not have lower semi-
continuity anymore, since the domain𝑊 1,1

𝑔 (Ω;ℝ𝑚) is not even closed in 𝐿1 for bounded sequences.
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Therefore, to obtain suitable generalizedminimizers that relate to the original problem, we consider
the relaxation of F in the 𝐿1-topology, that is,

F rel(𝑢) = inf
{
lim inf
𝑗→∞

F (𝑢 𝑗 ) : (𝑢 𝑗 ) 𝑗 ⊂𝑊 1,1
𝑔 (Ω;ℝ𝑚), 𝑢 𝑗 → 𝑢 in 𝐿1(Ω;ℝ𝑚)

}
, (1.14)

for 𝑢 ∈ 𝐵𝑉 (Ω;ℝ𝑚). By Theorem 1.1.7, the functional F rel will admit minimizers that are the limit
of minimizing sequences of F .

To determine the relaxation, we need to somehow be able to capture the concentration effects
that gradients in𝑊 1,1 can exhibit. To this aim, we denote for 𝑢 ∈ 𝐵𝑉 (Ω;ℝ𝑚) the Radon-Nykodým
decomposition

𝐷𝑢 = ∇𝑢 𝑑𝑥 + 𝐷∗𝑢,

where ∇𝑢 ∈ 𝐿1(Ω;ℝ𝑚×𝑛) is the absolutely continuous part of 𝐷𝑢 with respect to the Lebesgue
measure, and𝐷∗𝑢 ∈ M(Ω;ℝ𝑚×𝑛) is the singular part. This singular part is related to these concen-
tration effects and cannot be simply plugged into the integral functional. Instead, one introduces
a notion that captures the behavior of the integrand of 𝑓 at infinity, the so-called recession func-
tion, which enables one to account for concentration effects. Explicitly, the recession function
𝑓 ∞ : Ω ×ℝ𝑚×𝑛 → ℝ is defined as

𝑓 ∞(𝑥,𝐴) = lim
(𝑥 ′,𝐴′ )→(𝑥,𝐴)

𝑡→∞

𝑓 (𝑥, 𝑡𝐴)
𝑡

, (1.15)

which is continuous whenever it exists and positively 1-homogeneous in its second argument. With
the help of this function, the relaxation ofF can be explicitly determined, see e.g. [182, Lemma 11.1,
Proposition 12.24 and Theorem 12.25].

Theorem 1.1.21 (Linear growth relaxation). Let 𝑓 : Ω × ℝ𝑚×𝑛 → ℝ be a Carathéodory inte-
grand that satisfies (1.13), and suppose that 𝑓 ∞ exists and 𝐴 ↦→ 𝑓 (𝑥,𝐴) is quasiconvex for all 𝑥 ∈ Ω.
Then, the relaxation of F in (1.14) is given by

F rel(𝑢) =
∫
Ω
𝑓 (𝑥,∇𝑢) 𝑑𝑥 +

∫
Ω
𝑓 ∞

(
𝑥,
𝑑𝐷∗𝑢
𝑑 |𝐷∗𝑢 |

)
𝑑 |𝐷∗𝑢 |

+
∫
𝜕Ω
𝑓 ∞ (𝑥, (𝑔 − 𝑢) ⊗ 𝜈) 𝑑H𝑛−1 for 𝑢 ∈ 𝐵𝑉 (Ω;ℝ𝑚),

with 𝑑𝐷∗𝑢
𝑑 |𝐷∗𝑢 | the Radon-Nykodým derivative of𝐷∗𝑢 with respect to its total variation |𝐷∗𝑢 |, 𝜈 an outward

normal to 𝜕Ω and H𝑛−1 the (𝑛 − 1)-dimensional Hausdorff measure.

Remark 1.1.22. a) The second term in the relaxation is exactly what accounts for the concen-
tration effects that can occur. Additionally, the third term is related to the boundary condition.
Indeed, since 𝐵𝑉 -functions can admit jumps on hypersurfaces, the trace values are not preserved
in the relaxation process and are instead penalized by the amount that they deviate from𝑔. Another
way to see this, is by extending the functional to a larger domain Ω ⋐ Ω′ and setting all functions
equal to 𝑔 outside Ω (for any extension of 𝑔). Then, for 𝑢 ∈ 𝐵𝑉 (Ω′;ℝ𝑚) with 𝑢 = 𝑔 a.e. in Ω′ \ Ω,
the variation 𝐷𝑢 will contain the jump part on the boundary, i.e., the measure (𝑔 −𝑢) ⊗ 𝜈 H𝑛−1 |𝜕Ω,
which exactly accounts for the penalty term.

b) In the case of the area-integrand 𝑓 (𝑥,𝐴) =
√︁
1 + |𝐴|2, which is convex, its recession function

is equal to 𝑓 ∞(𝑥,𝐴) = |𝐴| and the relaxation becomes

F rel(𝑢) =
∫
Ω

√︁
1 + |∇𝑢 |2 𝑑𝑥 + |𝐷∗𝑢 | (Ω) +

∫
𝜕Ω

|𝑔 − 𝑢 | 𝑑H𝑛−1(𝑥) for 𝑢 ∈ 𝐵𝑉 (Ω).
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c) Under some additional conditions, one can remove the assumption of quasiconvexity, in
which case the relaxation will feature the quasiconvex envelope of 𝑓 and its recession function,
see [17]. In this way, it combines the relaxation effect of extending to the space of 𝐵𝑉 -functions
and the quasiconvexification as in Theorem 1.1.20. △

1.2 Fractional calculus and nonlocalities

Dating back to around the same time of the Brachistochrone problem, the first reported mention of
fractional calculus is in a private letter from l’Hospital addressed to Leibniz in 1695 [185]. Within
this letter, he inquires about Leibniz’ notation for the 𝑛th derivative of a function 𝑑𝑛 𝑓 /𝑑𝑥𝑛 , wonder-
ing what would happen if one formally plugs in 𝑛 = 1

2 . In the subsequent years, many prominent
mathematicians were interested in the concept of non-integer order derivatives, such as Fourier,
Euler, Laplace and Lacroix, but it took until 1823 for Abel to publish the first genuine application of
fractional calculus [1]. He used it to come up with an elegant solution to the Tautochrone problem,
which consisted of finding a curve such that the time it takes for a ball to roll down it is independent
of the starting position. This curve is actually closely related to the Brachistochrone curve, since
they both are (different) parts of a cycloid, and this draws an unexpected connection between the
origins of fractional calculus and the calculus of variations.

After the work of Abel, there were several approaches to rigorously defining fractional deriva-
tives in one dimension, which led to a collection of different possible definitions; the most fa-
mous examples include the Riemann-Liouville, Grünwald-Letnikov and Caputo fractional deriva-
tive [177, 188]. At the heart of these definitions lies the idea that the fractional derivative should
interpolate between the function and its derivative as the fractional order varies from 0 to 1, see
Figure 1.1, and that the order of the fractional derivative behaves additively under composition.

−2 −1 0 1 2
G

−1.0

−0.5

0.0

0.5

1.0

B = 0
B = 1/3
B = 2/3
B = 1

Figure 1.1: The Riemann-Liouville fractional derivative of 𝑥 ↦→ 𝑒−𝑥
2 with the fractional order 𝑠

ranging from 0 to 1.

We note, however, that, depending on the given definition of fractional derivative and admis-
sible class of functions, these properties might not be completely satisfied. Regardless, a common
denominator among all fractional derivatives is that they are nonlocal operators defined through
integrals, which makes it so that the value of the fractional derivative depends on the values of
the function in a larger neighborhood. This is in stark contrast to the local behavior of classi-
cal derivatives, and is one of the main reasons for the recent interest in using fractional deriva-
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tives in applications. Indeed, fractional derivatives can be used to model long-range interactions or
memory-effects with applications in physics, biology, chemistry and control theory [132, 177].

Fractional Laplacian. Turning to the multidimensional setting, it becomes apparent that the
literature has almost exclusively focused on the fractional Laplacian as the central fractional differ-
ential object [146, 151]. For 𝑠 ∈ (0, 2) and 𝜑 ∈ 𝐶∞

𝑐 (ℝ𝑛) it is defined as a principal value integral

(−Δ)𝑠/2𝜑 (𝑥) := 𝜈𝑛,𝑠 lim
𝑟↓0

∫
𝐵𝑟 (𝑥 )𝑐

𝜑 (𝑥) − 𝜑 (𝑦)
|𝑥 − 𝑦 |𝑛+𝑠 𝑑𝑦 𝑥 ∈ ℝ𝑛,

with 𝐵𝑟 (𝑥) the ball with radius 𝑟 > 0 around 𝑥 and 𝜈𝑛,𝑠 the normalizing constant given by

𝜈𝑛,𝑠 :=
2𝑠Γ((𝑠 + 𝑛)/2)
𝜋𝑛/2 |Γ(−𝑠/2) | ,

with Γ the Gamma function. The fractional Laplacian interpolates between a function and its (nega-
tive) Laplacian and has been applied in fractional versions of the diffusion equation, porousmedium
equation, Cahn-Hilliard equation, Schrödinger equation and many more, cf. [151] and the refer-
ences therein. Moreover, it plays a key role in probability theory as well since it is the generator of
the 𝑠-stable Lévy jump process in the same way the Laplacian is the generator of Brownian motion
[157]. Beyond the applications, the fractional Laplacian has served as the prototypical example in
the development of the mathematical theory around nonlocal operators, such as in regularity the-
ory [124, 184], the development of extension techniques [57] and the study of nonlocal Neumann
boundary conditions [100]. Additionally, the related fractional 𝑝-Laplacian plays an analogous role
in the nonlinear theory.

The study of the fractional Laplacian and related (nonlinear) operators is carried out with the
help of the Gagliardo fractional Sobolev spaces defined as

𝑊 𝑠,𝑝 (ℝ𝑛) :=
{
𝑢 ∈ 𝐿𝑝 (ℝ𝑛) : [𝑢]𝑊 𝑠,𝑝 (ℝ𝑛 ) :=

(∫
ℝ𝑛

∫
ℝ𝑛

|𝑢 (𝑥) − 𝑢 (𝑦) |𝑝
|𝑥 − 𝑦 |𝑛+𝑝𝑠 𝑑𝑥 𝑑𝑦

)1/𝑝
< ∞

}
,

with
∥𝑢∥𝑊 𝑠,𝑝 (ℝ𝑛 ) := ∥𝑢∥𝐿𝑝 (ℝ𝑛 ) + [𝑢]𝑊 𝑠,𝑝 (ℝ𝑛 ) ,

for 𝑠 ∈ (0, 1) and 𝑝 ∈ [1,∞), see e.g., [5, 96]. These spaces originally arose as trace spaces of
the classical Sobolev spaces, but have recently been more prominently applied in the context of
fractional problems. The fractional spaces also possess useful properties like Sobolev inequalities
and continuous and compact embeddings. Moreover, it turns out that minimizing the Gagliardo
semi-norm [·]𝑊 𝑠,𝑝 (ℝ𝑛 ) among functions satisfying a Dirichlet condition in the complement of a
bounded domain, is equivalent to solving the fractional 𝑝-Laplace equation; in fact, when 𝑝 = 2,
the Gagliardo semi-norm is even equal to the 𝐿2-norm of the fractional Laplacian up to a constant
[96, Proposition 3.4]. This reformulation of the fractional Laplace equation opens up the way for
applying the tools from the calculus of variations to obtain rigorous existence results, and has
inspired the study of more general nonlocal functionals of double-integral type, where aspects
such as coercivity and lower semicontinuity [33,34,107,166,174], relaxation [143,164], and different
localizations [8,35,47,158] are considered; thesemodels are closely related to the bond-basedmodels
in peridynamics, cf. Section 1.3.1.

1.2.1 The Riesz fractional gradient

While the models revolving around the fractional Laplacian have received a lot of attention, it
is surprising that a fractional analogue of the gradient operator has largely been missing in the
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literature; indeed, in the classical vector calculus and calculus of variations it is the gradient that is
the fundamental object, not the Laplacian. This issue was recently resolved with the introduction
of the Riesz fractional gradient by Shieh & Spector in 2015 [193], which is defined for 𝜑 ∈ 𝐶∞

𝑐 (ℝ𝑛)
and 𝑠 ∈ (0, 1) as

𝐷𝑠𝜑 (𝑥) := 𝑐𝑛,𝑠
∫
ℝ𝑛

𝜑 (𝑥) − 𝜑 (𝑦)
|𝑥 − 𝑦 |𝑛+𝑠

𝑥 − 𝑦
|𝑥 − 𝑦 | 𝑑𝑦 𝑥 ∈ ℝ𝑛,

with the constant
𝑐𝑛,𝑠 := 2𝑠𝜋−𝑛/2 Γ((𝑛 + 𝑠 + 1)/2)

Γ((1 − 𝑠)/2) .

This fractional gradient interpolates between the Riesz transform and the classical gradient as 𝑠
varies from 0 to 1, which is substantially different from the one-dimensional fractional derivatives
considered at the start of the section. It was shown by Šilhavý [208] that the Riesz fractional gra-
dient is the unique operator that satisfies the natural physical requirements of rotation and trans-
lation invariance, and is homogeneous of degree 𝑠; in this sense it can be considered as a canonical
fractional derivative, as opposed to the various different definitions in one dimension. This new
perspective of the fractional gradient has opened up the possibility to study new types of fractional
problems, and has inspired a vast amount of works in recent years, see e.g. [28,31,66,92,93,140,153]
among many others.

Since the fractional gradient is a central object in this thesis, we will expand on some of its prop-
erties and relations with other operators, and cover the associated function spaces and variational
problems. Firstly, it is possible to define the fractional divergence of𝜓 ∈ 𝐶∞

𝑐 (ℝ𝑛;ℝ𝑛) as

div𝑠 𝜓 (𝑥) := 𝑐𝑛,𝑠
∫
ℝ𝑛

𝜑 (𝑥) − 𝜑 (𝑦)
|𝑥 − 𝑦 |𝑛+𝑠 · 𝑥 − 𝑦

|𝑥 − 𝑦 | 𝑑𝑦 𝑥 ∈ ℝ𝑛,

which enables one to formulate the following extension the classical formula − div ◦𝐷 = (−Δ),

− div𝑠 ◦𝐷𝑡 = (−Δ) (𝑠+𝑡 )/2

for 𝑠, 𝑡 ∈ (0, 1) see [208, Theorem 5.3]. In fact, this andmany other identities can be quickly deduced
from the characterization of the fractional operators in Fourier space. With the convention of the
Fourier transform given by

𝑢 (𝜉) :=
∫
ℝ𝑛

𝑢 (𝑥)𝑒−2𝜋𝑖𝑥 ·𝜉 𝑑𝑥 𝜉 ∈ ℝ𝑛,

for functions 𝑢 ∈ 𝐿1(ℝ𝑛) [122, 123], it holds for 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛) and𝜓 ∈ 𝐶∞

𝑐 (ℝ𝑛;ℝ𝑛) that

𝐷𝑠𝜑 (𝜉) = 2𝜋𝑖𝜉
|2𝜋𝜉 |1−𝑠 𝜑 (𝜉),

�(−Δ)𝑠/2𝜑 (𝜉) = |2𝜋𝜉 |𝑠𝜑 (𝜉) and �div𝑠 𝜓 (𝜉) = 2𝜋𝑖𝜉
|2𝜋𝜉 |1−𝑠 ·𝜓 (𝜉), (1.16)

for 𝜉 ∈ ℝ𝑛 \{0} (cf. [194]). In light of these identities and Plancherel’s theorem, it is straightforward
to deduce the fractional integration by parts formula∫

ℝ𝑛

𝐷𝑠𝜑 ·𝜓 𝑑𝑥 = −
∫
ℝ𝑛

𝜑 div𝑠 𝜓 𝑑𝑥,

which can be used to extend the definition of the fractional gradient to 𝐿𝑝-spaces for 𝑝 ∈ [1,∞].
As a result, one can naturally define a class of fractional Sobolev spaces for 𝑠 ∈ (0, 1) and

𝑝 ∈ [1,∞] as
𝐻𝑠,𝑝 (ℝ𝑛) := {

𝑢 ∈ 𝐿𝑝 (ℝ𝑛) : 𝐷𝑠𝑢 ∈ 𝐿𝑝 (ℝ𝑛;ℝ𝑛)}
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with the norm
∥𝑢∥𝐻𝑠,𝑝 (ℝ𝑛 ) := ∥𝑢∥𝐿𝑝 (ℝ𝑛 ) + ∥𝐷𝑠𝑢∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) .

It was shown by Shieh & Spector [193, Theorem 1.7] together with the density result in [54, The-
orem A.1] (see also [140, Theorem 2.7]), that these spaces coincides with the well-known Bessel
potential spaces when 𝑝 ∈ (1,∞), that is

𝐻𝑠,𝑝 (ℝ𝑛) = {
𝑢 ∈ 𝐿𝑝 (ℝ𝑛) : (⟨·⟩𝑠 𝑢)∨ ∈ 𝐿𝑝 (ℝ𝑛)} ,

where ⟨·⟩ =
√︁
1 + |·|2 and the (inverse) Fourier transform should be understood in the sense of tem-

pered distributions, see [5, 123, 204] for more on these spaces. The Bessel potential spaces coincide
with the Gagliardo spaces when 𝑝 = 2, but are different in general, and they appear naturally in har-
monic analysis [136] and the regularity theory of the fractional Laplacian [124]. We remark that the
Gagliardo and Bessel potential spaces can also be unifiedwithin the scale of Triebel-Lizorkin spaces,
with the identities𝑊 𝑠,𝑝 (ℝ𝑛) = 𝐹 𝑠𝑝,𝑝 (ℝ𝑛) and 𝐻𝑠,𝑝 (ℝ𝑛) = 𝐹 𝑠𝑝,2(ℝ𝑛) for 𝑝 ∈ (1,∞), see [187, 204].

For variational problems involving the fractional gradient, it is common to consider a bounded
open domain Ω ⊂ ℝ𝑛 , and work with functions that are zero in the complement, that is,

𝐻
𝑠,𝑝
0 (Ω) := {𝑢 ∈ 𝐻𝑠,𝑝 (ℝ𝑛) : 𝑢 = 0 a.e. in Ω𝑐},

or the more general affine spaces 𝐻𝑠,𝑝𝑔 (Ω) := 𝑔 +𝐻𝑠,𝑝0 (Ω) for a given 𝑔 ∈ 𝐻𝑠,𝑝 (ℝ𝑛). Shieh & Spector
[193, 194] (see also [28, 140]) developed the essential technical tools for utilizing these spaces, such
as continuous and compact embeddings, and a fractional Poincaré inequality of the form

∥𝑢∥𝐿𝑝 (ℝ𝑛 ) ≤ 𝐶 ∥𝐷𝑠𝑢∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) for all 𝑢 ∈ 𝐻𝑠,𝑝0 (Ω), (1.17)

with a constant 𝐶 = 𝐶 (Ω, 𝑛, 𝑝, 𝑠) > 0 (cf. [193, Theorem 3.3]). They proved this inequality in an
elegant manner by using that

𝜑 (𝑥) = 𝑐𝑛,−𝑠
∫
ℝ𝑛

𝐷𝑠𝜑 (𝑦) · 𝑥 − 𝑦
|𝑥 − 𝑦 |𝑛−𝑠+1 𝑑𝑦 𝑥 ∈ ℝ𝑛, (1.18)

for all 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛), which is known as the fractional fundamental theorem of calculus [193, Theo-

rem 1.12], [179, Proposition 15.8].
With these technical tools at hand, one can consider the minimization of functionals of the form

F𝑠 (𝑢) :=
∫
ℝ𝑛

𝑓 (𝑥,𝑢, 𝐷𝑠𝑢) 𝑑𝑥 for 𝑢 ∈ 𝐻𝑠,𝑝𝑔 (Ω;ℝ𝑚), (1.19)

with 𝑓 : ℝ𝑛 ×ℝ𝑚 ×ℝ𝑚×𝑛 → ℝ a Carathéodory integrand and 𝑝 ∈ (1,∞). In this case, we are in the
setting (A2) of a weakly closed subset of a separable reflexive Banach space. We note the similar-
ity in structure with the classical integral functionals in (1.5), although F𝑠 is inherently nonlocal.
Coercivity of the functional F𝑠 follows in the same manner as the classical case by utilizing the
fractional Poincaré inequality in (1.17) and imposing the bound

𝜇 |𝐴|𝑝 ≤ 𝑓 (𝑥, 𝑧, 𝐴) for a.e. 𝑥 ∈ ℝ𝑛 and all (𝑧,𝐴) ∈ ℝ𝑚 ×ℝ𝑚×𝑛 (1.20)

with 𝜇 > 0; here, it is important that F𝑠 consists of an integral over the full space and not just over
Ω. It remains to study the weak lower semicontinuity of the functional to obtain the existence of
minimizers. Shieh & Spector have shown that convexity gives a sufficient condition for lower semi-
continuity in the scalar case 𝑚 = 1 [193, 194], whereas Bellido, Cueto & Mora-Corral considered
the vectorial case and proved that polyconvexity also provides a sufficient condition [28], cf. Re-
mark 1.1.15. A complete characterization was first given in [140, Theorem 1.1] by Kreisbeck and
the author, and surprisingly identifies quasiconvexity as the crucial notion in the fractional case as
well. Throughout this section, we assume the technical condition |𝜕Ω | = 0.
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Theorem1.2.1 (Characterization of lower semicontinuity). Let 𝑓 : ℝ𝑛×ℝ𝑚×ℝ𝑚×𝑛 → [0,∞)
be a Carathéodory integrand that satisfies for 𝐶 > 0 and 𝑎 ∈ 𝐿1(ℝ𝑛)

𝑓 (𝑥, 𝑧, 𝐴) ≤ 𝐶 (𝑎(𝑥) + |𝑧 |𝑝 + |𝐴|𝑝) for a.e. 𝑥 ∈ Ω and all (𝑧,𝐴) ∈ ℝ𝑚 ×ℝ𝑚×𝑛 . (1.21)

Then, F𝑠 in (1.19) is sequentially weakly lower semicontinuous on 𝐻𝑠,𝑝𝑔 (Ω;ℝ𝑚) if and only if 𝐴 ↦→
𝑓 (𝑥, 𝑧, 𝐴) is quasiconvex for a.e. 𝑥 ∈ Ω and all 𝑧 ∈ ℝ𝑚 .

This theorem constitutes a fractional analogue to Theorem 1.1.14 and it is quite remarkable
that quasiconvexity appears again in this context. Indeed, a more natural convexity notion in the
fractional case would be the following.

Definition 1.2.2 (𝑫𝒔-quasiconvexity). A Borel-measurable locally bounded function ℎ : ℝ𝑚×𝑛 →
ℝ is called 𝐷𝑠-quasiconvex if for all 𝐴 ∈ ℝ𝑚×𝑛

ℎ(𝐴) ≤
∫
𝑌
ℎ(𝐴 + 𝐷𝑠𝜑 (𝑦)) 𝑑𝑦 for all 𝜑 ∈ 𝐻𝑠,∞per (𝑌 ;ℝ𝑚),

with 𝐻𝑠,∞per (𝑌 ;ℝ𝑚) the space of 𝑌 -periodic functions in 𝐻𝑠,∞(ℝ𝑛;ℝ𝑚).
It turns out that this seemingly new notion is equivalent to classical quasiconvexity (Defini-

tion 1.1.12), and, therefore, can also be used in the characterization of the weak lower semicontinu-
ity of F𝑠 , [140, Corollary 4.8]. This fact and the proof of Theorem 1.2.1 both rely on the following
identities

𝐷𝑠𝜑 = 𝐷 (𝐼1−𝑠 ∗ 𝜑) and 𝐷𝜑 = 𝐷𝑠 (−Δ) 1−𝑠
2 𝜑, (1.22)

for 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛), where 𝐼𝑡 ∈ 𝐿1loc(ℝ𝑛) denotes the Riesz potential

𝐼𝑡 := 𝜈𝑛,−𝑡 |·|𝑡−𝑛,
for 𝑡 ∈ (0, 𝑛), and arises as an inverse to the fractional Laplacian. One can utilize (1.22) to trans-
form the fractional gradient into a classical gradient and back, making it possible to move between
the two settings. This provides a systematic method for proving results in the fractional case by
reducing them to the well-established results concerning the local gradient and explains why qua-
siconvexity appears in Theorem 1.2.1. However, care should be taken since the procedure involves
nonlocal operations, which do not preserve complementary values. Beyond technical difficulties,
the complementary values also account for the fact that in Theorem 1.2.1 quasiconvexity is only
required in Ω. Namely, for weakly converging sequences in𝐻𝑠,𝑝𝑔 (Ω;ℝ𝑚) it holds that the fractional
gradients converge strongly in the complement of Ω [140, Lemma 2.12], which eliminates the need
for any convexity notion there to get lower semicontinuity.

Combining the coercivity and lower semicontinuity of the fractional functionals, yields the
existence of minimizers via the direct method (Theorem 1.1.4).

Theorem 1.2.3 (Existence of minimizers). Let 𝑝 ∈ (1,∞), 𝑓 : ℝ𝑛 × ℝ𝑚 × ℝ𝑚×𝑛 → [0,∞) be a
Carathéodory integrand that satisfies (1.20) and (1.21), and assume 𝐴 ↦→ 𝑓 (𝑥, 𝑧, 𝐴) is quasiconvex for
a.e. 𝑥 ∈ Ω and all 𝑧 ∈ ℝ𝑚 . Then, F𝑠 in (1.19) admits a minimizer over 𝐻𝑠,𝑝𝑔 (Ω;ℝ𝑚).

These minimizers also satisfy certain Euler-Lagrange equations, which consist of a system of
fractional partial differential equations subject to complementary-value conditions, see [28, 193].

Proposition 1.2.4 (Euler-Lagrange equations). Let 𝑓 : ℝ𝑛×ℝ𝑚×ℝ𝑚×𝑛 → ℝ be a Carathéodory
integrand that is continuously differentiable in its second and third argument with

|𝑓 (𝑥, 𝑧, 𝐴) | + |𝐷𝑧 𝑓 (𝑥, 𝑧, 𝐴) | + |𝐷𝐴 𝑓 (𝑥, 𝑧, 𝐴) | ≤ 𝐶 (𝑎(𝑥) + |𝑧 |𝑝 + |𝐴|𝑝),
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for a.e. 𝑥 ∈ ℝ𝑛 and all (𝑧,𝐴) ∈ ℝ𝑚 × ℝ𝑚×𝑛 with 𝐶 > 0 and 𝑎 ∈ 𝐿1(ℝ𝑛). Then, any minimizer of F𝑠
in (1.19) over 𝐻𝑠,𝑝𝑔 (Ω;ℝ𝑚) satisfies{

div𝑠 [𝐷𝐴 𝑓 (𝑥,𝑢, 𝐷𝑠𝑢)] = 𝐷𝑧 𝑓 (𝑥,𝑢, 𝐷𝑠𝑢) in Ω,

𝑢 = 𝑔 in Ω𝑐 ,
(1.23)

in a distributional sense, that is,∫
ℝ𝑛

𝐷𝐴 𝑓 (𝑥,𝑢, 𝐷𝑠𝑢) · 𝐷𝑠𝜑 + 𝐷𝑧 𝑓 (𝑥,𝑢, 𝐷𝑠𝑢) · 𝜑 𝑑𝑥 = 0 for all 𝜑 ∈ 𝐶∞
𝑐 (Ω;ℝ𝑚).

Remark 1.2.5. a) In the case with 𝑚 = 1, 𝑝 = 2, and 𝑓 (𝑥, 𝑧, 𝐴) = |𝐴|2, we can use div𝑠 ◦𝐷𝑠 =
−(−Δ)𝑠 to deduce that the Euler-Lagrange equation becomes{

(−Δ)𝑠𝑢 = 0 in Ω,

𝑢 = 𝑔 in Ω𝑐 ,

which is the fractional Laplace equation. This is not surprising since (1.16) and Plancherel’s identity
show that ∥𝐷𝑠𝑢∥2

𝐿2 (ℝ𝑛 ;ℝ𝑛 ) = ∥(−Δ)𝑠/2𝑢∥2
𝐿2 (ℝ𝑛 ) , which means that the minimization of both of these

quantities is equivalent. As a result, we also deduce that the 𝐿2-norm of the fractional gradient is
proportional to the Gagliardo semi-norm, which illuminates the identity𝑊 𝑠,2(ℝ𝑛) = 𝐻𝑠,2(ℝ𝑛).

b) When 𝑚 = 1, 𝑝 ∈ (1,∞) and we minimize the 𝐿𝑝-norm of the fractional gradient, that is,
𝑓 (𝑥, 𝑧, 𝐴) = |𝐴|𝑝 , then the Euler-Lagrange equation becomes{

div𝑠
( |𝐷𝑠𝑢 |𝑝−2𝐷𝑠𝑢) = 0 in Ω,

𝑢 = 𝑔 in Ω𝑐 ,

which can be seen as a fractional analogue of the 𝑝-Laplace equation. We note, however, that
this fractional 𝑝-Laplace operator is different from the one that arises by minimizing the Gagliardo
semi-norm when 𝑝 ≠ 2. △

The previous two propositions can be combined to deduce the existence of weak solutions to the
general system of fractional PDEs in (1.23). In the case where lower semicontinuity is not satisfied,
one can use relaxation (cf. Definition 1.1.5) to recover the existence of minimizers. We restrict to
the simpler case without (𝑥,𝑢)-dependence

F𝑠 (𝑢) =
∫
ℝ𝑛

𝑓 (𝐷𝑠𝑢) 𝑑𝑥 for 𝑢 ∈ 𝐻𝑠,𝑝𝑔 (Ω;ℝ𝑚), (1.24)

with 𝑓 : ℝ𝑚×𝑛 → ℝ continuous, which is covered in [140, Theorem 1.2].

Theorem 1.2.6 (Relaxation formula). Let 𝑝 ∈ (1,∞) and 𝑓 : ℝ𝑚×𝑛 → ℝ be continuous with

𝜇 |𝐴|𝑝 ≤ 𝑓 (𝐴) ≤ 𝐶 |𝐴|𝑝 for all 𝐴 ∈ ℝ𝑚×𝑛,

with 𝜇,𝐶 > 0. Then, the relaxation ofF𝑠 in (1.24)with respect to the weak convergence in𝐻𝑠,𝑝𝑔 (Ω;ℝ𝑚)
is given by

F rel
𝑠 (𝑢) =

∫
Ω
𝑓 qc(𝐷𝑠𝑢) 𝑑𝑥 +

∫
Ω𝑐

𝑓 (𝐷𝑠𝑢) 𝑑𝑥 for 𝑢 ∈ 𝐻𝑠,𝑝𝑔 (Ω;ℝ𝑚) .
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It is natural that the relaxation features the quasiconvex envelope, since we know that qua-
siconvexity is also the correct notion in the fractional case in view of Theorem 1.2.1 and (1.22).
Additionally, the integral over Ω𝑐 remains unchanged in the relaxation process, precisely because
of the property that fractional gradients of weakly converging sequences converge strongly there
[140, Lemma 2.3]. Overall, this rounds off a collection of results regarding the fractional functionals
that is quite comprehensive with regard to the direct method in the reflexive range 𝑝 ∈ (1,∞), and
the similarities to the classical case in Section 1.1 are noteworthy. A natural next step, inspired by
the results on classical linear growth functionals in Section 1.1, is to consider the fractional func-
tionals in the case 𝑝 = 1. This is exactly the topic of Chapter 2, where the functionals are suitably
extended via relaxation to the space of functions with bounded fractional variation, see Section 1.4
below for a more in-depth description.

1.2.2 Finite-horizon and general nonlocal gradients

Beyond the models based on the Riesz fractional gradient, there are promising research directions
related to variational problems involvingmore general nonlocal gradients. Among these, are the so-
called finite-horizon fractional gradients introduced by Bellido, Cueto &Mora-Corral in [31], which
are considered for applications in continuum mechanics and peridynamic models. In contrast to
the fractional operators that require integration over the full space, the values of the finite-horizon
fractional gradient only depend on a radial neighborhood of size 𝛿 > 0, which is called the horizon.
This makes the gradient more realistic in applications andmore tractable for numerical simulations.

Explicitly, for 𝑠 ∈ (0, 1) the finite-horizon fractional gradient of 𝜑 ∈ 𝐶∞(ℝ𝑛) is defined as

𝐷𝑠𝛿𝜑 (𝑥) := 𝑐𝑛,𝑠,𝛿
∫
ℝ𝑛

𝜑 (𝑥) − 𝜑 (𝑦)
|𝑥 − 𝑦 |𝑛+𝑠

𝑥 − 𝑦
|𝑥 − 𝑦 |𝑤𝛿 (𝑥 − 𝑦) 𝑑𝑦 𝑥 ∈ ℝ𝑛, (1.25)

where𝑤𝛿 : ℝ𝑛 → [0,∞) is a cut-off function and 𝑐𝑛,𝑠,𝛿 > 0 a normalizing constant satisfying:

(H1) 𝑤𝛿 is radial, radially decreasing, smooth and has support in 𝐵𝛿 (0);
(H2) there is a 𝜆 ∈ (0, 1) such that𝑤𝛿 = 1 on 𝐵𝜆𝛿 (0);
(H3) it holds that

𝑐𝑛,𝑠,𝛿

∫
𝐵𝛿 (0)

𝑤𝛿 (𝑥)
|𝑥 |𝑛+𝑠−1 𝑑𝑥 = 𝑛.

The finite-horizon divergence div𝑠𝛿 can be defined analogously to the fractional divergence and acts
as a dual operator in the sense that∫

Ω
𝐷𝑠𝛿𝜑 ·𝜓 𝑑𝑥 = −

∫
Ω𝛿

𝜑 div𝑠𝛿 𝜓 𝑑𝑥,

for all 𝜑 ∈ 𝐶∞(ℝ𝑛) and𝜓 ∈ 𝐶∞
𝑐 (Ω;ℝ𝑛) with Ω𝛿 the nonlocal closure of Ω given by Ω𝛿 := Ω+𝐵𝛿 (0).

This integration by parts formula can be used to define a distributional version of the finite-horizon
fractional gradient and shows that in order to make sense of 𝐷𝑠

𝛿
𝜑 on Ω, it is only required to know

the values of 𝜑 in the nonlocal closure Ω𝛿 . The naturally associated Sobolev spaces for an open
subset Ω ⊂ ℝ𝑛 become

𝐻𝑠,𝑝,𝛿 (Ω) := {
𝑢 ∈ 𝐿𝑝 (Ω𝛿 ) : 𝐷𝑠𝛿𝑢 ∈ 𝐿𝑝 (Ω;ℝ𝑛)} , (1.26)

with the norm
∥𝑢∥𝐻𝑠,𝑝,𝛿 (Ω) := ∥𝑢∥𝐿𝑝 (Ω𝛿 ) + ∥𝐷𝑠𝛿𝑢∥𝐿𝑝 (Ω;ℝ𝑛 ) .
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Ω−𝛿

Γ−𝛿

Γ𝛿

Ω𝛿

𝛿

1

Figure 1.2: Illustration of a set Ω ⊂ ℝ𝑛 with its expansion Ω𝛿 , the outer and inner collar regions Γ𝛿
(green) and Γ−𝛿 (light green), and the reduced set Ω−𝛿 (gray).

Additionally, the relevant boundary conditions for these problems, consist of prescribed values in
a tubular neighborhood around the domain; precisely, we consider the spaces

𝐻
𝑠,𝑝,𝛿
0 (Ω) := {

𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) : 𝑢 = 0 a.e. in Γ±𝛿 := Ω𝛿 \ Ω−𝛿
}
,

where Ω−𝛿 := {𝑥 ∈ Ω : dist(𝑥, 𝜕Ω) > 𝛿}, and, for 𝑔 ∈ 𝐻𝑠,𝑝,𝛿 (Ω), the affine spaces 𝐻𝑠,𝑝,𝛿𝑔 (Ω) =

𝑔 + 𝐻𝑠,𝑝,𝛿0 (Ω). We also introduce the notation

Γ−𝛿 := Ω \ Ω−𝛿 and Γ𝛿 := Ω𝛿 \ Ω,

which yields Γ±𝛿 = Γ−𝛿 ∪ Γ𝛿 ∪ 𝜕Ω, see Figure 1.2 for a visual representation. The reason why one
imposes a condition on the layer Γ±𝛿 of thickness 2𝛿 , is to ensure that the finite-horizon fractional
gradient is supported in Ω; moreover, it is also natural from the point of view of the Euler-Lagrange
equations in (1.30), since it features a composition of two nonlocal operators with horizon 𝛿 .

This set-up facilitates the study of integral functionals of the form

F𝑠
𝛿 (𝑢) :=

∫
Ω
𝑓 (𝑥,𝑢, 𝐷𝑠𝛿𝑢) 𝑑𝑥 for 𝑢 ∈ 𝐻𝑠,𝑝,𝛿𝑔 (Ω;ℝ𝑚), (1.27)

with 𝑓 : Ω × ℝ𝑚 × ℝ𝑚×𝑛 → ℝ a Carathéodory integrand and 𝑝 ∈ (1,∞). Bellido, Cueto & Mora-
Corral introduced this class in [31] and developed the necessary tools regarding the function spaces,
such as embedding results and the following Poincaré inequality

∥𝑢∥𝐿𝑝 (Ω) ≤ 𝐶 ∥𝐷𝑠𝛿𝑢∥𝐿𝑝 (Ω;ℝ𝑛 ) for all 𝑢 ∈ 𝐻𝑠,𝑝,𝛿0 (Ω) . (1.28)

To prove these results, they carried out a delicate analysis in Fourier space to deduce that there is
a function 𝑉 𝑠

𝛿
∈ 𝐶∞(ℝ𝑛 \ {0};ℝ𝑛) with suitable properties and such that

𝜑 (𝑥) =
∫
ℝ𝑛

𝐷𝑠𝛿𝜑 (𝑦) ·𝑉 𝑠𝛿 (𝑥 − 𝑦) 𝑑𝑦 𝑥 ∈ ℝ𝑛, (1.29)

for all 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛); this identity mirrors the fractional fundamental theorem of calculus in (1.18).

As a consequence, they proved the existence of minimizers of F𝑠
𝛿
by providing sufficient conditions



1.3. MOTIVATION AND APPLICATIONS 21

for the lower semicontinuity of the functionals in (1.27) based on convexity [31] and polyconvexity
[30]. Furthermore, the minimizers of the functional satisfy a nonlocal PDE of the form{

div𝑠𝛿 [𝐷𝐴 𝑓 (𝑥,𝑢, 𝐷𝑠𝛿𝑢)] = 𝐷𝑧 𝑓 (𝑥,𝑢, 𝐷𝑠𝛿𝑢) in Ω−𝛿 ,
𝑢 = 𝑔 in Γ±𝛿 ,

(1.30)

under suitable assumptions [31, Theorem 8.2]. Further aspects of the finite-horizon models will
be considered in Chapters 3 and 4, including a full characterization of lower semicontinuity, Γ-
convergence results, localization and asymptotics with respect to the fractional order, a characteri-
zation of functions with 𝐷𝑠

𝛿
𝑢 = 0, and a novel nonlocal Neumann-type problem, see Section 1.4 for

more details.

General nonlocal gradients. We close this section by discussing a more general class of
nonlocal gradients, unifying both settings of the Riesz and finite-horizon fractional gradient. They
are of the form

𝐷𝜌𝜑 (𝑥) :=
∫
ℝ𝑛

𝜑 (𝑥) − 𝜑 (𝑦)
|𝑥 − 𝑦 |

𝑥 − 𝑦
|𝑥 − 𝑦 | 𝜌 (𝑥 − 𝑦) 𝑑𝑦, (1.31)

for 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛) and 𝜌 ∈ 𝐿1loc(ℝ𝑛) a non-negative radial function that satisfies

inf
𝐵Y (0)

𝜌 > 0 for some Y > 0 and
∫
ℝ𝑛

min{1, |𝑥 |−1}𝜌 (𝑥) 𝑑𝑥 < ∞. (1.32)

The cases
𝜌𝑠 := 𝑐𝑛,𝑠

1
|·|𝑛+𝑠−1 and 𝜌𝑠𝛿 := 𝑐𝑛,𝑠,𝛿

𝑤𝛿
|·|𝑛+𝑠−1 ,

recover the gradients 𝐷𝜌𝑠 = 𝐷𝑠 and 𝐷𝜌𝑠
𝛿
= 𝐷𝑠

𝛿
. Operators similar to 𝐷𝜌 have been considered in

[16,92,93,102,156,161], but, apart from the case of the Riesz and finite-horizon fractional gradient,
the functional analytic tools for studying variational problems involving 𝐷𝜌 are still absent. In
Chapter 5, we fill this gap by investigating the function spaces associated to the nonlocal gradient
𝐷𝜌 and determining almost minimal conditions on 𝜌 in order to have Poincaré inequalities and
suitable embedding results, see Section 1.4. This enables one to prove the existence of minimizers
for variational problems involving more general nonlocal gradients. Furthermore, we build upon
these results in Chapter 6, by proving rigorous localization results for the nonlocal energies as we
scale the kernel 𝜌 in an isotropic way. This establishes the compatibility of a class of state-based
peridynamics models with classical models in the vanishing horizon limit, see Section 1.3.1 and 1.4
for more context. To fully understand the horizon-dependence, we also consider in Chapter 6 the
case of diverging horizons, which leads to the models based on the Riesz fractional gradient.

1.3 Motivation and applications

Beyond their theoretical interest, we present in this section two applications of variational models
involving nonlocal gradients in the field of peridynamics and image denoising. We give an overview
of each setting and draw connections with the theoretical results of the thesis.

1.3.1 Peridynamics

The theory of peridynamics was initiated by Silling in 2000 [196] and has led to a vast literature in-
cluding many applied contributions, see, e.g., the books [44,91,116,154] and the references therein.
It constitutes a nonlocal formulation of continuum mechanics, where forces are measured through
the interaction of particles; only those particles that are within a certain distance, known as the
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horizon 𝛿 > 0, are considered. In this way, the models make sense over bounded domains, and,
as the horizon vanishes, lead to localized models. Besides the ability to incorporate long-range
interactions, one of the key advantages of the peridynamic framework is that it does not make
use of (full) derivatives and allows for less regular deformations. Therefore, the appearance of
discontinuities such as cavities and fractures in elastic materials is naturally possible via this ap-
proach as opposed to the classical models based on gradients. We will present the theory from
an energy-based perspective, but one can also study the associated time-dependent equations of
motion, see e.g., [196, 197] and the overview in [71, Section 1.3].

Bond-based peridynamics. The original formulation of peridynamics consisted of the bond-
based framework [196], where the forces between the individual bonds of particles are averaged.
Precisely, one considers an interior domain Ω ⊂ ℝ𝑛 and its nonlocal closure Ω𝛿 = Ω + 𝐵𝛿 (0),
where all the interactions take place. Then, the bond-based energy associated to a deformation
𝑢 : Ω𝛿 → ℝ𝑚 is given by

Eb(𝑢) :=
∫
Ω𝛿

∫
Ω𝛿∩𝐵𝛿 (𝑥 )

𝑤 (𝑥 − 𝑦,𝑢 (𝑥) − 𝑢 (𝑦)) 𝑑𝑦 𝑑𝑥, (1.33)

with 𝑤 : 𝐵𝛿 (0) × ℝ𝑚 → [0,∞) a suitable density that assigns an energy to each bond. Due to
Fubini’s theorem, one may always assume that 𝑤 (−ℎ,−[) = 𝑤 (ℎ, [), and, if we set 𝑤 (ℎ, [) = 0 for
|ℎ | ≥ 𝛿 , the energy can be rewritten as

Eb(𝑢) =
∫
Ω𝛿

∫
Ω𝛿

𝑤 (𝑥 − 𝑦,𝑢 (𝑥) − 𝑢 (𝑦)) 𝑑𝑦 𝑑𝑥 .

The bond-based formulation has been incredibly successful, as it is a fairly simple model that is able
capture discontinuity effects that are relevant in the modeling of elastic materials. From a math-
ematical viewpoint, the bond-based energies give rise to double-integral functionals and various
aspects such as lower semicontinuity and coercivity [33, 34, 107, 166, 174], relaxation [143, 164] and
localization [8, 35, 47, 158] have been addressed for them. Despite its success, the bond-based for-
mulation faces a few shortcomings. The first is that this approach can only model materials with
certain constraints, for example, those with Poisson ratio equal to 1

4 in the linear case [195, 197].
Secondly, in the vanishing horizon limit, the bond-based functionals recover a rather restrictive
class of local models, and not the ones that are commonly used in nonlinear hyperelasticity as in
Remark 1.1.15, cf. [27, 160].

State-based peridynamics. Due to these drawbacks, a more general framework was intro-
duced in [197], which is called state-based peridynamics. Instead of assigning an energy to each
individual bond, one considers all interactions within the horizon distance, which is called the de-
formation state, and assigns an energy to this. Precisely, for any deformation 𝑢 : ℝ𝑛 → ℝ𝑚 , the
state at 𝑥 ∈ ℝ𝑛 is given by the function

𝑆𝑢𝑥 : 𝐵𝛿 (0) → ℝ𝑚, 𝑆𝑢𝑥 (ℎ) := 𝑢 (𝑥 + ℎ) − 𝑢 (𝑥).
The space of all possible states, which is a suitable subspace of all functions from 𝐵𝛿 (0) to ℝ𝑚 , is
denoted by V . The state-based energies are then defined as

Es(𝑢) :=
∫
Ω𝛿

W (𝑥, 𝑆𝑢𝑥 ) 𝑑𝑥, (1.34)

whereW : Ω𝛿 × V → [0,∞) is a density that assigns an energy to each state. Strictly speaking, W
is a functional, since it takes functions as arguments, and this makes the state-based formulation
extremely general. For example, if we take

W (𝑥, 𝑆) :=
∫
(Ω𝛿−𝑥 )∩𝐵𝛿 (0)

𝑤 (ℎ, 𝑆 (ℎ)) 𝑑ℎ for (𝑥, 𝑆) ∈ Ω𝛿 × V,
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then, after the substitution ℎ = 𝑦 − 𝑥 , (1.34) reduces to the bond-based energy in (1.33). If, instead,
we make the choice

W (𝑥, 𝑆) :=𝑊
(
𝑥,

∫
𝐵𝛿 (0)

𝑆 (ℎ)
|ℎ | ⊗ ℎ

|ℎ | 𝜌 (ℎ) 𝑑ℎ
)

for (𝑥, 𝑆) ∈ Ω𝛿 × V,

with𝑊 : Ω𝛿 ×ℝ𝑚×𝑛 → [0,∞) a suitable Carathéodory integrand, and 𝜌 a radial kernel that defines
a nonlocal gradient as in (1.31), then (1.34) turns into

Es(𝑢) =
∫
Ω𝛿

𝑊 (𝑥, 𝐷𝜌𝑢) 𝑑𝑥 . (1.35)

Note that for these models the functions need to be defined on Ω2𝛿 to maintain the symmetric inte-
gration domain 𝐵𝛿 (0) in the nonlocal gradient; this is also the case for the finite-horizon fractional
models in (1.27), where a slightly different, yet equivalent, convention is used with Ω−𝛿 being the
interior domain. It actually turns out that the models based on nonlocal gradients were already
proposed in [197, Section 18], albeit with a different interpretation.

These observations show that the models based on nonlocal gradients provide a mathematically
rigorous example of state-based peridynamics, which are different from the bond-based models. In
addition, they are compatible with fracture and cavitation in materials, for example, in the setting
with the fractional spaces 𝐻𝑠,𝑝 when 𝑠𝑝 < 1 or 𝑠𝑝 < 𝑛, respectively [29, Lemma 2.4 and 2.5]. Be-
yond that, the models involving gradients overcome some of the shortcomings of the bond-based
setting. As we establish in Chapter 3 for finite-horizon fractional gradients and in Chapter 6 for
general nonlocal gradients, one can use densities𝑊 that are quasiconvex in their second argument
to obtain the existence of minimizers. In fact, also the densities from classical nonlinear hyper-
elasticity theory are admissible [30]. The connection with the classical case can be strengthened
further, by considering vanishing horizon limits for the functionals in (1.35). Chapter 6 is concerned
with this topic, and we prove via a rigorous Γ-limit that one recovers a local integral functional with
the same density𝑊 (see Theorem 1.4.10). This shows that the state-based models with nonlocal
gradients, as opposed to the bond-based models, are consistent with their local counterparts.

Nonlocal boundary conditions. To close this section, we discuss some of the different types
of boundary conditions that are used for peridynamics and the related Euler-Lagrange equations.
Starting with the bond-based model in (1.33), a natural condition is the Dirichlet condition 𝑢 = 0
in the nonlocal boundary Ω𝛿 \ Ω. Indeed, under suitable assumptions as in [33, Theorem 8.3], the
minimizers of (1.33) with Dirichlet boundary conditions satisfy{

L𝑤𝑢 = 0 a.e. in Ω,

𝑢 = 0 a.e. in Ω𝛿 \ Ω
with L𝑤𝑢 (𝑥) :=

∫
𝐵𝛿 (𝑥 )

𝐷[𝑤 (𝑥 − 𝑦,𝑢 (𝑥) − 𝑢 (𝑦)) 𝑑𝑦.

In essence, L𝑤 is the natural finite-horizon differential operator associated to (1.33), and with the
choice 𝑤 (ℎ, [) = |[ |2/|ℎ |𝑛+2𝑠 , the operator L𝑤 reduces to a finite-horizon equivalent of the frac-
tional Laplacian (cf. [37]). In the absence of Dirichlet conditions, [33, Theorem 8.3] shows that the
minimizers satisfy ∫

Ω𝛿∩𝐵𝛿 (𝑥 )
𝐷[𝑤 (𝑥 − 𝑦,𝑢 (𝑥) − 𝑢 (𝑦)) 𝑑𝑦 = 0 for a.e. 𝑥 ∈ Ω𝛿 .

On Ω, the equation is simply L𝑤𝑢 = 0, but on Ω𝛿 \ Ω, the integration domain is not symmetric
and the geometry of Ω plays a role in the operator. One can interpret this as a natural Neumann
boundary operator. For the state-based models involving gradients in (1.35), the natural Dirichlet
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condition is imposed in the double layer Ω2𝛿 \ Ω, and the minimizers weakly satisfy{
div𝜌 [𝐷𝐴𝑊 (𝑥, 𝐷𝜌𝑢)] = 0 in Ω,

𝑢 = 0 in Ω2𝛿 \ Ω,

under suitable assumptions on𝑊 , cf. (1.30). The expression div𝜌 [𝐷𝐴𝑊 (·, 𝐷𝜌𝑢)] features a com-
position of two operators with horizon 𝛿 , which explains the need for boundary conditions in the
double layer. The case of Neumann-type boundary conditions is not straightforward and is ex-
plored in Chapter 4 for finite-horizon fractional gradients, cf. (1.51). It requires a careful study of
the functions with zero nonlocal gradient, which surprisingly constitute an infinite-dimensional
space.

Recently, there has also been much interest in coupling the nonlocal models from peridynamics
with local boundary conditions via a heterogeneous horizon function 𝛿 : Ω → [0,∞), see [191,192]
and also [103, 115, 201, 203]. Indeed, the idea is that the horizon 𝛿 (𝑥) is positive inside Ω, thus
modeling nonlocal interactions, but localizes near the boundary, that is, 𝛿 (𝑥) → 0 as 𝑥 → 𝜕Ω. In
this way, one can combine the advantages of peridynamics, while still having the local boundary
conditions that are the most realistic from a practical perspective. In [191, 192], this concept is
treated for double-integral functionals related to the bond-based models in (1.33). The case with
nonlocal gradients has not appeared in the literature, and will be tackled in a forthcoming work.
One of the main difficulties with this new setting is that the nonlocal gradients with heterogeneous
horizon are not Fourier multipliers anymore, and their study necessitates the use of tools from the
more technical theory of pseudo-differential operators.

1.3.2 Image denoising

The second application we highlight is in the area of image processing, specifically, the removal of
noise inmeasured images. Our set-up consists of an open and bounded domain Ω ⊂ ℝ𝑛 (generically
𝑛 = 2), and a pair 𝑢𝑐 , 𝑢[ ∈ 𝐿2(Ω) of clean and noisy images, respectively. Here, the aim is to
reconstruct the clean image 𝑢𝑐 , given the noisy measurement 𝑢[ . We focus on the variational
regularization method, which relies on tools from the calculus of variations and is very popular
and versatile. The method consists of minimizing a functional that features a fidelity term and a
regularization term; the former is used to make the reconstruction fit the measurement, while the
latter uses prior information on the clean image to smooth out the noise. We restrict ourselves to
the case where the fidelity term is given by the 𝐿2-distance to the noisy image, which yields the
formulation:

Minimize J (𝑢) := ∥𝑢 − 𝑢[ ∥2𝐿2 (Ω) +R(𝑢) over 𝑢 ∈ 𝐿2(Ω),
withR : 𝐿2(Ω) → [0,∞] the regularization functional. In view of the direct method, it is sufficient
for R to be sequentially lower semicontinuous with respect to the weak 𝐿2-topology in order for
J to admit minimizers; indeed, the coercivity is automatically satisfied thanks to the fidelity term.
As a result, there is a lot of freedom in choosing the regularizer, while still having a well-posed
problem formulation.

The most well-known regularizer is the 𝑇𝑉 -regularizer proposed by Rudin, Osher & Fatemi
[186], which penalizes the total variation norm of the image. This causes the image to have fewer
oscillations, but does not rule out jumps or sharp features in the reconstructed image. More complex
regularization terms are also considered in the literature such as infimal-convolution total variation
[60], total generalized convolution [51], and many others [20]. Moreover, in recent years there has
been increased interest in using nonlocal regularizers for image processing, see e.g. [12,14,15,21,46,
53,117]. They have the advantage of allowing less regular functions in the reconstruction, and can
be very useful for preserving the sharp features that most images possess. In fact, the functionals
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involving nonlocal gradients from Section 1.2 are also perfect for this purpose. For example, one
can consider the regularizer (on the domain Ω𝛿 instead of Ω)

R𝑠 (𝑢) : 𝐿2(Ω𝛿 ) → [0,∞], R𝑠 (𝑢) :=

∫
Ω
𝑓 (𝑥, 𝐷𝑠𝛿𝑢) 𝑑𝑥 for 𝑢 ∈ 𝐻𝑠,2,𝛿0 (Ω),

∞ otherwise,
(1.36)

where 𝑓 : Ω ×ℝ𝑛 → [0,∞] is a Carathéodory integrand with

𝜇 |𝐴|𝑝 ≤ 𝑓 (𝑥,𝐴) ≤ 𝐶 (1 + |𝐴|𝑝) for a.e. 𝑥 ∈ Ω and all 𝐴 ∈ ℝ𝑛 .

If 𝑓 is convex in its second argument, then R𝑠 will be weakly lower semicontinuous on 𝐿2(Ω𝛿 )
(cf. [31]), which gives the existence of minimizers of the functional

J𝑠 : 𝐿2(Ω𝛿 ) → [0,∞], J𝑠 (𝑢) = ∥𝑢 − 𝑢[ ∥2𝐿2 (Ω𝛿 ) +R𝑠 (𝑢) .

Moreover, there is the freedom of choosing 𝑠 ∈ (0, 1) and also 𝑓 , allowing for more or less regular
functions in the reconstruction model depending on the given situation.

Bi-level optimization. Given the great variety of possible regularizers, there has been a grow-
ing interest in finding a systematic way for designing them. One method, known as bi-level param-
eter learning [95], consists of optimization over a parameter dependent family of regularizers in a
supervised learning scheme. One starts with a collection of noisy and clean data images and fits
the regularizer to this data using a given cost functional. This results in a nested variational prob-
lem, and the existence of optimal parameters and derivation of optimality conditions are important
theoretical considerations.

Precisely, consider a family of regularizers {R𝜆}𝜆 : 𝐿2(Ω) → [0,∞], where 𝜆 ∈ Λ ranges over a
subset of a first countable topological space 𝑋 . In the case of a simple 𝐿2-cost functional, and single
data point (𝑢𝑐 , 𝑢[) ∈ 𝐿2(Ω × Ω), the bi-level problem reads:

(Upper-level) Minimize I (𝜆) := inf
𝑤∈𝐾𝜆

∥𝑤 − 𝑢𝑐 ∥2𝐿2 (Ω) over 𝜆 ∈ Λ,

(Lower-level) 𝐾𝜆 := argmin
𝑢∈𝐿2 (Ω)

J𝜆 (𝑢), (1.37)

where J𝜆 (𝑢) := ∥𝑢 − 𝑢[ ∥2
𝐿2 (Ω) + R𝜆 (𝑢) is the reconstruction functional. In this model we try to

minimize the distance between the best reconstruction for a given parameter and the clean image
over all possible parameters 𝜆 ∈ Λ, thus leading to the best possible regularizer within the family
{R𝜆}𝜆 . The existence of minimizers to such bi-level problems usually requires Λ to be a compact
set in order for I to be coercive; for example, box-constraints are used in [13, 25, 135], to force
real-valued parameters to lie within a closed and bounded interval. However, it is not clear how to
restrict the parameter values, and, depending on the given data, better parameters may lie outside
the domain.

Because of this, several recent references have considered bi-level problems with open param-
eter sets Λ and determined a suitable extension of the bi-level problem to the closure Λ in order to
recover the existence of optimal parameters, see e.g. [83, 84, 87, 152]. This usually involves recon-
struction models at the boundary of the domain 𝜕Λwhere the regularizers have a completely differ-
ent structure compared to the original family of regularizers. Since the analyses in [83, 84, 87, 152]
are adapted to specific families of regularizers, we consider in Chapter 7 a general abstract frame-
work for bi-level problems that is applicable to non-closed sets Λ. The main result consists of a
characterization of the relaxation of I to the closure Λ, which provides the most natural extension
from the point of view of minimization. Moreover, we consider four different examples of families
of regularizers and determine the relaxation of I explicitly, see Section 1.4 for more details.
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While the regularizers depending on nonlocal gradients do not appear in Chapter 7, we want to
close this section by showing that the family in (1.36) does fit into the general framework, enabling
us to determine an optimal fractional order. To this aim, we consider the family {R𝑠}𝑠 and associ-
ated reconstruction functionals {J𝑠}𝑠 as in (1.36) with 𝑠 ∈ Λ := (0, 1), and the bi-level optimization
scheme

(Upper-level) Minimize I (𝑠) := inf
𝑤∈𝐾𝑠

∥𝑤 − 𝑢𝑐 ∥2𝐿2 (Ω𝛿 ) over 𝑠 ∈ (0, 1),
(Lower-level) 𝐾𝑠 := argmin

𝑢∈𝐿2 (Ω𝛿 )
J𝑠 (𝑢).

Note that there is a unique minimizer of J𝑠 , i.e., 𝐾𝑠 = {𝑤 (𝑠 ) }, since J𝑠 is strictly convex as the sum
of a strictly convex and convex functional. To find the relaxation of I according to Theorem 1.4.12,
we need to determine the 𝐿2-Mosco-limits of the family {R𝑠}𝑠 , which are Γ-limits with respect to
the weak and strong topology in 𝐿2(Ω𝛿 ) simultaneously. To phrase the result, we introduce the
functionals R0,R1 : 𝐿2(Ω𝛿 ) → [0,∞] as

R0(𝑢) =

∫
Ω
𝑓 (𝑥, 𝐷0

𝛿𝑢) 𝑑𝑥 for 𝑢 ∈ 𝐿2(Ω𝛿 ) with 𝑢 = 0 a.e. in Ω𝛿 \ Ω−𝛿 ,

∞ otherwise,

and

R1(𝑢) =

∫
Ω
𝑓 (𝑥, 𝐷𝑢) 𝑑𝑥 for 𝑢 ∈𝑊 1,2(Ω𝛿 ) with 𝑢 = 0 a.e. in Ω𝛿 \ Ω−𝛿 ,

∞ otherwise.

Here, 𝐷0
𝛿
is the zero-order nonlocal gradient, and it is bounded from 𝐿2(Ω𝛿 ) to 𝐿2(Ω;ℝ𝑛). It now

follows from Theorem 1.4.4 that the Mosco-limits are given by

R𝑠 (𝑢) := Mosc(𝐿2)− lim
𝑠′→𝑠

R𝑠 (𝑢) =

R𝑠 for 𝑠 ∈ (0, 1),
R0 for 𝑠 = 0,
R1 for 𝑠 = 1,

for 𝑠 ∈ [0, 1] .

Since R0 and R1 are also convex, (1.55) is satisfied and Theorem 1.4.12 states that the relaxed bi-
level problem is given by

(Upper-level) Minimize I (𝑠) := inf
𝑤∈𝐾𝑠

∥𝑤 − 𝑢𝑐 ∥2𝐿2 (Ω𝛿 ) over 𝑠 ∈ [0, 1],

(Lower-level) 𝐾𝑠 := argmin
𝑢∈𝐿2 (Ω𝛿 )

∥𝑢 − 𝑢[ ∥2𝐿2 (Ω𝛿 ) +R𝑠 (𝑢) .

By the abstract theory of relaxation, this new problem admits an optimal parameter 𝑠 ∈ [0, 1] that
relates back to the minimizing parameter sequences of the original problem. The extended bi-level
scheme incorporates the full range of fractional exponents from 0 to 1, interpolating between the
Lebesgue space 𝐿2(Ω𝛿 ) and the Sobolev space𝑊 1,2(Ω𝛿 ). This makes it possible to tune the amount
of regularity exactly as the data requires.

1.4 Contributions of the thesis

In this section we give an overview of the articles that make up the chapters of the thesis. While
doing so, we present some of the main ideas behind the papers and highlight a selection of the most
important results. We start off with Chapter 2, which is concerned with the relaxation of linear
growth functionals depending on Riesz fractional gradients and corresponds with the published
paper:
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[189] H. Schönberger. Extending linear growth functionals to functions of bounded fractional
variation. Proceedings of the Royal Society of Edinburgh: Section A Mathematics, 154(1):304–
327, 2024. https://doi.org/10.1017/prm.2023.14.

The main objective of this paper is to extend the existence theory for minimizers of variational
problems involving the Riesz fractional gradient (cf. Theorem 1.2.3) to the linear growth case 𝑝 = 1.
Explicitly, we consider the functional

F𝑠 (𝑢) =
∫
ℝ𝑛

𝑓 (𝑥, 𝐷𝑠𝑢) 𝑑𝑥 for 𝑢 ∈ 𝐻𝑠,1𝑔 (Ω;ℝ𝑚), (1.38)

where Ω ⊂ ℝ𝑛 is a Lipschitz domain, 𝑔 ∈ 𝐻𝑠,1(ℝ𝑛;ℝ𝑚), and 𝑓 : ℝ𝑛 ×ℝ𝑚×𝑛 → ℝ is a Carathéodory
integrand that satisfies the growth bound

|𝑓 (𝑥,𝐴) | ≤ 𝑀 |𝐴| + 𝑎(𝑥) for all 𝑥 ∈ ℝ𝑛 and 𝐴 ∈ ℝ𝑚×𝑛, (1.39)

with𝑀 > 0 and 𝑎 ∈ 𝐿1(ℝ𝑛) ∩ 𝐿∞(ℝ𝑛), and the coercivity bound

𝜇 |𝐴| − 𝑐 ≤ 𝑓 (𝑥,𝐴) for all 𝑥 ∈ ℝ𝑛 and 𝐴 ∈ ℝ𝑚×𝑛, (1.40)

with 𝜇, 𝑐 > 0. Since 𝐻𝑠,1(ℝ𝑛;ℝ𝑚) is not reflexive, we cannot prove coercivity of F𝑠 with respect
to the weak topology. However, as for classical linear growth functionals, we may weaken the
topology to that of 𝐿1-convergence, and use that bounded sequences (𝑢 𝑗 ) 𝑗 ⊂ 𝐻𝑠,1𝑔 (Ω;ℝ𝑚) converge
up to subsequence to a function𝑢 ∈ 𝐵𝑉 𝑠𝑔 (Ω;ℝ𝑚)with respect to the 𝐿1-convergence; here, the space
of functions with bounded fractional variation is defined as

𝐵𝑉 𝑠 (ℝ𝑛;ℝ𝑚) := {
𝑢 ∈ 𝐿1(ℝ𝑛;ℝ𝑚) : 𝐷𝑠𝑢 ∈ M(ℝ𝑛;ℝ𝑚×𝑛)} ,

with 𝐵𝑉 𝑠𝑔 (Ω;ℝ𝑚) = {𝑢 ∈ 𝐵𝑉 𝑠 (ℝ𝑛;ℝ𝑚) : 𝑢 = 𝑔 a.e. in Ω𝑐}, see [54,66,68] for more on these spaces.
Hence, we can prove using (1.40) and the improved Poincaré inequality in Proposition 2.3.6, that
the extended functional

F𝑠 (𝑢) =

∫
ℝ𝑛

𝑓 (𝑥, 𝐷𝑠𝑢) 𝑑𝑥 for 𝑢 ∈ 𝐻𝑠,1𝑔 (Ω;ℝ𝑚),
∞ for 𝑢 ∈ 𝐵𝑉 𝑠𝑔 (Ω;ℝ𝑚) \ 𝐻𝑠,1𝑔 (Ω;ℝ𝑚),

is coercive with respect to the 𝐿1-convergence. However, it is not anymore lower semicontinuous
with respect to this weaker convergence, so we use the concept of relaxation (cf. Definition 1.1.5),
noting that we are in the setting of (A1), to recover the existence of minimizers; that is, we consider
the functional

F rel
𝑠 (𝑢) :=

{
lim inf
𝑗→∞

F𝑠 (𝑢 𝑗 ) : (𝑢 𝑗 ) 𝑗 ⊂ 𝐻𝑠,1𝑔 (Ω;ℝ𝑚), 𝑢 𝑗 → 𝑢 in 𝐿1(ℝ𝑛;ℝ𝑚)
}
, (1.41)

for 𝑢 ∈ 𝐵𝑉 𝑠𝑔 (Ω;ℝ𝑚). This relaxation will admit minimizers and minimizing sequences of F𝑠 con-
verge up to subsequence to minimizers of F rel

𝑠 , see Theorem 1.1.7. The main result of the chapter
is an explicit representation of the relaxation without any convexity assumptions on the integrand
𝑓 . To phrase the result, we introduce the upper recession function

𝑓 #(𝑥,𝐴) = lim sup
(𝑥 ′,𝐴′ )→(𝑥,𝐴)

𝑡→∞

𝑓 (𝑥, 𝑡𝐴)
𝑡

,

https://doi.org/10.1017/prm.2023.14
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and recall the formulas for the recession function in (1.15) and the quasiconvex envelope in Defi-
nition 1.1.19. Moreover, we denote for 𝑢 ∈ 𝐵𝑉 𝑠 (ℝ𝑛;ℝ𝑚) the decomposition

𝐷𝑠𝑢 = ∇𝑠𝑢 𝑑𝑥 + 𝐷𝑠∗𝑢,
where ∇𝑠𝑢 ∈ 𝐿1(ℝ𝑛;ℝ𝑚×𝑛) is the absolutely continuous part of 𝐷𝑠𝑢 ∈ M(ℝ𝑛;ℝ𝑚×𝑛) with respect
to the Lebesgue measure, and 𝐷𝑠∗𝑢 ∈ M(ℝ𝑛;ℝ𝑚×𝑛) is the singular part. The main result is the
following, where we remark that in the paper the relaxation is taken with respect to the weak*-
convergence in 𝐵𝑉 𝑠𝑔 (Ω;ℝ𝑚), which is equivalent to 𝐿1-convergence given the coercivity bound
(1.40).

Theorem 1.4.1 (Linear growth relaxation). Let 𝑠 ∈ (0, 1) and assume 𝑓 : ℝ𝑛 × ℝ𝑚×𝑛 → ℝ is a
Carathéodory integrand that satisfies (1.39) and (1.40), and that

𝑓 ∞(𝑥,𝐴) exists and (𝑓 qc)#(𝑥,𝐴) = lim sup
𝐴′→𝐴
𝑡→∞

𝑓 qc(𝑥, 𝑡𝐴′)
𝑡

for all (𝑥,𝐴) ∈ Ω ×ℝ𝑚×𝑛, (1.42)

with 𝑓 qc the quasiconvex envelope of 𝑓 with respect to its second argument. Then, the relaxation of F𝑠
in (1.38) given by (1.41) can be represented as

F rel
𝑠 (𝑢) =

∫
Ω
𝑓 qc(𝑥,∇𝑠𝑢) 𝑑𝑥 +

∫
Ω
(𝑓 qc)#

(
𝑥,
𝑑𝐷𝑠∗𝑢
𝑑 |𝐷𝑠∗𝑢 |

)
𝑑 |𝐷𝑠∗𝑢 | +

∫
Ω𝑐

𝑓 (𝑥,∇𝑠𝑢) 𝑑𝑥, (1.43)

for 𝑢 ∈ 𝐵𝑉 𝑠𝑔 (Ω;ℝ𝑚).
Remark 1.4.2. a) In the case where 𝑓 is already quasiconvex, the second condition in (1.42) is not
necessary and the relaxation simplifies to

F rel
𝑠 (𝑢) =

∫
ℝ𝑛

𝑓 (𝑥,∇𝑠𝑢) 𝑑𝑥 +
∫
Ω
𝑓 ∞

(
𝑥,
𝑑𝐷𝑠∗𝑢
𝑑 |𝐷𝑠∗𝑢 |

)
𝑑 |𝐷𝑠∗𝑢 | for 𝑢 ∈ 𝐵𝑉 𝑠𝑔 (Ω;ℝ𝑚) .

In general, the second condition in (1.42) should be seen as a continuity condition in the first ar-
gument of 𝑓 qc at infinity. In fact, it can be replaced by the stronger continuity condition on 𝑓
itself

|𝑓 (𝑥,𝐴) − 𝑓 (𝑦,𝐴) | ≤ 𝜔 ( |𝑥 − 𝑦 |) (1 + |𝐴|) for all 𝑥,𝑦 ∈ Ω and 𝐴 ∈ ℝ𝑚×𝑛,

where 𝜔 : [0,∞) → [0,∞) is a continuous and increasing function with 𝜔 (0) = 0, see Re-
mark 2.5.1 c).

b) In the case of the convex area-integrand 𝑓 (𝑥,𝐴) =
√︁
1 + |𝐴|2 − 1 (adjusted for unbounded

domains) with𝑚 = 1, it holds that 𝑓 ∞(𝑥,𝐴) = |𝐴|, so the relaxation becomes

F rel
𝑠 (𝑢) =

∫
ℝ𝑛

√︁
1 + |∇𝑠𝑢 |2 − 1𝑑𝑥 + |𝐷𝑠∗𝑢 | (Ω) for 𝑢 ∈ 𝐵𝑉 𝑠𝑔 (Ω).

The theorem provides the existence of minimizers for this extended fractional Plateau problem. △
Theorem 1.4.1 can be seen as an extension of the fractional relaxation result in Theorem 1.2.6

to the case 𝑝 = 1, and, at the same time, as a fractional analogue of the classical linear growth
relaxation in Theorem 1.1.21. Moreover, since there is no convexity assumption on 𝑓 , the effect of
quasiconvexification and the extension to 𝐵𝑉 𝑠𝑔 are combined in the relaxation procedure. We note
that similarly to the case 𝑝 ∈ (1,∞), the quasiconvexification occurs only in Ω, which is due to the
strong convergence of fractional variations in the complement of Ω, see Lemma 2.3.5. In addition,
the reason why the singular part of the fractional variation is only integrated in Ω is because of the
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fact that this singular part behaves in a local way, cf. Remark 2.3.4. Indeed, this makes it so that
𝐷𝑠∗𝑢 = 𝐷𝑠∗𝑔 = 0 in Ω

𝑐 for all 𝑢 ∈ 𝐵𝑉 𝑠𝑔 (Ω;ℝ𝑚).
The proof of the relaxation result relies on an extension of the identities in (1.22) to functions in

𝐵𝑉 𝑠 , see [68], which paves the way for comparing the fractional variation with the classical vari-
ation. This is essentially the reason for the appearance of quasiconvexity in the fractional setting.
To deal with the singular part of the fractional variation that appears through concentration effects
in 𝐿1, we utilize the tool of generalized Young measures, which makes it possible to capture the
oscillation and concentration behavior of sequences of measures. Finally, in order to construct a
recovery sequence for the right hand side of (1.43), we carefully separate the quasiconvexification
process and the extension to 𝐵𝑉 𝑠 in order to produce different sequences for each. The construction
of the latter sequence hinges on a novel density result, which allows the approximation of functions
in 𝐵𝑉 𝑠𝑔 by sequences in 𝐻𝑠,1𝑔 with respect to a suitable fractional notion of area-strict convergence.

Chapter 3 focuses on the models involving the finite-horizon fractional gradient in (1.25), and
is based on the article:

[72] J. Cueto, C. Kreisbeck and H. Schönberger. A variational theory for integral function-
als involving finite-horizon fractional gradients. Fractional Calculus and Applied Analysis,
26(5):2001–2056, 2023. https://doi.org/10.1007/s13540-023-00196-7.

This chapter revolves around establishing a comprehensive variational theory for integral func-
tionals of the type (1.27) involving the finite-horizon fractional gradient and subject to a Dirichlet
condition in the collar Γ±𝛿 := Ω𝛿 \ Ω−𝛿 . The main conceptual idea that lies behind the results is
a translation mechanism similarly to (1.22), that makes it possible to compare the finite-horizon
fractional gradient with the classical gradient, and also with the Riesz fractional gradient.

To establish a connection between the finite-horizon and classical gradient, we consider an
analogue to the identities in (1.22); in fact, Bellido, Cueto & Mora-Corral had already shown in [31]
that the finite-horizon counterpart of the Riesz potential defined by

𝑄𝑠𝛿 : ℝ𝑛 \ {0} → ℝ, 𝑄𝑠𝛿 (𝑥) = 𝑐𝑛,𝑠,𝛿
∫ 𝛿

|𝑥 |

�̄�𝛿 (𝑡)
𝑡𝑛+𝑠

𝑑𝑡

with �̄�𝛿 the radial representation of𝑤𝛿 , enjoys the property

𝐷𝑠𝛿𝜑 = 𝐷 (𝑄𝑠𝛿 ∗ 𝜑) for all 𝜑 ∈ 𝐶∞(ℝ𝑛) . (1.44)

This mirrors the first identity in (1.22) and is actually more convenient since 𝑄𝑠
𝛿
is integrable as

opposed to the Riesz potential 𝐼1−𝑠 . In order to go the other way, we heuristically invert the convo-
lution with 𝑄𝑠

𝛿
in Fourier space, and define the operator

P𝑠𝛿𝜑 =

(
𝜑

𝑄𝑠
𝛿

)∨
.

We prove that the convolution with 𝑄𝑠
𝛿
and the operator P𝑠

𝛿
can be extended in a bounded way to

the Sobolev spaces𝑊 1,𝑝 (ℝ𝑛) and 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) such that they constitute each other’s inverse. As a
consequence, there is a isomorphism between𝑊 1,𝑝 (ℝ𝑛) and 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) and it holds that

𝐷𝑠𝛿𝑢 = 𝐷 (𝑄𝑠𝛿 ∗ 𝑢) and 𝐷𝑣 = 𝐷𝑠𝛿P𝑠𝛿𝑣, (1.45)

for all 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) and 𝑣 ∈𝑊 1,𝑝 (ℝ𝑛) with 𝑝 ∈ [1,∞].

https://doi.org/10.1007/s13540-023-00196-7
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Ω−𝛿

Γ−𝛿

Γ𝛿

Ω𝛿

𝛿

𝐷𝑣 𝑣 ∈𝑊 1,𝑝 (ℝ𝑛)

𝐷𝑠
𝛿𝑢 𝑢 ∈ 𝐻 𝑠,𝑝,𝛿 (ℝ𝑛) 𝐷𝑠𝑢 𝑢 ∈ 𝐻 𝑠,𝑝 (ℝ𝑛)

𝑣 = †
𝐼1−𝑠 ∗ 𝑢

𝑢
= (−Δ) 1−𝑠2

𝑣

𝑣
=
𝑄
𝑠
𝛿
∗ 𝑢𝑢

=
P
𝑠
𝛿
𝑣

𝐷𝑠
𝛿
𝑢 − 𝐷𝑠𝑢 = (𝐷𝑅𝑠

𝛿
) ∗ 𝑢

1

Figure 1.3: Illustration of the relations between classical, fractional, and finite-horizon fractional
gradients. † When 𝐼1−𝑠 ∗ 𝑢 is well-defined.

We also establish a connection between the finite-horizon fractional gradient and Riesz frac-
tional gradient. Indeed, if we define 𝑅𝑠

𝛿
= 𝑄𝑠

𝛿
− 𝐼1−𝑠 , then it can be shown that 𝐷𝑅𝑠

𝛿
∈ 𝐿1(ℝ𝑛;ℝ𝑛) ∩

𝐶∞(ℝ𝑛;ℝ𝑛). Moreover, in light of the first two identities in (1.22) and (1.45), it holds that

𝐷𝑠𝛿𝜑 = 𝐷𝑠𝜑 + (𝐷𝑅𝑠𝛿 ) ∗ 𝜑 for all 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛) . (1.46)

We use this identity to prove that 𝐻𝑠,𝑝 (ℝ𝑛) = 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) with equivalent norms, after which the
identity in (1.46) can be extended to 𝑢 ∈ 𝐻𝑠,𝑝 (ℝ𝑛) = 𝐻𝑠,𝑝,𝛿 (ℝ𝑛). A visual summary of all the
connections is given in Figure 1.3.

The full translation mechanism enables us to prove results regarding the variational problems
involving the finite-horizon fractional by relating it to known results in the classical case. There
are three main results in the chapter, of which the first is a complete characterization of the lower
semicontinuity of functionals as in (1.27).

Theorem 1.4.3 (Characterization of weak lower semicontinuity). Let 𝑠 ∈ (0, 1), 𝑝 ∈ (1,∞),
Ω ⊂ ℝ𝑛 be open and bounded with |𝜕Ω−𝛿 | = 0 and 𝑔 ∈ 𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑚). Further, let 𝑓 : Ω × ℝ𝑚 ×
ℝ𝑚×𝑛 → ℝ be a Carathéodory function satisfying

−𝐶 (1 + |𝑧 |𝑝 + |𝐴|𝑞) ≤ 𝑓 (𝑥, 𝑧, 𝐴) ≤ 𝐶 (1 + |𝑧 |𝑝 + |𝐴|𝑝)
for a.e. 𝑥 ∈ Ω and all (𝑧,𝐴) ∈ ℝ𝑚 ×ℝ𝑚×𝑛 with𝐶 > 0 and 𝑞 ∈ [1, 𝑝). Then, F𝑠

𝛿
from (1.27) is sequen-

tially weakly lower semicontinuous on 𝐻𝑠,𝑝,𝛿𝑔 (Ω;ℝ𝑚) if and only if 𝐴 ↦→ 𝑓 (𝑥, 𝑧, 𝐴) is quasiconvex for
a.e. 𝑥 ∈ Ω−𝛿 and all 𝑧 ∈ ℝ𝑚 .

As in the classical and fractional case, the notion of quasiconvexity is again crucial in this set-
ting. In fact, the proof is also very reminiscent of the one of Theorem 1.2.1 except for using the new
translation mechanism of (1.45). In addition, quasiconvexity is not required in the collar Ω \ Ω−𝛿 ,
because of the strong convergence of the nonlocal gradients there, cf. Lemma 3.2.12.

The second main result pushes the translation method one step further, and states that any Γ-
convergence result that holds for a sequence of integral functionals involving classical derivatives
can be carried over to the setting of the finite-horizon gradients, see Theorem 3.5.1 for the precise
statement. As two specific examples, we show that we can obtain a homogenization result and
relaxation formula in the finite-horizon case.

The chapter finisheswith a study of the dependence of the variational problems on the fractional
parameter 𝑠 . To phrase the result, we introduce the functionals F𝑠

𝛿
: 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) → ℝ∞ for 𝑠 ∈
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(0, 1) as

F𝑠
𝛿 (𝑢) =


∫
Ω
𝑓 (𝑥, 𝐷𝑠𝛿𝑢 (𝑥)) 𝑑𝑥 for 𝑢 ∈ 𝐻𝑠,𝑝,𝛿0 (Ω;ℝ𝑚),

∞ otherwise,
(1.47)

where 𝑓 : Ω ×ℝ𝑚×𝑛 → ℝ is a Carathéodory integrand satisfying for 𝜇,𝐶 > 0

𝜇 |𝐴|𝑝 −𝐶 ≤ 𝑓 (𝑥,𝐴) ≤ 𝐶 (1 + |𝐴|𝑝) for a.e. 𝑥 ∈ Ω and all 𝐴 ∈ ℝ𝑚×𝑛 .

Additionally, we define F0
𝛿
,F1

𝛿
: 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) → ℝ∞ as

F0
𝛿 (𝑢) =


∫
Ω
𝑓 (𝑥, 𝐷0

𝛿𝑢 (𝑥)) 𝑑𝑥 for 𝑢 ∈ 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) with 𝑢 = 0 a.e. in Ω𝛿 \ Ω−𝛿 ,

∞ otherwise,
(1.48)

and

F1
𝛿 (𝑢) =


∫
Ω
𝑓 (𝑥, 𝐷𝑢 (𝑥)) 𝑑𝑥 for 𝑢 ∈𝑊 1,𝑝 (Ω𝛿 ;ℝ𝑚) with 𝑢 = 0 a.e. in Ω𝛿 \ Ω−𝛿 ,

∞ otherwise.
(1.49)

We note that the zero order gradient 𝐷0
𝛿
is defined by simply plugging in 𝑠 = 0 in the definition,

and it can be extended to a bounded operator on 𝐿𝑝 for 𝑝 ∈ (1,∞). The next result establishes the
continuous dependence on the fractional parameter 𝑠 in the framework of Γ-convergence, where
we assume that Ω−𝛿 is a Lipschitz domain and 𝑝 ∈ (1,∞).
Theorem 1.4.4 (𝚪-limits for 𝒔𝒋 → 𝒔 ∈ [0, 1]). Let F𝑠

𝛿
be as in (1.47), (1.48) and (1.49) for 𝑠 ∈ [0, 1]

and suppose that 𝑓 (𝑥, ·) is quasiconvex for a.e. 𝑥 ∈ Ω−𝛿 . If (𝑠 𝑗 ) 𝑗 ⊂ [0, 1] satisfies 𝑠 𝑗 → 𝑠 ∈ [0, 1], then
(F𝑠 𝑗 ,𝛿 ) 𝑗 Γ-converges to F𝑠

𝛿
with respect to the weak and strong topology in 𝐿𝑝 (Ω𝛿 ;ℝ𝑚), that is,

Γ(𝐿𝑝)- lim
𝑗→∞

F𝑠 𝑗 ,𝛿 = F𝑠
𝛿 = Γ(𝑤-𝐿𝑝)- lim

𝑗→∞
F𝑠 𝑗 ,𝛿 .

Moreover, (F𝑠 𝑗 ,𝛿 ) 𝑗 is equi-coercive with respect to the strong topology in 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) if inf 𝑗 𝑠 𝑗 > 0 and
the weak topology in 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) otherwise.

Given the Γ-convergence and equi-coercivity of Theorem 1.4.4, it follows that the minimizers of
F𝑠 𝑗 ,𝛿 converge up to subsequence to minimizers of F𝑠

𝛿
, see Theorem 1.1.11. Beyond the translation

mechanism and localization of the nonlocal gradient 𝐷𝑠
𝛿
→ 𝐷 as 𝑠 ↑ 1, the proof of Theorem 1.4.4

relies crucially on an improved version of the Poincaré inequality in (1.28) where the constant𝐶 > 0
does not depend on 𝑠 ∈ [0, 1). To establish it, we derive technical estimates on the Fourier trans-
form of 𝑄𝑠

𝛿
uniformly in 𝑠 in order to apply the Mihlin-Hörmander multiplier theorem.

We continue the study of the finite-horizon fractional gradients in Chapter 4 and it is based on
the preprint:

[141] C. Kreisbeck and H. Schönberger. Non-constant functions with zero nonlocal gradients and
their role in nonlocal Neumann-type problems. Preprint arXiv:2402.11308, 2024.

The paper is concerned with a natural question, that turns out to have a surprising answer with
applications to Neumann-type problems involving the finite-horizon fractional gradients. Namely,
we consider whether the property that for 𝑣 ∈𝑊 1,𝑝 (Ω)

∇𝑣 = 0 a.e. on Ω if and only if 𝑣 is constant a.e. on Ω,

https://arxiv.org/abs/2402.11308
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carries over when the gradient is replaced by a nonlocal gradient. In the case Ω = ℝ𝑛 and with the
Riesz fractional gradient or finite-horizon fractional gradient, this is true since the Fourier symbols
of 𝐷𝑠 and 𝐷𝑠

𝛿
are positive on ℝ𝑛 \ {0}; in particular, this also holds for the complementary-value

spaces 𝐻𝑠,𝑝,𝛿0 (Ω), as its elements can be extended to ℝ𝑛 as zero. However, when one considers
𝐻𝑠,𝑝,𝛿 (Ω) on a bounded domain Ω (cf. (1.26)), the situation changes completely. Precisely, we con-
sider the subset of 𝐻𝑠,𝑝,𝛿 (Ω) given by

𝑁 𝑠,𝑝,𝛿 (Ω) := {ℎ ∈ 𝐻𝑠,𝑝,𝛿 (Ω) : 𝐷𝑠𝛿ℎ = 0 a.e. in Ω},
and show that it constitutes an infinite-dimensional vector space (Proposition 4.3.3), and hence,
contains more than just constant functions. Since any 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) is defined on Ω𝛿 and 𝐷𝑠𝛿𝑢 on
the smaller set Ω, one might think that 𝐷𝑠

𝛿
𝑢 = 0 on Ω at least implies that 𝑢 is constant on Ω or

Ω−𝛿 . Even this is not true, since for any subset of Ω, there is a ℎ ∈ 𝑁 𝑠,𝑝,𝛿 (Ω) that is non-constant
on this subset (Proposition 4.3.1).

These results motivate the further study of the set 𝑁 𝑠,𝑝,𝛿 (Ω) and its applications, which is taken
up in Chapter 4. The first is a characterization of the space 𝑁 𝑠,𝑝,𝛿 (Ω) in terms of the values in the
single collar Γ𝛿 := Ω𝛿 \ Ω and a mean-value condition. It is based on the observation that all
ℎ ∈ 𝑁 𝑠,𝑝,𝛿 (Ω) satisfy

𝑄𝑠𝛿 ∗ ℎ = 𝑐 a.e. in Ω and ℎ = 𝑔 a.e. in Γ𝛿 (1.50)
for some 𝑐 ∈ ℝ and𝑔 ∈ 𝐿𝑝 (Γ𝛿 ) in light of (1.45). Utilizing the translation mechanism from the previ-
ous chapter, we can reformulate the convolution equation (1.50) into a Dirichlet problem involving
P𝑠
𝛿
. This reformulation enables us to exploit the recent existence, uniqueness and regularity theory

for pseudo-differential equations by Abels and Grubb [2, 125], given that P𝑠
𝛿
fits into their setting

as a perturbation of the fractional Laplacian. This leads to the following main result of the paper,
characterizing the set 𝑁 𝑠,𝑝,𝛿 (Ω).
Theorem 1.4.5 (Characterization of 𝑵 𝒔,𝒑,𝜹 (𝛀)). Let Ω ⊂ ℝ𝑛 be a bounded 𝐶1,1-domain, then,
the following holds:

(𝑖) If 𝑝 ∈ (1, 2
1−𝑠 ), then for each 𝑐 ∈ ℝ and𝑔 ∈ 𝐿𝑝 (Γ𝛿 ), there exists a unique solutionℎ ∈ 𝑁 𝑠,𝑝,𝛿 (Ω)

to (1.50). In particular, the following map is bijective

Φ𝑠𝛿 : 𝑁 𝑠,𝑝,𝛿 (Ω) → ℝ × 𝐿𝑝 (Γ𝛿 ) ℎ ↦→
(∫

Ω
𝑄𝑠𝛿 ∗ ℎ 𝑑𝑥,ℎ |Γ𝛿

)
.

(𝑖𝑖) If 𝑝 ∈ [ 2
1−𝑠 ,∞), then for each 𝑐 ∈ ℝ and 𝑔 ∈ 𝐿𝑝 (Γ𝛿 ), there exists at most one solution

ℎ ∈ 𝑁 𝑠,𝑝,𝛿 (Ω) to (1.50). In particular, the map Φ𝑠
𝛿
is only injective.

The result shows that the set 𝑁 𝑠,𝑝,𝛿 (Ω) is isomorphic to ℝ× 𝐿𝑝 (Γ𝛿 ) when 𝑝 ∈ (1, 2
1−𝑠 ), whereas

for all 𝑝 ∈ (1,∞), a function ℎ ∈ 𝑁 𝑠,𝑝,𝛿 (Ω) is uniquely determined by its values in Γ𝛿 and the
quantity

∫
Ω
𝑄𝑠
𝛿
∗ ℎ 𝑑𝑥 . The reason for the dichotomy between the values of 𝑝 below and above the

critical value 2
1−𝑠 , is due to the regularity of solutions of pseudo-differential Dirichlet problems.

Indeed, these solutions decay towards the boundary with a rate that does not depend on 𝑝 , and
hence, their global regularity is limited to a certain range of Bessel potential spaces. This actually
shows thatΦ𝑠

𝛿
will not be surjective, when 𝑝 ∈ [ 2

1−𝑠 ,∞) (Remark 4.3.13). Numerical approximations
also indicate that the functions in 𝑁 𝑠,𝑝,𝛿 (Ω) generally display singularities across the boundary 𝜕Ω,
which means that they do not lie in 𝐿𝑝 (Ω𝛿 ) for large 𝑝 , see Figure 1.4.

Beyond the abstract interest of 𝑁 𝑠,𝑝,𝛿 (Ω), it turns out that this set plays an important role for
the properties of the Sobolev spaces 𝐻𝑠,𝑝,𝛿 (Ω). Indeed, the translation mechanism from Chap-
ter 3 can be adapted to bounded domains after taking the quotient with 𝑁 𝑠,𝑝,𝛿 (Ω), i.e., there is
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Figure 1.4: A numerical approximation of the unique solutions to (1.50) with 𝑐 = 0 and 𝑔(𝑥) = −1
and 𝑔(𝑥) = 𝑥 for 𝑥 ∈ Γ𝛿 , respectively. The parameters for the computation are 𝑛 = 1, Ω = (−3, 3),
𝑠 = 1

2 , 𝛿 = 1 and𝑤𝛿 ∈ 𝐶∞
𝑐 (−1, 1) is a bump function equal to 1 on (− 1

2 ,
1
2 ).

an isomorphism between 𝐻𝑠,𝑝,𝛿 (Ω)/𝑁 𝑠,𝑝,𝛿 (Ω) and𝑊 1,𝑝 (Ω)/C with C the set of constant functions
on Ω. Furthermore, it is possible to obtain extension operators, Poincaré inequalities and com-
pact embeddings after suitably removing functions in 𝑁 𝑠,𝑝,𝛿 (Ω). In this way, we are able to carry
over the results from the complementary-value spaces to the spaces 𝐻𝑠,𝑝,𝛿 (Ω) without boundary
conditions. Furthermore, the set 𝑁 𝑠,𝑝,𝛿 (Ω), which formally corresponds to the solution set of the
inclusion problem 𝐷𝑠

𝛿
𝑢 ∈ {0} a.e. in Ω, enables an elegant presentation of the solution theory for

more general differential inclusion problems involving the gradient 𝐷𝑠
𝛿
.

The main application of the new tools on the spaces 𝐻𝑠,𝑝,𝛿 (Ω) is an analysis of variational
problems involving the finite-horizon nonlocal gradient with Neumann-type boundary conditions.
We consider the weakly closed subset of 𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑚)

𝑁 𝑠,𝑝,𝛿 (Ω;ℝ𝑚)⊥ :=
{
𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑚) : ∥𝑢∥𝐿𝑝 (Ω𝛿 ;ℝ𝑚 ) = min

ℎ∈𝑁 𝑠,𝑝,𝛿 (Ω;ℝ𝑚 )
∥𝑢 − ℎ∥𝐿𝑝 (Ω𝛿 ;ℝ𝑚 )

}
,

which, when 𝑝 = 2, agrees with the 𝐿2-orthogonal complement of 𝑁 𝑠,2,𝛿 (Ω;ℝ𝑚). This set plays the
role of the functions with zero mean-value for the variational formulation of the classical Neumann
problem. We obtain the following existence result.

Theorem 1.4.6 (Existence for Neumann-type problem). Let 𝑝 ∈ (1,∞), Ω ⊂ ℝ𝑛 be a bounded
Lipschitz domain, 𝐹 ∈ 𝐿𝑝′ (Ω𝛿 ;ℝ𝑚), and 𝑓 : Ω ×ℝ𝑚×𝑛 → ℝ∞ a Carathéodory integrand such that

𝑓 (𝑥,𝐴) ≥ 𝜇 |𝐴|𝑝 −𝐶 for a.e. 𝑥 ∈ Ω and all 𝐴 ∈ ℝ𝑚×𝑛 .

If 𝑣 ↦→
∫
Ω
𝑓 (𝑥, 𝐷𝑣) 𝑑𝑥 is weakly lower semicontinuous on𝑊 1,𝑝 (Ω;ℝ𝑚), then there exists a minimizer

of

F𝑠
𝛿 (𝑢) :=

∫
Ω
𝑓 (𝑥, 𝐷𝑠𝛿𝑢) 𝑑𝑥 −

∫
Ω𝛿

𝐹 · 𝑢 𝑑𝑥 over all 𝑢 ∈ 𝑁 𝑠,𝑝,𝛿 (Ω;ℝ𝑚)⊥.

The proof relies on the new Poincaré inequality on 𝑁 𝑠,𝑝,𝛿 (Ω;ℝ𝑚)⊥ and uses the translation
mechanism to exploit the weak lower semicontinuity of the classical integral functional 𝑣 ↦→∫
Ω
𝑓 (𝑥, 𝐷𝑣) 𝑑𝑥 . The result is therefore valid for quasiconvex integrands with 𝑝-growth from above

or polyconvex integrands without an upper bound, see Theorem 1.1.14 and Remark 1.1.15.
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If the functional F𝑠
𝛿
is invariant under translation in 𝑁 𝑠,𝑝,𝛿 (Ω;ℝ𝑚), that is, 𝐹 satisfies the non-

local compatibility condition∫
Ω𝛿

𝐹 · ℎ 𝑑𝑥 = 0 for all ℎ ∈ 𝑁 𝑠,𝑝,𝛿 (Ω;ℝ𝑚),

then any minimizer 𝑢 of F𝑠
𝛿
over the set 𝑁 𝑠,𝑝,𝛿 (Ω;ℝ𝑚)⊥ is also a minimizer over the full space

𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑚). Under this assumption, and if 𝑓 satisfies the conditions of Proposition 1.1.17, then
the minimizer weakly satisfies{

− div𝑠𝛿 [𝐷𝐴 𝑓 (𝑥, 𝐷𝑠𝛿𝑢)] = 𝐹 in Ω−𝛿 ,
N 𝑠
𝛿
[𝐷𝐴 𝑓 (𝑥, 𝐷𝑠𝛿𝑢)] = 𝐹 in Γ±𝛿 ,

(1.51)

with N 𝑠
𝛿
:= − div𝑠𝛿 (𝟙Ω ·) the nonlocal Neumann operator associated to 𝐷𝑠

𝛿
; here, 𝟙Ω is the indi-

cator function of Ω. The Neumann operator already appeared in [26] for a concise formulation
of nonlocal Green’s identities related to 𝐷𝑠

𝛿
. As 𝑠 ↑ 1, we expect the nonlocal Neumann operator

N 𝑠
𝛿
to localize on the boundary. This is made rigorous via a Γ-limit (Theorem 4.6.4), which shows

that if the classical compatibility condition holds
∫
Ω
𝐹 𝑑𝑥 = 0, the minimizers of F𝑠

𝛿
converge up to

subsequence in 𝐿𝑝 (Ω;ℝ𝑚) to a minimizer of

𝑢 ↦→
∫
Ω
𝑓 (𝑥, 𝐷𝑢) 𝑑𝑥 −

∫
Ω
𝐹 · 𝑢 𝑑𝑥 over all 𝑢 ∈𝑊 1,𝑝 (Ω;ℝ𝑚) .

Since this functional is invariant under translation by constants, Remark 1.1.18 b) shows that its
minimizers weakly satisfy {

− div[𝐷𝐴 𝑓 (𝑥, 𝐷𝑢)] = 𝐹 in Ω,

𝐷𝐴 𝑓 (𝑥, 𝐷𝑢) · 𝜈 = 0 on 𝜕Ω,

with𝜈 an outward unit normal to 𝜕Ω. This establishes the consistency of the newnonlocal Neumann-
type problem in (1.51) with its classical counterpart.

With the successful treatment of finite-horizon fractional gradients, a natural next step is to
investigate nonlocal gradients with more general kernels, which is addressed in Chapter 5:

[36] J. C. Bellido, C.Mora-Corral andH. Schönberger. Nonlocal gradients: Fundamental theorem
of calculus, Poincaré inequalities and embeddings. Preprint arXiv:2402.16487, 2024.

We consider the gradient 𝐷𝜌 as in (1.31) for a non-negative radial kernel 𝜌 : ℝ𝑛 \ {0} → [0,∞)
that satisfies (1.32). Such gradients have been considered before (cf. [16, 92, 93, 102, 156, 161]), but
we present the first extension of the functional analytic tools that hold for 𝐷𝑠 and 𝐷𝑠

𝛿
to the more

general setting involving 𝐷𝜌 . Precisely, we introduce for 𝑝 ∈ [1,∞]

𝐻 𝜌,𝑝 (ℝ𝑛) := {𝑢 ∈ 𝐿𝑝 (ℝ𝑛) : 𝐷𝜌𝑢 ∈ 𝐿𝑝 (ℝ𝑛;ℝ𝑛)},

where the weak nonlocal gradient is defined via integration by parts. Moreover, for Ω ⊂ ℝ𝑛 open,
the complementary-value space is defined as

𝐻
𝜌,𝑝
0 (Ω) := {𝑢 ∈ 𝐻 𝜌,𝑝 (ℝ𝑛) : 𝑢 = 0 a.e. in Ω𝑐}.

Without additional assumptions on 𝜌 , we prove nonlocal Leibniz rules, density results and the
equivalence between spaces associated to kernels with the same behavior around the origin; in

https://arxiv.org/abs/2402.16487
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particular, we can often work, without loss of generality, with compactly supported kernels 𝜌 .
Moreover, using the locally integrable function

𝑄𝜌 : ℝ𝑛 \ {0} → ℝ, 𝑄𝜌 (𝑥) :=
∫ ∞

|𝑥 |

𝜌 (𝑡)
𝑡

𝑑𝑡,

where 𝜌 is the radial representation of 𝜌 , an analogue to the translation method in (1.44) is proven,
that is,

𝐷𝜌𝜑 = 𝐷 (𝑄𝜌 ∗ 𝜑) = 𝑄𝜌 ∗ 𝐷𝜑 for all 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛) . (1.52)

Beyond the connection that (1.52) provides with the classical gradient, it can be used to deduce
properties of 𝐷𝜌 by studying the Fourier transform of 𝑄𝜌 . Indeed, we can prove estimates on 𝑄𝜌
and its derivatives, under the following assumptions on 𝜌 :

(H1) The function 𝑓𝜌 : (0,∞) → [0,∞), 𝑡 ↦→ 𝑡𝑛−2𝜌 (𝑡) is decreasing, and there is a 𝜈 > 0 such
that 𝑡 𝜈 𝑓𝜌 (𝑡) is decreasing on (0, Y);

(H2) the function 𝑓𝜌 is smooth on (0,∞) and for 𝑡 ∈ (0, Y)���� 𝑑𝑘𝑑𝑟𝑘 𝑓𝜌 (𝑟 )���� ≤ 𝐶𝑘 𝑓𝜌 (𝑟 )𝑟𝑘
for 𝑘 ∈ ℕ.

This enables us to prove the first main result regarding Poincaré inequalities and compact embed-
dings for the spaces 𝐻 𝜌,𝑝

0 (Ω).

Theorem 1.4.7 (Poincaré inequality and compact embedding). Let Ω ⊂ ℝ𝑛 be open and
bounded, 𝑝 ∈ (1,∞), and 𝜌 have compact support and satisfy (H1) and, if 𝑝 ≠ 2, also (H2). Then, the
following holds:

(𝑖) If lim inf𝑡↓0 𝑡𝑛−1𝜌 (𝑡) > 0, there is a 𝐶 > 0 such that

∥𝑢∥𝐿𝑝 (Ω) ≤ 𝐶 ∥𝐷𝜌𝑢∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) for all 𝑢 ∈ 𝐻 𝜌,𝑝
0 (Ω) .

(𝑖𝑖) If lim𝑡↓0 𝑡𝑛−1𝜌 (𝑡) = ∞, then 𝐻 𝜌,𝑝
0 (Ω) is compactly embedded into 𝐿𝑝 (ℝ𝑛).

The proof relies on the Fourier bounds of 𝑄𝜌 in order to invert 𝐷𝜌 and show that this is a
bounded or compact operation, respectively. For 𝑝 = 2, this can be achievedwith Parseval’s identity,
whereas the general case uses the Mihlin-Hörmander multiplier theorem and requires the bounds
on the derivatives of 𝑄𝜌 that follow from (H2). The conditions in (𝑖) and (𝑖𝑖) state that 𝜌 needs to
have a singularity that is as strong or stronger than the one from the zero order fractional gradient.
This is quite natural, and we show in Proposition 5.7.5 that these conditions are also essentially
optimal to obtain Poincaré inequalities and compact embeddings, respectively.

The inversion of 𝐷𝜌 can be strengthened in the form of a fundamental theorem of calculus.
For this, we need the additional assumption that 𝜌 is in between two fractional kernels of orders
0 < 𝜎 ≤ 𝛾 < 1:

(H3) The function 𝑟 ↦→ 𝑟𝑛+𝜎−1𝜌 (𝑟 ) is almost decreasing on (0, Y);
(H4) the function 𝑟 ↦→ 𝑟𝑛+𝛾−1𝜌 (𝑡) is almost increasing on (0, Y).

This allows us to prove the second main result, which generalizes the fundamental theorem of
calculus for finite-horizon fractional gradients in (1.29).
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Theorem 1.4.8 (Fundamental theorem of calculus). Let 𝜌 satisfy (H1)-(H4) and have compact
support. Then, there exists a vector-radial function 𝑉𝜌 ∈ 𝐿1loc(ℝ𝑛;ℝ𝑛) ∩𝐶∞(ℝ𝑛 \ {0};ℝ𝑛) such that

𝜑 (𝑥) =
∫
ℝ𝑛

𝐷𝜌𝜑 (𝑦) ·𝑉𝜌 (𝑥 − 𝑦) 𝑑𝑦 for all 𝑥 ∈ ℝ𝑛 and 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛) .

Moreover, there exists a 𝐶 > 0 such that

|𝑉𝜌 (𝑥) | + |𝑥 | |∇𝑉𝜌 (𝑥) | ≤ 𝐶

|𝑥 |2𝑛−1𝜌 (𝑥) for all 𝑥 ∈ 𝐵Y (0) \ {0}.

We give here a few examples of kernels that fit into the framework. The first example corre-
sponds with the finite-horizon fractional gradient, but allows for a more general class of cut-off
functions.

Example 1.4.9. In the following,𝑤 ∈ 𝐶∞
𝑐 (ℝ𝑛) is a non-negative radial function with𝑤 (0) > 0.

a) If 𝑠 ∈ (0, 1) and𝑤/| · |1+𝑠 is radially decreasing, then

𝜌 (𝑥) = 𝑤 (𝑥)
|𝑥 |𝑛+𝑠−1 𝑥 ∈ ℝ𝑛 \ {0},

satisfies the assumptions (H1)-(H4) with 𝜎 = 𝛾 = 𝑠 . In fact, it holds that 𝐻 𝜌,𝑝 (ℝ𝑛) = 𝐻𝑠,𝑝 (ℝ𝑛) with
equivalent norms.

b) Let 𝑠 ∈ (0, 1), 𝜅 ∈ {−1, 1} and assume that supp(𝑤) ⊂ 𝐵1(0) with 𝑤 log(1/| · |)𝜅/| · |1+𝑠
radially decreasing. Then,

𝜌 (𝑥) = 𝑤 (𝑥) log(1/|𝑥 |)𝜅
|𝑥 |𝑛+𝑠−1 𝑥 ∈ ℝ𝑛 \ {0},

satisfies the assumptions (H1)-(H4) for 𝜎 = 𝑠 and any 𝛾 ∈ (𝑠, 1) if 𝜅 = 1, or for 𝛾 = 𝑠 and any
𝜎 ∈ (0, 𝑠) if 𝜅 = −1.

c) Given a smooth function 𝑠 : [0,∞) → (0, 1) such that𝑤/| · |1+𝑠 ( | · | ) is radially decreasing, the
kernel

𝜌 (𝑥) = 𝑤 (𝑥)
|𝑥 |𝑛+𝑠 ( |𝑥 | )−1 𝑥 ∈ ℝ𝑛 \ {0},

satisfies (H1)-(H4) with 𝜎 = min[0,Y ] 𝑠 and 𝛾 = max[0,Y ] 𝑠 for any Y > 0.

The fundamental theorem of calculus and the bounds on 𝑉𝜌 around the origin make it possible
to prove sharp embeddings of the spaces 𝐻 𝜌,𝑝

0 (Ω) into Orlicz spaces and spaces with prescribed
modulus of continuity, see e.g., [180] for more details on Orlicz spaces. These embeddings gener-
alize and refine the fractional Sobolev and Morrey inequalities that hold for 𝐷𝑠 [193] and 𝐷𝑠

𝛿
[30],

and are not restricted to the scale of Lebesgue or Hölder spaces. With 𝜌 as in Example 1.4.9 a), we
recover the embedding into 𝐿𝑞 (ℝ𝑛) with 𝑞 = 𝑛𝑝/(𝑛 − 𝑠𝑝) when 𝑠𝑝 < 𝑛, and the embedding into
𝐶0,𝑠−𝑛/𝑝 (ℝ𝑛) if 𝑠𝑝 > 𝑛. Moreover, with a logarithmic kernel as in Example 1.4.9 b) with 𝜅 = 1,
we find for 𝑠𝑝 < 𝑛 an embedding into the Orlicz space with a Young function that behaves like
𝑡𝑞 log(𝑡)𝑞 for large 𝑡 with 𝑞 = 𝑛𝑝/(𝑛 − 𝑠𝑝), whereas for 𝑠𝑝 > 𝑛, the functions in 𝐻 𝜌,𝑝

0 (Ω) have a
modulus of continuity given by 𝜔 (𝑡) = 𝑡𝑠−𝑛/𝑝/log(1/𝑡) for small 𝑡 .

We build upon these results in Chapter 6 by considering the varying horizon limits of general
nonlocal gradients, and the chapter agrees with the preprint:

[73] J. Cueto, C. Kreisbeck and H. Schönberger. Γ-convergence involving nonlocal gradients
with varying horizon: Recovery of local and fractional models. Preprint arXiv:2404.18509,
2024.

https://arxiv.org/abs/2404.18509
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Precisely, we consider a kernel 𝜌 = 𝜌1 as in the previous chapter that satisfies (H1)-(H4) and is
normalized to

supp 𝜌 = 𝐵1(0) and
∫
ℝ𝑛

𝜌 𝑑𝑥 = 𝑛.

This kernel induces a nonlocal gradient with horizon equal to 1, and we scale it for 𝛿 > 0 to obtain
kernels

𝜌𝛿 (𝑥) := 𝑐𝛿𝜌
(𝑥
𝛿

)
𝑥 ∈ ℝ𝑛 \ {0},

where (𝑐𝛿 )𝛿 ⊂ (0,∞) is a suitable sequence of scaling constants; the kernels 𝜌𝛿 define nonlocal
gradients with horizon equal to 𝛿 . We are interested in the asymptotic behavior of these gradients
and their associated energy functionals as 𝛿 → 0 and 𝛿 → ∞ in the setting of Γ-convergence. For
𝛿 → 0, we show the convergence to local models, while for 𝛿 → ∞, we surprisingly only recover
models based on the Riesz fractional gradient.

The functionals F𝛿 : 𝐿𝑝 (ℝ𝑛;ℝ𝑚) → ℝ∞ that we consider are of the form

F𝛿 (𝑢) =

∫
Ω𝛿

𝑓 (𝑥, 𝐷𝜌𝛿𝑢) 𝑑𝑥 for 𝑢 ∈ 𝐻 𝜌,𝑝,𝛿
0 (Ω;ℝ𝑚),

∞ else,

with 𝑝 ∈ (1,∞), Ω ⊂ ℝ𝑛 a bounded Lipschitz domain, 𝐻 𝜌,𝑝,𝛿
0 (Ω;ℝ𝑚) := 𝐻

𝜌𝛿 ,𝑝
0 (Ω;ℝ𝑚), and 𝑓 :

ℝ𝑛 ×ℝ𝑚×𝑛 → ℝ a Carathéodory integrand that satisfies

𝜇 |𝐴|𝑝 ≤ 𝑓 (𝑥,𝐴) ≤ 𝐶 (𝑎(𝑥) + |𝐴|𝑝) for a.e. 𝑥 ∈ ℝ𝑛 and all 𝐴 ∈ ℝ𝑚×𝑛,

with 𝐶, 𝜇 > 0 and 𝑎 ∈ 𝐿1(ℝ𝑛). Moreover, to obtain weak lower semicontinuity, we assume that
𝐴 ↦→ 𝑓 (𝑥,𝐴) is quasiconvex for a.e. 𝑥 ∈ Ω. Combining the Poincaré inequality from Theorem 1.4.7
with the translation mechanism in (1.52), we find using similar methods as in Chapter 3 that F𝛿
admit a minimizer for any 𝛿 > 0. This shows the well-posedness of these models involving finite-
horizon nonlocal gradients, which fit into the theory of state-based peridynamics, cf. Section 1.3.1.

For the asymptotics of the vanishing horizon limit, we consider the scaling regime 𝑐𝛿 := 𝛿−𝑛 ,
which preserves the normalization

∫
ℝ𝑛 𝜌𝛿 𝑑𝑥 = 𝑛, and prove that the nonlocal gradient 𝐷𝜌𝛿 con-

verges to the classical gradient as 𝛿 → 0. In fact, for smooth function the optimal convergence rate
of 𝛿2 is identified. Moreover, using that

𝑄𝜌𝛿 (𝜉) = 𝑄𝜌 (𝛿𝜉) for 𝜉 ∈ ℝ𝑛,

we are able to use the bounds on𝑄𝜌 from Chapter 5 to prove compactness results for 𝐷𝜌𝛿 that hold
uniformly in 𝛿 ∈ (0, 1]. This is needed to prove the equi-coercivity of the functionals (F𝛿 )𝛿 and
leads to the following result.

Theorem 1.4.10 (Localization via vanishing horizon). Let 𝑐𝛿 := 𝛿−𝑛 for 𝛿 ∈ (0, 1], then the
functionals (F𝛿 )𝛿 Γ-converge as 𝛿 → 0 with respect to the strong 𝐿𝑝 (ℝ𝑛;ℝ𝑚)-topology to the func-
tional F : 𝐿𝑝 (ℝ𝑛;ℝ𝑚) → ℝ given by

F (𝑢) =

∫
Ω
𝑓 (𝑥, 𝐷𝑢) 𝑑𝑥 for 𝑢 ∈𝑊 1,𝑝

0 (Ω;ℝ𝑚),
∞ else,

where the functions in𝑊 1,𝑝
0 (Ω;ℝ𝑚) are extended to ℝ𝑛 as zero. Moreover, the family (F𝛿 )𝛿 is equi-

coercive.
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The previous result is in the setting of (A1), so from Theorem 1.1.11 we deduce that the mini-
mizers of F𝛿 converge up to subsequence in 𝐿𝑝 (ℝ𝑛;ℝ𝑚) as 𝛿 → 0 to a minimizer of F . This result
establishes that the state-based peridynamic models involving nonlocal gradients are compatible
with the local models involving quasiconvex integrands through a vanishing horizon limit. This is
not the case for the related case of bond-based peridynamics, cf. Section 1.3.1.

For the limit 𝛿 → ∞, we consider the scaling 𝑐𝛿 := 𝜌 (1/𝛿)−1 for 𝛿 ∈ (1/Y,∞) and, additionally,
assume that the pointwise limit

𝜌∞(𝑥) := lim
𝛿→∞

𝜌𝛿 (𝑥) = lim
𝛿→∞

𝜌 (1/𝛿)−1𝜌 (𝑥/𝛿),

exists for 𝑥 ∈ ℝ𝑛 \ {0}. We note that this scaling leads to 𝜌∞(𝑥) = 1 for |𝑥 | = 1, which is up
to a constant the only relevant scaling. It turns out that whenever the limit exists, 𝜌∞ must be
a fractional kernel, i.e., 𝜌∞ = | · |𝑛+𝑠∞−1 for 𝑠∞ ∈ (0, 1), irrespective of whether 𝜌 behaves like
a fractional kernel at the origin. This is because the kernel 𝜌∞ picks up multiplicativity through
the isotropic scaling process, and, hence, must be a power function. For illustration, the choices
𝜌 from Example 1.4.9 a) and b) recover 𝑠∞ = 𝑠 , while c) leads to the fractional kernel of order
𝑠∞ = 𝑠 (0). Similarly to the vanishing horizon case, our analysis includes a convergence result for
𝐷𝜌𝛿 to the fractional gradient 𝐷𝑠∞ (where the normalizing constant 𝑐𝑛,𝑠∞ is omitted for a cleaner
presentation), and a compactness result uniformly in 𝛿 . These are used to obtain the following
Γ-convergence statement.

Theorem 1.4.11 (𝚪-convergence for diverging horizon). Let 𝑐𝛿 := 𝜌 (1/𝛿)−1 for 𝛿 ∈ (1/Y,∞),
then the functionals (F𝛿 )𝛿 Γ-converge as 𝛿 → ∞ with respect to the strong 𝐿𝑝 (ℝ𝑛;ℝ𝑚)-topology to
the functional F𝑠∞ : 𝐿𝑝 (ℝ𝑛;ℝ𝑚) → ℝ given by

F𝑠∞ (𝑢) =

∫
ℝ𝑛

𝑓 (𝑥, 𝐷𝑠∞𝑢) 𝑑𝑥 for 𝑢 ∈ 𝐻𝑠∞,𝑝0 (Ω;ℝ𝑚),
∞ else.

Moreover, the family (F𝛿 )𝛿 is equi-coercive.
Theorem 1.1.11 shows that the minimizers of F𝛿 converge in 𝐿𝑝 (ℝ𝑛;ℝ𝑚) as 𝛿 → ∞ up to

subsequence to a minimizer ofF𝑠∞ . In particular, with the choice of 𝜌 from Example 1.4.9 a), we find
that the models based on the finite-horizon fractional gradient 𝐷𝑠

𝛿
bridge the local and fractional

models as the horizon 𝛿 moves between 0 and ∞. This complements the localization results in
Chapter 3 and 4 for 𝐷𝑠

𝛿
when the fractional parameter 𝑠 tends to 1.

Applications of nonlocal functionals in the context of image processing is the topic of the final
chapter, which is based on the article

[82] E. Davoli, R. Ferreira, C. Kreisbeck and H. Schönberger. Structural changes in nonlocal
denoising models arising through bi-level parameter learning. Applied Mathematics and
Optimization, 88(1):Paper No. 9, 2023. https://doi.org/10.1007/s00245-023-09982-4.

Precisely, we focus on establishing an abstract theory around the bi-level problems in (1.37) where
the parameter set Λ need not be compact. As mentioned in Section 1.3.2, we are interested in the
extension of the functional I to the closure Λ via relaxation, that is

Irel(𝜆) := inf
{
lim inf
𝑘→∞

I (𝜆𝑘 ) : (𝜆𝑘 )𝑘 ⊂ Λ, 𝜆𝑘 → 𝜆 in Λ
}

for 𝜆 ∈ Λ,

which is the most natural extension from the point of view of minimization; indeed, since we are in
the setting (A1) of a first countable topological spaceΛ ⊂ 𝑋 , the functional Irel enjoys the properties

https://doi.org/10.1007/s00245-023-09982-4
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in Theorem 1.1.7 if Λ is compact. In order for the relaxation to be practically useful, we determine
an explicit characterization of it and show that it actually arises as the upper-level functional of a
different bi-level problem.

As preparations, we assume the generic condition that the functionals R𝜆 are weakly lower
semicontinuous on 𝐿2(Ω) and thatR𝜆 . ∞ for all 𝜆 ∈ Λ. Moreover, to define the extended problem
we assume that the following Mosco-limits exist

R𝜆 := Mosc(𝐿2)- lim
𝜆′→𝜆

R𝜆′, (1.53)

for each 𝜆 ∈ Λwith 𝜆′ taking values on sequences inΛ; we recall that a 𝐿2-Mosco-limit is equivalent
to a Γ-limit with respect to both the strong and weak topology in 𝐿2. We want to highlight that the
regularizers R𝜆 for 𝜆 ∈ Λ \ Λ may have a completely different structure than the original family
{R𝜆}𝜆; for 𝜆 ∈ Λ on the other hand, we have R𝜆 = R𝜆 by taking a constant sequence 𝜆′ = 𝜆 and
recalling (1.4).

We are now in the position to introduce the extended upper-level functional I : Λ → [0,∞)
defined via the bi-level problem

(Upper-level) Minimize I (𝜆) := inf
𝑤∈𝐾𝜆

∥𝑤 − 𝑢𝑐 ∥2𝐿2 (Ω) over 𝜆 ∈ Λ,

(Lower-level) 𝐾𝜆 := argmin
𝑢∈𝐿2 (Ω)

J 𝜆 (𝑢),
(1.54)

where J 𝜆 := ∥· − 𝑢[ ∥2
𝐿2 (Ω) +R𝜆 . Note also that I = I on Λ given the fact that J 𝜆 = J𝜆 for 𝜆 ∈ Λ.

Under the additional assumption that

𝐾𝜆 is a singleton for every 𝜆 ∈ Λ \ Λ, (1.55)

we have the following result.

Theorem 1.4.12. Suppose that (1.53) and (1.55) are satisfied. Then, the upper-level functional I of
the extended bi-level problem (1.54) agrees with the relaxation of I in (1.37), that is, I = Irel.

Remark 1.4.13. a) The result can be generalized to the more realistic setting of data sets with
multiple clean and noisy images, see Theorem 7.2.5 for details; the statement and assumptions
remain almost identical, though.

b) Both conditions (1.53) and (1.55) are optimal in a sense, since removing either one of them
allows for counterexamples to Theorem 1.4.12, cf. Example 7.2.7. △

We illustrate the versatility of Theorem 1.4.12 by considering the extension of four qualitatively
different examples of families of regularizers that are relevant for applications: learning the optimal
weight, varying the amount of nonlocality, optimizing the integrability exponent, and tuning the
fractional parameter. In each of these cases, the parameter domains are one-dimensional non-closed
intervals Λ ⊂ [−∞,∞], and we determine the relaxation of the bi-level problem by identifying the
Mosco-limits from (1.53) in the closure Λ. The obtained Mosco-limits immediately reveal the type
of structural changes that occurs at the boundary of the parameter range. Examples include the
vanishing of regularizers, the transition from integral to supremal functionals, and the localization
of nonlocal regularizers; in fact, this last effect also appears in the family of regularizers depending
on finite-horizon fractional discussed in Section 1.3.2. Once the relaxation is characterized, we
investigate for what types of data sets the optimal parameter is attained at the boundary or in the
interior of Λ; in case it is attained in the interior, then the parameter is also optimal for the original
bi-level problem, yielding structure preservation of the regularizers.
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Chapter 2

Extending linear growth functionals
to functions of bounded fractional
variation

This chapter corresponds to the published article

[189] H. Schönberger. Extending linear growth functionals to functions of bounded fractional
variation. Proceedings of the Royal Society of Edinburgh: Section A Mathematics, 154(1):304–
327, 2024. https://doi.org/10.1017/prm.2023.14.

We note that in this chapter, the fractional exponent is denoted by 𝛼 , the gradients by ∇, and the
fractional Sobolev spaces by 𝑆𝛼,𝑝 . The fractional variation and its singular part are indicated by 𝐷𝛼
and 𝐷𝛼𝑠 , respectively.

2.1 Introduction

Motivated from both the practical and theoretical point of view, the study of nonlocal aspects in
the calculus of variations has received widespread attention in the literature recently. From appli-
cations in peridynamics [158,196], imaging processing [14,21,117] and machine learning [13,134],
to the abstract study of lower semicontinuity [34,139,140,174] and localization [8,29,35] of various
nonlocal functionals. Especially the introduction of the so-called Riesz fractional gradient by Shieh
& Spector [193, 194], which for 𝜑 ∈ 𝐶∞

𝑐 (ℝ𝑛) and 𝛼 ∈ (0, 1) is defined as

∇𝛼𝜑 (𝑥) = 𝜇𝑛,𝛼
∫
ℝ𝑛

𝜑 (𝑦) − 𝜑 (𝑥)
|𝑦 − 𝑥 |𝑛+𝛼

𝑦 − 𝑥
|𝑦 − 𝑥 | 𝑑𝑦 for 𝑥 ∈ ℝ𝑛,

has seen a dramatic rise in interest and has opened up the possibility to study new types of fractional
problems. We refer to just a few of the recent works [28,31,92,93,140]. The Riesz fractional gradient
provides an alternative to the more well-known fractional Laplacian and shares many similarities
with the classical gradient. In fact, it is the unique translationally and rotationally invariant 𝛼-
homogeneous operator [208], which makes it a canonical choice for a fractional gradient.

The definition of the fractional gradient can be extended in a distributional way to define the
naturally associated fractional Sobolev spaces

𝑆𝛼,𝑝 (ℝ𝑛;ℝ𝑚) = {𝑢 ∈ 𝐿𝑝 (ℝ𝑛;ℝ𝑚) : ∇𝛼𝑢 ∈ 𝐿𝑝 (ℝ𝑛;ℝ𝑚×𝑛)}, (2.1)

with 𝛼 ∈ (0, 1) and 𝑝 ∈ [1,∞], see [54,66,68,140] for more details. With these new spaces came an
inherent class of variational problems to study, that is, integral functionals depending on the Riesz
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fractional gradient. Precisely, with Ω ⊂ ℝ𝑛 open and bounded, 𝑝 ∈ (1,∞) and 𝑔 ∈ 𝑆𝛼,𝑝 (ℝ𝑛;ℝ𝑚),
one defines the functions subjected to a typical complementary-value condition

𝑆
𝛼,𝑝
𝑔 (Ω;ℝ𝑚) = {𝑢 ∈ 𝑆𝛼,𝑝 (ℝ𝑛;ℝ𝑚) : 𝑢 = 𝑔 a.e. in Ω𝑐},

and aims to minimize the functional

𝑆
𝛼,𝑝
𝑔 (Ω;ℝ𝑚) ∋ 𝑢 ↦→

∫
ℝ𝑛

𝑓 (𝑥,∇𝛼𝑢 (𝑥)) 𝑑𝑥 ; (2.2)

here 𝑓 : ℝ𝑛 × ℝ𝑚×𝑛 → ℝ is a Carathéodory integrand with suitable 𝑝-growth and coercivity
bounds.

The weak lower semicontinuity and existence of minimizers of these functionals was initially
shown in the scalar setting in [193,194] under the condition of convexity in the second argument of
𝑓 and later extended to the vectorial case under polyconvexity in [28]. More recently, in [140] the
weak lower semicontinuity of the functional in (2.2) was fully characterized in terms of the notion
𝛼-quasiconvexity, which is a condition on a function ℎ : ℝ𝑚×𝑛 → ℝ that requires that

ℎ(𝐴) ≤
∫
(0,1)𝑛

ℎ(𝐴 + ∇𝛼𝜑 (𝑦)) 𝑑𝑦 for all 𝐴 ∈ ℝ𝑚×𝑛 and 𝜑 ∈ 𝐶∞
per((0, 1)𝑛;ℝ𝑚),

see [140, Definition 4.6]. The proof of this result relied on a method to translate fractional gradients
into classical gradients and back by using the identities

∇𝛼𝜑 = ∇𝐼1−𝛼𝜑 and ∇𝜑 = ∇𝛼 (−Δ) 1−𝛼
2 𝜑 for 𝜑 ∈ 𝐶∞

𝑐 (ℝ𝑛), (2.3)

and actually revealed that the notion of 𝛼-quasiconvexity is independent of 𝛼 ∈ (0, 1) and equiv-
alent to Morrey’s well-known quasiconvexity [165]. Therefore, the weak lower semicontinuity of
the functionals in (2.2) can be characterized in the same way as the classical integral functionals in
the calculus of variations.

Inspired by the rich history on classical linear growth problems, cf. [10,79,113,120,144,181,183],
we build upon the above results and exploit the distributional character of the fractional Sobolev
spaces to consider the first class of fractional linear growth functionals in the literature. This class
constitutes the natural extension of (2.2) to 𝑝 = 1, namely, functionals of the form

F𝛼 (𝑢) =
∫
ℝ𝑛

𝑓 (𝑥,∇𝛼𝑢 (𝑥)) 𝑑𝑥 for 𝑢 ∈ 𝑆𝛼,1𝑔 (Ω;ℝ𝑚), (2.4)

with 𝑓 : ℝ𝑛 ×ℝ𝑚×𝑛 → ℝ a linear growth Carathéodory integrand and 𝑔 ∈ 𝑆𝛼,1(ℝ𝑛;ℝ𝑚).
The immediate difficulty in the minimization of the above functional is the non-reflexivity of

𝑆𝛼,1𝑔 (Ω;ℝ𝑚), which prevents the direct method from being used with respect to the weak conver-
gence in 𝑆𝛼,1(ℝ𝑛;ℝ𝑚). Therefore, taking up a similar approach as in the classical case, one can
suitably extend the functional F𝛼 to a larger space of bounded fractional variation, in which com-
pactness holds with respect to the weak* convergence.

These spaces of bounded fractional variation and their properties have already been thoroughly
studied by Comi & Stefani and coauthors in [54, 66, 68] and can be understood as

𝐵𝑉 𝛼 (ℝ𝑛;ℝ𝑚) = {𝑢 ∈ 𝐿1(ℝ𝑛;ℝ𝑚) : 𝐷𝛼𝑢 ∈ M(ℝ𝑛;ℝ𝑚×𝑛)},

with 𝐷𝛼𝑢 the so-called fractional variation measure of 𝑢 defined in a distributional sense. We also
use the notation

𝐷𝛼𝑢 = ∇𝛼𝑢 𝑑𝑥 + 𝐷𝛼𝑠 𝑢,
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where ∇𝛼𝑢 ∈ 𝐿1(ℝ𝑛;ℝ𝑚×𝑛) is the absolutely continuous part of 𝐷𝛼𝑢 with respect to the Lebesgue
measure and 𝐷𝛼𝑠 𝑢 ∈ M(ℝ𝑛;ℝ𝑚×𝑛) is the singular part. This new class of bounded variation spaces
possesses interesting similarities and differences with the classical 𝐵𝑉 -spaces and has sparked a
lot of further investigations. Aspects such as the description of precise representatives [65], Leib-
niz rules [67], and the failure of a local chain rule [69] have been considered. Very recently, the
fractional total variation has been used in the context of image processing providing a nonlocal
alternative to the total variation regularization [14].

For the sake of finding an extension of F𝛼 , we introduce the complementary-value space
𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚) = {𝑢 ∈ 𝐵𝑉 𝛼 (ℝ𝑛;ℝ𝑚) : 𝑢 = 𝑔 a.e. in Ω𝑐};

bounded sequences in 𝑆𝛼,1𝑔 (Ω;ℝ𝑚) will converge up to subsequence to an element of 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚)
with respect to the weak* convergence (see Section 2.3). Therefore, with an eye towards minimiza-
tion, the natural extension of F𝛼 to 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚) is the relaxation defined by

F rel
𝛼 (𝑢) = inf

{
lim inf
𝑗→∞

F𝛼 (𝑢 𝑗 ) : (𝑢 𝑗 ) 𝑗 ⊂ 𝑆𝛼,1𝑔 (Ω;ℝ𝑚), 𝑢 𝑗 ∗
⇀ 𝑢 in 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚)

}
(2.5)

for𝑢 ∈ 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚). The useful features of the functional F rel
𝛼 are that it admits a minimizer under

suitable coercivity conditions and that minimizing sequences of F𝛼 converge up to subsequence to
minimizers of F rel

𝛼 .
To benefit from these attributes, it is key to find an explicit representation of the relaxed func-

tional. For this, one must, in particular, account for the concentration effects that fractional gradi-
ents of sequences in 𝑆𝛼,1𝑔 (Ω;ℝ𝑚) can exhibit and how they relate to the singular part of the limiting
fractional variation measure. The well-known concept of the (strong) recession function (cf. [144]),
which describes the way an integrand 𝑓 behaves at infinity, is capable of this and is defined as

𝑓 ∞(𝑥,𝐴) = lim
(𝑥 ′,𝐴′ )→(𝑥,𝐴)

𝑡→∞

𝑓 (𝑥 ′, 𝑡𝐴′)
𝑡

for 𝑥 ∈ ℝ𝑛 and 𝐴 ∈ ℝ𝑚×𝑛, (2.6)

whenever it exists. We also recall the upper recession function 𝑓 #, which is always well-defined,
by replacing the limit in (2.6) with a limit superior. In addition, throughout the paper we use the
following growth and coercivity bounds

|𝑓 (𝑥,𝐴) | ≤ 𝑀 |𝐴| + 𝑎(𝑥) for all 𝑥 ∈ ℝ𝑛 and 𝐴 ∈ ℝ𝑚×𝑛, (G)
with𝑀 > 0 and 𝑎 ∈ 𝐿1(ℝ𝑛) ∩ 𝐿∞(ℝ𝑛) and

𝜇 |𝐴| − 𝑐 ≤ 𝑓 (𝑥,𝐴) for all 𝑥 ∈ ℝ𝑛 and 𝐴 ∈ ℝ𝑚×𝑛, (C)
with 𝜇, 𝑐 > 0. Note that the growth bound ensures that 𝑓 has linear growth and F𝛼 is well-defined
and finite. We now state the following representation result for the relaxation of F𝛼 , which is the
main result of the paper.

Theorem 2.1.1. Let 𝛼 ∈ (0, 1), Ω ⊂ ℝ𝑛 be a bounded Lipschitz domain and 𝑔 ∈ 𝑆𝛼,1(ℝ𝑛;ℝ𝑚).
Assume 𝑓 : ℝ𝑛 ×ℝ𝑚×𝑛 → ℝ is a Carathéodory integrand that satisfies (G) and (C), and that

𝑓 ∞(𝑥,𝐴) exists and (𝑓 qc)#(𝑥,𝐴) = lim sup
𝐴′→𝐴
𝑡→∞

𝑓 qc(𝑥, 𝑡𝐴′)
𝑡

for all (𝑥,𝐴) ∈ Ω ×ℝ𝑚×𝑛, (2.7)

with 𝑓 qc the quasiconvex envelope of 𝑓 with respect to its second argument. Then, the relaxation of F𝛼
in (2.4) given by (2.5) can be represented as

F rel
𝛼 (𝑢) =

∫
Ω
𝑓 qc(𝑥,∇𝛼𝑢) 𝑑𝑥 +

∫
Ω
(𝑓 qc)#

(
𝑥,
𝑑𝐷𝛼𝑠 𝑢

𝑑 |𝐷𝛼𝑠 𝑢 |

)
𝑑 |𝐷𝛼𝑠 𝑢 | +

∫
Ω𝑐

𝑓 (𝑥,∇𝛼𝑢) 𝑑𝑥, (2.8)

for 𝑢 ∈ 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚).
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This theorem provides a fractional analogue to the relaxation result in the classical 𝐵𝑉 -setting
[17, 145] and an extension of the 𝑝-growth fractional relaxation in [140, Theorem 1.2]. The reason
that the quasiconvex envelope arises in the relaxation is related to the fact that quasiconvexity is
the correct characterizing notion for lower semicontinuity similarly as in the 𝑝-growth case from
[140]. However, the integrand remains unchanged for 𝑥 ∈ Ω𝑐 , since fractional gradients of weak*
convergent sequences in 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚) converge strongly in sets with a positive distance from Ω
(Lemma 2.3.5). Furthermore, the second integral relating to the singular part of the fractional vari-
ation is only integrated over Ω, because for 𝑢 ∈ 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚) the measure 𝐷𝛼𝑠 𝑢 is supported on
Ω. This follows since the singular part of the fractional variation actually behaves locally, cf. Re-
mark 2.3.4, implying that 𝐷𝛼𝑠 𝑢 = 𝐷𝛼𝑠 𝑔 = 0 outside of Ω. A sufficient condition for (2.7) only in terms
of 𝑓 is given in Remark 2.5.1 c).

The proof of the lower bound of the relaxation result hinges on a characterization of the weak*
lower semicontinuity of functionals of the form

F𝛼 (𝑢) =
∫
ℝ𝑛

𝑓 (𝑥,∇𝛼𝑢) 𝑑𝑥 +
∫
Ω
𝑓 ∞

(
𝑥,
𝑑𝐷𝛼𝑠 𝑢

𝑑 |𝐷𝛼𝑠 𝑢 |

)
𝑑 |𝐷𝛼𝑠 𝑢 | for 𝑢 ∈ 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚), (2.9)

see Theorem 2.4.1. It states that the lower semicontinuity is equivalent to 𝑓 (𝑥, ·) being quasiconvex
for a.e. 𝑥 ∈ Ω and is proven by using an analogue of the identities in (2.3) for functions of bounded
variation as established in [68]. In addition, we make substantial use of the theory of generalized
Young measures developed in [7, 97, 144] for linear growth problems, which allow one to capture
the oscillation and concentration effects of sequences of measures. A technical issue arises from the
fact that we only assume that 𝑓 ∞ exists for 𝑥 ∈ Ω, requiring some care to account for the possible
mass that comes from outside Ω and concentrates on the boundary 𝜕Ω.

The construction of a recovery sequence for the upper bound is carried out in two steps. We
first find for 𝑢 ∈ 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚) a sequence (𝑢 𝑗 ) 𝑗 ⊂ 𝑆𝛼,1𝑔 (Ω;ℝ𝑚) that converges to 𝑢 in a strong
enough sense so that the values of the functional along the sequence converge. The natural no-
tion, which has been utilized in the classical case [145], is that of area-strict convergence (Defi-
nition 2.3.7). To exploit the properties of area-strict convergence, we prove that 𝑆𝛼,1𝑔 (Ω;ℝ𝑚) (and
even 𝑔+𝐶∞

𝑐 (Ω;ℝ𝑚)) is dense in the larger space 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚) with respect to this convergence, see
Theorem 2.3.9. The second step can then restrict to smooth functions to recover the quasiconvex-
ification of the integrand and relies on adaptations of the argument in [140, Theorem 1.2] and the
identities in (2.3).

Finally, we complement the relaxation and lower semicontinuity result with corresponding
statements about the existence of minimizers under the coercivity condition (C), see Corollary 2.4.2
and Remark 2.5.1 a). This actually requires an improved version of the fractional Poincaré inequality
(Proposition 2.3.6) that only involves the fractional variation over a bounded domain. In particular,
the area-integrand 𝑓 (𝐴) =

√︁
1 + |𝐴|2 − 1 in Example 2.4.3 is an admissible candidate, providing a

fractional analogue to the famous Plateau problem [118].
An interesting open problem for further study is the relaxation ofF𝛼 when the integrand admits

additional dependence on the values of 𝑢. Indeed, in the introduction of [65] it is mentioned for
𝑢 ∈ 𝐵𝑉 𝛼 (ℝ𝑛;ℝ𝑚) that 𝐷𝛼𝑢 can be non-zero on sets of Hausdorff dimension 𝑛 − 1, just as the
classical variation, while the precise representative of 𝑢 is only defined for H𝑛−𝛼+Y-a.e. 𝑥 ∈ ℝ𝑛 for
any Y > 0. This discrepancy between 𝑛 − 1 and 𝑛 − 𝛼 is not present in the classical case and makes
it hard to deal with the singular part of the relaxation.

The structure of the text is as follows. In Section 2.2 we present the notation and necessary pre-
liminaries such as generalized Young measure theory and fractional calculus. Section 2.3 revolves
around the spaces of bounded fractional variation and contains the proof of the density result with
respect to area-strict convergence. The next section is devoted to the characterization of the weak*
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lower semicontinuity of extended functionals as in (2.9), and Section 2.5 rounds off the paper with
the proof of Theorem 2.1.1.

2.2 Preliminaries

2.2.1 Notation

The ball centered at 𝑥 ∈ ℝ𝑛 with radius 𝑟 > 0 is denoted by 𝐵𝑟 (𝑥) = {𝑦 ∈ ℝ𝑛 : |𝑥 − 𝑦 | < 𝑟 }. The
notation 𝐸 ⋐ 𝐹 for sets 𝐸, 𝐹 ⊂ ℝ𝑛 means that 𝐸 is compactly contained in 𝐹 , i.e. 𝐸 ⊂ 𝐹 and 𝐸 is
compact. We denote by

𝟙𝐸 (𝑥) =
{
1 for 𝑥 ∈ 𝐸,
0 otherwise,

𝑥 ∈ ℝ𝑛,

the indicator function of a set 𝐸 ⊂ ℝ𝑛 .
By Lip𝑏 (ℝ𝑛) and Lip𝑐 (ℝ𝑛), we refer to all the functions 𝜓 : ℝ𝑛 → ℝ that are Lipschitz con-

tinuous and bounded or Lipschitz continuous with compact support on ℝ𝑛 , respectively; we write
Lip(𝜓 ) for the Lipschitz constant of 𝜓 . Furthermore, for 𝑋 ⊂ ℝ𝑛 open or closed we denote by
𝐶0(𝑋 ) the Banach space obtained by taking the closure of the smooth compactly supported func-
tions𝐶∞

𝑐 (𝑋 ) with respect to the supremum norm. In particular, if𝑋 is compact then𝐶0(𝑋 ) consists
of all continuous functions from 𝑋 to ℝ.

The space M(𝑋 ) consists of all finite Radon measures on 𝑋 and is the dual space of 𝐶0(𝑋 ).
As such, we say that (𝜇 𝑗 ) 𝑗 ⊂ M(𝑋 ) converges weak* to 𝜇 ∈ M(𝑋 ) if

∫
𝑋
𝜑 𝑑𝜇 𝑗 →

∫
𝑋
𝜑 𝑑𝜇 for

all 𝜑 ∈ 𝐶0(𝑋 ). More generally, one can define for 𝑓 : 𝑋 → ℝ Borel measurable and 𝜇 ∈ M(𝑋 )
the duality bracket ⟨𝑓 , 𝜇⟩ =

∫
𝑋
𝑓 𝑑𝜇. By M+(𝑋 ) and M1(𝑋 ) we denote the space of positive and

probability measures, respectively. We utilize the usual notation for the Radon-Nikodým derivative
and for 𝜇 ∈ M(𝑋 ) the Radon-Nikodým derivative with respect to the Lebesgue measure is written
as 𝑑𝜇

𝑑𝑥 ∈ 𝐿1(𝑋 ), while 𝜇𝑠 ∈ M(𝑋 ) represents the singular part of 𝜇 with respect to the Lebesgue
measure. The measure |𝜇 | ∈ M+(𝑋 ) constitutes the total variation measure of 𝜇 ∈ M(𝑋 ).

Finally, for 𝑈 ⊂ ℝ𝑛 open we write 𝐵𝑉 (𝑈 ) for the space of functions of bounded variation and
denote by 𝐷𝑢 the total variation measure of a function 𝑢 ∈ 𝐵𝑉 (𝑈 ). We use in this instance ∇𝑢
for the absolutely continuous part of 𝐷𝑢 and 𝐷𝑠𝑢 for the singular part of 𝐷𝑢 with respect to the
Lebesgue measure. The variant 𝐵𝑉loc(ℝ𝑛) consists of the functions that lie in 𝐵𝑉 (𝑈 ) for all open
and bounded𝑈 ⊂ ℝ𝑛 . We refer to [11, 210] for more details on functions of bounded variation. All
of the mentioned spaces also possess vector-valued counterparts, which are denoted in the second
argument like, for example, 𝐵𝑉 (𝑈 ;ℝ𝑚) and M(𝑋 ;ℝ𝑁 ) with𝑚, 𝑁 ∈ ℕ.

2.2.2 Generalized Young measures

Generalized Young measures are a tool to study the asymptotic behavior of sequences of functions
or even measures and are able to capture both the oscillation and concentration effects. Therefore,
they are very well suited for studying linear growth problems in the calculus of variations. In this
sectionwe recall the basic definitions and properties that we need in the paper. We refer to [144,182]
for more on this topic.

We begin with the definition of the (strong) recession function, which encodes the values of an
integrand at infinity. For𝑈 ⊂ ℝ𝑛 open and bounded and 𝑓 : 𝑈 ×ℝ𝑁 → ℝ it is defined as

𝑓 ∞(𝑥,𝐴) = lim
(𝑥 ′,𝐴′ )→(𝑥,𝐴)

𝑡→∞

𝑓 (𝑥 ′, 𝑡𝐴′)
𝑡

for 𝑥 ∈ 𝑈 and 𝐴 ∈ ℝ𝑁 ,
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provided the limit exists. If the limit exists, then 𝑓 ∞ : 𝑈 × ℝ𝑁 → ℝ is automatically jointly
continuous and positively homogeneous in the second argument. We now present the definition of
a generalized Young measure, see [144] or [17, Definition 2.3].

Definition 2.2.1. Let 𝑈 ⊂ ℝ𝑛 be open and bounded, then a triple 𝜈 = (𝜈𝑥 , 𝜆𝜈 , 𝜈∞𝑥 ) is called a
(generalized) Young measure on 𝑈 with values in ℝ𝑁 , we write 𝜈 ∈ 𝑌 (𝑈 ;ℝ𝑁 ), if:

(𝑖) (𝜈𝑥 )𝑥∈𝑈 ⊂ M1(ℝ𝑁 ) is a parametrized family of probability measures on ℝ𝑁 ;

(𝑖𝑖) 𝜆𝜈 ∈ M+(𝑈 ) is a positive measure on 𝑈 ;

(𝑖𝑖𝑖) (𝜈∞𝑥 )𝑥∈𝑈 ⊂ M1(𝕊𝑁−1) is a parametrized family of probability measures on 𝕊𝑁−1.

Additionally, it is required that 𝑥 ↦→ ⟨|·|, 𝜈𝑥 ⟩ ∈ 𝐿1(𝑈 ) and the maps 𝑥 ↦→ ⟨𝑓 (𝑥, ·), 𝜈𝑥 ⟩ and 𝑥 ↦→
⟨𝑓 ∞(𝑥, ·), 𝜈∞𝑥 ⟩ are respectively Lebesgue measurable and 𝜆𝜈-measurable for all Carathéodory inte-
grands 𝑓 : 𝑈 ×ℝ𝑁 → ℝ for which 𝑓 ∞ exists.

Intuitively, the Young measure is designed so that (𝜈𝑥 )𝑥∈𝑈 encodes the oscillations, while 𝜆𝜈
determines the location and size of the concentrations, and (𝜈∞𝑥 )𝑥∈𝑈 the direction of the concentra-
tions. The main result about generalized Young measures is that bounded sequences of measures
generate Young measures up to subsequence. Precisely, the following statement is a combination
of [144, Theorem 7 and Proposition 2].

Theorem 2.2.2. Let 𝑈 ⊂ ℝ𝑛 be open and bounded and (𝜇 𝑗 ) 𝑗 ⊂ M(𝑈 ;ℝ𝑁 ) a sequence such that
sup𝑗 |𝜇 𝑗 | (𝑈 ) < ∞. Then, there exists a subsequence (not relabeled) and a Young measure 𝜈 ∈ 𝑌 (𝑈 ;ℝ𝑁 )
with

lim
𝑗→∞

∫
𝑈
𝑓

(
𝑥,
𝑑𝜇 𝑗

𝑑𝑥

)
𝑑𝑥 +

∫
𝑈
𝑓 ∞

(
𝑥,
𝑑𝜇𝑠𝑗

𝑑 |𝜇𝑠𝑗 |

)
𝑑 |𝜇𝑠𝑗 |

=
∫
𝑈
⟨𝑓 (𝑥, ·), 𝜈𝑥 ⟩ 𝑑𝑥 +

∫
𝑈
⟨𝑓 ∞(𝑥, ·), 𝜈∞𝑥 ⟩ 𝑑𝜆𝜈 ,

for all Carathéodory integrands 𝑓 : 𝑈 ×ℝ𝑁 → ℝ for which 𝑓 ∞ exists.

In the setting of the above theorem, we say that (𝜇 𝑗 ) 𝑗 generates the Young measure 𝜈 . We can
also associate to a 𝜇 ∈ M(𝑈 ;ℝ𝑁 ) the elementary Young measure 𝛿 [𝜇] ∈ 𝑌 (𝑈 ;ℝ𝑁 ) with

(𝛿 [𝜇])𝑥 = 𝛿 𝑑𝜇

𝑑𝑥
(𝑥 ) , 𝜆𝛿 [𝜇 ] = |𝜇𝑠 | and (𝛿 [𝜇])∞𝑥 = 𝛿 𝑑𝜇𝑠

𝑑 |𝜇𝑠 | (𝑥 )
, (2.10)

with 𝛿𝐴 the dirac measure at a point 𝐴 ∈ ℝ𝑁 . One can then interpret the convergence in Theo-
rem 2.2.2 as weak* convergence of 𝛿 [𝜇 𝑗 ] to 𝜈 in 𝑌 (𝑈 ;ℝ𝑁 ), where the duality arises from testing
Young measures with integrands 𝑓 . When we have an integrand without a well-defined strong
recession function, we can still define the upper recession function

𝑓 #(𝑥,𝐴) = lim sup
(𝑥 ′,𝐴′ )→(𝑥,𝐴)

𝑡→∞

𝑓 (𝑥 ′, 𝑡𝐴′)
𝑡

for 𝑥 ∈ 𝑈 and 𝐴 ∈ ℝ𝑁 . (2.11)

Then, if (𝜇 𝑗 ) 𝑗 ∈ M(𝑈 ;ℝ𝑁 ) generates the Young measure 𝜈 ∈ 𝑌 (𝑈 ;ℝ𝑁 ) and 𝑓 : 𝑈 × ℝ𝑁 → ℝ is
jointly upper semicontinuous, it holds that

lim sup
𝑗→∞

∫
𝑈
𝑓

(
𝑥,
𝑑𝜇 𝑗

𝑑𝑥

)
𝑑𝑥 +

∫
𝑈
𝑓 #

(
𝑥,
𝑑𝜇𝑠𝑗

𝑑 |𝜇𝑠𝑗 |

)
𝑑 |𝜇𝑠𝑗 |

≤
∫
𝑈
⟨𝑓 (𝑥, ·), 𝜈𝑥 ⟩ 𝑑𝑥 +

∫
𝑈
⟨𝑓 #(𝑥, ·), 𝜈∞𝑥 ⟩ 𝑑𝜆𝜈 ,

(2.12)
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see [17, Corollary 2.10].

2.2.3 Fractional calculus

Herewe introduce the fractional operators and their properties, whichwe use throughout the paper.
Firstly, for an integrable function 𝑢 ∈ 𝐿1(ℝ𝑛), the Riesz potential 𝐼𝛼𝑢 of order 𝛼 ∈ (0, 𝑛) is defined
as

𝐼𝛼𝑢 (𝑥) = 1
𝛾𝑛,𝛼

∫
ℝ𝑛

𝑢 (𝑦)
|𝑥 − 𝑦 |𝑛−𝛼 𝑑𝑦 for 𝑥 ∈ ℝ𝑛,

where 𝛾𝑛,𝛼 = 𝜋𝑛/22𝛼 Γ (𝛼/2)
Γ ( (𝑛−𝛼 )/2) . It is well-known that the above integral is finite for a.e. 𝑥 ∈ ℝ𝑛 and

𝐼𝛼𝑢 ∈ 𝐿1loc(ℝ𝑛), cf. [163, 199]. Next up, we have the three different fractional differential operators:
The Riesz fractional gradient, the fractional divergence and the fractional Laplacian. We introduce
these notions for the class of bounded Lipschitz functions. Precisely, for𝛼 ∈ (0, 1) and𝜑 ∈ Lip𝑏 (ℝ𝑛)
the Riesz fractional gradient ∇𝛼𝜑 : ℝ𝑛 → ℝ𝑛 is given by

∇𝛼𝜑 (𝑥) = 𝜇𝑛,𝛼
∫
ℝ𝑛

𝜑 (𝑦) − 𝜑 (𝑥)
|𝑦 − 𝑥 |𝑛+𝛼

𝑦 − 𝑥
|𝑦 − 𝑥 | 𝑑𝑦 for 𝑥 ∈ ℝ𝑛, (2.13)

with 𝜇𝑛,𝛼 = 2𝛼𝜋−𝑛/2 Γ ( (𝑛+𝛼+1)/2)
Γ ( (1−𝛼 )/2) , and the fractional Laplacian (−Δ)𝛼/2𝜑 : ℝ𝑛 → ℝ is defined as

(−Δ)𝛼/2𝜑 (𝑥) = 𝜈𝑛,𝛼
∫
ℝ𝑛

𝜑 (𝑦) − 𝜑 (𝑥)
|𝑦 − 𝑥 |𝑛+𝛼 𝑑𝑦 for 𝑥 ∈ ℝ𝑛,

with 𝜈𝑛,𝛼 = 2𝛼𝜋−𝑛/2 Γ ( (𝑛+𝛼 )/2)
Γ (−𝛼/2) . Both these operators are well-defined and bounded functions for

𝜑 ∈ Lip𝑏 (ℝ𝑛), see [66, Section 2.2]. Finally, for a vector-valued function 𝜑 ∈ Lip𝑏 (ℝ𝑛;ℝ𝑛), the
fractional divergence div𝛼𝜑 : ℝ𝑛 → ℝ is the natural analogue of the fractional gradient

div𝛼𝜑 (𝑥) = 𝜇𝑛,𝛼
∫
ℝ𝑛

𝜑 (𝑦) − 𝜑 (𝑥)
|𝑦 − 𝑥 |𝑛+𝛼 · 𝑦 − 𝑥|𝑦 − 𝑥 | 𝑑𝑦 for 𝑥 ∈ ℝ𝑛 , (2.14)

which is also a well-defined bounded function. We note that it is proven in [208] that these three
fractional differential operators are the unique operators that satisfy translational and rotational
invariance, 𝛼-homogeneity and a weak requirement of continuity. The fractional gradient and
divergence are dual, in the sense that for all 𝜑 ∈ 𝐶∞

𝑐 (ℝ𝑛) and 𝜓 ∈ 𝐶∞
𝑐 (ℝ𝑛;ℝ𝑛) the integration by

parts ∫
ℝ𝑛

𝜑 div𝛼𝜓 𝑑𝑥 = −
∫
ℝ𝑛

∇𝛼𝜑 ·𝜓 𝑑𝑥 (2.15)

holds. For more on these differential operators, such as composition rules and extension to different
orders than 𝛼 ∈ (0, 1), we refer to [208].

2.3 Spaces of bounded fractional variation

The spaces of bounded fractional variation were first introduced by Comi & Stefani in the recent
series of papers [54,66,68]. We recall the definition of these spaces, which is based on the fractional
divergence in (2.14).

Definition 2.3.1. Let 𝛼 ∈ (0, 1). A function 𝑢 ∈ 𝐿1(ℝ𝑛) belongs to 𝐵𝑉 𝛼 (ℝ𝑛) if

sup
{∫

ℝ𝑛

𝑢 div𝛼𝜑 𝑑𝑥 : 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛;ℝ𝑛), ∥𝜑 ∥𝐿∞ (ℝ𝑛 ;ℝ𝑛 ) ≤ 1

}
< ∞. (2.16)
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It follows from the structure theorem [66, Theorem 3.2] that 𝑢 ∈ 𝐵𝑉 𝛼 (ℝ𝑛) if and only if
𝑢 ∈ 𝐿1(ℝ𝑛) and there exists a (necessarily unique) finite vector-valued Radon measure 𝐷𝛼𝑢 ∈
M(ℝ𝑛;ℝ𝑛) such that∫

ℝ𝑛

𝑢 div𝛼𝜑 𝑑𝑥 = −
∫
ℝ𝑛

𝜑 · 𝑑𝐷𝛼𝑢 for all 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛;ℝ𝑛) .

The measure 𝐷𝛼𝑢 is called the fractional variation measure of 𝑢 and it constitutes a natural exten-
sion of the Riesz fractional gradient (2.13) to the space 𝐵𝑉 𝛼 (ℝ𝑛) based on the integration by parts
formula (2.15). The space 𝐵𝑉 𝛼 (ℝ𝑛) endowed with the norm

∥𝑢∥𝐵𝑉𝛼 (ℝ𝑛 ) = ∥𝑢∥𝐿1 (ℝ𝑛 ) + |𝐷𝛼𝑢 | (ℝ𝑛)
is a Banach space [66, Corollary 3.4], where |𝐷𝛼𝑢 | (ℝ𝑛) denotes the total variation of 𝐷𝛼𝑢 on ℝ𝑛

and equals the left-hand side of (2.16). One can also decompose

𝐷𝛼𝑢 = ∇𝛼𝑢 𝑑𝑥 + 𝐷𝛼𝑠 𝑢,
where ∇𝛼𝑢 ∈ 𝐿1(ℝ𝑛;ℝ𝑛) is the absolutely continuous part of 𝐷𝛼𝑢 with respect to the Lebesgue
measure and 𝐷𝛼𝑠 𝑢 ∈ M(ℝ𝑛;ℝ𝑛) is the singular part. We write 𝐵𝑉 𝛼 (ℝ𝑛;ℝ𝑚) for the vector-valued
analogue with matrix-valued fractional variation. We also introduce the fractional Sobolev space
with exponent 𝑝 = 1

𝑆𝛼,1(ℝ𝑛) = {𝑢 ∈ 𝐵𝑉 𝛼 (ℝ𝑛) : 𝐷𝛼𝑠 𝑢 = 0},
which consists of those 𝐵𝑉 𝛼 -functions with an absolutely continuous fractional variation. In fact,
this corresponds to the space 𝑆𝛼,𝑝 (ℝ𝑛) defined in (2.1) when 𝑝 = 1, that is, the functions𝑢 ∈ 𝐿𝑝 (ℝ𝑛)
withweak fractional gradient∇𝛼𝑢 ∈ 𝐿𝑝 (ℝ𝑛;ℝ𝑛); see e.g. [54,66,68,140] formore on these fractional
Sobolev spaces.

As in [140], the main tool we use to prove the lower semicontinuity and relaxation result is a
method to transform the fractional gradient into the classical gradient and back. It relies on the
Riesz potential and fractional Laplacian and is proven in the 𝐵𝑉 -framework in [66, Lemma 3.28].

Proposition 2.3.2. Let 𝛼 ∈ (0, 1), then the following holds:

(𝑖) For 𝑢 ∈ 𝐵𝑉 𝛼 (ℝ𝑛) one has that 𝑣 = 𝐼1−𝛼𝑢 ∈ 𝐵𝑉loc(ℝ𝑛) with 𝐷𝑣 = 𝐷𝛼𝑢 in M(ℝ𝑛;ℝ𝑛).
(𝑖𝑖) For 𝑣 ∈ 𝐵𝑉 (ℝ𝑛) one has that 𝑢 = (−Δ) 1−𝛼

2 𝑣 ∈ 𝐵𝑉 𝛼 (ℝ𝑛) with 𝐷𝛼𝑢 = 𝐷𝑣 in M(ℝ𝑛;ℝ𝑛) and
∥𝑢∥𝐵𝑉𝛼 (ℝ𝑛 ) ≤ 𝑐𝑛,𝛼 ∥𝑣 ∥𝐵𝑉 (ℝ𝑛 ) .

Another ingredient we need is the Leibniz rule for the fractional variation, in order to employ
localization techniques. We define for 𝜑 ∈ 𝐶∞

𝑐 (ℝ𝑛) and𝜓 ∈ Lip𝑐 (ℝ𝑛) the operator

∇𝛼NL(𝜑,𝜓 ) (𝑥) = 𝜇𝑛,𝛼
∫
ℝ𝑛

(𝑦 − 𝑥) (𝜑 (𝑦) − 𝜑 (𝑥)) (𝜓 (𝑦) −𝜓 (𝑥))
|𝑦 − 𝑥 |𝑛+𝛼+1 𝑑𝑦, for 𝑥 ∈ ℝ𝑛,

which can be continuously extended to 𝜑 ∈ 𝐿1(ℝ𝑛). The following Leibniz rule for 𝐵𝑉 𝛼 -functions
is from [65, Lemma 5.6], see also [67] for more general Leibniz rules.

Lemma 2.3.3. Let 𝛼 ∈ (0, 1),𝜓 ∈ Lip𝑐 (ℝ𝑛) and 𝑢 ∈ 𝐵𝑉 𝛼 (ℝ𝑛). Then,𝜓𝑢 ∈ 𝐵𝑉 𝛼 (ℝ𝑛) with
𝐷𝛼 (𝜓𝑢) = 𝜓𝐷𝛼𝑢 + (𝑢∇𝛼𝜓 + ∇𝛼NL(𝑢,𝜓 )) 𝑑𝑥

and there is a constant 𝐶 = 𝐶 (𝑛, 𝛼) > 0 such that

∥𝑢∇𝛼𝜓 + ∇𝛼NL(𝑢,𝜓 )∥𝐿1 (ℝ𝑛 ;ℝ𝑛 ) ≤ 𝐶 ∥𝜓 ∥1−𝛼𝐿∞ (ℝ𝑛 )Lip(𝜓 )𝛼 ∥𝑢∥𝐿1 (ℝ𝑛 ) . (2.17)
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Remark 2.3.4. Even though the fractional variation is a nonlocal object, the above Leibniz rule
implies that the singular part of the fractional variation behaves locally. Indeed, if we have 𝑢, 𝑣 ∈
𝐵𝑉 𝛼 (ℝ𝑛) with 𝑢 = 𝑣 in an open set 𝑈 ⊂ ℝ𝑛 , we find for all 𝜒 ∈ 𝐶∞

𝑐 (𝑈 ) (extended to ℝ𝑛 as zero)
that

𝜒𝐷𝛼𝑠 𝑢 = 𝐷𝛼𝑠 (𝜒𝑢) = 𝐷𝛼𝑠 (𝜒𝑣) = 𝜒𝐷𝛼𝑠 𝑣 . △

For our minimization problems, we restrict to functions satisfying a complementary-value con-
dition, which is a nonlocal counterpart of the common Dirichlet boundary conditions. For Ω ⊂ ℝ𝑛

open and bounded we define

𝐵𝑉 𝛼0 (Ω) = {𝑢 ∈ 𝐵𝑉 𝛼 (ℝ𝑛) : 𝑢 = 0 a.e. in Ω𝑐},

and for 𝑔 ∈ 𝑆𝛼,1(ℝ𝑛)
𝐵𝑉 𝛼𝑔 (Ω) = 𝑔 + 𝐵𝑉 𝛼0 (Ω) .

Here, we take 𝑔 ∈ 𝑆𝛼,1(ℝ𝑛) since our initial motivation comes from studying linear growth func-
tionals on the fractional Sobolev space. With this in mind, we also introduce the spaces 𝑆𝛼,10 (Ω)
and 𝑆𝛼,1𝑔 (Ω) in a similar way as above. For 𝑢 ∈ 𝐵𝑉 𝛼𝑔 (Ω), it follows that the singular part 𝐷𝛼𝑠 𝑢
has support inside Ω, because of the local behavior of the singular part of the fractional variation
(cf. Remark 2.3.4).

A key reason to consider the fractional 𝐵𝑉 -spaces as extension of the fractional Sobolev spaces,
is the property that bounded sequences have convergent subsequences in 𝐵𝑉 𝛼𝑔 (Ω) in an appropriate
sense. We say that (𝑢 𝑗 ) 𝑗 ⊂ 𝐵𝑉 𝛼𝑔 (Ω) converges weak* to 𝑢 ∈ 𝐵𝑉 𝛼𝑔 (Ω) if

𝑢 𝑗 → 𝑢 in 𝐿1(ℝ𝑛) and 𝐷𝛼𝑢 𝑗
∗
⇀ 𝐷𝛼𝑢 in M(ℝ𝑛;ℝ𝑛) as 𝑗 → ∞.

A direct application of the Banach-Alaoglu theorem and the compactness result [66, Theorem 3.16]
shows that bounded sequences in 𝐵𝑉 𝛼𝑔 (Ω) admit weak* convergent subsequences. Moreover, we
have the following result stating that weak* convergence improves to strong 𝐿1-convergence out-
side Ω. We omit the proof as it is almost identical to that of [140, Lemma 2.12].

Lemma 2.3.5. Let 𝛼 ∈ (0, 1), Ω be open and bounded and 𝑔 ∈ 𝑆𝛼,1(ℝ𝑛). If (𝑢 𝑗 ) 𝑗 ⊂ 𝐵𝑉 𝛼𝑔 (Ω)
converges weak* to 𝑢 in 𝐵𝑉 𝛼𝑔 (Ω), then for every open Ω′ ⋑ Ω we find

∇𝛼𝑢 𝑗 → ∇𝛼𝑢 in 𝐿1((Ω′)𝑐 ;ℝ𝑛) as 𝑗 → ∞.

We also need an improved version of the Poincaré inequality for fractional 𝐵𝑉 -functions in
[68], which only requires a bound on the fractional variation on some open and bounded set as
opposed to the whole space ℝ𝑛 . This allows us to consider interesting integrands with slightly
weaker coercivity properties, such as the area-integrand in Example 2.4.3.

Proposition 2.3.6. Let 𝛼 ∈ (0, 1) and Ω be open and bounded, then there exists an open and bounded
set Ω′ ⋑ Ω and a constant 𝐶 = 𝐶 (Ω, 𝑛, 𝛼) > 0 such that

∥𝑢∥𝐵𝑉𝛼 (ℝ𝑛 ) ≤ 𝐶 |𝐷𝛼𝑢 | (Ω′),

for all 𝑢 ∈ 𝐵𝑉 𝛼0 (Ω).

Proof. Define for 𝑟 > 0 the function

𝜒 : ℝ𝑛 → ℝ, 𝜒 (𝑥) = max{1 − 𝑟 𝑑 (𝑥,Ω), 0},
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with 𝑑 (𝑥,Ω) the distance from 𝑥 to Ω. Then, we have 𝜒 ∈ Lip𝑐 (ℝ𝑛), Lip(𝜒) ≤ 𝑟 , 𝜒 ≡ 1 on Ω and

supp(𝜒) = Ω𝑟 := {𝑥 ∈ ℝ𝑛 : 𝑑 (𝑥,Ω) ≤ 1/𝑟 }.

We deduce that 𝑢 = 𝜒𝑢 and conclude from the Leibniz rule (Lemma 2.3.3) that

𝐷𝛼𝑢 = 𝐷𝛼 (𝜒𝑢) = 𝜒𝐷𝛼𝑢 + (𝑢∇𝛼 𝜒 + ∇𝛼NL(𝑢, 𝜒)) 𝑑𝑥.

Therefore, we find by (2.17) that

∥∇𝛼𝑢∥𝐿1 (Ω𝑐
𝑟 ;ℝ𝑛 ) = ∥𝑢∇𝛼 𝜒 + ∇𝛼NL(𝑢, 𝜒)∥𝐿1 (Ω𝑐

𝑟 ;ℝ𝑛 ) ≤ 𝐶𝑟𝛼 ∥𝑢∥𝐿1 (ℝ𝑛 ) . (2.18)

Now using Hölder’s inequality on the scale of Lorentz spaces, see [122, Chapter 1.4] for an intro-
duction on Lorentz spaces, in combination with the weak Gagliardo-Nirenberg-Sobolev inequality
from [68, Theorem 3.8] yields

∥𝑢∥𝐿1 (Ω) ≤ ∥𝟙Ω∥𝐿 𝑛
𝛼 ,1 (ℝ𝑛 ) ∥𝑢∥𝐿 𝑛

𝑛−𝛼 ,∞ (ℝ𝑛 ) ≤
𝑛 |Ω |𝛼/𝑛
𝛼

𝑐𝑛,𝛼 |𝐷𝛼𝑢 | (ℝ𝑛) = 𝑐𝑛,𝛼,Ω |𝐷𝛼𝑢 | (ℝ𝑛), (2.19)

for all 𝑢 ∈ 𝐵𝑉 𝛼0 (Ω). If we choose 𝑟 > 0 such that𝐶𝑟𝛼 ≤ (2𝑐𝑛,𝛼,Ω)−1 we obtain from (2.18) and (2.19)
that

∥𝑢∥𝐿1 (Ω) ≤ 𝑐𝑛,𝛼,Ω
( |𝐷𝛼𝑢 | (Ω𝑟 ) + |𝐷𝛼𝑢 | (Ω𝑐𝑟 )

)
≤ 𝑐𝑛,𝛼,Ω

(
|𝐷𝛼𝑢 | (Ω𝑟 ) + 1

2𝑐𝑛,𝛼,Ω
∥𝑢∥𝐿1 (Ω)

)
,

which, after rewriting, becomes

∥𝑢∥𝐿1 (Ω) ≤ 2𝑐𝑛,𝛼,Ω |𝐷𝛼𝑢 | (Ω𝑟 ) . (2.20)

Therefore, we obtain

∥𝑢∥𝐵𝑉𝛼 (ℝ𝑛 ) = ∥𝑢∥𝐿1 (Ω) + |𝐷𝛼𝑢 | (Ω𝑟 ) + |𝐷𝛼𝑢 | (Ω𝑐𝑟 )

≤
(
1 + 1

2𝑐𝑛,𝛼,Ω

)
∥𝑢∥𝐿1 (Ω) + |𝐷𝛼𝑢 | (Ω𝑟 )

≤ (2𝑐𝑛,𝛼,Ω + 2) |𝐷𝛼𝑢 | (Ω𝑟 ),

which proves the result with any open set Ω′ ⋑ Ω𝑟 . □

Next, to extend the linear growth functionals from 𝑆𝛼,1𝑔 (Ω;ℝ𝑚) to 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚) we need to be
able to approximate functions in 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚) with functions in 𝑆𝛼,1𝑔 (Ω;ℝ𝑚) in a strong enough
sense to also have convegence of the functional values. However, since 𝑆𝛼,1𝑔 (Ω;ℝ𝑚) is closed with
respect to the 𝐵𝑉 𝛼 -norm, we have to consider a convergence notion that is also weaker than the
one induced by the norm. The relevant notion here is a type of area-strict convergence, which is in
between norm convergence and weak* convergence. Like in [145], we define the area-functional
for 𝜇 ∈ M(ℝ𝑛;ℝ𝑁 ) and𝑈 ⊂ ℝ𝑛 Borel measurable as

⟨𝜇⟩(𝑈 ) :=
∫
𝑈

√︄
1 +

����𝑑𝜇𝑑𝑥 ����2 𝑑𝑥 + |𝜇𝑠 | (𝑈 ),

with 𝜇𝑠 the singular part of 𝜇 with respect to the Lebesgue measure. We also write ⟨𝐴⟩ :=
√︁
1 + |𝐴|2

for 𝐴 ∈ ℝ𝑚×𝑛 .
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Definition 2.3.7 (area-strict convergence). We say that a sequence (𝑢 𝑗 ) 𝑗 ⊂ 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚) con-
verges area-strictly to 𝑢 ∈ 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚) if 𝑢 𝑗 → 𝑢 in 𝐿1(ℝ𝑛;ℝ𝑚),

⟨𝐷𝛼𝑢 𝑗 ⟩(Ω) → ⟨𝐷𝛼𝑢⟩(Ω) and ∇𝛼𝑢 𝑗 → ∇𝛼𝑢 in 𝐿1(Ω𝑐 ;ℝ𝑚×𝑛) as 𝑗 → ∞.

Remark 2.3.8. The key property of area-strict convergence is that when restricted to Ω, the se-
quence (𝐷𝛼𝑢 𝑗 ) 𝑗 ⊂ M(Ω;ℝ𝑚×𝑛) generates the elementary Young measure 𝛿 [𝐷𝛼𝑢] (cf. (2.10) and
[182, Proposition 12.4]). The convergence ∇𝛼𝑢 𝑗 → ∇𝛼𝑢 in 𝐿1(Ω𝑐 ;ℝ𝑚×𝑛) also excludes any concen-
tration effects happening outside Ω, which are in general not ruled out by Lemma 2.3.5. △

We now prove a density result with respect to the area-strict convergence, which plays a key
role in the construction of a recovery sequence when extending the linear growth functionals.
The proof exploits the fractional Leibniz rule and invariance properties of the fractional variation
to incorporate the partition of unity and mollification techniques from the classical case (as in
e.g. [182, Lemma 11.1]). Note that we implicitly assume that functions in 𝐶∞

𝑐 (Ω;ℝ𝑚) are extended
to ℝ𝑛 as zero.

Theorem 2.3.9. Let 𝛼 ∈ (0, 1), Ω ⊂ ℝ𝑛 be a bounded Lipschitz domain and 𝑔 ∈ 𝑆𝛼,1(ℝ𝑛;ℝ𝑚). For
every 𝑢 ∈ 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚) there exists a sequence (𝑢 𝑗 ) 𝑗 ⊂ 𝑔 +𝐶∞

𝑐 (Ω;ℝ𝑚) such that

𝑢 𝑗 → 𝑢 area-strictly in 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚) .

Proof. Step 1: Shrinking the support. We show that for every Y > 0, we can find a 𝑣 ∈ 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚)
such that supp(𝑣 − 𝑔) ⋐ Ω,

∥𝑢 − 𝑣 ∥𝐿1 (ℝ𝑛 ;ℝ𝑚 ) + ∥∇𝛼𝑢 − ∇𝛼𝑣 ∥𝐿1 (Ω𝑐 ;ℝ𝑚×𝑛 ) ≤ Y and ⟨𝐷𝛼𝑣⟩(Ω) ≤ ⟨𝐷𝛼𝑢⟩(Ω) + Y. (2.21)

To this aim, we take a representative of 𝑢 that is identical to 𝑔 in Ω𝑐 and set 𝑢0 := 𝑢 − 𝑔. Then,
since Ω is a Lipschitz domain, we find a partition of unity 𝜒0, 𝜒1, · · · , 𝜒𝑁 ⊂ 𝐶∞

𝑐 (ℝ𝑛) and vectors
Z1, · · · , Z𝑁 ⊂ ℝ𝑛 such that

𝑁∑︁
𝑖=0

𝜒𝑖 = 1 on Ω, 𝜒0 ∈ 𝐶∞
𝑐 (Ω), and supp(𝜏𝜆Z𝑖 (𝜒𝑖𝑢0)) ⋐ Ω, (2.22)

for all 𝜆 > 0 small enough, where 𝜏Z (𝑤) (𝑥) := 𝑤 (𝑥 + Z ) denotes translation by Z ∈ ℝ𝑛 . In view of
Lemma 2.3.3 we can define the function

𝑣 = 𝑔 + 𝜒0𝑢0 +
𝑁∑︁
𝑖=1

𝜏𝜆Z𝑖 (𝜒𝑖𝑢0) ∈ 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚),

which satisfies supp(𝑣 − 𝑔) ⋐ Ω due to (2.22). Using the first identity from (2.22), we have that

∥𝑢 − 𝑣 ∥𝐿1 (ℝ𝑛 ;ℝ𝑚 ) ≤
𝑁∑︁
𝑖=1

∥𝜒𝑖𝑢0 − 𝜏𝜆Z𝑖 (𝜒𝑖𝑢0)∥𝐿1 (ℝ𝑛 ;ℝ𝑚 ) ≤ Y/2,

for 𝜆 small enough given the continuity of translation on 𝐿1(ℝ𝑛;ℝ𝑚). Moreover, we have by the
translation invariance of ∇𝛼 that

∇𝛼𝑣 = ∇𝛼𝑢 +
𝑁∑︁
𝑖=1

𝜏𝜆Z𝑖 (∇𝛼 (𝜒𝑖𝑢0)) − ∇𝛼 (𝜒𝑖𝑢0)
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so that the continuity of translation on 𝐿1(ℝ𝑛;ℝ𝑚×𝑛) again yields

∥∇𝛼𝑣 − ∇𝛼𝑢∥𝐿1 (ℝ𝑛 ;ℝ𝑚×𝑛 ) =
𝑁∑︁
𝑖=1

∥𝜏𝜆Z𝑖 (∇𝛼 (𝜒𝑖𝑢0)) − ∇𝛼 (𝜒𝑖𝑢0)∥𝐿1 (ℝ𝑛 ;ℝ𝑚×𝑛 ) ≤ Y/2

for 𝜆 small enough. This shows the first part of (2.21) and at the same time that∫
Ω
⟨∇𝛼𝑣⟩ 𝑑𝑥 ≤

∫
Ω
⟨∇𝛼𝑢⟩ 𝑑𝑥 + ∥∇𝛼𝑣 − ∇𝛼𝑢∥𝐿1 (Ω;ℝ𝑚×𝑛 ) ≤

∫
Ω
⟨∇𝛼𝑢⟩ 𝑑𝑥 + Y/2, (2.23)

where we have exploited the 1-Lipschitz continuity of 𝐴 ↦→ ⟨𝐴⟩. Finally, for the singular part we
note that

𝐷𝛼𝑠 𝑣 = 𝜒0𝐷
𝛼
𝑠 𝑢0 +

𝑁∑︁
𝑖=1

𝜏𝜆Z𝑖 (𝜒𝑖𝐷𝛼𝑠 𝑢0) = 𝜒0𝐷
𝛼
𝑠 𝑢 +

𝑁∑︁
𝑖=1

𝜏𝜆Z𝑖 (𝜒𝑖𝐷𝛼𝑠 𝑢)

in virtue of Lemma 2.3.3. Hence, it follows with (2.22) that

|𝐷𝛼𝑠 𝑣 | (Ω) ≤
∫
Ω
𝜒0 𝑑 |𝐷𝛼𝑠 𝑢 | +

𝑁∑︁
𝑖=1

∫
𝜏−𝜆Z𝑖 (Ω)

𝜒𝑖 𝑑 |𝐷𝛼𝑠 𝑢 |

≤
𝑁∑︁
𝑖=0

∫
ℝ𝑛

𝜒𝑖 𝑑 |𝐷𝛼𝑠 𝑢 | = |𝐷𝛼𝑠 𝑢 | (Ω),

which proves the second part of (2.21) in combination with (2.23).
Step 2: Mollification. Let 𝑣 be as in Step 1, then we show that there is a𝑤 ∈ 𝑔 +𝐶∞

𝑐 (Ω;ℝ𝑚) such
that

∥𝑣 −𝑤 ∥𝐿1 (ℝ𝑛 ;ℝ𝑚 ) + ∥∇𝛼𝑣 − ∇𝛼𝑤 ∥𝐿1 (Ω𝑐 ;ℝ𝑚×𝑛 ) ≤ Y and ⟨𝐷𝛼𝑤⟩(Ω) ≤ ⟨𝐷𝛼𝑣⟩(Ω) + Y. (2.24)

Let [𝛿 ∈ 𝐶∞
𝑐 (𝐵𝛿 (0)) for 𝛿 > 0 be a standard mollifier and choose 𝛿 small enough such that

[𝛿 ∗ (𝑣 − 𝑔) ∈ 𝐶∞
𝑐 (Ω;ℝ𝑚),

which is possible since supp(𝑣 − 𝑔) ⋐ Ω. Setting 𝑤 = 𝑔 + [𝛿 ∗ (𝑣 − 𝑔), standard properties of
mollification show that

∥𝑣 −𝑤 ∥𝐿1 (ℝ𝑛 ;ℝ𝑚 ) ≤ Y/2,
for 𝛿 small enough. Furthermore, by [66, Lemma 3.5] we have

∇𝛼𝑤 = ∇𝛼𝑔 + [𝛿 ∗ ∇𝛼 (𝑣 − 𝑔) + [𝛿 ∗ 𝐷𝛼𝑠 𝑣 .
In particular, since [𝛿 ∗ 𝐷𝛼𝑠 𝑣 has support inside Ω we have

∥∇𝛼𝑣 − ∇𝛼𝑤 ∥𝐿1 (Ω𝑐 ;ℝ𝑚×𝑛 ) = ∥∇𝛼 (𝑣 − 𝑔) − [𝛿 ∗ ∇𝛼 (𝑣 − 𝑔)∥𝐿1 (Ω𝑐 ;ℝ𝑚×𝑛 ) ≤ Y/2,
for small 𝛿 , thus proving the first part of (2.24). Furthermore,

⟨𝐷𝛼𝑤⟩(Ω) =
∫
Ω
⟨∇𝛼𝑔 + [𝛿 ∗ ∇𝛼 (𝑣 − 𝑔) + [𝛿 ∗ 𝐷𝛼𝑠 𝑣⟩ 𝑑𝑥

≤
∫
Ω
⟨∇𝛼𝑔 + [𝛿 ∗ ∇𝛼 (𝑣 − 𝑔)⟩ 𝑑𝑥 +

∫
Ω
|[𝛿 ∗ 𝐷𝛼𝑠 𝑣 | 𝑑𝑥

≤
∫
Ω
⟨∇𝛼𝑔 + [𝛿 ∗ ∇𝛼 (𝑣 − 𝑔)⟩ 𝑑𝑥 + |𝐷𝛼𝑠 𝑣 | (Ω)

≤
∫
Ω
⟨∇𝛼𝑣⟩ 𝑑𝑥 + Y + |𝐷𝛼𝑠 𝑣 | (Ω) = ⟨𝐷𝛼𝑣⟩(Ω) + Y,
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where in the last line we utilize Lebesgue’s dominated convergence for small enough 𝛿 , recalling
the fact that [𝛿 ∗ ∇𝛼 (𝑣 − 𝑔) → ∇𝛼 (𝑣 − 𝑔) in 𝐿1(ℝ𝑛;ℝ𝑚×𝑛). This yields (2.24).

Step 3: Conclusion. By combining Step 1 and 2 we may find a sequence (𝑢 𝑗 ) 𝑗 ⊂ 𝑔 +𝐶∞
𝑐 (Ω;ℝ𝑚)

such that
𝑢 𝑗 → 𝑢 in 𝐿1(ℝ𝑛;ℝ𝑚), ∇𝛼𝑢 𝑗 → ∇𝛼𝑢 in 𝐿1(Ω𝑐 ;ℝ𝑚×𝑛) as 𝑗 → ∞

and
lim sup
𝑗→∞

⟨𝐷𝛼𝑢 𝑗 ⟩(Ω) ≤ ⟨𝐷𝛼𝑢⟩(Ω) .

In view of this bound we have that 𝑢 𝑗
∗
⇀ 𝑢 in 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚). Therefore, we may use the weak*

lower semicontinuity of the area-functional onM(Ω′;ℝ𝑚×𝑛) for some Ω′ ⋑ Ω open and bounded,
which follows from the convexity of 𝐴 ↦→ ⟨𝐴⟩, and Lebesgue’s dominated convergence theorem to
conclude that

lim inf
𝑗→∞

⟨𝐷𝛼𝑢 𝑗 ⟩(Ω) = lim inf
𝑗→∞

⟨𝐷𝛼𝑢 𝑗 ⟩(Ω′) − lim
𝑗→∞

∫
Ω′\Ω

⟨∇𝛼𝑢 𝑗 ⟩ 𝑑𝑥

≥ ⟨𝐷𝛼𝑢⟩(Ω′) −
∫
Ω′\Ω

⟨∇𝛼𝑢⟩ 𝑑𝑥 = ⟨𝐷𝛼𝑢⟩(Ω),

which finishes the proof. □

2.4 Lower semicontinuity

In this section we characterize the weak* lower semicontinuity of functionals as in (2.9), which is
interesting in its own right and is used in the proof of the main relaxation result in Section 2.5.
Recall that a continuous function ℎ : ℝ𝑚×𝑛 → ℝ is called quasiconvex if

ℎ(𝐴) ≤
∫
(0,1)𝑛

ℎ(𝐴 + ∇𝜑 (𝑦)) 𝑑𝑦 for all 𝐴 ∈ ℝ𝑚×𝑛 and 𝜑 ∈𝑊 1,∞
0 ((0, 1)𝑛;ℝ𝑚),

see [75,165]. We prove the following statement, whose proof relies on the connection between the
classical and fractional variation and the theory of generalized Young measures. We note that even
though 𝑓 ∞(𝑥,𝐴) is only assumed to exist for 𝑥 ∈ Ω, we do allow the sequences 𝑥 ′ → 𝑥 from (2.6)
to approach from outside Ω.

Theorem 2.4.1. Let 𝛼 ∈ (0, 1), Ω ⊂ ℝ𝑛 be open and bounded with |𝜕Ω | = 0, 𝑔 ∈ 𝑆𝛼,1(ℝ𝑛;ℝ𝑚) and
𝑓 : ℝ𝑛 ×ℝ𝑚×𝑛 → ℝ a Carathéodory integrand that satisfies (G). If

𝑓 ∞(𝑥,𝐴) exists for all (𝑥,𝐴) ∈ Ω ×ℝ𝑚×𝑛,

then the functional

F𝛼 (𝑢) =
∫
ℝ𝑛

𝑓 (𝑥,∇𝛼𝑢) 𝑑𝑥 +
∫
Ω
𝑓 ∞

(
𝑥,
𝑑𝐷𝛼𝑠 𝑢

|𝑑𝐷𝛼𝑠 𝑢 |

)
𝑑 |𝐷𝛼𝑠 𝑢 | for 𝑢 ∈ 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚),

is weak* lower semicontinuous if and only if 𝑓 (𝑥, ·) is quasiconvex for a.e. 𝑥 ∈ Ω.

Proof. Step 1: Necessity. The weak* lower semicontinuity of F𝛼 implies, in particular, that

F𝛼 (𝑢) =
∫
ℝ𝑛

𝑓 (𝑥,∇𝛼𝑢 (𝑥)) 𝑑𝑥 for 𝑢 ∈ 𝑆𝛼,1𝑔 (Ω;ℝ𝑚),



54 CHAPTER 2. FRACTIONAL LINEAR GROWTH FUNCTIONALS

is weakly lower semicontinuous on 𝑆𝛼,1𝑔 (Ω;ℝ𝑚). A simple adaptation of [140, Theorem 4.5] to the
case 𝑝 = 1 yields that 𝑓 (𝑥, ·) is quasiconvex for a.e. 𝑥 ∈ Ω.

Step 2: Sufficiency. Let 𝑢 𝑗
∗
⇀ 𝑢 in 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚) and fix Ω′ ⋑ Ω open and bounded. By Proposi-

tion 2.3.2 (𝑖) we can find a sequence (𝑣 𝑗 ) 𝑗 ⊂ 𝐵𝑉 (Ω′;ℝ𝑚) and 𝑣 ∈ 𝐵𝑉 (Ω′;ℝ𝑚) such that

𝐷𝑣 𝑗 = 𝐷
𝛼𝑢 𝑗 on Ω′ for 𝑗 ∈ ℕ and 𝐷𝑣 = 𝐷𝛼𝑢 on Ω′; (2.25)

we can also ensure that 𝑣 𝑗
∗
⇀ 𝑣 in 𝐵𝑉 (Ω′;ℝ𝑚) by continuity properties of the Riesz potential,

see [163, Theorem 2.1 (i)]. Up to a non-relabeled subsequence, (𝐷𝑣 𝑗 ) 𝑗 ⊂ M(Ω′;ℝ𝑚×𝑛) generates
a 𝐵𝑉 -Young measure 𝜈 ∈ 𝑌 (Ω′;ℝ𝑚×𝑛) on Ω′. Before we proceed, we can redefine 𝑓 , similarly to
[182, Proof of Theorem 12.25], such that its recession function is defined in a larger region. Indeed,
by definition of the strong recession function 𝑓 ∞ : Ω × ℝ𝑚×𝑛 → ℝ, it is automatically jointly
continuous, so that we can continuously extend it to Ω′ × ℝ𝑚×𝑛 . If we set 𝑓 ′ : Ω′ × ℝ𝑚×𝑛 → ℝ

equal to 𝑓 on Ω × ℝ𝑚×𝑛 and 𝑓 ∞ on (Ω′ \ Ω) × ℝ𝑚×𝑛 , then 𝑓 ′ is a Carathéodory integrand with a
well-defined strong recession function on Ω′ × ℝ𝑚×𝑛 . Now, applying Theorem 2.2.2 to 𝑓 ′ and Ω′

yields

lim inf
𝑗→∞

∫
Ω′
𝑓 (𝑥,∇𝛼𝑢 𝑗 ) 𝑑𝑥 +

∫
Ω
𝑓 ∞

(
𝑥,
𝑑𝐷𝛼𝑠 𝑢 𝑗

|𝑑𝐷𝛼𝑠 𝑢 𝑗 |

)
𝑑 |𝐷𝛼𝑠 𝑢 𝑗 |

≥ lim inf
𝑗→∞

∫
Ω′
𝑓 ′(𝑥,∇𝛼𝑢 𝑗 ) 𝑑𝑥 +

∫
Ω′
(𝑓 ′)∞

(
𝑥,
𝑑𝐷𝛼𝑠 𝑢 𝑗

|𝑑𝐷𝛼𝑠 𝑢 𝑗 |

)
𝑑 |𝐷𝛼𝑠 𝑢 𝑗 |

− sup
𝑗∈ℕ

∫
Ω′\Ω

| (𝑓 − 𝑓 ′) (𝑥,∇𝛼𝑢 𝑗 ) | 𝑑𝑥

≥
∫
Ω′
⟨𝑓 ′(𝑥, ·), 𝜈𝑥 ⟩ 𝑑𝑥 +

∫
Ω′
⟨(𝑓 ′)∞(𝑥, ·), 𝜈∞𝑥 ⟩ 𝑑𝜆𝜈 − sup

𝑗∈ℕ

∫
Ω′\Ω

| (𝑓 − 𝑓 ′) (𝑥,∇𝛼𝑢 𝑗 ) | 𝑑𝑥 .

(2.26)

Due to the strong convergence ∇𝑣 𝑗 = ∇𝛼𝑢 𝑗 → ∇𝛼𝑢 = ∇𝑣 in sets away from Ω (Lemma 2.3.5), we
also find that the support of the concentration measure 𝜆𝜈 is contained inside Ω and 𝜈𝑥 = 𝛿∇𝛼𝑢 (𝑥 )
for a.e. 𝑥 ∈ Ω′ \ Ω; that is, we find∫

Ω′\Ω
⟨𝑓 ′(𝑥, ·), 𝜈𝑥 ⟩ 𝑑𝑥 =

∫
Ω′\Ω

𝑓 ′(𝑥,∇𝛼𝑢) 𝑑𝑥 . (2.27)

Furthermore, since 𝜈 is a 𝐵𝑉 -Young measure generated by (𝐷𝑣 𝑗 ) 𝑗 , we may argue as in [144, Theo-
rem 10] and [182, Theorem 12.25] using the generalized Jensen’s inequalities from [144, Theorem 9]
in combination with the quasiconvexity, continuity and linear growth of 𝑓 (𝑥, ·) for a.e. 𝑥 ∈ Ω and
of 𝑓 ∞(𝑥, ·) for all 𝑥 ∈ Ω (by continuity of 𝑓 ∞) to conclude∫

Ω
⟨𝑓 (𝑥, ·), 𝜈𝑥 ⟩ 𝑑𝑥 +

∫
Ω
⟨𝑓 ∞(𝑥, ·), 𝜈∞𝑥 ⟩ 𝑑𝜆𝜈 ≥

∫
Ω
𝑓 (𝑥,∇𝑣) 𝑑𝑥 +

∫
Ω
𝑓 ∞

(
𝑥,
𝑑𝐷𝑠𝑣

|𝑑𝐷𝑠𝑣 |

)
𝑑 |𝐷𝑠𝑣 |

=
∫
Ω
𝑓 (𝑥,∇𝛼𝑢) 𝑑𝑥 +

∫
Ω
𝑓 ∞

(
𝑥,
𝑑𝐷𝛼𝑠 𝑢

|𝑑𝐷𝛼𝑠 𝑢 |

)
𝑑 |𝐷𝛼𝑠 𝑢 |,

(2.28)

with the last equality exploiting (2.25). Additionally, since∇𝛼𝑢 𝑗 → ∇𝛼𝑢 strongly in𝐿1((Ω′)𝑐 ;ℝ𝑚×𝑛)
by Lemma 2.3.5, the growth bound (G) and Lebesgue’s dominated convergence theorem yields

lim
𝑗→∞

∫
(Ω′ )𝑐

𝑓 (𝑥,∇𝛼𝑢 𝑗 ) 𝑑𝑥 =
∫
(Ω′ )𝑐

𝑓 (𝑥,∇𝛼𝑢) 𝑑𝑥.
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Combining this with (2.26), (2.27) and (2.28) results in

lim inf
𝑗→∞

F𝛼 (𝑢 𝑗 ) ≥
∫
Ω′
𝑓 ′(𝑥,∇𝛼𝑢) 𝑑𝑥 +

∫
(Ω′ )𝑐

𝑓 (𝑥,∇𝛼𝑢) 𝑑𝑥 +
∫
Ω
𝑓 ∞

(
𝑥,
𝑑𝐷𝛼𝑠 𝑢

|𝑑𝐷𝛼𝑠 𝑢 |

)
𝑑 |𝐷𝛼𝑠 𝑢 |

− sup
𝑗∈ℕ

∫
Ω′\Ω

| (𝑓 − 𝑓 ′) (𝑥,∇𝛼𝑢 𝑗 ) | 𝑑𝑥.
(2.29)

Finally, since
(𝑓 − 𝑓 ′)∞(𝑥,𝐴) = 0 for all 𝑥 ∈ Ω and 𝐴 ∈ ℝ𝑚×𝑛 ,

we may choose Ω′ potentially smaller and find a 𝑅 > 0 such that

| (𝑓 − 𝑓 ′) (𝑥,𝐴) | ≤ Y |𝐴| for all 𝑥 ∈ Ω′ and 𝐴 ∈ ℝ𝑚×𝑛 with |𝐴| ≥ 𝑅,

for any given Y > 0. With 𝐶 := sup𝑗 ∥∇𝛼𝑢 𝑗 ∥𝐿1 (ℝ𝑛 ;ℝ𝑚×𝑛 ) < ∞, we obtain

sup
𝑗∈ℕ

∫
Ω′\Ω

| (𝑓 − 𝑓 ′) (𝑥,∇𝛼𝑢 𝑗 ) | 𝑑𝑥 ≤ (𝑀𝑅 + ∥𝑎∥𝐿∞ (ℝ𝑛 ) ) |Ω′ \ Ω | + Y𝐶,

so that we can deduce the result by first letting Ω′ ↓ Ω, given that 𝑓 = 𝑓 ′ on Ω×ℝ𝑚×𝑛 , and secondly
letting Y ↓ 0 in (2.29). □

In order to get the existence of minimizers, we also impose the coercivity bound (C) and utilize
the improved Poincaré inequality from Proposition 2.3.6.

Corollary 2.4.2. Let 𝛼 ∈ (0, 1), Ω ⊂ ℝ𝑛 be open and bounded with |𝜕Ω | = 0, 𝑔 ∈ 𝑆𝛼,1(ℝ𝑛;ℝ𝑚) and
𝑓 : ℝ𝑛 ×ℝ𝑚×𝑛 → ℝ a Carathéodory integrand that satisfies (G) and (C). If

𝑓 ∞(𝑥,𝐴) exists for all (𝑥,𝐴) ∈ Ω ×ℝ𝑚×𝑛,

and 𝑓 (𝑥, ·) is quasiconvex for a.e. 𝑥 ∈ Ω, then

F𝛼 (𝑢) =
∫
ℝ𝑛

𝑓 (𝑥,∇𝛼𝑢) 𝑑𝑥 +
∫
Ω
𝑓 ∞

(
𝑥,
𝑑𝐷𝛼𝑠 𝑢

|𝑑𝐷𝛼𝑠 𝑢 |

)
𝑑 |𝐷𝛼𝑠 𝑢 | for 𝑢 ∈ 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚),

admits a minimizer on 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚).

Proof. WefixΩ′ ⋑ Ω large enough as in Proposition 2.3.6 and such that𝑀 |𝐷𝛼𝑣 | ( (Ω′)𝑐) ≤ 𝜇
2 |𝐷𝛼𝑣 | (Ω′)

for all 𝑣 ∈ 𝐵𝑉 𝛼0 (Ω;ℝ𝑚), which is possible by (2.18) and (2.20). Now using the coercivity condition
of 𝑓 on Ω′, the growth bound on (Ω′)𝑐 and Proposition 2.3.6, we find for all 𝑢 ∈ 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚) that

F𝛼 (𝑢) ≥ 𝜇 |𝐷𝛼𝑢 | (Ω′) −𝑀 |𝐷𝛼𝑢 | ( (Ω′)𝑐) −𝐶′

≥ 𝜇 |𝐷𝛼 (𝑢 − 𝑔) | (Ω′) −𝑀 |𝐷𝛼 (𝑢 − 𝑔) | ((Ω′)𝑐) −𝐶′′

≥ 𝜇

2𝐶
∥𝑢 − 𝑔∥𝐵𝑉𝛼 (ℝ𝑛 ;ℝ𝑚 ) −𝐶′′.

Hence, a standard argument using the direct method and the weak* lower semicontinuity from
Theorem 2.4.1 finishes the proof. □

Example 2.4.3. An example integrand that satisfies all the hypotheses of Corollary 2.4.2 is

𝑓 : ℝ𝑛 ×ℝ𝑚×𝑛 → [0,∞), 𝑓 (𝑥,𝐴) =
√︁
1 + |𝐴|2 − 1,



56 CHAPTER 2. FRACTIONAL LINEAR GROWTH FUNCTIONALS

since 𝑓 is convex, 𝑓 ∞(𝑥,𝐴) = |𝐴| and

|𝐴| − 1 ≤ 𝑓 (𝑥,𝐴) ≤ |𝐴| for all 𝑥 ∈ ℝ𝑛 and 𝐴 ∈ ℝ𝑚×𝑛 .

Hence, the following type of fractional area-functional

F𝛼 (𝑢) =
∫
ℝ𝑛

√︁
1 + |∇𝛼𝑢 |2 − 1𝑑𝑥 + |𝐷𝛼𝑠 𝑢 | (Ω),

is weak* lower semicontinuous on 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚) and admits a minimizer.

2.5 Relaxation

We are now in the position to give the proof of the main result. For a Carathéodory integrand
𝑓 : ℝ𝑛 ×ℝ𝑚×𝑛 → ℝ that satisfies the bounds (G) and (C), it follows from [75, Proposition 9.5] that

𝑓 qc(𝑥,𝐴) = inf
{∫

(0,1)𝑛
𝑓 (𝑥,𝐴 + ∇𝜑 (𝑦)) 𝑑𝑦 : 𝜑 ∈𝑊 1,∞

0 ((0, 1)𝑛;ℝ𝑚)
}

for (𝑥,𝐴) ∈ ℝ𝑛 ×ℝ𝑚×𝑛 , is a Carathéodory integrand and from [75, Theorem 6.9] that the function
𝑓 qc(𝑥, ·) is the largest quasiconvex function below 𝑓 (𝑥, ·). Note also that 𝑓 qc still satisfies (G) and
(C) for 𝑥 ∈ Ω since 𝑓 qc ≤ 𝑓 and the lower bound in (C) is quasiconvex in the second argument.

Proof of Theorem 2.1.1. Denote the functional on the right-hand side of (2.8) by F𝛼 . We split up the
proof into the lower and upper bound.

Step 1: Lower bound. Let (𝑢 𝑗 ) 𝑗 ⊂ 𝑆𝛼,1𝑔 (Ω;ℝ𝑚) with 𝑢 𝑗 ∗
⇀ 𝑢 in 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚) as 𝑗 → ∞, then we

can completely follow the proof of Theorem 2.4.1 without using the generalized Jensen’s inequali-
ties to conclude (up to a non-relabeled subsequence) that

lim inf
𝑗→∞

F𝛼 (𝑢 𝑗 ) ≥
∫
Ω
⟨𝑓 (𝑥, ·), 𝜈𝑥 ⟩ 𝑑𝑥 +

∫
Ω
⟨𝑓 ∞(𝑥, ·), 𝜈∞𝑥 ⟩ 𝑑𝜆𝜈 +

∫
Ω𝑐

𝑓 (𝑥,∇𝛼𝑢) 𝑑𝑥,

with 𝜈 the generalized Young measure generated by the sequence (∇𝛼𝑢 𝑗 ) 𝑗 (on some domain con-
taining Ω). Using the bounds 𝑓 ≥ 𝑓 qc and 𝑓 ∞ ≥ (𝑓 qc)#, we can now proceed as in Theorem 2.4.1 by
using the Jensen’s inequalities for the quasiconvexification 𝑓 qc, to obtain the lower bound. Here,
we make crucial use of the second part of (2.7), since the Jensen’s inequalities for upper recession
functions in [144, Theorem 9] can only be directly applied in the 𝑥-independent case.

Step 2: Upper bound. We first show that we can restrict to the case 𝑢 ∈ 𝑔 +𝐶∞
𝑐 (Ω;ℝ𝑚) for the

upper bound. To this aim, we take 𝑢 ∈ 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚) and a sequence (𝑢 𝑗 ) 𝑗 ⊂ 𝑔 +𝐶∞
𝑐 (Ω;ℝ𝑚) which

converges area-strictly to 𝑢, possible by Theorem 2.3.9. Hence, Lebesgue’s dominated convergence
theorem and the growth bound (G) yields

lim
𝑗→∞

∫
Ω𝑐

𝑓 (𝑥,∇𝛼𝑢 𝑗 ) 𝑑𝑥 =
∫
Ω𝑐

𝑓 (𝑥,∇𝛼𝑢) 𝑑𝑥. (2.30)

Next, if we denote by 𝑔 : Ω × ℝ𝑚×𝑛 → ℝ the (jointly) upper semicontinuous envelope of 𝑓 qc
restricted to Ω × ℝ𝑚×𝑛 , then it is not hard to verify that 𝑔# = (𝑓 qc)# via the definition of the
upper recession function in (2.11). We take for 𝑅 > 0 a truncation function 𝑇𝑅 ∈ 𝐶∞

𝑐 (ℝ𝑚×𝑛) with
0 ≤ 𝑇𝑅 (𝐴) ≤ 1 and 𝑇𝑅 ≡ 1 on 𝐵𝑅 (0) and bound

𝑓 qc(𝑥,𝐴) ≤ 𝑇𝑅 (𝐴) 𝑓 qc(𝑥,𝐴) +𝑇 𝑐𝑅 (𝐴)𝑔(𝑥,𝐴),
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with 𝑇 𝑐𝑅 (𝐴) := 1 − 𝑇𝑅 (𝐴). The first integrand on the right-hand side has zero recession function,
whereas the second integrand is jointly upper semicontinuous with upper recession function 𝑔# =
(𝑓 qc)#. Applying Theorem 2.2.2 and (2.12) then gives, in combination with the fact that (𝐷𝛼𝑢 𝑗 ) 𝑗 ⊂
M(Ω;ℝ𝑚×𝑛) generates the elementary Young measure 𝛿 [𝐷𝛼𝑢] (cf. Remark 2.3.8),

lim inf
𝑗→∞

∫
Ω
𝑓 qc(𝑥,∇𝛼𝑢 𝑗 ) 𝑑𝑥

≤ lim
𝑗→∞

∫
Ω
𝑇𝑅 (∇𝛼𝑢 𝑗 ) 𝑓 qc(𝑥,∇𝛼𝑢 𝑗 ) 𝑑𝑥 + lim sup

𝑗→∞

∫
Ω
𝑇 𝑐𝑅 (∇𝛼𝑢 𝑗 )𝑔(𝑥,∇𝛼𝑢 𝑗 ) 𝑑𝑥

≤
∫
Ω
𝑇𝑅 (∇𝛼𝑢) 𝑓 qc(𝑥,∇𝛼𝑢) +𝑇 𝑐𝑅 (∇𝛼𝑢)𝑔(𝑥,∇𝛼𝑢) 𝑑𝑥 +

∫
Ω
(𝑓 qc)#

(
𝑥,
𝑑𝐷𝛼𝑠 𝑢

𝑑 |𝐷𝛼𝑠 𝑢 |

)
𝑑 |𝐷𝛼𝑠 𝑢 |.

Letting 𝑅 → ∞, using the dominated convergence theorem and adding the limit in (2.30) results in

lim inf
𝑗→∞

F𝛼 (𝑢 𝑗 ) ≤ F𝛼 (𝑢) .

Therefore, if we find for each 𝑗 ∈ ℕ a recovery sequence for 𝑢 𝑗 , then we can conclude the result
using a diagonal argument; here, the coercivity of 𝑓 is important to be able to extract convergent
diagonal sequences. We can restrict to the case 𝑢 ∈ 𝑔 +𝐶∞

𝑐 (Ω;ℝ𝑛) from now on.
The remaining argument is an adaptation of [140, Theorem 1.2] to the linear growth setting.

To prove the upper bound when 𝑢 ∈ 𝑔 +𝐶∞
𝑐 (Ω;ℝ𝑚), we take a Lipschitz domain 𝑂 ⋐ Ω and apply

Proposition 2.3.2 (𝑖) to find a 𝑣 ∈𝑊 1,1(𝑂 ;ℝ𝑚) such that

∇𝑣 = ∇𝛼𝑢 on 𝑂 . (2.31)

Then, we apply a classical relaxation theorem [75, Theorem 9.8] to find a sequence (𝑣𝑘 )𝑘 ⊂
𝑊 1,1(𝑂 ;ℝ𝑚) with the same trace values as 𝑣 on the boundary 𝜕Ω such that 𝑣𝑘 → 𝑣 in 𝐿1(𝑂 ;ℝ𝑚)
and

lim
𝑘→∞

∫
𝑂
𝑓 (𝑥,∇𝑣𝑘 ) 𝑑𝑥 =

∫
𝑂
𝑓 qc(𝑥,∇𝑣) 𝑑𝑥 . (2.32)

In view of the coercivity of 𝑓 wemay also suppose that 𝑣𝑘
∗
⇀ 𝑣 in 𝐵𝑉 (𝑂 ;ℝ𝑚). Now define the auxil-

iary sequence (𝑣𝑘 )𝑘 ⊂𝑊 1,1(ℝ𝑛;ℝ𝑚) via 𝑣𝑘 := 𝑣𝑘 −𝑣 on𝑂 and 𝑣𝑘 = 0 in𝑂𝑐 . By Proposition 2.3.2 (𝑖𝑖)
and [140, Eq. (3.3)], we find that the sequence (�̃�𝑘 )𝑘 ⊂ 𝑆𝛼,1(ℝ𝑛;ℝ𝑚) defined by �̃�𝑘 = (−Δ) 1−𝛼

2 𝑣𝑘
satisfies

�̃�𝑘 → 0 in 𝐿1(ℝ𝑛;ℝ𝑚) as 𝑘 → ∞ (2.33)
and its fractional gradients are given by

∇𝛼�̃�𝑘 = ∇(𝑣𝑘 − 𝑣) in 𝑂 and ∇𝛼�̃�𝑘 = 0 in 𝑂𝑐 . (2.34)

Take a cut-off function 𝜒 ∈ 𝐶∞
𝑐 (Ω) such that 0 ≤ 𝜒 ≤ 1 and 𝜒 |𝑂 ≡ 1. Then, we define the sequence

(𝑤𝑘 )𝑘 ⊂ 𝑆𝛼,1𝑔 (Ω;ℝ𝑚) by

𝑤𝑘 = 𝑢 + 𝜒�̃�𝑘 ∗
⇀ 𝑢 in 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚) as 𝑘 → ∞,

where the convergence follows from (2.33) and the Leibniz rule (Lemma 2.3.3). Moreover, we have
by (2.17) the convergence of the residuals

𝑅𝑘 := ∇𝛼𝑤𝑘 − ∇𝛼𝑢 − 𝜒∇𝛼�̃�𝑘 → 0 in 𝐿1(ℝ𝑛;ℝ𝑚×𝑛). (2.35)

In 𝑂 , we find in view of (2.31) and (2.34) that ∇𝛼𝑤𝑘 = ∇𝑣𝑘 + 𝑅𝑘 . Due to the strong convergence
of 𝑅𝑘 to zero it follows by testing with the Lipschitz basis from [144, Lemma 3] that the sequences
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(∇𝑣𝑘 )𝑘 and (∇𝛼𝑤𝑘 )𝑘 when restricted to 𝑂 generate (up to a non-relabeled subsequence) the same
generalized Young measure 𝜈 ∈ 𝑌 (𝑂 ;ℝ𝑚×𝑛). As a result, we use Theorem 2.2.2 twice to conclude

lim inf
𝑘→∞

∫
𝑂
𝑓 (𝑥,∇𝛼𝑤𝑘 ) 𝑑𝑥 ≤

∫
𝑂
⟨𝑓 (𝑥, ·), 𝜈𝑥 ⟩ 𝑑𝑥 +

∫
𝑂
⟨𝑓 ∞(𝑥, ·), 𝜈∞𝑥 ⟩ 𝑑𝜆𝜈

= lim
𝑘→∞

∫
𝑂
𝑓 (𝑥,∇𝑣𝑘 ) 𝑑𝑥 =

∫
𝑂
𝑓 qc(𝑥,∇𝑣) 𝑑𝑥 =

∫
𝑂
𝑓 qc(𝑥,∇𝛼𝑢) 𝑑𝑥,

(2.36)

where we use (2.32) and (2.31) in the final two equalities. Additionally, in 𝑂𝑐 we have that ∇𝛼𝑤𝑘 =
∇𝛼𝑢 + 𝑅𝑘 thanks to (2.34). Hence, we find using (2.35) and (G) that

lim sup
𝑘→∞

∫
Ω\𝑂

𝑓 (𝑥,∇𝛼𝑤𝑘 ) 𝑑𝑥 = lim sup
𝑘→∞

∫
Ω\𝑂

𝑓 (𝑥,∇𝛼𝑢 + 𝑅𝑘 ) 𝑑𝑥 ≤ ∥𝑀 |∇𝛼𝑢 | + 𝑎∥𝐿1 (Ω\𝑂 ) . (2.37)

Finally, using Lebesgue’s dominated convergence theorem and (2.35) we derive

lim
𝑘→∞

∫
Ω𝑐

𝑓 (𝑥,∇𝛼𝑤𝑘 ) 𝑑𝑥 = lim
𝑘→∞

∫
Ω𝑐

𝑓 (𝑥,∇𝛼𝑢 + 𝑅𝑘 ) 𝑑𝑥 =
∫
Ω𝑐

𝑓 (𝑥,∇𝛼𝑢) 𝑑𝑥 . (2.38)

Summing (2.36), (2.37) and (2.38) together, we obtain

lim inf
𝑘→∞

∫
ℝ𝑛

𝑓 (𝑥,∇𝛼𝑤𝑘 ) 𝑑𝑥 ≤
∫
𝑂
𝑓 qc(𝑥,∇𝛼𝑢) 𝑑𝑥 +

∫
Ω𝑐

𝑓 (𝑥,∇𝛼𝑢) 𝑑𝑥 + ∥𝑀 |∇𝛼𝑢 | + 𝑎∥𝐿1 (Ω\𝑂 ) ,

which yields the result if we let 𝑂 ↑ Ω and extract a diagonal sequence. □

Remark 2.5.1. a) Because of the coercivity condition of 𝑓 , the functional F rel
𝛼 is in particular

weak* lower semicontinuous on 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚). Interestingly, this fact does not immediately fol-
low from the lower semicontinuity result in Theorem 2.4.1, since the strong recession function of
𝟙Ω 𝑓

qc + 𝟙Ω𝑐 𝑓 need not exist. An application of the direct method as in Corollary 2.4.2 provides the
existence of minimizers of F rel

𝛼 .
b) A simple argument using the theory of Young measures shows that the functional

F𝛼 (𝑢) =
∫
ℝ𝑛

𝑓 (𝑥,∇𝛼𝑢) 𝑑𝑥 +
∫
Ω
𝑓 ∞

(
𝑥,
𝑑𝐷𝛼𝑠 𝑢

|𝑑𝐷𝛼𝑠 𝑢 |

)
𝑑 |𝐷𝛼𝑠 𝑢 | for 𝑢 ∈ 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚),

is the area-strictly continuous extension of F𝛼 to 𝐵𝑉 𝛼𝑔 (Ω;ℝ𝑚). This immediately implies that this
functional is also the relaxation of F𝛼 if 𝑓 (𝑥, ·) is quasiconvex for a.e. 𝑥 ∈ Ω, given the lower
semicontinuity result from Theorem 2.4.1 and the density with respect to area-strict convergence.

c) The requirement (2.7) on 𝑓 qc is needed for the application of the Jensen’s inequalities in the
lower bound and allows the relaxation result to be phrased for general Carathéodory integrands.
However, one can dispose of this assumption if we assume a continuity condition similarly as in
[17, Theorem 1.7], that is,

|𝑓 (𝑥,𝐴) − 𝑓 (𝑦,𝐴) | ≤ 𝜔 ( |𝑥 − 𝑦 |) (1 + |𝐴|) for all 𝑥,𝑦 ∈ Ω and 𝐴 ∈ ℝ𝑚×𝑛,

where 𝜔 : [0,∞) → [0,∞) is a continuous and increasing function with 𝜔 (0) = 0. Indeed, one can
utilize (G) and (C) as in [182, Theorem 7.6] to deduce that 𝑓 qc inherits the same continuity condition
(up to a different modulus of continuity), after which (2.7) readily follows. △



Chapter 3

A variational theory for integral
functionals involving finite-horizon
fractional gradients

This chapter agrees with

[72] J. Cueto, C. Kreisbeck and H. Schönberger. A variational theory for integral function-
als involving finite-horizon fractional gradients. Fractional Calculus and Applied Analysis,
26(5):2001–2056, 2023. https://doi.org/10.1007/s13540-023-00196-7.

3.1 Introduction

Nonlocality has long been a recurring theme in the calculus of variations, appearing in various
facets and applications. When modeling phenomena in nature and technology, nonlocal operators,
whose values result from integrating over a neighborhood, have become a popular alternative to dif-
ferential operators. A main advantage of this derivative-free approach is that it allows functions to
be less regular and, therefore, makes it possible to capture discontinuity effects, and also long-range
interactions are naturally included. In the context of mechanics, this is exploited in peridynamic
modeling [158, 196] or to cover fracture and cavitation of deformed elastic materials [28, 30]. From
the analytical viewpoint, dealing with nonlocality brings along newmathematical challenges, since
it is intrinsically opposed to the standard techniques for classical variational problems. And yet, lo-
cal and nonlocal problems can be closely intertwined: while localization causes nonlocal features to
vanish [35,158,161], they can, on the other hand, arise from local ones e.g., through limit processes
such as homogenization and disrete-to-continuum passages [39, 49].

In a recent series of works, different authors have studied problems involving integral func-
tionals that depend instead of usual gradients on fractional-order ones through the Riesz fractional
gradients [28,140,193,194]. Even though the latter had appeared in the literature before [137], Shieh
& Spector brought it back into the spotlight in [193,194] and discussed properties of the associated
fractional Sobolev spaces, which are equivalent to the Bessel potential spaces, see also [28, 54, 66,
140]. In contrast to the standard fractional Sobolev spaces defined via Gagliardo semi-norms, these
spaces have a distributional character, and are, therefore, particularly well-suited for variational
problems. Another asset is that the Riesz fractional gradient enjoys a unique combination of de-
sirable homogeneity and invariance properties as shown by Šilhavý in [208], which makes it the
natural choice of a fractional derivative among operators with infinite interaction range. Motivated
by mechanical models of hyperelastic materials, which call for operators on bounded domains with
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finite interaction, Bellido, Cueto & Mora-Corral [31] recently proposed to consider nonlocal oper-
ators that result from the Riesz fractional gradient by truncation with a suitable cut-off function.
This is the same setting we are adopting in the following.

Overall, this paper deals with variational integrals in the truncated framework of [31], for which
we contribute new insights into the existence theory of minimizers as well as their asymptotic
analysis. More precisely, the set-up is as follows: Let Ω ⊂ ℝ𝑛 be a bounded open set, 𝑠 ∈ (0, 1)
the fractional-order parameter, 𝛿 > 0 the horizon, which stipulates the maximal length scale of the
interaction distance between points, and Ω𝛿 = Ω + 𝐵(0, 𝛿) the nonlocal closure of Ω.

We consider functionals of the form

F (𝑢) =
∫
Ω
𝑓
(
𝑥,𝑢 (𝑥), 𝐷𝑠𝛿𝑢 (𝑥)

)
𝑑𝑥, (3.1)

where the integrand function 𝑓 : Ω × ℝ𝑚 × ℝ𝑚×𝑛 → ℝ is Carathéodory with standard 𝑝-growth
and 𝑝-coercivity for some 1 < 𝑝 < ∞ and 𝐷𝑠

𝛿
𝑢 is the truncated Riesz fractional gradient (see (3.3)

below) for functions 𝑢 in a suitable linear subspace of 𝐿𝑝 (Ω𝛿 ;ℝ𝑚). This function space, which is
called𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑚) and introduced in Definition 3.2.7, is defined in analogy to the classical Sobolev
spaces by requiring that the nonlocal gradient is 𝑝-integrable. In addition, we assume volumetric-
type boundary conditions by prescribing complementary values in a tubular neighborhood or collar
of radius 2𝛿 around Ω; in the basic case of zero complementary values, we write 𝐻𝑠,𝑝,𝛿0 (Ω;ℝ𝑚) for
the set of functions admissible for (3.1).

It remains to specify the nonlocal gradient𝐷𝑠
𝛿
𝑢. With G𝜌 a general nonlocal gradient with kernel

𝜌 , that is,
G𝜌𝑢 (𝑥) =

∫
ℝ𝑛

𝑢 (𝑥) − 𝑢 (𝑦)
|𝑥 − 𝑦 |

𝑥 − 𝑦
|𝑥 − 𝑦 | 𝜌 (𝑥 − 𝑦) 𝑑𝑦, (3.2)

whenever the integral exists for a function 𝑢 : ℝ𝑛 → ℝ, we first recall that the Riesz fractional
gradient is defined as the nonlocal gradient with the Riesz potential kernel 𝐼1−𝑠 , i.e.,

𝐷𝑠𝑢 ∝ G𝐼1−𝑠𝑢 with 𝐼1−𝑠 ∝ 1
| · |𝑛+𝑠−1 .

To introduce the truncated version, let us consider a certain smooth, radial cut-off function 𝑤𝛿 :
ℝ𝑛 → [0,∞) supported in a ball of radius 𝛿 around the origin. Then,

𝐷𝑠𝛿𝑢 = G𝜌𝑠
𝛿
𝑢 with 𝜌𝑠𝛿 ∝ 𝑤𝛿 𝐼1−𝑠 . (3.3)

Throughout the paper, we refer to 𝐷𝑠
𝛿
simply as nonlocal gradient to keep the terminology short.

For more details on these definitions of nonlocal and fractional gradients, we refer the reader to
Section 3.2.2. Alternative choices for the kernel function in (3.2) can be found in the literature, for
example, kernels defined on half-balls [129, 148], and variable horizon kernels [103, 198, 201].

Our methodology for proving the results about the functionals (3.1) builds substantially on their
relation with classical functionals with a dependence on the usual gradient, namely

𝑣 ↦→
∫
Ω
𝑓 (𝑥, 𝑣 (𝑥),∇𝑣 (𝑥)) 𝑑𝑥, (3.4)

and also the relation with the fractional variational integrals

𝑢 ↦→
∫
ℝ𝑛

𝑓 (𝑥,𝑢 (𝑥), 𝐷𝑠𝑢 (𝑥)) 𝑑𝑥 (3.5)

provides useful insights. To set a foundation for a comparison of F with (3.4) and (3.5), we discuss
the connection between the three differential operators
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Ω−𝛿

Γ−𝛿

Γ𝛿

Ω𝛿

𝛿

∇𝑣 𝑣 ∈𝑊 1,𝑝 (ℝ𝑛)

𝐷𝑠
𝛿𝑢 𝑢 ∈ 𝐻 𝑠,𝑝,𝛿 (ℝ𝑛) 𝐷𝑠𝑢 𝑢 ∈ 𝐻 𝑠,𝑝 (ℝ𝑛)

𝑣 = †
𝐼1−𝑠 ∗ 𝑢

𝑢
= (−Δ) 1−𝑠2

𝑣

𝑣
=
𝑄
𝑠
𝛿
∗ 𝑢𝑢

=
P
𝑠
𝛿
𝑣

𝐷𝑠
𝛿
𝑢 − 𝐷𝑠𝑢 = ∇𝑅𝑠

𝛿
∗ 𝑢

1

Figure 3.1: Illustration of the relations between classical, fractional, and nonlocal gradients, which
enable the transfer of results between the corresponding settings. † When 𝐼1−𝑠 ∗ 𝑢 is well-defined.

classical gradient ∇, fractional gradient 𝐷𝑠 , nonlocal gradient 𝐷𝑠
𝛿
,

and the associated Sobolev-type function spaces

𝑊 1,𝑝 (ℝ𝑛), 𝐻𝑠,𝑝 (ℝ𝑛), 𝐻𝑠,𝑝,𝛿 (ℝ𝑛),

respectively; for an illustrative overview, see Figure 3.1.
Fractional vs. classical: For smooth compactly supported functions 𝜑 ∈ 𝐶∞

𝑐 (ℝ𝑛), it is by now
well-known that

𝐷𝑠𝜑 = ∇(𝐼1−𝑠 ∗ 𝜑) and ∇𝜑 = 𝐷𝑠 (−Δ) 1−𝑠
2 𝜑, (3.6)

where 𝐼1−𝑠 is the Riesz potential and (−Δ) 1−𝑠
2 is the fractional Laplacian of order 1−𝑠 , see e.g., [193,

208]. In [140, Proposition 3.1], two of the authors extended these identities to the setting of Sobolev
and fractional Sobolev functions, showing that for any 𝑢 ∈ 𝐻𝑠,𝑝 (ℝ𝑛), there exists a 𝑣 ∈ 𝑊 1,𝑝

loc (ℝ𝑛)
such that ∇𝑣 = 𝐷𝑠𝑢, and for every 𝑢 ∈ 𝐻𝑠,𝑝 (ℝ𝑛), one can find a 𝑣 ∈𝑊 1,𝑝 (ℝ𝑛) with 𝐷𝑠𝑢 = ∇𝑣 . The
latter follows immediately from the observation that (−Δ) 1−𝑠

2 :𝑊 1,𝑝 (ℝ𝑛) → 𝐻𝑠,𝑝 (ℝ𝑛) is a bounded
linear operator. This way, one can translate from the fractional gradient to the classical one and
vice-versa, up to a gap related to an issue of local integrability. For a similar statement in the space
of fractional 𝐵𝑉 -functions, we refer to [66, Lemma 3.28].

Nonlocal vs. classical: Providing analogous translation formulas between the nonlocal and clas-
sical setting is one of the major steps in the analysis of this paper. The fact that 𝐷𝑠

𝛿
𝑢 is defined over

a bounded domain brings about some technical complications compared with 𝐷𝑠𝑢; for instance, as
opposed to 𝐷𝑠𝑢, the operator 𝐷𝑠

𝛿
𝑢 is no longer homogeneous and it does not enjoy a semigroup

property, which the fractional one inherits from its relationship with the Riesz potential. The foun-
dations for finding a suitable replacement for the generalization of (3.6), were laid by Bellido, Cueto
& Mora-Corral [31] (see also [30]). They identified an integrable finite-horizon counterpart of the
Riesz potential kernel, called𝑄𝑠

𝛿
, which provides one of the directions of the translation mechanism

for smooth functions. For the other direction, we heuristically invert the convolution with 𝑄𝑠
𝛿
in

Fourier space, i.e., we consider the operator

P𝑠𝛿𝜑 =

(
𝜑

𝑄𝑠
𝛿

)∨
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for any Schwartz function 𝜑 . This operator can be considered as an analogue of the fractional
Laplacian of order (1 − 𝑠)/2 in the nonlocal framework. Another way of interpreting P𝑠

𝛿
𝜑 is as the

convolution of the gradient of𝜑 with the kernel from the nonlocal fundamental theorem of calculus
in [31, Theorem 4.5], see Remark 3.2.14 d).

Here, we prove that the convolution with 𝑄𝑠
𝛿
and P𝑠

𝛿
can both be extended to the Sobolev

spaces in such a way that they are each other’s inverses. This gives a perfect isomorphism be-
tween 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) and𝑊 1,𝑝 (ℝ𝑛) with the property that for any 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) and 𝑣 ∈𝑊 1,𝑝 (ℝ𝑛)

𝐷𝑠𝛿𝑢 = ∇(𝑄𝑠𝛿 ∗ 𝑢) and ∇𝑣 = 𝐷𝑠𝛿P𝑠𝛿𝑣, (3.7)

see Theorem 3.2.13 and the discussion thereafter. It is noteworthy that in the fractional case there
is no such isomorphism, since the Riesz potential is only locally integrable as opposed to 𝑄𝑠

𝛿
.

Fractional vs. nonlocal: A comparison between the kernels 𝑄𝑠
𝛿
and 𝐼1−𝑠 , where 𝑅𝑠𝛿 denotes their

difference, gives us a basic and direct way for switching between the fractional and nonlocal setting.
Indeed, we show in Section 3.2.5, that

𝐷𝑠𝛿𝑢 = 𝐷𝑠𝑢 + ∇𝑅𝑠𝛿 ∗ 𝑢, (3.8)

for all 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) = 𝐻𝑠,𝑝 (ℝ𝑛), where ∇𝑅𝑠
𝛿
∈ 𝐿1(ℝ𝑛) ∩𝐶∞(ℝ𝑛).

Having the translation mechanism of (3.7) and (3.8) at hand paves the way for shifting results
between the three variational settings. Note, however, that not all results can be directly carried
over, since boundary conditions are not preserved in the translation procedure and problems in-
volving both the function and its nonlocal gradient require additional techniques. Here, we list
and discuss the main contributions of this paper to the existence and asymptotic analysis of the
functionals F in (3.1):

(1) Characterization of weak lower semicontinuity of F . One of the crucial steps to conclude the
existence of minimizers of integral functionals, likeF or those in (3.4) or (3.5), via the direct method,
is to establish weak lower semicontinuity. A well-known fundamental result from the vectorial cal-
culus of variations with roots in the 1950s states that, for the functionals (3.4), quasiconvexity (in
the sense of Morrey) regarding the third variable of 𝑓 is necessary and sufficient for weak lower
semicontinuity in𝑊 1,𝑝 (Ω;ℝ𝑚), see [3, 155, 162, 165]. In the fractional setting (3.5), the efforts are
more recent. After convexity [193] and polyconvexity [28] had been identified as sufficient con-
ditions for weak lower semicontinuity in 𝐻𝑠,𝑝0 (Ω;ℝ𝑚), the problem of characterization was solved
in [140, Theorem 1.1]. Interestingly, the correct condition on 𝑓 is the same as in the local case,
namely quasiconvexity.

We complement the picture in Theorem 3.4.1, by proving that, altogether, quasiconvexity is the
intrinsic convexity notion in all three situations. In fact,

F is weakly lower semicontinuous in 𝐻𝑠,𝑝,𝛿0 (Ω;ℝ𝑚) if and only if
𝑓 (𝑥, 𝑧, ·) is quasiconvex for a.e. 𝑥 ∈ Ω−𝛿 and all 𝑧 ∈ ℝ𝑚 ;

(3.9)

note that, due to a boundary layer effect, which yields even strong 𝐿𝑝-convergence of weakly con-
vergent sequences in 𝐻𝑠,𝑝,𝛿0 (Ω;ℝ𝑚), quasiconvexity is not required in the collar. Moreover, we
introduce a nonlocal notion of quasiconvexity defined through testing with nonlocal gradients that
turns out to be equivalent with quasiconvexity, cf. Remark 3.4.3.

The proof of (3.9) exploits the parallels between the nonlocal and fractional gradient in their re-
lation to the standard one (cf. (3.7) and (3.6)) by using similar arguments and techniques as in [140].
An alternative proof strategy that reduces (3.9) directly to the statement of [140, Theorem 1.1] via
(3.8) is also possible, as we demonstrate under simplified assumptions.
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(2) Variational convergence, homogenization and relaxation. Considering sequences of nonlocal
functionals {F𝑓𝑗 } 𝑗∈ℕ as in (3.1) with specific integrand functions 𝑓𝑗 , we study their asymptotic
behavior as 𝑗 → ∞. The intention of finding a versatile method that makes Γ-convergence (see [49,
80]) accessible to a number of cases and applicationsmotivates the statement of Theorem 3.5.1. If we
denote the counterparts of F𝑓𝑗 with dependence on classical gradients defined on𝑊 1,𝑝 (Ω−𝛿 ;ℝ𝑚)
by I𝑓𝑗 , it says that the convergence of {I𝑓𝑗 } 𝑗∈ℕ to a Γ-limit I𝑓∞ as 𝑗 → ∞ along with the pointwise
convergence of the integrals over the collar, 𝐿𝑝 (Ω𝛿 ;ℝ𝑚×𝑛) ∋ 𝑉 ↦→

∫
Ω\Ω−𝛿

𝑓𝑗 (𝑥,𝑉 ) 𝑑𝑥 yields

Γ- lim
𝑗→∞

F𝑓𝑗 = F𝑓∞ ;

note that all Γ-limits are taken with respect to the strong 𝐿𝑝-topology.
To demonstrate how this observation can help to carry various Γ-convergence results in the

literature from the local to the nonlocal setting, we choose homogenization theory as a specific
case. Indeed, Corollary 3.5.2 shows that the fundamental Γ-limit of [48, 168], where the homoge-
nized functional is again of integral form with integrand determined by a multi-cell formula, gives
rise to a new homogenization limit for problems involving nonlocal gradients. As an immediate
consequence of this homogenization, one can obtain relaxation of nonlocal functions F , that is,
a representation for their lower semicontinuous envelopes. In the case of a homogeneous inte-
grand 𝑓 , the latter arises from the quasiconvexification of 𝑓 on Ω−𝛿 , while 𝑓 remains unchanged
in Ω \ Ω−𝛿 , see Corollary 3.5.3.

(3) Asymptotics for varying fractional order and localization. It is a natural question to investigate
the dependence of our nonlocal variational problems, in particular, their minimizers and minima,
on the fractional order 𝑠 ∈ (0, 1); for an analogous study for functionals of the type (3.5), see [29]. To
this end, we take functionals as in (3.1), with 𝑓 independent of the second variable and quasiconvex
in the third one, and highlight the dependence of 𝑠 with a subscript index F𝑠 . The functional F1
can be defined in the same way with 𝐷1

𝛿
𝑢 := ∇𝑢 the classical gradient and F0, after extension of the

definition in (3.3) to 𝑠 = 0, lives on 𝐿𝑝 (Ω𝛿 ;ℝ𝑚).
The main result in this context is Theorem 3.5.1, which says the following:

The sequence {F𝑠}𝑠 Γ-converges to F𝑠′ as 𝑠 → 𝑠′ ∈ [0, 1];

since sequential compactness of bounded-energy sequences holds strongly in 𝐿𝑝 (Ω;ℝ𝑚) when 𝑠′ ∈
(0, 1] and weakly in 𝐿𝑝 (Ω;ℝ𝑚) if 𝑠′ = 0, it is natural to state the Γ-convergence results regarding
the strong and weak topology, respectively, see Lemma 3.3.9. We point out that the limit 𝑠 → 1
provides a localization statement, and as such, establishes another interesting connection between
classical local and nonlocal theories.

The proof of the above-mentioned compactness for bounded-energy sequences in nonlocal
spaces of different order involves, besides the continuous dependence of the nonlocal gradient 𝐷𝑠

𝛿
𝑢

on 𝑠 (see Lemma 3.3.2), also a new technical tool that is worth mentioning in its own right. This
is the nonlocal Poincaré inequality with a constant independent of the fractional order presented
in Theorem 3.3.8; we refer to recent progress on nonlocal Poincaré-type inequalities, for example,
in problems involving radial kernels [31,104] or asymmetric and inhomogeneous kernels [114,129].
The difficulty in establishing a parameter-independent bound is the fact that the kernel in the non-
local fundamental theorem of calculus from [31, Theorem 4.5] is implicitly defined via a Fourier
transform, which makes it hard to isolate the dependence on 𝑠 in the proof of the Poincaré inequal-
ity from [31, Theorem 6.2]. Instead, we utilize a fine analysis of the decay of the Fourier transform
of𝑄𝑠

𝛿
, an application of the Mihlin-Hörmander multiplier theorem and an extension of the nonlocal

fundamental theorem to the case 𝑠 = 0 (see Proposition 3.2.9) to prove the Poincaré inequality with
an 𝑠-independent constant.
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Note that besides the above localization result for 𝑠 → 1, a different type of localization could
be obtained in the limit of vanishing horizon, i.e., for 𝛿 → 0. Indeed, such a Γ-convergence state-
ment for integral functionals depending on a class of closely related nonlocal gradients is already
proven in [161], yielding a classical local model in the limit. However, it remains an interesting
open problem for the future to prove the required equi-compactness in order to deduce the conver-
gence of minimizers. For readers interested in localization results in the context of other nonlocal
variational problems there is a broad literature available, we refer e.g. to [8, 35, 47], which discuss
double-integrals that depend on difference quotients, convolution-type integrals, and functionals
arising from models in peridynamics, respectively.

This manuscript is organized as follows. We begin in Section 3.2 with notations and a de-
tailed introduction to our set-up and nonlocal calculus. Moreover, we collect and establish the
relevant technical tools, especially, the connections between classical, nonlocal and fractional gra-
dients along with the corresponding translation keys. Section 3.3 deals then with the asymptotics
of the nonlocal gradient, and we derive as a main application a Poincaré inequality with a constant
uniform in 𝑠 , which opens the way for compactness results for sequences in nonlocal spaces of
different order. The variational results for the nonlocal integral functionals are proven from Sec-
tion 3.4 onwards, based on the comparison with the classical and fractional setting. First, we prove
the characterization of weak lower semicontinuity in terms of quasiconvexity of the integrand and
state an existence statement for minimizers of F (see Corollary 3.4.4) based on it. In Section 3.5,
we then provide a general Γ-convergence result, from which homogenization and relaxation can
be deduced as corollaries. Finally, we prove the convergence of minimizers of the functionals {F𝑠}𝑠
for the limit 𝑠 → 𝑠′ ∈ [0, 1] in Section 3.6, showing, in particular, the localization to a classical local
limit as 𝑠 → 1.

3.2 Preliminaries and technical tools

The aim of this section is to introduce the notation and several important definitions and tools
regarding the nonlocal gradient and Sobolev spaces.

3.2.1 Notation

General notation

Unless mentioned otherwise, 𝑠 ∈ (0, 1) and 𝑌 = (0, 1)𝑛 ⊂ ℝ𝑛 . We use ℝ∞ to denote ℝ ∪ {∞}. We
write |𝑥 | = (∑𝑛

𝑖=1 𝑥
2
𝑖

)1/2 for the Euclidean norm of a vector 𝑥 = (𝑥1, · · · , 𝑥𝑛) ∈ ℝ𝑛 and similarly, |𝐴|
for the Frobenius norm of a matrix𝐴 ∈ ℝ𝑚×𝑛 . The ball centered at 𝑥 ∈ ℝ𝑛 and with radius 𝜌 > 0 is
denoted by 𝐵(𝑥, 𝜌) = {𝑦 ∈ ℝ𝑛 : |𝑥 − 𝑦 | < 𝜌} and the distance between 𝑥 ∈ ℝ𝑛 and a set 𝐸 ⊂ ℝ𝑛 is
written as 𝑑 (𝑥, 𝐸). For an open set Ω ⊂ ℝ𝑛 and 𝛿 > 0, we write Ω𝛿 for its nonlocal closure, that is,

Ω𝛿 = Ω + 𝐵(0, 𝛿) = {𝑥 ∈ ℝ𝑛 : 𝑑 (𝑥,Ω) < 𝛿}.

The complement of a set 𝐸 ⊂ ℝ𝑛 is indicated by 𝐸𝑐 := ℝ𝑛 \ 𝐸 and its closure by 𝐸. The notation
𝐸 ⋐ 𝐹 for sets 𝐸, 𝐹 ⊂ ℝ𝑛 means that 𝐸 is compactly contained in 𝐹 , i.e., 𝐸 ⊂ 𝐹 and 𝐸 is compact. Let

𝟙𝐸 (𝑥) =
{
1 for 𝑥 ∈ 𝐸,
0 otherwise,

𝑥 ∈ ℝ𝑛,

be the indicator function of a set 𝐸 ⊂ ℝ𝑛 .
Let 𝑈 ⊂ ℝ𝑛 be an open set. The notation 𝐶∞

𝑐 (𝑈 ) symbolizes the smooth functions 𝜑 : 𝑈 → ℝ

with compact support in 𝑈 ⊂ ℝ𝑛 . Our convention is that functions in 𝐶∞
𝑐 (𝑈 ) are identified with
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their trivial extension to ℝ𝑛 by zero. Further, by 𝐶∞(ℝ𝑛), 𝐶0(ℝ𝑛) and S (ℝ𝑛) we denote the space
of smooth functions, continuous functions vanishing at infinity and Schwartz functions on ℝ𝑛 ,
respectively. We utilize multi-index notation, in particular, we write 𝜕𝛼 for the partial derivative
with respect to a multi-index 𝛼 ∈ ℕ𝑛0 .

By Lip𝑏 (ℝ𝑛), we refer to all the functions 𝜓 : ℝ𝑛 → ℝ that are Lipschitz continuous and
bounded on ℝ𝑛 and we write Lip(𝜓 ) for the Lipschitz constant of𝜓 .

The Lebesgue measure of 𝑈 ⊂ ℝ𝑛 is written |𝑈 | and the convolution of two functions 𝑢, 𝑣 :
ℝ𝑛 → ℝ is denoted by 𝑢 ∗ 𝑣 . If one of the functions is vector-valued, the convolution should be
understood componentwise. We use the common notation for Lebesgue- and Sobolev-spaces, that
is, 𝐿𝑝 (𝑈 ) for 𝑝 ∈ [1,∞] is the space of 𝑝-real-valued integrable functions on 𝑈 with the norm

∥𝑢∥𝐿𝑝 (𝑈 ) =


(∫
𝑈
|𝑢 (𝑥) | 𝑑𝑥

)1/𝑝
if 𝑝 ∈ [1,∞),

ess sup𝑥∈𝑈 |𝑢 (𝑥) | if 𝑝 = ∞,
𝑢 ∈ 𝐿𝑝 (𝑈 ) .

Moreover,𝑊 1,𝑝 (𝑈 ) for 𝑝 ∈ [1,∞] consists of all 𝐿𝑝-functions on𝑈 with 𝑝-integrable weak deriva-
tives, endowed with the norm

∥𝑢∥𝑊 1,𝑝 (𝑈 ) = ∥𝑢∥𝐿𝑝 (𝑈 ) + ∥∇𝑢∥𝐿𝑝 (𝑈 ;ℝ𝑛 ) ;

here ∇𝑢 stands for the weak gradient of 𝑢.
The functions that lie locally in 𝐿𝑝 and𝑊 1,𝑝 are denoted by 𝐿𝑝loc(ℝ𝑛) and𝑊

1,𝑝
loc (ℝ𝑛). Besides,

𝑊
1,𝑝
0 (𝑈 ) stands for those functions in𝑊 1,𝑝 (𝑈 ) with zero boundary value in the sense of the trace

and𝑊 1,∞
# (𝑌 ) indicates the 𝑌 -periodic functions in𝑊 1,∞(ℝ𝑛).

In general, the spaces defined above can be extended componentwise to vector-valued functions.
The target space is explicitly mentioned in the notation, like, for example, 𝐿𝑝 (𝑈 ;ℝ𝑚). Whenever
convenient, we identify a function on a subset of ℝ𝑛 with its trivial extension by zero. Finally,
we use 𝐶 to denote a generic constant, which may change from one estimate to the next without
further mention. If we wish to indicate the dependence of 𝐶 on certain quantities, we add them in
brackets.

Riesz potential and Fourier transform

We recall the definition of Riesz potential. Given 0 < 𝑠 < 𝑛, the Riesz potential kernel 𝐼𝑠 : ℝ𝑛\{0} →
ℝ is

𝐼𝑠 (𝑥) = 𝛾−1𝑛,𝑠
1

|𝑥 |𝑛−𝑠 , (3.10)

where

𝛾𝑛,𝑠 =
𝜋

𝑛
2 2𝑠 Γ( 𝑠2 )
Γ(𝑛−𝑠2 )

with Γ denoting the Gamma function. For notational convenience, we also define 𝐼1 : ℝ \ {0} → ℝ

as
𝐼1(𝑥) = − 1

𝜋
log( |𝑥 |) (3.11)

when 𝑛 = 1. The Riesz potential of a locally integrable function 𝑓 is given via convolution as

𝐼𝑠 ∗ 𝑓 (𝑥) = 1
𝛾𝑛,𝑠

∫
ℝ𝑛

𝑓 (𝑦)
|𝑥 − 𝑦 |𝑛−𝑠 𝑑𝑦,

whenever the integral exists for a.e. 𝑥 ∈ ℝ𝑛 .
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Since we will also deal with the use of the Fourier transform, we clarify here the notation we
are going to use. For 𝑓 ∈ 𝐿1(ℝ𝑛), we define the Fourier transform of 𝑓 as

𝑓 (𝜉) =
∫
ℝ𝑛

𝑓 (𝑥) 𝑒−2𝜋𝑖𝑥 ·𝜉 𝑑𝑥 𝜉 ∈ ℝ𝑛 .

Notice that this definition can also be used in the Schwartz space S (ℝ𝑛;ℂ), where it defines an
isomorphism. By continuity and duality extensions, it also defines isomorphism on the spaces
𝐿2(ℝ𝑛;ℂ) and in the space of tempered distributions S ′(ℝ𝑛;ℂ). Moreover, the inverse Fourier
transform is denoted by 𝑓 ∨ and corresponds with 𝑥 ↦→ 𝑓 (−𝑥). Notable references in Fourier anal-
ysis are [106, 122].

3.2.2 Nonlocal calculus and function spaces

In this section, we present the definition of the nonlocal gradient used throughout this paper, intro-
duce the naturally associated function spaces, and collect several auxiliary results. A delicate issue
is the choice of suitable boundary values, which is addressed below in Section 3.2.3.

In what follows, let 𝛿 > 0 and 𝑤𝛿 : ℝ𝑛 → [0,∞) be a non-negative cut-off function satisfying
these hypotheses:

(H1) 𝑤𝛿 is radial, i.e., there is a𝑤𝛿 : ℝ → [0,∞) such that𝑤𝛿 (𝑥) = 𝑤𝛿 ( |𝑥 |) for 𝑥 ∈ ℝ𝑛;
(H2) 𝑤𝛿 is smooth and compactly supported in 𝐵(0, 𝛿), i.e.,𝑤𝛿 ∈ 𝐶∞

𝑐 (𝐵(0, 𝛿));
(H3) there is a constant 𝑏0 ∈ (0, 1) such that𝑤𝛿 = 1 on 𝐵(0, 𝑏0𝛿);
(H4) 𝑤𝛿 is radially decreasing, that is,𝑤𝛿 (𝑥) ≥ 𝑤𝛿 (𝑦) if |𝑥 | ≤ |𝑦 |.

In accordance with [31, Definition 3.1], we define the nonlocal gradient and divergence for
smooth functions as follows: For 𝑠 ∈ [0, 1), the nonlocal gradient of 𝜑 ∈ 𝐶∞(ℝ𝑛) is given by

𝐷𝑠𝛿𝜑 (𝑥) = 𝑐𝑛,𝑠
∫
ℝ𝑛

𝜑 (𝑥) − 𝜑 (𝑦)
|𝑥 − 𝑦 |

𝑥 − 𝑦
|𝑥 − 𝑦 |

𝑤𝛿 (𝑥 − 𝑦)
|𝑥 − 𝑦 |𝑛+𝑠−1 𝑑𝑦 for 𝑥 ∈ ℝ𝑛 , (3.12)

and the nonlocal divergence of𝜓 ∈ 𝐶∞(ℝ𝑛;ℝ𝑛) is

div𝑠𝛿 𝜓 (𝑥) = 𝑐𝑛,𝑠
∫
ℝ𝑛

𝜓 (𝑥) −𝜓 (𝑦)
|𝑥 − 𝑦 | · 𝑥 − 𝑦

|𝑥 − 𝑦 |
𝑤𝛿 (𝑥 − 𝑦)
|𝑥 − 𝑦 |𝑛+𝑠−1 𝑑𝑦 for 𝑥 ∈ ℝ𝑛 , (3.13)

with the scaling constant

𝑐𝑛,𝑠 :=
Γ

(𝑛+𝑠+1
2

)
𝜋𝑛/22−𝑠Γ

( 1−𝑠
2

) .
Note that the integral in (3.12) is absolutely convergent given that 𝜑 is in particular locally Lip-
schitz continuous and 𝑤𝛿 (·)/|·|𝑛+𝑠−1 ∈ 𝐿1(ℝ𝑛) with compact support. Moreover, the above defi-
nitions show that supp(𝐷𝑠

𝛿
𝜑) ⊂ supp(𝜑) + 𝐵(0, 𝛿) and Proposition 3.2.2 below establishes 𝐷𝑠

𝛿
𝜑 ∈

𝐶∞(ℝ𝑛;ℝ𝑛). Analogous observations hold for the nonlocal divergence.

Remark 3.2.1. a) Due to the radial symmetry of 𝑤𝛿 from (H1), an equivalent way of expressing
𝐷𝑠
𝛿
𝜑 for 𝜑 ∈ 𝐶∞(ℝ𝑛) is as

𝐷𝑠𝛿𝜑 (𝑥) = lim
𝑟↓0

∫
𝐵 (𝑥,𝑟 )𝑐

𝜑 (𝑦)𝑑𝑠𝛿 (𝑥 − 𝑦) 𝑑𝑦 for 𝑥 ∈ ℝ𝑛 , (3.14)
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with

𝑑𝑠𝛿 (𝑥) = −𝑐𝑛,𝑠 𝑥𝑤𝛿 (𝑥)|𝑥 |𝑛+𝑠+1 for 𝑥 ∈ ℝ𝑛 \ {0}. (3.15)

When 𝑥 ∉ supp(𝜑), this allows us to write 𝐷𝑠
𝛿
𝜑 (𝑥) = (𝑑𝑠

𝛿
∗ 𝜑) (𝑥).

b) It is straightforward to check for the nonlocal gradient that it is translation and rotation
invariant, i.e.,

𝐷𝑠𝛿
(
𝜑 (· + 𝑏)) = 𝐷𝑠𝛿𝜑 (· + 𝑏) and 𝐷𝑠𝛿

(
𝜑 (𝑅 ·)) = 𝑅−1𝐷𝑠𝛿𝜑 (𝑅 ·)

for all 𝜑 ∈ 𝐶∞(ℝ𝑛), 𝑏 ∈ ℝ𝑛 and 𝑅 ∈ O(𝑛). The rotation invariance relies on the radiality of 𝑤𝛿 . If,
in addition, 𝑤𝛿 (·/𝜆) = 𝑤𝜆𝛿 (·) for all 𝜆 > 0, then 𝐷𝑠

𝛿
is also positively 𝑠-homogeneous in the sense

that
𝐷𝑠𝛿

(
𝜑 (𝜆 ·)) = 𝜆𝑠𝐷𝑠𝛿/𝜆𝜑 (𝜆 ·)

for all 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛) and 𝜆 > 0.

To put this observation in context, we remark that Šilhavý in [208] identified the Riesz frac-
tional gradient as the unique fractional derivative operator that is suitably continuous, rotation
and translation invariant and 𝑠-homogeneous. Hence, one can view 𝐷𝑠

𝛿
as a nonlocal derivative

operator with finite interaction range that enjoys the same desirable properties. △

As recently shown in [31], the nonlocal gradient can be written as the convolution of a certain
integrable kernel with the classical gradient. To formulate this result, which is in analogy to the
representation of the Riesz fractional gradient as the Riesz potential of the usual gradient, we first
introduce for 𝑠 ∈ [0, 1) the kernel

𝑄𝑠𝛿 : ℝ𝑛 \ {0} → ℝ, 𝑄𝑠𝛿 (𝑥) = 𝑐𝑛,𝑠
∫ 𝛿

|𝑥 |

𝑤𝛿 (𝑡)
𝑡𝑛+𝑠

𝑑𝑡 . (3.16)

Proposition 3.2.2. Let 𝑠 ∈ [0, 1). It holds for every 𝜑 ∈ 𝐶∞(ℝ𝑛) that

𝐷𝑠𝛿𝜑 = 𝑄𝑠𝛿 ∗ ∇𝜑 ∈ 𝐶∞(ℝ𝑛).

In particular, when 𝜑 ∈ S (ℝ𝑛) then 𝐷𝑠
𝛿
𝜑 ∈ S (ℝ𝑛;ℝ𝑛).

Proof. The statement for 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛) and 𝑠 ∈ (0, 1) is exactly [31, Proposition 4.3], and the case

𝑠 = 0 is proven analogously. Since any 𝜑 ∈ 𝐶∞(ℝ𝑛) locally coincides with a smooth function with
compact support, the same holds for such functions. Finally, since 𝑄𝑠

𝛿
∈ 𝐿1(ℝ𝑛), the statement for

Schwartz functions follows. □

Remark 3.2.3 (Properties of 𝑸𝒔
𝜹
). For easier referencing, we list here a few relevant properties

of 𝑄𝑠
𝛿
for 𝑠 ∈ [0, 1) that will be used later in the paper. The details for 𝑠 ∈ (0, 1) can be found

in [31, Lemma 4.2, Propositions 5.2 and 5.5], and the same arguments extend also to the case 𝑠 = 0.
a) The kernel 𝑄𝑠

𝛿
lies in 𝐿1(ℝ𝑛) with supp(𝑄𝑠

𝛿
) ⊂ 𝐵(0, 𝛿) and is radially decreasing.

b) Since 𝑄𝑠
𝛿
has compact support, its Fourier transform is analytic and thus smooth. Moreover,

𝑄𝑠
𝛿
is bounded, radial, and strictly positive. △

The nonlocal gradient and divergence as defined in (3.12) and (3.13) act as dual operators in the
sense of integration by parts. While several versions of nonlocal integration by parts for related
fractional or nonlocal operators have been studied in the literature [66, 161, 208], we employ here
the following formula, stated for smooth functions.
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Lemma 3.2.4 (Nonlocal integration by parts formula). Let 𝑠 ∈ [0, 1) and suppose that 𝜑 ∈
𝐶∞
𝑐 (ℝ𝑛) and𝜓 ∈ 𝐶∞

𝑐 (ℝ𝑛;ℝ𝑛). Then,∫
ℝ𝑛

𝐷𝑠𝛿𝜑 ·𝜓 𝑑𝑥 = −
∫
ℝ𝑛

𝜑 div𝑠𝛿 𝜓 𝑑𝑥.

Proof. According to Proposition 3.2.2, it holds that 𝐷𝑠
𝛿
𝜑 = 𝑄𝑠

𝛿
∗ ∇𝜑 = ∇(𝑄𝑠

𝛿
∗ 𝜑) ∈ 𝐶∞

𝑐 (ℝ𝑛;ℝ𝑛) and
similarly, div𝑠𝛿 𝜓 = 𝑄𝑠

𝛿
∗ div𝜓 ∈ 𝐶∞

𝑐 (ℝ𝑛). Hence, we may calculate∫
ℝ𝑛

𝐷𝑠𝛿𝜑 ·𝜓 𝑑𝑥 =
∫
ℝ𝑛

∇(𝑄𝑠𝛿 ∗ 𝜑) ·𝜓 𝑑𝑥

= −
∫
ℝ𝑛

(𝑄𝑠𝛿 ∗ 𝜑) div𝜓 𝑑𝑥 = −
∫
ℝ𝑛

𝜑 (𝑄𝑠𝛿 ∗ div𝜓 ) 𝑑𝑥 = −
∫
ℝ𝑛

𝜑 div𝑠𝛿 𝜓 𝑑𝑥 ;

the second identity is due to classical integration by parts, while the third one follows via Fubini’s
theorem. □

In light of this integration by parts formula, the definition in (3.12) can be extended to a broader
class of functions using a distributional approach. We will work with functions defined on an open
set Ω ⊂ ℝ𝑛 . As nonlocal boundary of this set, we choose a volumetric type as is common in
nonlocal models, considering a tubular neighborhood or collar of radius 𝛿 > 0 around Ω. Precisely,
Ω𝛿 = Ω + 𝐵(0, 𝛿) is the nonlocal closure of Ω and Ω𝛿 \ Ω plays the role of nonlocal boundary.

Definition 3.2.5 (Weak nonlocal gradient). Let 𝑠 ∈ [0, 1), 𝛿 > 0, Ω ⊂ ℝ𝑛 open and𝑢 ∈ 𝐿1loc(Ω𝛿 ).
We say that 𝑣 ∈ 𝐿1loc(Ω;ℝ𝑛) is the weak nonlocal gradient of 𝑢, written as 𝑣 = 𝐷𝑠

𝛿
𝑢, if∫

Ω
𝑣 ·𝜓 𝑑𝑥 = −

∫
Ω𝛿

𝑢 div𝑠𝛿 𝜓 𝑑𝑥 for all𝜓 ∈ 𝐶∞
𝑐 (Ω;ℝ𝑛) .

Remark 3.2.6. In the case 𝑠 = 0, it holds for each 𝜑 ∈ 𝐶∞(ℝ𝑛) by (3.14) that

𝐷0
𝛿𝜑 (𝑥) = lim

𝑟↓0

∫
𝐵 (𝑥,𝑟 )𝑐

𝜑 (𝑦)𝑑0𝛿 (𝑥 − 𝑦) 𝑑𝑦 for 𝑥 ∈ ℝ𝑛 ,

with 𝑑0
𝛿
as in (3.15). The theory of singular integrals (see e.g., [122, Theorem 5.4.1]) implies that

𝐷0
𝛿
can be uniquely extended to a continuous linear operator from 𝐿𝑝 (ℝ𝑛) to 𝐿𝑝 (ℝ𝑛;ℝ𝑛) when

𝑝 ∈ (1,∞); indeed, one can easily verify that 𝑑0
𝛿
satisfies the size and cancellation conditions [122,

Eq. (5.4.1) and (5.4.3)], while the Hörmander condition [122, Eq. (5.4.2)] follows from the stronger
property

|∇𝑑0𝛿 | ≤
𝐶

| · |𝑛+1 ,

which holds due to ∇𝑤𝛿 = 0 in 𝐵(0, 𝑏0𝛿).
We therefore find for each 𝑢 ∈ 𝐿𝑝 (Ω𝛿 ) (after extension to ℝ𝑛 by zero) that 𝐷0

𝛿
𝑢 ∈ 𝐿𝑝 (Ω;ℝ𝑛)

and
∥𝐷0

𝛿𝑢∥𝐿𝑝 (Ω;ℝ𝑛 ) ≤ 𝐶 ∥𝑢∥𝐿𝑝 (Ω𝛿 )

with 𝐶 > 0 a constant independent of 𝑢. Note that via a density argument, 𝐷0
𝛿
𝑢 coincides with the

weak nonlocal gradient from Definition 3.2.5. △
In analogy with the definition of the standard and fractional Sobolev spaces, it is now quite

natural to consider the space of 𝐿𝑝-functions whose weak nonlocal gradient is also an 𝐿𝑝-function.
Our default choice for the integrability parameters throughout the manuscript is 𝑝 ∈ (1,∞). Espe-
cially when dealing with compactness results, weak convergence, and the coercivity of functionals,
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the reflexivity of the nonlocal Sobolev spaces is essential. For the sake of generality, however, we
introduce the following spaces for the full range of integrability exponents 𝑝 ∈ [1,∞] and extend
results to the cases 𝑝 = 1 and 𝑝 = ∞ whenever this is possible at moderate technical expense.

Definition 3.2.7 (Nonlocal Sobolev spaces). Let 𝑠 ∈ [0, 1), 𝑝 ∈ [1,∞] and Ω ⊂ ℝ𝑛 be open. We
define the nonlocal Sobolev space 𝐻𝑠,𝑝,𝛿 (Ω) as

𝐻𝑠,𝑝,𝛿 (Ω) := {𝑢 ∈ 𝐿𝑝 (Ω𝛿 ) : 𝐷𝑠𝛿𝑢 ∈ 𝐿𝑝 (Ω;ℝ𝑛)},
equipped with the norm

∥𝑢∥𝐻𝑠,𝑝,𝛿 (Ω) =
(
∥𝑢∥𝑝

𝐿𝑝 (Ω𝛿 ) +
𝐷𝑠𝛿𝑢𝑝𝐿𝑝 (Ω;ℝ𝑛 )

) 1
𝑝

.

The corresponding spaces of vector-valued functions 𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑚) are defined componentwise.

In parallel with the classical Sobolev spaces, 𝐻𝑠,𝑝,𝛿 (Ω) is a Banach space and, when 𝑝 ∈ (1,∞),
also reflexive. Moreover, a sequence {𝑢 𝑗 } 𝑗∈ℕ ⊂ 𝐻𝑠,𝑝,𝛿 (Ω) converges weakly to 𝑢 in 𝐻𝑠,𝑝,𝛿 (Ω) for
𝑝 ∈ (1,∞) if and only if 𝑢 𝑗 ⇀ 𝑢 in 𝐿𝑝 (Ω𝛿 ) and 𝐷𝑠𝛿𝑢 𝑗 ⇀ 𝐷𝑠

𝛿
𝑢 in 𝐿𝑝 (Ω;ℝ𝑛) as 𝑗 → ∞. In view of

Remark 3.2.6, it holds that𝐻 0,𝑝,𝛿 (Ω) = 𝐿𝑝 (Ω𝛿 ) for 𝑝 ∈ (1,∞)with an equivalent norm. Additionally,
we set

𝐻 1,𝑝,𝛿 (ℝ𝑛) :=𝑊 1,𝑝 (ℝ𝑛) with 𝐷1
𝛿𝑢 := ∇𝑢 for 𝑢 ∈ 𝐻 1,𝑝,𝛿 (ℝ𝑛), (3.17)

which provides a consistent notation for the range of fractional orders 𝑠 ∈ [0, 1].
When we consider the whole space, i.e., Ω = ℝ𝑛 , and 𝑠 ∈ (0, 1), then by Lemma 3.2.16 the

nonlocal Sobolev spaces of Definition 3.2.7 correspond to the fractional Sobolev spaces 𝐻𝑠,𝑝 (ℝ𝑛)
consisting of 𝐿𝑝-functions with weak fractional gradient in 𝐿𝑝 , which are known to be equivalent
to the Bessel potential spaces for 𝑝 ∈ (1,∞) [54, 66, 140, 193]; in formulas,

𝐻𝑠,𝑝,𝛿 (ℝ𝑛) = 𝐻𝑠,𝑝 (ℝ𝑛) .
Wepoint out that for 𝑠 ∈ (0, 1) and 𝑝 ∈ [1,∞), the Definition 3.2.7 is different from hownonlocal

Sobolev spaces are introduced in [31, Definition 3.3], where the authors use the closure of𝐶∞
𝑐 (ℝ𝑛)

functions under the norm in (3.2.7). However, both definitions are equivalent for Lipschitz domains
as the following density result shows. It corresponds to a nonlocal version of the Meyers-Serrin
theorem for classical Sobolev spaces, and the proof, which is based on approximate extension, can
be found in Appendix 3.B.

Theorem 3.2.8. Let 𝑠 ∈ [0, 1), 𝑝 ∈ [1,∞) and let Ω ⊂ ℝ𝑛 be a bounded Lipschitz domain or
Ω = ℝ𝑛 . Then, for every 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω), there exists a sequence {𝜑 𝑗 } 𝑗∈ℕ ⊂ 𝐶∞

𝑐 (ℝ𝑛) that converges
(when restricted to Ω𝛿 ) to 𝑢 in 𝐻𝑠,𝑝,𝛿 (Ω).

An important ingredient for the analysis of the nonlocal gradient are suitable versions of the
fundamental theorem of calculus (FTC). For the case 𝑠 ∈ (0, 1), this has been proven in [31, Propo-
sition 4.4]. Now we generalize it to 𝑠 = 0 as well, which is needed to obtain a nonlocal Poincaré
inequality independent of the fractional parameter. The proof takes inspiration from the arguments
in [31, Appendix].

Proposition 3.2.9 (Nonlocal FTC for 𝒔 = 0). There is a function𝑊𝛿 ∈ 𝐿∞(ℝ𝑛;ℝ𝑛) such that
every 𝜑 ∈ S (ℝ𝑛) can be expressed as

𝜑 = −𝑅𝐷0
𝛿𝜑 +𝑊𝛿 ∗ 𝐷0

𝛿𝜑,

where 𝑅𝜓 (𝜉) = 𝑖𝜉 ·𝜓 (𝜉 )
|𝜉 | denotes the Riesz transform of 𝜓 ∈ S (ℝ𝑛;ℝ𝑛) and𝑊𝛿 ∗ 𝐷0

𝛿
𝜑 is the sum of the

componentwise convolutions of𝑊𝛿 and 𝐷0
𝛿
𝜑 .
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Proof. Consider the tempered distribution 𝑍𝛿 ∈ S ′(ℝ𝑛;ℂ𝑛), given by

⟨𝑍𝛿 , [⟩ = lim
𝑟↓0

∫
𝐵 (0,𝑟 )𝑐

(
𝑖𝜉

|𝜉 | −
𝑖𝜉

2𝜋 |𝜉 |2𝑄0
𝛿
(𝜉)

)
[ (𝜉) 𝑑𝜉 for [ ∈ S (ℝ𝑛) .

We may decompose 𝑍𝛿 into the sum of another tempered distribution 𝑌𝛿 ∈ S ′(ℝ𝑛;ℂ𝑛) given by

⟨𝑌𝛿 , [⟩ = lim
𝑟↓0

∫
𝐵 (0,𝑟 )𝑐

𝟙𝐵 (0,1) (𝜉)
−𝑖𝜉

2𝜋 |𝜉 |2𝑄0
𝛿
(0)

[ (𝜉) 𝑑𝜉 for [ ∈ S (ℝ𝑛),

and the locally integrable function 𝑋𝛿 ∈ 𝐿1loc(ℝ𝑛;ℂ𝑛),

𝜉 ↦→
(

𝑖𝜉

2𝜋 |𝜉 |2

(
1

𝑄0
𝛿
(0)

− 1

𝑄0
𝛿
(𝜉)

)
+ 𝑖𝜉

|𝜉 |

)
𝟙𝐵 (0,1) (𝜉) +

𝑖𝜉

|𝜉 |

(
1 − 1

2𝜋 |𝜉 |𝑄0
𝛿
(𝜉)

)
𝟙𝐵 (0,1)𝑐 (𝜉).

The inverse Fourier transform of 𝑌𝛿 corresponds to a bounded function; for the case 𝑛 ≥ 2, this is
because 𝑌𝛿 agrees with an integrable function, whereas for the case 𝑛 = 1 this follows from [31,
Lemma A.1𝑏)]. Moreover, we can show that𝑋𝛿 is actually integrable. For the first term this follows
from the fact that 𝑄0

𝛿
is smooth and strictly positive, cf. Remark 3.2.3. For the second term, we use

(3.76) to write for |𝜉 | ≥ 1

1 − 1

2𝜋 |𝜉 |𝑄0
𝛿
(𝜉)

= 1 − 1

1 + 2𝜋 |𝜉 |𝑅0
𝛿
(𝜉)

=
2𝜋 |𝜉 |𝑅0

𝛿
(𝜉)

1 + 2𝜋 |𝜉 |𝑅0
𝛿
(𝜉)

,

which is integrable by Lemma 3.A.1. We conclude that 𝑋𝛿 also has a bounded inverse Fourier
transform.

All in all, we conclude that there is a𝑊𝛿 ∈ 𝐿∞(ℝ𝑛;ℝ𝑛) such that

𝑊𝛿 = 𝑍𝛿 .

Note that𝑊𝛿 takes values in ℝ𝑛 as ⟨𝑍𝛿 , [ (− ·)⟩ = ⟨𝑍𝛿 , [⟩ for [ ∈ S (ℝ𝑛). Finally, using Proposition
3.2.2 for the Fourier transform of 𝐷0

𝛿
𝜑 , we have for 𝜑, [ ∈ S (ℝ𝑛) and 𝜓 = −𝑅𝐷0

𝛿
𝜑 +𝑊𝛿 ∗ 𝐷0

𝛿
𝜑 ∈

S ′(ℝ𝑛) that

⟨𝜓, [⟩ =
∫
ℝ𝑛

−𝑖𝜉
|𝜉 | · �𝐷0

𝛿
𝜑 (𝜉)[ (𝜉) 𝑑𝜉 + ⟨𝑍𝛿𝐷0

𝛿
𝜑, [⟩

= lim
𝑟↓0

∫
𝐵 (0,𝑟 )𝑐

−𝑖𝜉
2𝜋 |𝜉 |2𝑄0

𝛿
(𝜉)

· 𝐷0
𝛿
𝜑 (𝜉)[ (𝜉) 𝑑𝜉

= lim
𝑟↓0

∫
𝐵 (0,𝑟 )𝑐

−𝑖𝜉
2𝜋 |𝜉 |2𝑄0

𝛿
(𝜉)

·𝑄0
𝛿 (𝜉)2𝜋𝑖𝜉𝜑 (𝜉)[ (𝜉) 𝑑𝜉 =

∫
ℝ𝑛

𝜑 (𝜉)[ (𝜉) 𝑑𝜉,

which proves𝜓 = 𝜑 ∈ S (ℝ𝑛) after taking the inverse Fourier transform. □

3.2.3 Complementary-value spaces

Our study of variational problems involving the nonlocal gradient is carried out on affine subspaces
of 𝐻𝑠,𝑝,𝛿 (Ω) satisfying a complementary-value condition. For Ω ⊂ ℝ𝑛 open and bounded, let

Ω−𝛿 = {𝑥 ∈ Ω : 𝑑 (𝑥, 𝜕Ω) > 𝛿}.
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Ω−𝛿

Γ−𝛿

Γ𝛿

Ω𝛿

𝛿

Ω−𝛿ΩΩ𝛿

𝛿
𝛿

1

Figure 3.2: Illustration of the set Ω with its nonlocal closure Ω𝛿 , its nonlocal boundary Ω𝛿 \ Ω, and
the collar Ω𝛿 \ Ω−𝛿 of thickness 2𝛿 , where complementary values are prescribed.

Whenever we work with the complementary-value spaces throughout the paper, we assume im-
plicitly that 𝛿 > 0 is small enough so that Ω−𝛿 is non-empty, that is, 0 < 𝛿 < max𝑥∈Ω 𝑑 (𝑥, 𝜕Ω);
for an illustration of Ω and its inner and outer collar, see Figure 3.2. We define for 𝑠 ∈ [0, 1) and
𝑝 ∈ [1,∞),

𝐻
𝑠,𝑝,𝛿
0 (Ω) = 𝐶∞

𝑐 (Ω−𝛿 )
𝐻𝑠,𝑝,𝛿 (Ω)

(3.18)

and for 𝑔 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) the complementary-value space

𝐻
𝑠,𝑝,𝛿
𝑔 (Ω) = 𝑔 + 𝐻𝑠,𝑝,𝛿0 (Ω) .

In a similar vain, we set
𝐻

1,𝑝,𝛿
0 (Ω) := 𝐶∞

𝑐 (Ω−𝛿 )
𝑊 1,𝑝 (Ω𝛿 )

, (3.19)

which will be used to study the asymptotics 𝑠 → 1.
In order to avoid confusion, we clarify that the notation used in this document for 𝐻𝑠,𝑝,𝛿𝑔 (Ω)

slightly differs from the one used in [30, 31], where the same spaces were denoted by 𝐻𝑠,𝑝,𝛿𝑔 (Ω−𝛿 ).
When Ω−𝛿 is a Lipschitz domain, these affine subspaces comprise exactly those functions in

𝐻𝑠,𝑝,𝛿 (Ω) that have prescribed values in Ω𝛿 \ Ω−𝛿 . Indeed, for the case 𝑠 = 1, it is well-known that

𝐻
1,𝑝,𝛿
0 (Ω) = {𝑢 ∈𝑊 1,𝑝 (Ω𝛿 ) : 𝑢 = 0 a.e. in Ω𝛿 \ Ω−𝛿 },

whereas the case 𝑠 ∈ [0, 1) is treated in the next statement, which we prove in Appendix 3.B.

Proposition 3.2.10. Let 𝑠 ∈ [0, 1), 𝑝 ∈ [1,∞) and Ω ⊂ ℝ𝑛 be open and bounded such that Ω−𝛿 is
a Lipschitz domain. Then,

𝐻
𝑠,𝑝,𝛿
𝑔 (Ω) = {𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) : 𝑢 = 𝑔 a.e. in Ω𝛿 \ Ω−𝛿 }.

It may be surprising at first glance that we prescribe values in a collar of width 2𝛿 around the
boundary of Ω, yet, this choice leads to a natural treatment of the nonlocal variational problems in
this paper, as can be seen for instance from the Poincaré inequality in [31, Theorem 6.2] and the
Euler-Lagrange equations in [31, Theorem 8.2].
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For a discussion of relevant properties and useful results on these function spaces, like Poincaré
inequalities and compact embeddings, we refer to [30, 31]. Apart from those, there is the follow-
ing Leibniz rule from [30, Lemma 3.2 and 3.3], which we will use among other things to enforce
complementary-values via cut-off procedures.

Lemma 3.2.11 (Nonlocal Leibniz rule). Let 𝑠 ∈ [0, 1), 𝛿 > 0, 𝑝 ∈ [1,∞], and Ω ⊂ ℝ𝑛 open. If
𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) and 𝜒 ∈ 𝐶∞

𝑐 (ℝ𝑛), then 𝜒𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) with

𝐷𝑠𝛿 (𝜒𝑢) = 𝜒𝐷𝑠𝛿𝑢 + 𝐾𝜒 (𝑢),

where 𝐾𝜒 : 𝐿𝑝 (Ω𝛿 ) → 𝐿𝑝 (Ω;ℝ𝑛) is the bounded linear operator given by

𝐾𝜒 (𝑢) (𝑥) = 𝑐𝑛,𝑠
∫
𝐵 (𝑥,𝛿 )

𝑢 (𝑦) 𝜒 (𝑥) − 𝜒 (𝑦)|𝑥 − 𝑦 |𝑛+𝑠
𝑥 − 𝑦
|𝑥 − 𝑦 |𝑤𝛿 (𝑥 − 𝑦) 𝑑𝑦 for 𝑥 ∈ Ω,

and there is a 𝐶 > 0 such that

∥𝐾𝜒 (𝑢)∥𝐿𝑝 (Ω;ℝ𝑛 ) ≤ 𝐶Lip(𝜒)∥𝑢∥𝐿𝑝 (Ω𝛿 ) .

Proof. The statement for 𝑢 ∈ 𝐶∞
𝑐 (ℝ𝑛) with 𝑠 ∈ (0, 1) and the bound for 𝐾𝜒 follow immediately

from [30, Lemma 3.2 and 3.3] (the arguments remain valid for unbounded sets). We can extend it
to 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) via a distributional argument as in Lemma 3.B.1. The case 𝑠 = 0 can be proven
analogously. □

In a similar spirit, one obtains with a slight abuse of notation that

div𝑠𝛿 (𝜒𝑢) = 𝜒 div𝑠𝛿 𝑢 + 𝐾𝜒 (𝑢⊺) (3.20)

for 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑛) and 𝜒 ∈ 𝐶∞
𝑐 (ℝ𝑛); here Z ⊺ indicates the transpose of a vector Z ∈ ℝ𝑛 .

As a consequence of the Leibniz rule above, we can prove that in complementary-value spaces,
weak convergence of nonlocal gradients improves to strong convergence in the strip where the
values are prescribed. The following result shows natural parallels with [140, Lemma 2.12] in the
context of Riesz fractional gradients.

Lemma 3.2.12 (Strong convergence in the collar). Let 𝑠 ∈ (0, 1), 𝑝 ∈ (1,∞), Ω ⊂ ℝ𝑛 open and
bounded, 𝑂 ⊂ Ω open with Ω−𝛿 ⋐ 𝑂 , and 𝑔 ∈ 𝐻𝑠,𝑝,𝛿 (Ω). If {𝑢 𝑗 } 𝑗∈ℕ ⊂ 𝐻

𝑠,𝑝,𝛿
𝑔 (Ω) converges weakly to

𝑢 in 𝐻𝑠,𝑝,𝛿 (Ω), then
𝐷𝑠𝛿𝑢 𝑗 → 𝐷𝑠𝛿𝑢 in 𝐿𝑝 (Ω \𝑂 ;ℝ𝑛).

Proof. Due to linearity, it suffices to prove the statement for the special case 𝑢 = 0 and 𝑔 = 0. Let
us consider therefore a sequence {𝑢 𝑗 } 𝑗∈ℕ ⊂ 𝐻

𝑠,𝑝,𝛿
0 (Ω) with 𝑢 𝑗 ⇀ 0 in 𝐻𝑠,𝑝,𝛿 (Ω). With 𝜒 ∈ 𝐶∞

𝑐 (𝑂)
a cut-off function with 𝜒 ≡ 1 on Ω−𝛿 , we obtain that 𝑢 𝑗 = 𝜒𝑢 𝑗 for 𝑗 ∈ ℕ and 𝑢 𝑗 → 0 in 𝐿𝑝 (Ω𝛿 ) as a
consequence of [31, Theorem 7.3]. Hence, by Lemma 3.2.11,

∥𝐷𝑠𝛿𝑢 𝑗 ∥𝐿𝑝 (Ω\𝑂 ;ℝ𝑛 ) = ∥𝐷𝑠𝛿 (𝜒𝑢 𝑗 )∥𝐿𝑝 (Ω\𝑂 ;ℝ𝑛 )
≤ ∥𝐷𝑠𝛿 (𝜒𝑢 𝑗 ) − 𝜒𝐷𝑠𝛿𝑢 𝑗 ∥𝐿𝑝 (Ω;ℝ𝑛 ) = ∥𝐾𝜒 (𝑢 𝑗 )∥𝐿𝑝 (Ω;ℝ𝑛 ) → 0 as 𝑗 → ∞,

exploiting the continuity of 𝐾𝜒 : 𝐿𝑝 (Ω𝛿 ) → 𝐿𝑝 (Ω;ℝ𝑛). □
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3.2.4 Connection between nonlocal and classical Sobolev spaces

One of the key tools for our analysis is the following proposition, which allows us to switch between
nonlocal and classical gradients and is the technical basis for an effective translation mechanism.
It is the counterpart of [140, Proposition 3.1], where fractional gradients and their relation with
classical ones are analyzed.

We first introduce the operator

P𝑠𝛿 : S (ℝ𝑛) → S (ℝ𝑛), 𝜑 ↦→
(
𝜑

𝑄𝑠
𝛿

)∨
, (3.21)

which is well-defined since 1/𝑄𝑠
𝛿
is a smooth function with polynomially bounded derivatives

(cf. Remark 3.2.3 and [31, Eq. (29)]). Moreover, as a consequence of the Fourier representation,

P𝑠𝛿 (𝑄𝑠𝛿 ∗ 𝜑) = 𝑄𝑠𝛿 ∗ (P𝑠𝛿𝜑) = 𝜑 for all 𝜑 ∈ S (ℝ𝑛), (3.22)

which implies, in particular, that 𝐷𝑠
𝛿
(P𝑠

𝛿
𝜑) = ∇(𝑄𝑠

𝛿
∗ (P𝑠

𝛿
𝜑)) = ∇𝜑 . We now extend these properties

to the Sobolev spaces.

Theorem 3.2.13 (Translating between nonlocal and classical gradients). Let 𝑠 ∈ (0, 1), 𝑝 ∈
[1,∞] and Ω ⊂ ℝ𝑛 be open. The following two statements hold:

(𝑖) The operator Q𝑠
𝛿
: 𝐻𝑠,𝑝,𝛿 (Ω) →𝑊 1,𝑝 (Ω), 𝑢 ↦→ 𝑄𝑠

𝛿
∗ 𝑢 is bounded and if 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω), then

𝑣 = Q𝑠
𝛿
𝑢 satisfies ∇𝑣 = 𝐷𝑠

𝛿
𝑢 on Ω.

(𝑖𝑖) The operator P𝑠
𝛿
in (3.21) can be extended to a bounded linear operator from 𝑊 1,𝑝 (ℝ𝑛) to

𝐻𝑠,𝑝,𝛿 (ℝ𝑛) such that P𝑠
𝛿
= (Q𝑠

𝛿
)−1, i.e.,

P𝑠𝛿Q𝑠
𝛿𝑢 = 𝑢 for 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) and Q𝑠

𝛿P𝑠𝛿𝑣 = 𝑣 for 𝑣 ∈𝑊 1,𝑝 (ℝ𝑛);

in particular, if 𝑣 ∈𝑊 1,𝑝 (ℝ𝑛), then 𝑢 = P𝑠
𝛿
𝑣 satisfies 𝐷𝑠

𝛿
𝑢 = ∇𝑣 on ℝ𝑛 .

Proof. Part (i): Let 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω), then 𝑣 = Q𝑠
𝛿
𝑢 ∈ 𝐿𝑝 (Ω) since 𝑄𝑠

𝛿
∈ 𝐿1(ℝ𝑛). For every 𝜑 ∈

𝐶∞
𝑐 (Ω;ℝ𝑛), we find that∫

Ω
𝑣 div𝜑 𝑑𝑥 =

∫
Ω𝛿

𝑢 (𝑄𝑠𝛿 ∗ div𝜑) 𝑑𝑥

=
∫
Ω𝛿

𝑢 div𝑠𝛿 𝜑 𝑑𝑥 = −
∫
Ω
𝐷𝑠𝛿𝑢 · 𝜑 𝑑𝑥,

where the first identity uses Fubini’s theorem, the second one follows from Proposition 3.2.2, and
the third one is simply the definition of the weak nonlocal gradient. This proves 𝑣 ∈𝑊 1,𝑝 (Ω) with
∇𝑣 = 𝐷𝑠

𝛿
𝑢 on Ω. The boundedness of Q𝑠

𝛿
follows from Young’s convolution inequality.

Part (ii): Since P𝑠
𝛿
is the inverse of the mapping Q𝑠

𝛿
on S (ℝ𝑛) (cf. (3.22)), it is sufficient to

prove that Q𝑠
𝛿
is boundedly invertible. Indeed, we can then find the suitable extension by setting

P𝑠
𝛿
:= (Q𝑠

𝛿
)−1. Since Q𝑠

𝛿
is bounded by part (𝑖), we only need to prove bijectivity to deduce the

statement via Banach’s isomorphism theorem.
Step 1: Injectivity. Suppose thatQ𝑠

𝛿
𝑢 = 𝑄𝑠

𝛿
∗𝑢 = 0 for𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (ℝ𝑛). Then, 𝐷𝑠

𝛿
𝑢 = ∇(𝑄𝑠

𝛿
∗𝑢) = 0,

and in particular, ∫
ℝ𝑛

𝑢 div𝑠𝛿 𝜑 𝑑𝑥 = 0 for all 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛;ℝ𝑛);
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by density, this also holds for all 𝜑 ∈ S (ℝ𝑛;ℝ𝑛). By taking any 𝜓 ∈ 𝐶∞
𝑐 (ℝ𝑛;ℝ𝑛) and setting

𝜑 = P𝑠
𝛿
𝜓 ∈ S (ℝ𝑛;ℝ𝑛), we obtain

0 =
∫
ℝ𝑛

𝑢 div𝑠𝛿 𝜑 𝑑𝑥 =
∫
ℝ𝑛

𝑢 div𝑠𝛿 P𝑠𝛿𝜓 𝑑𝑥 =
∫
ℝ𝑛

𝑢 div𝜓 𝑑𝑥.

Hence, 𝑢 is constant. Together with 𝑄𝑠
𝛿
∗ 𝑢 = 0, this shows that 𝑢 = 0 and proves the injectivity of

Q𝑠
𝛿
.
Step 2: Surjectivity. Take 𝑣 ∈𝑊 1,𝑝 (ℝ𝑛) and 𝜒 ∈ 𝐶∞

𝑐 (ℝ𝑛) an even function with 𝜒 ≡ 1 on 𝐵(0, 1).
Define the functions 𝜑1, 𝜑2 ∈ S (ℝ𝑛) by

𝜑1 = −𝜒∨ and 𝜑2 =

(
𝜒

𝑄𝑠
𝛿

+ (1 − 𝜒)
(
1

𝑄𝑠
𝛿

− |2𝜋 · |1−𝑠
))∨

;

here, 𝜑2 ∈ S (ℝ𝑛) since

1

𝑄𝑠
𝛿

− |2𝜋 · |1−𝑠 =
−|2𝜋 · |1−𝑠𝑅𝑠

𝛿

𝑄𝑠
𝛿

in 𝐵(0, 1)𝑐

in view of (3.76), and 𝑅𝑠
𝛿
agrees with a Schwartz function on 𝐵(0, 1)𝑐 by (3.77). Note also that 𝜑1 and

𝜑2 are real-valued and even, since the same holds for their Fourier transforms. Because (−Δ) 1−𝑠
2 may

be extended to a bounded linear operator from𝑊 1,𝑝 (ℝ𝑛) to𝐻𝑠,𝑝 (ℝ𝑛) (cf. [140, Proposition 3.1 (𝑖𝑖)])
and 𝐻𝑠,𝑝 (ℝ𝑛) = 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) by Lemma 3.24 and Remark 3.2.17, we can define

𝑤 := (−Δ) 1−𝑠
2 𝑣 + 𝜑1 ∗ (−Δ)

1−𝑠
2 𝑣 + 𝜑2 ∗ 𝑣 ∈ 𝐻𝑠,𝑝,𝛿 (ℝ𝑛).

Using Fubini’s theorem and the duality for the fractional Laplacian (see e.g., [140, Eq. (3.6)]), we
find for 𝜑 ∈ 𝐶∞

𝑐 (ℝ𝑛;ℝ𝑛)∫
ℝ𝑛

𝑤 div𝑠𝛿 𝜑 𝑑𝑥 =
∫
ℝ𝑛

𝑣
((−Δ) 1−𝑠

2 div𝑠𝛿 𝜑 + (−Δ) 1−𝑠
2 (𝜑1 ∗ div𝑠𝛿 𝜑) + 𝜑2 ∗ div𝑠𝛿 𝜑

)
𝑑𝑥

=
∫
ℝ𝑛

𝑣 div𝜑 𝑑𝑥,

where the last inequality follows from(
(−Δ) 1−𝑠

2 div𝑠𝛿 𝜑 + (−Δ) 1−𝑠
2 (𝜑1 ∗ div𝑠𝛿 𝜑) + 𝜑2 ∗ div𝑠𝛿 𝜑

)∧
(𝜉)

=
( |2𝜋𝜉 |1−𝑠 + |2𝜋𝜉 |1−𝑠𝜑1(𝜉) + 𝜑2(𝜉)

)
𝑄𝑠
𝛿
(𝜉)2𝜋𝑖𝜉 · 𝜑 (𝜉) = 2𝜋𝑖𝜉 · 𝜑 (𝜉) = �div𝜑 (𝜉) .

We conclude that 𝐷𝑠
𝛿
𝑤 = ∇𝑣 , which means that Q𝑠

𝛿
𝑤 − 𝑣 ≡ 𝑐 for some 𝑐 ∈ ℝ; if 𝑝 < ∞, then 𝑐 = 0

since both Q𝑠
𝛿
𝑤 and 𝑣 lie in 𝐿𝑝 (ℝ𝑛). Therefore, we obtain

Q𝑠
𝛿

(
𝑤 − 𝑐

∥𝑄𝑠
𝛿
∥𝐿1 (ℝ𝑛 )

)
= 𝑣,

which shows the surjectivity of Q𝑠
𝛿
and finishes the proof. □

Remark 3.2.14. a) Note that the proof of the fractional version of (𝑖) in [140, Proposition 3.1 (𝑖)]
has to deal with a technical difficulty that the Riesz kernel 𝐼1−𝑠 is not integrable as opposed to
𝑄𝑠
𝛿
. Therefore, the convolution of 𝐼1−𝑠 with an 𝐿𝑝-function for large 𝑝 is not always well-defined,
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whereas 𝑄𝑠
𝛿
can be convolved with any 𝐿𝑝-function. In particular, there is also no perfect identi-

fication between 𝐻𝑠,𝑝 (ℝ𝑛) and𝑊 1,𝑝 (ℝ𝑛) that turns fractional gradients into classical gradients as
for the nonlocal case in part (𝑖𝑖) above.

b) Regarding part (𝑖𝑖), when 𝑝 < ∞ then the extension of P𝑠
𝛿
can also be seen as the unique

extension via density. Moreover, if Ω is a Lipschitz domain, then any 𝑣 ∈𝑊 1,𝑝 (Ω) can be extended
to a function in𝑊 1,𝑝 (ℝ𝑛), after which we can apply the result to find a𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) with𝐷𝑠

𝛿
𝑢 = ∇𝑣

on Ω.
c) The proof of the surjectivity in part (𝑖𝑖) shows that P𝑠

𝛿
𝑣 corresponds, up to a constant, to

(−Δ) 1−𝑠
2 𝑣 + 𝜑1 ∗ (−Δ)

1−𝑠
2 𝑣 + 𝜑2 ∗ 𝑣,

for 𝑣 ∈ 𝑊 1,𝑝 (ℝ𝑛); when 𝑝 < ∞, then the correspondence is even an identity, given that there are
no non-zero constants in 𝐿𝑝 (ℝ𝑛).

As a particular consequence of this observation, along with the fact that the convolution with a
periodic function remains periodic, we observe that bothQ𝑠

𝛿
and P𝑠

𝛿
preserve periodicity. Precisely,

if 𝑌 denotes the unit cube (0, 1)𝑛 , and𝑊 1,∞
# (𝑌 ) and 𝐻𝑠,∞,𝛿# (𝑌 ) comprise all 𝑌 -periodic functions in

𝑊 1,∞(ℝ𝑛) and𝐻𝑠,∞,𝛿 (ℝ𝑛), respectively, then there is a bijection between the gradients of𝑊 1,∞
# (𝑌 )-

functions and the nonlocal gradients of 𝐻𝑠,∞,𝛿# (𝑌 )-functions.
d) For 𝜑 ∈ S (ℝ𝑛), it holds that

P𝑠𝛿𝜑 (𝑥) =
∫
ℝ𝑛

𝑉 𝑠𝛿 (𝑥 − 𝑦) · ∇𝜑 (𝑦) 𝑑𝑦 for 𝑥 ∈ ℝ𝑛, (3.23)

where 𝑉 𝑠
𝛿
∈ 𝐶∞(ℝ𝑛\{0}) is the kernel from the nonlocal version of the fundamental theorem of

calculus [31, Theorem 4.5]. Indeed, this follows directly from the formula for the Fourier transform
of𝑉 𝑠

𝛿
in [31, Theorem 5.9]. The representation in (3.23) extends naturally to functions in𝑊 1,𝑝 (ℝ𝑛)

with compact support, given that 𝑉 𝑠
𝛿
is locally integrable.

e) The translation procedure of Theorem 3.2.13 allows us to give an alternative proof for the
nonlocal Poincaré inequality in [31, Theorem 6.2]. SinceQ𝑠

𝛿
maps 𝐻𝑠,𝑝,𝛿0 (Ω) into𝑊 1,𝑝

0 (Ω), we infer
from the classical Poincaré inequality that

∥𝑢∥𝐿𝑝 (Ω) = ∥P𝑠𝛿Q𝑠
𝛿𝑢∥𝐿𝑝 (Ω) ≤ 𝐶 ∥Q𝑠

𝛿𝑢∥𝑊 1,𝑝
0 (Ω) ≤ 𝐶 ∥∇Q𝑠

𝛿𝑢∥𝐿𝑝 (Ω;ℝ𝑛 ) = 𝐶 ∥𝐷𝑠𝛿𝑢∥𝐿𝑝 (Ω;ℝ𝑛 ) ,

for any 𝑢 ∈ 𝐻𝑠,𝑝,𝛿0 (Ω) with a constant 𝐶 > 0 depending on 𝑠, 𝛿, 𝑝 , and Ω. △
We conclude this section with a compactness result that will be used below in the proof of The-

orem 3.4.1.

Lemma 3.2.15. Let 𝑠 ∈ (0, 1), 𝑝 ∈ (1,∞) and Ω ⊂ ℝ𝑛 be open and bounded. If {𝑣 𝑗 } 𝑗∈ℕ ⊂𝑊 1,𝑝 (ℝ𝑛)
is a bounded sequence, then {P𝑠

𝛿
𝑣 𝑗 } 𝑗∈ℕ (when restricted to Ω𝛿 ) is relatively compact in 𝐿𝑝 (Ω𝛿 ).

Proof. Let 𝜒 ∈ 𝐶∞
𝑐 (ℝ𝑛) with 𝜒 ≡ 1 on Ω𝛿 and set 𝑅 > 0 such that supp(𝜒) ⊂ 𝐵(0, 𝑅 − 𝛿). Since

{P𝑠
𝛿
𝑣 𝑗 } 𝑗 is bounded in 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) by Theorem 3.2.13 (𝑖𝑖), the sequence {𝜒 (P𝑠

𝛿
𝑣 𝑗 )} 𝑗∈ℕ is bounded

in 𝐻𝑠,𝑝,𝛿0 (𝐵(0, 𝑅)) by Lemma 3.2.11. The relative compactness of {𝜒 (P𝑠
𝛿
𝑣 𝑗 )} 𝑗∈ℕ in 𝐿𝑝 (𝐵(0, 𝑅)) now

follows from [31, Theorem 7.3] and since 𝜒 ≡ 1 on Ω𝛿 , the statement follows. □

3.2.5 Connection between nonlocal and fractional gradients

After the comparison of the nonlocal gradients with classical weak gradients, let us now discuss
their connection with the Riesz fractional gradient. We start by recalling that the nonlocal gradient
is a truncated version of the latter.
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In the following, let 𝑝 ∈ [1,∞) and 𝑠 ∈ (0, 1). The upcoming lemma presents the equiva-
lence between the nonlocal and fractional Sobolev spaces 𝐻𝑠,𝑝 (ℝ𝑛) and 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) and also a ver-
sion with prescribed complementary values. To recall the definition of the fractional and nonlocal
complementary-value spaces, we have for Ω ⊂ ℝ𝑛 open and bounded that 𝐻𝑠,𝑝0 (Ω) comprises all
functions 𝑢 ∈ 𝐻𝑠,𝑝 (ℝ𝑛) such that 𝑢 = 0 a.e. in Ω𝑐 and 𝐻𝑠,𝑝,𝛿0 (Ω) is given as in (3.18). We mention
that one of the inclusions was already provided by [31, Proposition 3.5]. For the sake of the reader,
we show here a complete proof.

Lemma 3.2.16. It holds that

𝐻𝑠,𝑝 (ℝ𝑛) = 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) (3.24)

with equivalent norms, and

𝐷𝑠𝛿𝑢 = 𝐷𝑠𝑢 + ∇𝑅𝑠𝛿 ∗ 𝑢 (3.25)

for all 𝑢 ∈ 𝐻𝑠,𝑝 (ℝ𝑛) = 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) with ∇𝑅𝑠
𝛿
∈ 𝐶∞(ℝ𝑛;ℝ𝑛) ∩ 𝐿1(ℝ𝑛;ℝ𝑛) as in (3.74). Moreover, for

Ω ⊂ ℝ𝑛 open and bounded with Ω−𝛿 Lipschitz, it holds that

𝐻
𝑠,𝑝
0 (Ω−𝛿 ) = 𝐻𝑠,𝑝,𝛿0 (Ω),

with equivalent norms, and (3.25) holds for 𝑢 ∈ 𝐻𝑠,𝑝0 (Ω−𝛿 ) = 𝐻𝑠,𝑝,𝛿0 (Ω) on Ω.

Proof. Let 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛). Since by (3.75)

𝐷𝑠𝛿𝜑 − 𝐷𝑠𝜑 = ∇𝑅𝑠𝛿 ∗ 𝜑,

we obtain the estimates

∥𝐷𝑠𝜑 ∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) ≤ ∥𝐷𝑠𝛿𝜑 ∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) + ∥∇𝑅𝑠𝛿 ∥𝐿1 (ℝ𝑛 ;ℝ𝑛 ) ∥𝜑 ∥𝐿𝑝 (ℝ𝑛 ) ≤ 𝐶 ∥𝜑 ∥𝐻𝑠,𝑝,𝛿 (ℝ𝑛 )

and

∥𝐷𝑠𝛿𝜑 ∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) ≤ ∥𝐷𝑠𝜑 ∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) + ∥∇𝑅𝑠𝛿 ∥𝐿1 (ℝ𝑛 ;ℝ𝑛 ) ∥𝜑 ∥𝐿𝑝 (ℝ𝑛 ) ≤ 𝐶 ∥𝜑 ∥𝐻𝑠,𝑝 (ℝ𝑛 )

with a constant 𝐶 > 0. In light of the density of 𝐶∞
𝑐 (ℝ𝑛) in 𝐻𝑠,𝑝 (ℝ𝑛) and 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) (see [140,

Theorem 2.7] and Theorem 3.2.8), the identity (3.24) and (3.25) follow via approximation. For the
case of a bounded domain, we note that

𝐻
𝑠,𝑝,𝛿
0 (Ω) = {𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) : 𝑢 = 0 a.e. in Ω𝛿 \ Ω−𝛿 }

since Ω−𝛿 is Lipschitz (cf. Proposition 3.2.10). Observe also that for any 𝑢 ∈ 𝐻𝑠,𝑝,𝛿0 (Ω) its extension
𝑢 to ℝ𝑛 by zero lies in 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) with

∥𝑢∥𝐿𝑝 (ℝ𝑛 ) + ∥𝐷𝑠𝛿𝑢∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) = ∥𝑢∥𝐿𝑝 (Ω) + ∥𝐷𝑠𝛿𝑢∥𝐿𝑝 (Ω;ℝ𝑛 ) ,

since 𝐷𝑠
𝛿
𝑢 is simply the extension of 𝐷𝑠

𝛿
𝑢 by zero. Hence, we may identify

𝐻
𝑠,𝑝,𝛿
0 (Ω) = {𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) : 𝑢 = 0 a.e. in (Ω−𝛿 )𝑐},

after which the equality with 𝐻𝑠,𝑝 (Ω−𝛿 ) becomes obvious given (3.24). □
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Remark 3.2.17. We mention that it also holds that

𝐻𝑠,∞(ℝ𝑛) = 𝐻𝑠,∞,𝛿 (ℝ𝑛),

with equivalent norms and 𝐷𝑠
𝛿
𝑢 = 𝐷𝑠𝑢 + ∇𝑅𝑠

𝛿
∗ 𝑢 for 𝑢 ∈ 𝐻𝑠,∞(ℝ𝑛). This can be proven via a

distributional approach instead of utilizing density as above. △
As already indicated in the introduction, Lemma 3.2.5 opens up a new proof strategy for some

of the results in this paper. Instead of exploiting well-known result for problems involving classical
gradients, one can resort to established findings in the fractional setting. We illustrate this approach
below by presenting an alternative proof for the characterization of lower semicontinuity in Sec-
tion 3.4, which follows as a corollary of [140, Theorems 4.1 and 4.5]. An analogous reasoning could
also be used, for instance, to deduce the relaxation below in Corollary 3.5.3 from [140, Theorem 1.2].
Note that the transfer of results between the nonlocal and fractional set-up also works in the re-
verse direction, giving rise to analogues of the general Γ-convergence statement in Theorem 3.5.1
and homogenization result of Corollary 3.5.2.

3.3 Asymptotics of the nonlocal gradient and applications

Our next goal is to study the localization of the nonlocal gradient as 𝑠 → 1, and more generally,
to understand how the nonlocal gradient depends on the fractional parameter 𝑠 . In particular, the
findings in this section serve as necessary preparations for proving the Γ-convergence of nonlocal
integral functionals in Section 3.6.

We start by investigating the 𝑠-dependence of the convolution kernel 𝑄𝑠
𝛿
from (3.16) and its

Fourier transform.

Lemma 3.3.1. Let Y > 0 and 𝑅 > 0.

(𝑖) The map [0, 1) → 𝐿1(ℝ𝑛), 𝑠 ↦→ 𝑄𝑠
𝛿
is continuous with

lim
𝑠→1

∥𝑄𝑠𝛿 ∥𝐿1 (ℝ𝑛 ) = 1 and lim
𝑠→1

∥𝑄𝑠𝛿 ∥𝐿1 (𝐵 (0,Y )𝑐 ) = 0. (3.26)

(𝑖𝑖) The map [0, 1) → 𝐶 (𝐵(0, 𝑅)), 𝑠 ↦→ 𝑄𝑠
𝛿
is continuous with 𝑄𝑠

𝛿
→ 1 uniformly on 𝐵(0, 𝑅) as

𝑠 → 1.

Proof. As for (𝑖), we calculate first that for 𝑠 ∈ [0, 1),

∥𝑄𝑠𝛿 ∥𝐿1 (ℝ𝑛 ) = 𝑐𝑛,𝑠
∫
𝐵 (0,𝛿 )

∫ 𝛿

|𝑥 |

𝑤𝛿 (𝑟 )
𝑟𝑛+𝑠

𝑑𝑟 𝑑𝑥 = 𝑐𝑛,𝑠 |𝜕𝐵(0, 1) |
∫ 𝛿

0

∫ 𝛿

𝜌

𝑤𝛿 (𝑟 )
𝑟𝑛+𝑠

𝜌𝑛−1 𝑑𝑟 𝑑𝜌

= 𝑐𝑛,𝑠 |𝜕𝐵(0, 1) |
∫ 𝛿

0

𝑤𝛿 (𝑟 )
𝑟𝑛+𝑠

∫ 𝑟

0
𝜌𝑛−1 𝑑𝜌 𝑑𝑟 = 𝑐𝑛,𝑠

|𝜕𝐵(0, 1) |
𝑛

∫ 𝛿

0

𝑤𝛿 (𝑟 )
𝑟𝑠

𝑑𝑟

= 𝑐𝑛,𝑠 𝜔𝑛

∫ 𝛿

0

𝑤𝛿 (𝑟 )
𝑟𝑠

𝑑𝑟,

(3.27)

where 𝜔𝑛 denotes the volume of the unit ball in ℝ𝑛 . Since 𝑠 ↦→ 𝑐𝑛,𝑠 is continuous on [0, 1), cf. [29,
Lemma 2.4], it follows via Lebesgue’s dominated convergence that ∥𝑄𝑠

𝛿
∥𝐿1 (ℝ𝑛 ) depends continu-

ously on 𝑠 . Now, if {𝑠 𝑗 } 𝑗∈ℕ ⊂ [0, 1) is a sequence converging to 𝑠 ∈ [0, 1), we can apply once
again Lebesgue’s dominated convergence theorem to find that 𝑄𝑠 𝑗

𝛿
→ 𝑄𝑠

𝛿
pointwise a.e. as 𝑗 → ∞.

Together with lim𝑗→∞∥𝑄𝑠 𝑗
𝛿
∥𝐿1 (ℝ𝑛 ) = ∥𝑄𝑠

𝛿
∥𝐿1 (ℝ𝑛 ) as shown above, this implies 𝑄𝑠 𝑗

𝛿
→ 𝑄𝑠

𝛿
in 𝐿1(ℝ𝑛)

for 𝑗 → ∞.
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To see the first convergence in (3.26), we observe that 𝟙𝐵 (0,𝑏0𝛿 ) ≤ 𝑤𝛿 ≤ 𝟙𝐵 (0,𝛿 ) by (H3) and (H4),
which gives

(𝑏0𝛿)1−𝑠
1 − 𝑠 ≤

∫ 𝛿

0

𝑤𝛿 (𝑟 )
𝑟𝑠

𝑑𝑟 ≤ 𝛿1−𝑠

1 − 𝑠 , (3.28)

and exploit 𝑐𝑛,𝑠/(1 − 𝑠) → 1/𝜔𝑛 as 𝑠 → 1 according to [29, Lemma 2.4]. The localization of 𝑄𝑠
𝛿
for

𝑠 → 1 follows from a calculation similar to (3.27) and (3.28), integrating instead over 𝐵(Y, 𝛿) and
using that 𝑐𝑛,𝑠/(1 − 𝑠) stays bounded as 𝑠 → 1.

The first part of (𝑖𝑖) can be deduced from the continuity of the map in (𝑖) in combination with
the fact that the Fourier transform is a bounded linear operator from 𝐿1(ℝ𝑛) to 𝐶0(ℝ𝑛;ℂ).

Due to (3.26), the kernel 𝑄𝑠
𝛿
behaves like a mollifier, satisfying

lim
𝑠→1

∥𝑄𝑠𝛿 ∗ 𝜑 − 𝜑 ∥𝐿∞ (ℝ𝑛 ) = 0 (3.29)

for all 𝜑 ∈ Lip𝑏 (ℝ𝑛), where this convergence is uniform on bounded sets of Lip𝑏 (ℝ𝑛). Indeed,

∥𝑄𝑠𝛿 ∗ 𝜑 − 𝜑 ∥𝐿∞ (ℝ𝑛 ) ≤ ∥(𝟙𝐵 (0,Y )𝑄𝑠𝛿 ) ∗ 𝜑 − 𝜑 ∥𝐿∞ (ℝ𝑛 ) + ∥𝑄𝑠𝛿 ∥𝐿1 (𝐵 (0,Y )𝑐 ) ∥𝜑 ∥𝐿∞ (ℝ𝑛 )
≤ YLip(𝜑)∥𝑄𝑠𝛿 ∥𝐿1 (𝐵 (0,Y ) ) +

( |1 − ∥𝑄𝑠𝛿 ∥𝐿1 (𝐵 (0,Y ) ) | + ∥𝑄𝑠𝛿 ∥𝐿1 (𝐵 (0,Y )𝑐 )
) ∥𝜑 ∥𝐿∞ (ℝ𝑛 ) ,

for any Y > 0. Considering now 𝜑𝜉 (𝑥) = 𝑒−2𝜋𝑖𝜉 ·𝑥 for 𝜉 ∈ 𝐵(0, 𝑅), we have

∥𝜑𝜉 ∥𝐿∞ (ℝ𝑛 ;ℂ) + Lip(𝜑𝜉 ) ≤ 1 + 2𝜋 |𝜉 | ≤ 1 + 2𝜋𝑅,

so that by (3.29),
lim
𝑠→1

𝑄𝑠
𝛿
(𝜉) = lim

𝑠→1
(𝑄𝑠𝛿 ∗ 𝜑𝜉 ) (0) = 𝜑𝜉 (0) = 1,

uniformly for 𝜉 ∈ 𝐵(0, 𝑅). □

The next lemma addresses the continuous dependence of the nonlocal gradient and divergence
on the fractional parameter in the case of smooth test functions with compact support. Recall the
notation 𝐷1

𝛿
𝑢 := ∇𝑢.

Lemma 3.3.2. Let 𝑠 ∈ [0, 1] and {𝑠 𝑗 } 𝑗∈ℕ ⊂ [0, 1] a sequence converging to 𝑠 . Then, it holds for every
𝜑 ∈ 𝐶∞

𝑐 (ℝ𝑛) and𝜓 ∈ 𝐶∞
𝑐 (ℝ𝑛;ℝ𝑛) that

𝐷
𝑠 𝑗
𝛿
𝜑 → 𝐷𝑠𝛿𝜑 and div𝑠 𝑗

𝛿
𝜓 → div𝑠𝛿 𝜓

uniformly on ℝ𝑛 as 𝑗 → ∞.

Proof. It suffices to focus on proving the convergence of the nonlocal gradient; the argument for
the divergence is an immediate consequence. If 𝑠 < 1, we conclude from Proposition 3.2.2, Young’s
convolution inequality, and Lemma 3.3.1 (𝑖) that

∥𝐷𝑠 𝑗
𝛿
𝜑 − 𝐷𝑠𝛿𝜑 ∥𝐿∞ (ℝ𝑛 ;ℝ𝑛 ) ≤ ∥𝑄𝑠 𝑗

𝛿
−𝑄𝑠𝛿 ∥𝐿1 (ℝ𝑛 ) ∥∇𝜑 ∥𝐿∞ (ℝ𝑛 ;ℝ𝑛 ) → 0 as 𝑗 → ∞.

The case 𝑠 = 1 follows immediately from (3.29), since ∇𝜑 ∈ Lip𝑏 (ℝ𝑛) allows us to conclude that

lim
𝑗→∞

∥𝐷𝑠 𝑗
𝛿
𝜑 − ∇𝜑 ∥𝐿∞ (ℝ𝑛 ;ℝ𝑛 ) = lim

𝑗→∞
∥𝑄𝑠 𝑗

𝛿
∗ ∇𝜑 − ∇𝜑 ∥𝐿∞ (ℝ𝑛 ;ℝ𝑛 ) = 0.

□
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Our approach to extending the previous results for smooth functions in a suitable way to non-
local Sobolev spaces, relies on the following estimate (see Corollary 3.3.4 below),

∥𝐷𝑠𝛿𝑢∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) ≤ 𝐶 ∥𝐷𝑡𝛿𝑢∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) for all 𝑢 ∈ 𝐶∞
𝑐 (ℝ𝑛) and 0 ≤ 𝑠 ≤ 𝑡 ≤ 1, (3.30)

with a constant 𝐶 > 0 depending only on 𝑛, 𝑝, 𝛿 . If 𝑡 = 1, (3.30) simply follows from Young’s
convolution inequality

∥𝐷𝑠𝛿𝑢∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) ≤ ∥𝑄𝑠𝛿 ∥𝐿1 (ℝ𝑛 ) ∥∇𝑢∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) ≤ 𝐶 ∥∇𝑢∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) , (3.31)

where we have exploited that ∥𝑄𝑠
𝛿
∥𝐿1 (ℝ𝑛 ) is bounded by 𝐶 uniformly in 𝑠 as a consequence of

Lemma 3.3.1. If 𝑡 = 𝑠 , one can obviously take the constant to be 1. For the other cases, we build on
Fourier multiplier theory (see e.g., [122, Chapter 5]) and show via the Mihlin-Hörmander theorem
that the maps

𝑚𝑠
𝑡 : ℝ

𝑛 → ℝ, 𝜉 ↦→
𝑄𝑠
𝛿
(𝜉)

𝑄𝑡
𝛿
(𝜉)

(3.32)

are 𝐿𝑝-multipliers with uniformly bounded norms. This requires control on the decay behavior of
𝑚𝑠
𝑡 and its derivatives. The idea for deriving suitable bounds for large frequencies is to compare𝑄𝑠

𝛿
with the well-known Riesz potential kernel 𝐼1−𝑠 (cf. (3.10)) and exploit the decay of the difference
of their Fourier transforms uniformly in 𝑠 (see Lemma 3.A.1).

Lemma 3.3.3. The map𝑚𝑠
𝑡 : ℝ

𝑛 → ℝ from (3.32) with 0 ≤ 𝑠 ≤ 𝑡 < 1 is an 𝐿𝑝-multiplier for every
𝑝 ∈ (1,∞) with multiplier norm independent of the parameters 𝑠, 𝑡 .

Proof. According to the Mihlin-Hörmander multiplier theorem, see e.g., [122, Theorem 6.2.7], the
statement follows immediately once these estimates have been established: There exists a constant
𝐶 > 0 depending only on 𝑛 and 𝛿 such that for every 𝛼 ∈ ℕ𝑛0 with |𝛼 | ≤ 𝑛/2 + 1 and every
0 ≤ 𝑠 ≤ 𝑡 < 1,

|𝜉 | |𝛼 |
��𝜕𝛼𝑚𝑠

𝑡 (𝜉)
�� ≤ 𝐶 for all 𝜉 ∈ ℝ𝑛 . (3.33)

The proof is split in two parts, where we distinguish bounds for large and small frequencies. Note
that in the following all the constants 𝐶, 𝑐 > 0 are independent of 𝑠, 𝑡 .

Step 1: Bounds away from zero. In this step, we show that there is some 𝑅 ≥ 1 such that (3.33)
holds for all |𝜉 | ≥ 𝑅. Since

𝑄𝑠𝛿 (𝜉) = |2𝜋𝜉 |−(1−𝑠 ) + 𝑅𝑠𝛿 (𝜉) for |𝜉 | ≥ 1

for any 𝑠 ∈ [0, 1) by (3.76), we can express𝑚𝑠
𝑡 on 𝐵(0, 1)𝑐 as

𝑚𝑠
𝑡 (𝜉) =

𝑄𝑠
𝛿
(𝜉)

𝑄𝑡
𝛿
(𝜉)

= |2𝜋𝜉 |−(𝑡−𝑠 ) + 𝑟𝑠𝑡 (𝜉) (3.34)

with

𝑟𝑠𝑡 (𝜉) :=
−|2𝜋𝜉 |−(𝑡−𝑠 )𝑅𝑡

𝛿
(𝜉) + 𝑅𝑠

𝛿
(𝜉)

|2𝜋𝜉 |−(1−𝑡 ) + 𝑅𝑡
𝛿
(𝜉)

.

Given 𝑡 ≥ 𝑠 , it is clear that

𝜕𝛼
( |2𝜋𝜉 |−(𝑡−𝑠 ) ) ≤ 𝐶 |𝜉 |−|𝛼 | for |𝜉 | ≥ 1. (3.35)



80 CHAPTER 3. A THEORY FOR FINITE-HORIZON GRADIENTS

Along with (3.77), one can estimate the denominator of 𝑟𝑠𝑡 and find some 𝑅 ≥ 1 such that for all
𝜉 ∈ ℝ𝑛 with |𝜉 | ≥ 𝑅,

|2𝜋𝜉 |−(1−𝑡 ) + 𝑅𝑡𝛿 (𝜉) ≥ |2𝜋𝜉 |−1 − 𝑐 |𝜉 |−2 ≥ 𝐶 |𝜉 |−1. (3.36)

If one takes the 𝛼th derivative of 𝑟𝑠𝑡 on 𝐵(0, 𝑅)𝑐 , the quotient rule gives rise to a quotient whose
denominator results from raising the denominator of 𝑟𝑠𝑡 to the power 2 |𝛼 | and whose numerator is
a product of 𝑅𝑠

𝛿
, 𝑅𝑡

𝛿
and their derivatives with terms bounded independently of 𝑠, 𝑡 . We therefore

obtain in view of (3.36), and again (3.77), that

|𝜕𝛼𝑟𝑠𝑡 (𝜉) | ≤ 𝐶 |𝜉 |−2
|𝛼 | ≤ 𝐶 |𝜉 |−|𝛼 | for |𝜉 | ≥ 𝑅. (3.37)

The combination of (3.34), (3.35) and (3.37) then yields (3.33) on 𝐵(0, 𝑅)𝑐 .
Step 2: Local bounds. To show that (3.33) holds for |𝜉 | ≤ 𝑅, we observe first that, as a consequence

of Lemma 3.3.1 (𝑖𝑖) and the non-negativity of 𝑄𝑠
𝛿
(cf. Remark 3.2.3), there is a constant 𝑐 > 0 such

that

𝑄𝑠𝛿 (𝜉) ≥ 𝑐

for all 𝜉 ∈ 𝐵(0, 𝑅) and all 𝑠 ∈ [0, 1). Moreover, for any 𝛽 ∈ ℕ𝑛0 with |𝛽 | ≤ 𝑛/2 + 1, the estimate

∥(−2𝜋𝑖 ·)𝛽𝑄𝑠𝛿 ∥𝐿1 (ℝ𝑛 ) ≤ 𝐶 ∥𝑄𝑠𝛿 ∥𝐿1 (ℝ𝑛 )𝛿
|𝛽 | ≤ 𝐶𝛿 |𝛽 |,

where the last inequality follows in view of Lemma 3.3.1 (𝑖), implies��𝜕𝛽𝑄𝑠𝛿 (𝜉)�� ≤ 𝐶𝛿 |𝛽 | ≤ 𝐶 for all 𝜉 ∈ ℝ𝑛 and 𝑠 ∈ [0, 1).

To conclude, we use again the quotient rule to obtain

|𝜉 | |𝛼 |
��𝜕𝛼𝑚𝑠

𝑡 (𝜉)
�� = |𝜉 | |𝛼 |

�����𝜕𝛼
(
𝑄𝑠
𝛿
(𝜉)

𝑄𝑡
𝛿
(𝜉)

)����� ≤ 𝑅 |𝛼 |𝐶
𝑐2|𝛼 | = 𝐶 for |𝜉 | ≤ 𝑅.

□

Wenowobtain the next corollary based on the previous lemma; recall the definitions of𝐻 1,𝑝,𝛿 (ℝ𝑛)
and 𝐻 1,𝑝,𝛿

0 (Ω) in (3.17) and (3.19).

Corollary 3.3.4. Let 0 ≤ 𝑠 ≤ 𝑡 ≤ 1 and 𝑝 ∈ (1,∞). If 𝑢 ∈ 𝐻 𝑡,𝑝,𝛿 (ℝ𝑛), then 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) and
there is a constant 𝐶 > 0 depending only on 𝑛, 𝛿 and 𝑝 such that

∥𝐷𝑠𝛿𝑢∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) ≤ 𝐶 ∥𝐷𝑡𝛿𝑢∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) . (3.38)

If Ω ⊂ ℝ𝑛 is open and bounded and 𝑢 ∈ 𝐻 𝑡,𝑝,𝛿0 (Ω), then 𝑢 ∈ 𝐻𝑠,𝑝,𝛿0 (Ω) with

∥𝐷𝑠𝛿𝑢∥𝐿𝑝 (Ω;ℝ𝑛 ) ≤ 𝐶 ∥𝐷𝑡𝛿𝑢∥𝐿𝑝 (Ω;ℝ𝑛 ) .

Proof. The case 𝑡 = 1 is covered by (3.31). For the other cases, we deduce from the previous lemma
that the map

𝑀𝑠
𝑡 : S (ℝ𝑛;ℝ𝑛) → 𝐿𝑝 (ℝ𝑛;ℝ𝑛), 𝑣 ↦→ (𝑚𝑠

𝑡 �̂�)∨ =

(
𝑄𝑠
𝛿

𝑄𝑡
𝛿

�̂�

)∨



3.3. ASYMPTOTICS OF THE NONLOCAL GRADIENT AND APPLICATIONS 81

can be extended to a bounded linear operator on 𝐿𝑝 (ℝ𝑛;ℝ𝑛) with
∥𝑀𝑠

𝑡 𝑣 ∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) ≤ 𝐶 ∥𝑣 ∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) (3.39)

for all 𝑣 ∈ 𝐿𝑝 (ℝ𝑛;ℝ𝑛), where 𝐶 > 0 is a constant independent of 𝑠, 𝑡 . For 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛), we also

observe using Proposition 3.2.2 that

𝑀𝑠
𝑡𝐷

𝑡
𝛿𝜑 = 𝑀𝑠

𝑡 (𝑄𝑡𝛿 ∗ ∇𝜑) =
(
𝑄𝑠
𝛿

𝑄𝑡
𝛿

𝑄𝑡𝛿 ∇̂𝜑
)∨

=
(
𝑄𝑠𝛿 ∇̂𝜑

)∨
= 𝐷𝑠𝛿𝜑.

With 𝑢 ∈ 𝐻 𝑡,𝑝,𝛿 (ℝ𝑛), one can take an approximating sequence {𝜑 𝑗 } 𝑗∈ℕ ⊂ 𝐶∞
𝑐 (ℝ𝑛) with 𝜑 𝑗 → 𝑢

in 𝐻 𝑡,𝑝,𝛿 (ℝ𝑛) and infer from the continuity of the operator 𝑀𝑠
𝑡 that 𝐷𝑠𝛿𝜑 𝑗 = 𝑀

𝑠
𝑡𝐷

𝑡
𝛿
𝜑 𝑗 → 𝑀𝑠

𝑡𝐷
𝑡
𝛿
𝑢 in

𝐿𝑝 (ℝ𝑛). This shows that 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) with 𝐷𝑠
𝛿
𝑢 = 𝑀𝑠

𝑡𝐷
𝑡
𝛿
𝑢 ∈ 𝐿𝑝 (ℝ𝑛). The bound (3.38) follows

now from (3.39).
Finally, the statement for 𝑢 ∈ 𝐻 𝑡,𝑝,𝛿0 (Ω) follows by extending 𝑢 to ℝ𝑛 by zero, noting that then

the nonlocal gradient of 𝑢 is zero in Ω𝑐 . □

Remark 3.3.5. a)We note that this approach does not extend to 𝑝 = 1, since theMihlin-Hörmander
theorem is not valid in this case. Moreover, this approach does not apply to 𝑢 ∈ 𝐻 𝑡,𝑝,𝛿 (Ω) because
it requires functions to be defined on all of ℝ𝑛 for the Fourier transform techniques. In fact, there
is no obvious way of how to extend functions in 𝐻 𝑡,𝑝,𝛿 (Ω), as they can be ill-behaved in the strip
Ω𝛿 \ Ω.

b) An inequality of the type (3.38) does not hold for the fractional gradient, which can be seen
from the homogeneity property. Indeed, for 𝑢 ∈ 𝐶∞

𝑐 (ℝ𝑛) and 0 ≤ 𝑠 < 𝑡 ≤ 1, we may define for
𝜆 > 0 the function 𝑢𝜆 := 𝜆𝑛/𝑝−𝑡𝑢 (𝜆 ·). Then, we can calculate that for 𝑥 ∈ ℝ𝑛

𝐷𝑡𝑢𝜆 (𝑥) = 𝜆𝑛/𝑝𝐷𝑡𝑢 (𝜆𝑥) and 𝐷𝑠𝑢𝜆 (𝑥) = 𝜆𝑛/𝑝−(𝑡−𝑠 )𝐷𝑠𝑢 (𝜆𝑥) .
This gives ∥𝐷𝑡𝑢𝜆∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) = ∥𝐷𝑡𝑢∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) , whereas ∥𝐷𝑠𝑢𝜆∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) = 𝜆−(𝑡−𝑠 ) ∥𝐷𝑠𝑢∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) .
Letting 𝜆 → 0 shows that (3.38) cannot hold for the fractional gradient. △

As a consequence, we derive the following generalization of the convergence result Lemma 3.3.2
to the nonlocal Sobolev setting.

Theorem 3.3.6. Let 𝑝 ∈ (1,∞) and let {𝑠 𝑗 } 𝑗∈ℕ ⊂ [0, 1] be a sequence converging to 𝑠 ∈ [0, 1] with
𝑠 := sup𝑗∈ℕ 𝑠 𝑗 . Then, it holds for every 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) that

𝐷
𝑠 𝑗
𝛿
𝑢 → 𝐷𝑠𝛿𝑢 in 𝐿𝑝 (ℝ𝑛;ℝ𝑛) as 𝑗 → ∞.

If Ω ⊂ ℝ𝑛 is open and bounded and 𝑢 ∈ 𝐻𝑠,𝑝,𝛿0 (Ω), then
𝐷
𝑠 𝑗
𝛿
𝑢 → 𝐷𝑠𝛿𝑢 in 𝐿𝑝 (Ω;ℝ𝑛) as 𝑗 → ∞.

Proof. Take Y > 0 and 𝜑Y ∈ 𝐶∞
𝑐 (ℝ𝑛) such that ∥𝑢 − 𝜑Y ∥𝐻𝑠,𝑝,𝛿 (ℝ𝑛 ) ≤ Y, cf. Theorem 3.2.8. Then, due

to Corollary 3.3.4,

∥𝐷𝑠 𝑗
𝛿
(𝑢 − 𝜑Y)∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) ≤ 𝐶Y for all 𝑗 ∈ ℕ and ∥𝐷𝑠𝛿 (𝑢 − 𝜑Y)∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) ≤ 𝐶Y.

If we choose 𝑗 large enough so that ∥𝐷𝑠
𝛿
𝜑Y −𝐷𝑠 𝑗𝛿 𝜑Y ∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) ≤ Y, which is possible by Lemma 3.3.2,

we obtain

∥𝐷𝑠𝛿𝑢 − 𝐷𝑠 𝑗
𝛿
𝑢∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) ≤ ∥𝐷𝑠𝛿 (𝑢 − 𝜑Y)∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) + ∥𝐷𝑠𝛿𝜑Y − 𝐷

𝑠 𝑗
𝛿
𝜑Y ∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 )

+ ∥𝐷𝑠 𝑗
𝛿
(𝑢 − 𝜑Y)∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 )

≤ (2𝐶 + 1)Y,



82 CHAPTER 3. A THEORY FOR FINITE-HORIZON GRADIENTS

and letting Y → 0 yields the desired convergence. The case 𝑢 ∈ 𝐻𝑠,𝑝,𝛿0 (Ω) follows again via exten-
sion. □

Remark 3.3.7. For the particular case of localization to the classical gradient, i.e., when 𝑠 𝑗 → 1 as
𝑗 → ∞, the convergence𝐷𝑠 𝑗

𝛿
𝑢 → ∇𝑢 in 𝐿𝑝 (Ω;ℝ𝑛) with𝑢 ∈𝑊 1,𝑝 (Ω𝛿 ) holds without imposing com-

plementary values. Indeed, by Proposition 3.2.2 and Lemma 3.3.1, we can bound ∥𝐷𝑠
𝛿
𝑢∥𝐿𝑝 (Ω;ℝ𝑛 ) ≤

𝐶 ∥∇𝑢∥𝐿𝑝 (Ω𝛿 ;ℝ𝑛 ) uniformly in 𝑠 , and then, a similar argument to that of the proof of Theorem 3.3.6
applies. △

As another consequence of (3.38), we establish a nonlocal Poincaré inequality with a constant
independent of the fractional order 𝑠 . The proof builds on two pillars, namely the estimate of
Corollary 3.3.4, which says that it is enough to prove the inequality for 𝑠 = 0, and in order to achieve
the latter, a version of the fundamental theorem of calculus for the case 𝑠 = 0 from Proposition 3.2.9.

Theorem 3.3.8 (Nonlocal Poincaré inequality with uniform constants in 𝒔). Let 𝑠 ∈ [0, 1],
𝑝 ∈ (1,∞) and Ω ⊂ ℝ𝑛 be open and bounded. Then, there exists a constant 𝐶 > 0 depending only on
Ω, 𝛿 and 𝑝 such that for all 𝑢 ∈ 𝐻𝑠,𝑝,𝛿0 (Ω),

∥𝑢∥𝐿𝑝 (Ω) ≤ 𝐶 ∥𝐷𝑠𝛿𝑢∥𝐿𝑝 (Ω;ℝ𝑛 ) . (3.40)

Proof. Given Corollary 3.3.4, it suffices to prove (3.40) for 𝑠 = 0. Moreover, we may assume by
density (cf. (3.18)) that 𝑢 ∈ 𝐶∞

𝑐 (Ω−𝛿 ). Proposition 3.2.9 together with the fact that supp(𝐷0
𝛿
𝑢) ⊂ Ω

then implies

∥𝑢∥𝐿𝑝 (Ω) ≤ ∥𝑅𝐷0
𝛿𝑢∥𝐿𝑝 (ℝ𝑛 ) + |Ω |∥𝑊𝛿 ∥𝐿∞ (ℝ𝑛 ;ℝ𝑛 ) ∥𝐷0

𝛿𝑢∥𝐿𝑝 (Ω;ℝ𝑛 ) ≤ 𝐶 ∥𝐷0
𝛿𝑢∥𝐿𝑝 (Ω;ℝ𝑛 ) ,

where the second inequality uses the 𝐿𝑝-boundedness of the Riesz transform. □

Finally, we present a compactness statement for sequences that are bounded in nonlocal spaces
of different order. It will be used later in the proof of the Γ-convergence result in Section 3.6.

Lemma 3.3.9 (Weak compactness of sequences in varying order nonlocal spaces). Let 𝑝 ∈
(1,∞) and Ω ⊂ ℝ𝑛 be open and bounded with Ω−𝛿 a Lipschitz domain. Consider any sequence
{𝑠 𝑗 } 𝑗∈ℕ ⊂ [0, 1] converging to 𝑠 ∈ [0, 1] and 𝑢 𝑗 ∈ 𝐻𝑠 𝑗 ,𝑝,𝛿0 (Ω) for 𝑗 ∈ ℕ with

sup
𝑗∈ℕ

∥𝐷𝑠 𝑗
𝛿
𝑢 𝑗 ∥𝐿𝑝 (Ω;ℝ𝑛 ) < ∞.

Then, up to a non-relabeled subsequence, 𝑢 𝑗 ⇀ 𝑢 in 𝐿𝑝 (Ω𝛿 ) with 𝑢 ∈ 𝐻𝑠,𝑝,𝛿0 (Ω) and as 𝑗 → ∞,

𝐷
𝑠 𝑗
𝛿
𝑢 𝑗 ⇀ 𝐷𝑠𝛿𝑢 in 𝐿𝑝 (Ω;ℝ𝑛) and 𝐷

𝑠 𝑗
𝛿
𝑢 𝑗 (𝑥) → 𝐷𝑠𝛿𝑢 (𝑥) for a.e. 𝑥 ∈ Ω \ Ω−𝛿 .

Additionally, if 𝑠 > 0 then also 𝑢 𝑗 → 𝑢 in 𝐿𝑝 (Ω𝛿 ).
Proof. In view of the Poincaré inequality of Theorem 3.3.8, we observe that

sup
𝑗∈ℕ

∥𝑢 𝑗 ∥𝐿𝑝 (Ω) ≤ 𝐶 sup
𝑗∈ℕ

∥𝐷𝑠 𝑗
𝛿
𝑢 𝑗 ∥𝐿𝑝 (Ω;ℝ𝑛 ) < ∞.

Therefore, we can extract a subsequence of {𝑢 𝑗 } 𝑗∈ℕ (non-relabeled) and find 𝑢 ∈ 𝐿𝑝 (Ω𝛿 ) and 𝑉 ∈
𝐿𝑝 (Ω;ℝ𝑛) such that

𝑢 𝑗 ⇀ 𝑢 in 𝐿𝑝 (Ω𝛿 ) and 𝐷
𝑠 𝑗
𝛿
𝑢 𝑗 ⇀ 𝑉 in 𝐿𝑝 (Ω;ℝ𝑛)
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as 𝑗 → ∞. Note that 𝑢 = 0 in Ω𝛿 \ Ω−𝛿 , since the same holds for the functions 𝑢 𝑗 . To show that
𝑢 ∈ 𝐻𝑠,𝑝,𝛿0 (Ω) and 𝑉 = 𝐷𝑠

𝛿
𝑢, take 𝜑 ∈ 𝐶∞

𝑐 (Ω;ℝ𝑛) and observe that∫
Ω
𝑉 · 𝜑 𝑑𝑥 = lim

𝑗→∞

∫
Ω
𝐷
𝑠 𝑗
𝛿
𝑢 𝑗 · 𝜑 𝑑𝑥 = − lim

𝑗→∞

∫
Ω𝛿

𝑢 𝑗 div
𝑠 𝑗
𝛿
𝜑 𝑑𝑥 = −

∫
Ω𝛿

𝑢 div𝑠𝛿 𝜑 𝑑𝑥,

where the last equality results from the weak convergence 𝑢 𝑗 ⇀ 𝑢 in 𝐿𝑝 (Ω𝛿 ) and the uniform
convergence div𝑠 𝑗

𝛿
𝜑 → div𝑠𝛿 𝜑 by Lemma 3.3.2. Hence, 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) with 𝐷𝑠

𝛿
𝑢 = 𝑉 , and Proposi-

tion 3.2.10 implies 𝑢 ∈ 𝐻𝑠,𝑝,𝛿0 (Ω), since 𝑢 = 0 a.e. in Ω𝛿 \ Ω−𝛿 and Ω−𝛿 is Lipschitz.
It remains to prove the pointwise convergence of the nonlocal gradients outside of Ω−𝛿 . To this

end, we observe in view of Remark 3.2.1 that for any 𝑡 ∈ [0, 1] and 𝑣 ∈ 𝐻 𝑡,𝑝,𝛿0 (Ω),

𝐷𝑡𝛿𝑣 (𝑥) =
{
(𝑑𝑡
𝛿
∗ 𝑣) (𝑥) if 𝑡 ∈ [0, 1),

0 if 𝑡 = 1,
(3.41)

for a.e. 𝑥 ∈ Ω \ Ω−𝛿 ; note that |𝜕Ω−𝛿 | = 0, so that this set may be ignored. If 𝑠 ≠ 1, it holds for any
Y > 0 that 𝑑𝑠 𝑗

𝛿
→ 𝑑𝑠

𝛿
uniformly on 𝐵Y (0)𝑐 as 𝑗 → ∞. Consequently,

lim
𝑗→∞

𝐷
𝑠 𝑗
𝛿
𝑢 𝑗 (𝑥) = lim

𝑗→∞

∫
Ω−𝛿

𝑢 𝑗 (𝑦)𝑑𝑠 𝑗𝛿 (𝑥 − 𝑦) 𝑑𝑦 =
∫
Ω−𝛿

𝑢 (𝑦)𝑑𝑠𝛿 (𝑥 − 𝑦) 𝑑𝑦 = 𝐷𝑠𝛿𝑢 (𝑥)

for a.e. 𝑥 ∈ Ω \ Ω−𝛿 . In the case 𝑠 = 1, we have 𝑑𝑠 𝑗
𝛿

→ 0 uniformly on 𝐵Y (0)𝑐 as 𝑗 → ∞ due to the
convergence 𝑐𝑛,𝑠 𝑗 → 0. The same argument then yields the desired pointwise convergence in light
of (3.41).

Finally, if 𝑠 > 0, one may assume without loss of generality that 𝑠 := inf 𝑗∈ℕ 𝑠 𝑗 > 0. We can
then exploit the continuous embeddings𝐻𝑠 𝑗 ,𝑝,𝛿0 (Ω) ↩→ 𝐻

𝑠,𝑝,𝛿
0 (Ω) for 𝑗 ∈ ℕwith uniform constants,

which follow in light of Corollary 3.3.4, to deduce that 𝑢 𝑗 ⇀ 𝑢 in 𝐻𝑠,𝑝,𝛿0 (Ω). Then, 𝑢 𝑗 → 𝑢 in
𝐿𝑝 (Ω𝛿 ) by the compactness result in [31, Theorem 6.1 and 7.3]. □

3.4 Weak lower semicontinuity and existence theory

This section is devoted to characterizing the weak lower semicontinuity of integral functionals
depending on the nonlocal gradient, that is, functionals of the form

F (𝑢) =
∫
Ω
𝑓 (𝑥,𝑢 (𝑥), 𝐷𝑠𝛿𝑢 (𝑥)) 𝑑𝑥 for 𝑢 ∈ 𝐻𝑠,𝑝,𝛿𝑔 (Ω;ℝ𝑚), (3.42)

where 𝑠 ∈ (0, 1), 𝑝 ∈ (1,∞), Ω ⊂ ℝ𝑛 is open and bounded, 𝑔 ∈ 𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑚), and 𝑓 : Ω × ℝ𝑚 ×
ℝ𝑚×𝑛 → ℝ is a suitable integrand with 𝑝-growth. Using the connection between the nonlocal
gradient and the classical gradient from Theorem 3.2.13, we can employ a translation procedure
along the lines of [140] to conclude that the weak lower semicontinuity of F is equivalent to the
quasiconvexity of 𝑓 in its third argument. In fact, the quasiconvexity is only required in Ω−𝛿 , which
is due to the strong convergence of the nonlocal gradient in Ω𝛿 \ Ω−𝛿 from Lemma 3.2.12.

Theorem 3.4.1 (Characterization of weak lower semicontinuity). Let 𝑠 ∈ (0, 1), 𝑝 ∈ (1,∞),
Ω ⊂ ℝ𝑛 be open and bounded with |𝜕Ω−𝛿 | = 0 and 𝑔 ∈ 𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑚). Further, let 𝑓 : Ω × ℝ𝑚 ×
ℝ𝑚×𝑛 → ℝ be a Carathéodory function satisfying

−𝐶 (1 + |𝑧 |𝑝 + |𝐴|𝑞) ≤ 𝑓 (𝑥, 𝑧, 𝐴) ≤ 𝐶 (1 + |𝑧 |𝑝 + |𝐴|𝑝)
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for a.e. 𝑥 ∈ Ω and all (𝑧,𝐴) ∈ ℝ𝑚 ×ℝ𝑚×𝑛 with 𝐶 > 0 and 𝑞 ∈ [1, 𝑝).
Then, F from (3.42) is weakly lower semicontinuous on 𝐻𝑠,𝑝,𝛿𝑔 (Ω;ℝ𝑚) if and only if

𝑓 (𝑥, 𝑧, ·) is quasiconvex for a.e. 𝑥 ∈ Ω−𝛿 and all 𝑧 ∈ ℝ𝑚 , (3.43)

i.e., it holds for a.e. 𝑥 ∈ Ω−𝛿 and all 𝑧 ∈ ℝ𝑚 with 𝑌 = (0, 1)𝑛 that

𝑓 (𝑥, 𝑧, 𝐴) ≤
∫
𝑌
𝑓 (𝑥, 𝑧, 𝐴 + ∇𝜑 (𝑦)) 𝑑𝑦 for all 𝜑 ∈𝑊 1,∞

0 (𝑌 ;ℝ𝑚) and 𝐴 ∈ ℝ𝑚×𝑛 .

Proof. The proof follows the lines of [140, Theorem 4.1 and 4.5], we detail the differences for the
reader’s convenience.

Step 1: Sufficiency. Assuming (3.43), let {𝑢 𝑗 } 𝑗∈ℕ ⊂ 𝐻
𝑠,𝑝,𝛿
𝑔 (Ω;ℝ𝑚) be a sequence that converges

weakly to 𝑢 in 𝐻𝑠,𝑝,𝛿𝑔 (Ω;ℝ𝑚). We divide the proof by splitting the integral functional F and con-
sidering separately the integral contributions over Ω−𝛿 and Ω \ Ω−𝛿 .

Since 𝑢 𝑗 → 𝑢 in 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) by [31, Theorem 7.3] and Q𝑠
𝛿
𝑢 𝑗 ⇀ Q𝑠

𝛿
𝑢 in𝑊 1,𝑝 (Ω;ℝ𝑚) by Theo-

rem 3.2.13 (𝑖), we conclude∫
Ω−𝛿

𝑓 (𝑥,𝑢, 𝐷𝑠𝛿𝑢) 𝑑𝑥 =
∫
Ω−𝛿

𝑓 (𝑥,𝑢,∇Q𝑠
𝛿𝑢) 𝑑𝑥

≤ lim inf
𝑗→∞

∫
Ω−𝛿

𝑓 (𝑥,𝑢 𝑗 ,∇Q𝑠
𝛿𝑢 𝑗 ) 𝑑𝑥

= lim inf
𝑗→∞

∫
Ω−𝛿

𝑓 (𝑥,𝑢 𝑗 , 𝐷𝑠𝛿𝑢 𝑗 ) 𝑑𝑥,

(3.44)

where the inequality is due to the quasiconvexity and 𝑝-growth of 𝑓 , with the exact argument
of [140, Theorem 4.1] involving Young measures. Note that this requires the negative part of the
sequence {𝑓 (·, 𝑢 𝑗 ,∇Q𝑠

𝛿
𝑢 𝑗 )} 𝑗∈ℕ to be equi-integrable, which is guaranteed by the lower bound on 𝑓 .

Secondly, for the integral on Ω \ Ω−𝛿 , we invoke from Lemma 3.2.12 the convergence

𝐷𝑠𝛿𝑢 𝑗 → 𝐷𝑠𝛿𝑢 ∈ 𝐿𝑝 (Ω \𝑂 ;ℝ𝑚×𝑛)

for any 𝑂 ⋑ Ω−𝛿 . Hence, a well-known strong lower semicontinuity result (e.g., [112, Theo-
rem 6.49]) yields ∫

Ω\𝑂
𝑓 (𝑥,𝑢, 𝐷𝑠𝛿𝑢) 𝑑𝑥 ≤ lim inf

𝑗→∞

∫
Ω\𝑂

𝑓 (𝑥,𝑢 𝑗 , 𝐷𝑠𝛿𝑢 𝑗 ) 𝑑𝑥.

Letting𝑂 ↓ Ω−𝛿 implies, using once again the equi-integrability of the negative part of the sequence
{𝑓 (·, 𝑢 𝑗 , 𝐷𝑠𝛿𝑢 𝑗 )} 𝑗∈ℕ and the assumption |𝜕Ω−𝛿 | = 0, that∫

Ω\Ω−𝛿
𝑓 (𝑥,𝑢, 𝐷𝑠𝛿𝑢) 𝑑𝑥 ≤ lim inf

𝑗→∞

∫
Ω\Ω−𝛿

𝑓 (𝑥,𝑢 𝑗 , 𝐷𝑠𝛿𝑢 𝑗 ) 𝑑𝑥. (3.45)

The sufficiency now follows from adding (3.44) and (3.45).
Step 2: Necessity. Analogously to the proof of [140, Theorem 4.5], we may assume without loss

of generality that 𝑔 = 0. In order to prove the stated quasiconvexity of 𝑓 , let us fix (𝑥0, 𝑧0, 𝐴0) ∈
Ω−𝛿 ×ℝ𝑚 ×ℝ𝑚×𝑛 . Using Lemma 3.4.2, we may select a 𝜑0 ∈ 𝐶∞

𝑐 (Ω−𝛿 ;ℝ𝑚) such that

𝜑0(𝑥0) = 𝑧0 and 𝐷𝑠𝛿𝜑0(𝑥0) = 𝐴0. (3.46)

Consider any 𝜑 ∈𝑊 1,∞
0 (𝑌 ;ℝ𝑚) and assume that 𝑥0 + 𝑌 ⋐ Ω−𝛿 ; the latter can be done without

loss of generality in light of the scaling and translation invariances related to the definition of
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quasiconvexity, see e.g., [75, Proposition 5.11]. If we fix 𝜌 ∈ (0, 1) and periodically extend 𝜑 to ℝ𝑛 ,
we can define the sequence {𝜑𝜌𝑗 } 𝑗∈ℕ ⊂𝑊 1,∞(ℝ𝑛;ℝ𝑚) by

𝜑
𝜌
𝑗 (𝑥) =


𝜌

𝑗
𝜑
(
𝑗
(𝑥 − 𝑥0)

𝜌

)
for 𝑥 ∈ 𝑌𝜌 := 𝑥0 + (0, 𝜌)𝑛 ,

0 otherwise,
𝑥 ∈ ℝ𝑛 .

As this is a periodically oscillating sequence that converges to zero essentially uniformly, we find
that 𝜑𝜌𝑗 ⇀ 0 in𝑊 1,𝑝 (ℝ𝑛;ℝ𝑚) as 𝑗 → ∞.

Take a cut-off function 𝜒 ∈ 𝐶∞
𝑐 (Ω−𝛿 ; [0, 1]) with 𝜒 ≡ 1 on 𝑥0 + 𝑌 and define the sequence

{𝑢 𝑗 } 𝑗∈ℕ ⊂ 𝐻
𝑠,𝑝,𝛿
0 (Ω;ℝ𝑚) given by

𝑢 𝑗 := 𝜑0 + 𝜒P𝑠𝛿𝜑
𝜌
𝑗 ,

which convergesweakly to𝜑0 in𝐻𝑠,𝑝,𝛿0 (Ω;ℝ𝑚) in light of the continuity ofP𝑠
𝛿
in Theorem 3.2.13 (𝑖𝑖).

In particular, we have 𝑢 𝑗 → 𝜑0 in 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) by [31, Theorem 7.3]. Moreover, it holds by the Leib-
niz rule in Lemma 3.2.11 and the fact that 𝐷𝑠

𝛿
P𝑠
𝛿
𝜑
𝜌
𝑗 = ∇𝜑𝜌𝑗 that

𝐷𝑠𝛿𝑢 𝑗 = 𝐷
𝑠
𝛿𝜑0 + 𝜒∇𝜑

𝜌
𝑗 + 𝐾𝜒 (P𝑠𝛿𝜑

𝜌
𝑗 ) .

Observe that 𝐾𝜒 (P𝑠𝛿𝜑
𝜌
𝑗 ) → 0 in 𝐿𝑝 (Ω;ℝ𝑚×𝑛) as 𝑗 → ∞ due to the boundedness of 𝐾𝜒 and that

𝜒∇𝜑𝜌𝑗 = ∇𝜑𝜌𝑗 on Ω since 𝜑𝜌𝑗 is zero outside 𝑌𝜌 .
Finally, we exploit the weak lower semicontinuity of F on 𝐻𝑠,𝑝,𝛿0 (Ω;ℝ𝑚) to derive∫

Ω
𝑓 (𝑥, 𝜑0, 𝐷𝑠𝛿𝜑0) 𝑑𝑥 ≤ lim inf

𝑗→∞

∫
Ω
𝑓 (𝑥,𝑢 𝑗 , 𝐷𝑠𝛿𝑢 𝑗 ) 𝑑𝑥

= lim inf
𝑗→∞

∫
𝑌𝜌

𝑓 (𝑥,𝑢 𝑗 , 𝐷𝑠𝛿𝜑0 + ∇𝜑𝜌𝑗 + 𝐾𝜒 (P𝑠𝛿𝜑
𝜌
𝑗 )) 𝑑𝑥

+
∫
Ω\𝑌𝜌

𝑓 (𝑥,𝑢 𝑗 , 𝐷𝑠𝛿𝜑0 + 𝐾𝜒 (P𝑠𝛿𝜑
𝜌
𝑗 )) 𝑑𝑥

≤ lim inf
𝑗→∞

∫
𝑌𝜌

𝑓 (𝑥, 𝜑0, 𝐷𝑠𝛿𝜑0 + ∇𝜑𝜌𝑗 ) 𝑑𝑥 +
∫
Ω\𝑌𝜌

𝑓 (𝑥, 𝜑0, 𝐷𝑠𝛿𝜑0) 𝑑𝑥,

where the last inequality uses [140, Lemma 4.10] to remove all the terms that converge strongly to
zero. In view of the 𝑝-growth of 𝑓 , the integral over Ω \𝑌𝜌 is finite, so that subtracting it from both
sides gives ∫

𝑌𝜌

𝑓 (𝑥, 𝜑0, 𝐷𝑠𝛿𝜑0) 𝑑𝑥 ≤ lim inf
𝑗→∞

∫
𝑌𝜌

𝑓 (𝑥, 𝜑0, 𝐷𝑠𝛿𝜑0 + ∇𝜑𝜌𝑗 ) 𝑑𝑥 .

Because 𝜑0 and 𝐷𝑠𝛿𝜑0 are continuous and satisfy (3.46), the rest of the proof follows by mimicking
Steps 2-4 of [140, Theorem 4.5]. □

The following lemma was used in the previous proof and shows that one can construct smooth
functions with compact support whose nonlocal gradient has a desired value at a point. The proof
is omitted here, as it is nearly identical to [140, Lemma 4.3], given that𝑤𝛿 is radial by (H1).

Lemma 3.4.2. Let 𝑠 ∈ (0, 1) and let Ω ⊂ ℝ𝑛 be open and bounded. For any 𝑥0 ∈ Ω−𝛿 , 𝑧 ∈ ℝ𝑚 and
𝐴 ∈ ℝ𝑚×𝑛 , there exists a 𝜑 ∈ 𝐶∞

𝑐 (Ω−𝛿 ;ℝ𝑚) such that 𝜑 (𝑥0) = 𝑧 and 𝐷𝑠𝛿𝜑 (𝑥0) = 𝐴.
With the perspective of Section 3.2.5, there is an alternative approach to proving Theorem 3.4.1

that passes through the characterization of weak lower semicontinuity of functionals depending
on Riesz fractional gradients from [140]. For simplicity, we take 𝑔 = 0 and drop the dependence on
𝑥 and 𝑧 in 𝑓 .
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Alternative proof of Theorem 3.4.1. Step 1: Sufficiency. Let {𝑢 𝑗 } 𝑗∈ℕ ⊂ 𝐻
𝑠,𝑝,𝛿
0 (Ω;ℝ𝑚) convergeweakly

in𝐻𝑠,𝑝,𝛿0 (Ω;ℝ𝑚) to the limit function𝑢 ∈ 𝐻𝑠,𝑝,𝛿0 (Ω;ℝ𝑚). As a quasiconvex function, 𝑓 : ℝ𝑚×𝑛 → ℝ

is also rank-one convex and hence, locally Lipschitz continuous in the sense that

|𝑓 (𝐴) − 𝑓 (𝐵) | ≤ 𝐶 (1 + |𝐴|𝑝−1 + |𝐵 |𝑝−1) |𝐴 − 𝐵 | for all 𝐴, 𝐵 ∈ ℝ𝑚×𝑛

with a constant 𝐶 > 0, cf. e.g., [75, Proposition 2.32].
Consider the auxiliary function

ℎ𝑢 (𝑥,𝐴) = 𝟙Ω (𝑥) 𝑓
(
𝐴 + (∇𝑅𝑠𝛿 ∗ 𝑢) (𝑥)

)
for 𝑥 ∈ ℝ𝑛 and 𝐴 ∈ ℝ𝑚×𝑛 ,

which is Carathéodory, quasiconvex in the second variable, and satisfies the growth bound

|ℎ𝑢 (𝑥,𝐴) | ≤ 𝐶
(
1 + |𝐴|𝑝 + |(∇𝑅𝑠𝛿 ∗ 𝑢) (𝑥) |𝑝

) ≤ 𝐶 (
1 + |𝐴|𝑝 + ∥𝑢∥𝑝

𝐿𝑝 (Ω𝛿 ;ℝ𝑚 )
)
,

with the last step using the boundedness of ∇𝑅𝑠
𝛿
. By the local Lipschitz continuity of 𝑓 , we also find���∫

Ω
𝑓 (𝐷𝑠𝛿𝑢 𝑗 ) 𝑑𝑥 −

∫
ℝ𝑛

ℎ𝑢 (𝑥, 𝐷𝑠𝑢 𝑗 ) 𝑑𝑥
���

≤ 𝐶 (
1 + ∥𝐷𝑠𝛿𝑢 𝑗 ∥𝐿𝑝 (Ω;ℝ𝑚×𝑛 ) + ∥𝑢 𝑗 ∥𝐿𝑝 (Ω𝛿 ;ℝ𝑚 ) + ∥𝑢∥𝐿𝑝 (Ω𝛿 ;ℝ𝑚 )

) ∥𝑢 𝑗 − 𝑢∥𝐿𝑝 (Ω𝛿 ;ℝ𝑚 ) → 0

as 𝑗 → ∞. Since 𝑢 𝑗 ⇀ 𝑢 in 𝐻𝑠,𝑝0 (Ω−𝛿 ;ℝ𝑚) by Lemma 3.2.16 and ℎ𝑢 fulfills the requirements
of [140, Theorem 4.1], the desired lower semicontinuity results from

lim inf
𝑗→∞

F (𝑢 𝑗 ) = lim inf
𝑗→∞

∫
Ω
𝑓 (𝐷𝑠𝛿𝑢 𝑗 ) 𝑑𝑥 = lim inf

𝑗→∞

∫
ℝ𝑛

ℎ𝑢 (𝑥, 𝐷𝑠𝑢 𝑗 ) 𝑑𝑥

≥
∫
ℝ𝑛

ℎ𝑢 (𝑥, 𝐷𝑠𝑢) 𝑑𝑥 =
∫
Ω
𝑓 (𝐷𝑠𝛿𝑢) 𝑑𝑥 = F (𝑢) .

Step 2: Necessity. Suppose F is weakly lower semicontinuous on 𝐻𝑠,𝑝,𝛿0 (Ω;ℝ𝑚). Fix (𝑥0, 𝐴0) ∈
Ω−𝛿 × ℝ𝑚×𝑛 and using Lemma 3.4.2, let 𝜑 ∈ 𝐶∞

𝑐 (Ω−𝛿 ;ℝ𝑚) be such that 𝐷𝑠
𝛿
𝜑 (𝑥0) = 𝐴0. A similar

reasoning as in Step 1 shows for any sequence {𝑢 𝑗 } 𝑗∈ℕ ⊂ 𝐻
𝑠,𝑝
0 (Ω−𝛿 ;ℝ𝑚) converging weakly in

𝐻
𝑠,𝑝
0 (Ω−𝛿 ;ℝ𝑚) to 𝜑 and with {𝐷𝑠𝑢 𝑗 } 𝑗∈ℕ 𝑝-equi-integrable that

lim inf
𝑗→∞

∫
ℝ𝑛

ℎ𝜑 (𝑥, 𝐷𝑠𝑢 𝑗 ) 𝑑𝑥 ≥ lim inf
𝑗→∞

∫
Ω
𝑓 (𝐷𝑠𝛿𝑢 𝑗 ) 𝑑𝑥 ≥

∫
ℝ𝑛

ℎ𝜑 (𝑥, 𝐷𝑠𝜑) 𝑑𝑥,

where the first inequality uses the 𝑝-equi-integrability of {𝐷𝑠𝑢 𝑗 } 𝑗∈ℕ and the strong convergence
∇𝑅𝑠

𝛿
∗𝑢 𝑗 → ∇𝑅𝑠

𝛿
∗𝜑 in𝐿𝑝 (Ω;ℝ𝑚×𝑛) to apply awell-known freezing lemma (see e.g., [140, Lemma 4.10]).

The proof of [140, Theorem 4.5] then yields for all 𝑣 ∈𝑊 1,∞
0 (𝑌 ;ℝ𝑚),

ℎ𝜑 (𝑥0, 𝐴0) ≤
∫
𝑌
ℎ𝜑 (𝑥0, 𝐴0 + ∇𝑣) 𝑑𝑦.

If we further suppose that supp(𝜑) ⊂ 𝐵(𝑥0, 𝑏0𝛿), which is possible by Lemma 3.4.2, then (∇𝑅𝑠
𝛿
∗

𝜑) (𝑥0) = 0 since ∇𝑅𝑠
𝛿
= 0 in 𝐵(0, 𝑏0𝛿), see (3.74). Therefore, the inequality turns into

𝑓 (𝐴0) ≤
∫
𝑌
𝑓 (𝐴0 + ∇𝑣) 𝑑𝑦,

as desired. □
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Let us briefly comment on the role of quasiconvexity in Theorem 3.4.1, especially in relation
with a new generalized convexity notion that can be considered natural in our nonlocal setting.
For simplicity, we assume that 𝑓 is constant in the 𝑥- and 𝑧-variables.

Remark 3.4.3 (𝑫𝒔
𝜹
-quasiconvexity). Let 𝑓 : ℝ𝑚×𝑛 → ℝ be a measurable function. We call 𝑓

𝐷𝑠
𝛿
-quasiconvex if for every 𝐴 ∈ ℝ𝑚×𝑛 ,

𝑓 (𝐴) ≤
∫
𝑌
𝑓
(
𝐴 + 𝐷𝑠𝛿𝜓 (𝑦)

)
𝑑𝑦 for all𝜓 ∈ 𝐻𝑠,∞,𝛿# (𝑌 ;ℝ𝑚), (3.47)

whenever the integral on the left-hand side exists.
Under consideration of Remark 3.2.14 c) and by using the characterization of quasiconvex-

ity with periodic test functions (see e.g., [75, Proposition 5.13]), it follows immediately that 𝐷𝑠
𝛿
-

quasiconvexity is equivalent to the usual quasiconvexity. An analogous result for fractional in-
stead of nonlocal gradients was established in [140], by showing equivalence of quasiconvexity
with 𝛼-quasiconvexity, where 𝛼 = 𝑠 .

In fact, opposed to the fractional case, one can show here that for continuous 𝑓 : ℝ𝑚×𝑛 → ℝ, the
periodic test functions in (3.47) can equivalently be replaced by test functions in the complementary-
value space𝐻𝑠,∞,𝛿0 (Ω;ℝ𝑚) for any open and bounded Ω ⊂ ℝ𝑛 . The resulting generalized convexity
notion defined by

𝑓 (𝐴) ≤ 1
|Ω |

∫
Ω
𝑓
(
𝐴 + 𝐷𝑠𝛿𝜓 (𝑦)

)
𝑑𝑦 for all𝜓 ∈ 𝐻𝑠,∞,𝛿0 (Ω;ℝ𝑚) and 𝐴 ∈ ℝ𝑚×𝑛 (3.48)

is indeed equivalent to quasiconvexity as well. To see this, we observe first that quasiconvexity
implies (3.48) since it holds for any𝜓 ∈ 𝐻𝑠,∞,𝛿0 (Ω;ℝ𝑚) that

𝜑 := Q𝑠
𝛿
𝜓 ∈𝑊 1,∞

0 (Ω;ℝ𝑚) with ∇𝜑 = 𝐷𝑠
𝛿
𝜓,

cf. Remark 3.2.14. Conversely, for any given 𝜑 ∈ 𝑊 1,∞
0 (𝑌 ;ℝ𝑚), one can consider the sequence

{𝜓 𝑗 } 𝑗∈ℕ given by

𝜓 𝑗 := 𝜒P𝑠
𝛿
𝜑
𝜌
𝑗 ∈ 𝐻𝑠,∞,𝛿0 (Ω;ℝ𝑚),

where 𝜌 ∈ (0, 1) is fixed and 𝜑𝜌𝑗 and the cut-off function 𝜒 are as in Step 2 of the proof of
Theorem 3.4.1. Then, with similar arguments and the compact embedding of 𝐻𝑠,𝑝,𝛿0 (Ω;ℝ𝑚) into
𝐿∞(Ω𝛿 ;ℝ𝑚) for 𝑝 > 𝑛/𝑠 , see [31, Theorem 7.3], we obtain 𝐷𝑠

𝛿
𝜓 𝑗 − ∇𝜑𝜌𝑗 → 0 in 𝐿∞(Ω;ℝ𝑚×𝑛) as

𝑗 → ∞. Using the continuity of 𝑓 and (3.48) then implies

𝑓 (𝐴) ≤ lim
𝑗→∞

1
|Ω |

∫
Ω
𝑓
(
𝐴 + 𝐷𝑠𝛿𝜓 𝑗 (𝑦)

)
𝑑𝑦 = lim

𝑗→∞
1
|Ω |

∫
Ω
𝑓
(
𝐴 + ∇𝜑𝜌𝑗 (𝑦)

)
𝑑𝑦

=
|𝑌𝜌 |
|Ω |

∫
𝑌
𝑓
(
𝐴 + ∇𝜑 (𝑦)) 𝑑𝑦 + |Ω | − |𝑌𝜌 |

|Ω | 𝑓 (𝐴),

which shows the quasiconvexity of 𝑓 . △
With the previous findings at hand, the following existence result is now a simple consequence

of the direct method.

Corollary 3.4.4. Let 𝑠 ∈ (0, 1), 𝑝 ∈ (1,∞), Ω ⊂ ℝ𝑛 be open and bounded with |𝜕Ω−𝛿 | = 0 and
𝑔 ∈ 𝐻𝑠,𝑝,𝛿 (Ω). Suppose that 𝑓 : Ω ×ℝ𝑚 ×ℝ𝑚×𝑛 → ℝ is a Carathéodory function satisfying

𝑐 |𝐴|𝑝 −𝐶 ≤ 𝑓 (𝑥, 𝑧, 𝐴) ≤ 𝐶 (1 + |𝑧 |𝑝 + |𝐴|𝑝)
for a.e. 𝑥 ∈ Ω and all (𝑧,𝐴) ∈ ℝ𝑚 × ℝ𝑚×𝑛 with constants 𝑐,𝐶 > 0. If 𝐴 ↦→ 𝑓 (𝑥, 𝑧, 𝐴) is quasiconvex
for a.e. 𝑥 ∈ Ω−𝛿 and all 𝑧 ∈ ℝ𝑚 , then F as in (3.42) admits a minimizer in 𝐻𝑠,𝑝,𝛿𝑔 (Ω;ℝ𝑚).
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Proof. If {𝑢 𝑗 } 𝑗∈ℕ ⊂ 𝐻
𝑠,𝑝,𝛿
𝑔 (Ω;ℝ𝑚) is a minimizing sequence for F , we find by the coercivity bound

on 𝑓 that {𝐷𝑠
𝛿
𝑢 𝑗 } 𝑗∈ℕ is a bounded sequence in 𝐿𝑝 (Ω;ℝ𝑚×𝑛). By the nonlocal Poincaré inequality

in [31, Theorem 6.2], it follows that {𝑢 𝑗 } 𝑗∈ℕ is a bounded sequence in 𝐻𝑠,𝑝,𝛿𝑔 (Ω;ℝ𝑚), so that, up to
a non-relabeled subsequence, 𝑢 𝑗 ⇀ 𝑢 in 𝐻𝑠,𝑝,𝛿𝑔 (Ω;ℝ𝑚) for some 𝑢 ∈ 𝐻𝑠,𝑝,𝛿𝑔 (Ω;ℝ𝑚). Together with
Theorem 3.4.1, this shows that 𝑢 is a minimizer of F over 𝐻𝑠,𝑝,𝛿𝑔 (Ω;ℝ𝑚). □

3.5 Homogenization and relaxation

In the next step, we aim to prove new relaxation and homogenization results for our nonlocal
functionals. Both will follow as corollaries of a more general, abstract statement about the Γ-
convergence of integral functionals with dependence on nonlocal gradients, which is of indepen-
dent interest. Our approach relies on the connection between the nonlocal and classical gradient,
as established in Section 3.2.4, in order to reduce the problem to a standard setting.

Throughout the section, let 𝑠 ∈ (0, 1), 𝑝 ∈ (1,∞) and Ω ⊂ ℝ𝑛 be an open and bounded set with
|𝜕Ω−𝛿 | = 0, and 𝑔 ∈ 𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑚). Further, we assume that the readers are familiar with the basics
of Γ-convergence, and refer to [49, 80] for a comprehensive introduction.

Let us start with some necessary notations in preparation for the announced abstract Γ-conver-
gence result. For any Carathéodory integrand 𝑓 : Ω × ℝ𝑚×𝑛 → ℝ with standard 𝑝-growth and
𝑝-coercivity, i.e., there are constants 𝐶, 𝑐 > 0 such that

𝑐 |𝐴|𝑝 −𝐶 ≤ 𝑓 (𝑥,𝐴) ≤ 𝐶 ( |𝐴|𝑝 + 1) (3.49)

for a.e. 𝑥 ∈ Ω and all 𝐴 ∈ ℝ𝑚×𝑛 , we define the three integral functionals I𝑓 : 𝐿𝑝 (Ω−𝛿 ;ℝ𝑚) → ℝ∞,
J𝑓 : 𝐿𝑝 (Ω \ Ω−𝛿 ;ℝ𝑚×𝑛) → ℝ and F𝑓 : 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) → ℝ∞ as

I𝑓 (𝑣) =

∫
Ω−𝛿

𝑓 (𝑥,∇𝑣) 𝑑𝑥 for 𝑣 ∈𝑊 1,𝑝 (Ω−𝛿 ;ℝ𝑚),
∞ otherwise,

J𝑓 (𝑉 ) =
∫
Ω\Ω−𝛿

𝑓 (𝑥,𝑉 ) 𝑑𝑥,

and

F𝑓 (𝑢) =

∫
Ω
𝑓 (𝑥, 𝐷𝑠𝛿𝑢) 𝑑𝑥 for 𝑢 ∈ 𝐻𝑠,𝑝,𝛿𝑔 (Ω;ℝ𝑚),

∞ otherwise,
respectively.

Theorem 3.5.1 (General 𝚪-convergence result). Suppose 𝑓𝑗 , 𝑓∞ : Ω × ℝ𝑚×𝑛 → ℝ for 𝑗 ∈ ℕ are
Carathéodory integrands satisfying (3.49) uniformly in 𝑗 and

|𝑓𝑗 (𝑥,𝐴) − 𝑓𝑗 (𝑥, 𝐵) | ≤ 𝑀 (1 + |𝐴|𝑝−1 + |𝐵 |𝑝−1) |𝐴 − 𝐵 | (3.50)

for a.e. 𝑥 ∈ Ω, all𝐴, 𝐵 ∈ ℝ𝑚×𝑛 and all 𝑗 ∈ ℕwith a constant𝑀 > 0. If the sequence {I𝑓𝑗 } 𝑗∈ℕ converges
to I𝑓∞ in the sense of Γ-convergence regarding the strong topology in 𝐿𝑝 (Ω−𝛿 ;ℝ𝑚) as 𝑗 → ∞, in short,

Γ(𝐿𝑝)- lim
𝑗→∞

I𝑓𝑗 = I𝑓∞ (3.51)

and

J𝑓𝑗 → J𝑓∞ pointwise, (3.52)



3.5. HOMOGENIZATION AND RELAXATION 89

then

Γ(𝐿𝑝)- lim
𝑗→∞

F𝑓𝑗 = F𝑓∞, (3.53)

that is, {F𝑓𝑗 } 𝑗∈ℕ Γ-converges with respect to the strong topology in 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) to F𝑓∞ as 𝑗 → ∞.
Moreover, every sequence {𝑢 𝑗 } 𝑗∈𝑁 ⊂ 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) with uniformly bounded energy sup𝑗 F𝑓𝑗 (𝑢 𝑗 ) <

∞ has a converging subsequence in 𝐿𝑝 (Ω𝛿 ;ℝ𝑚).

Proof. By adding a constant, we may assume without loss of generality that 𝑓𝑗 for 𝑗 ∈ ℕ and 𝑓∞ are
non-negative. Further, we observe upfront that due to (3.50), the functionalsJ𝑓𝑗 for 𝑗 ∈ ℕ are locally
Lipschitz on 𝐿𝑝 (Ω \ Ω−𝛿 ;ℝ𝑚×𝑛) with a uniform Lipschitz constant. The pointwise convergence
J𝑓𝑗 → J𝑓∞ in (3.52) is therefore equivalent to locally uniform convergence; in particular, it holds
for any sequence 𝑉𝑗 → 𝑉 in 𝐿𝑝 (Ω \ Ω−𝛿 ;ℝ𝑚×𝑛) that

lim
𝑗→∞

J𝑓𝑗 (𝑉𝑗 ) = J𝑓∞ (𝑉 ). (3.54)

The rest of the proof is split into the usual steps, proving first compactness to obtain the add-on
and then, the liminf-inequality and a complementary upper bound via the existence of recovery
sequences, which in combination yields (3.53).

Step 1: Compactness. In view of the lower bound in (3.49), this is an immediate consequence of
the Poincaré inequality and compactness result in 𝐻𝑠,𝑝,𝛿𝑔 (Ω;ℝ𝑚) (cf. [31, Theorem 6.1 and 7.3]).

Step 2: Liminf-inequality. Let {𝑢 𝑗 } 𝑗∈ℕ ⊂ 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) be a convergent sequence for 𝑗 → ∞
with limit 𝑢 ∈ 𝐿𝑝 (Ω𝛿 ;ℝ𝑚). Suppose without loss of generality that lim inf 𝑗→∞ F𝑓𝑗 (𝑢 𝑗 ) =
lim𝑗→∞ F𝑓𝑗 (𝑢 𝑗 ) < ∞. It follows then from the coercivity bound in (3.49) that {𝑢 𝑗 } 𝑗∈ℕ ⊂
𝐻
𝑠,𝑝,𝛿
𝑔 (Ω;ℝ𝑚) is bounded and thus,

𝑢 𝑗 ⇀ 𝑢 in 𝐻𝑠,𝑝,𝛿𝑔 (Ω;ℝ𝑚).

By Theorem 3.2.13 (𝑖), it holds that Q𝑠
𝛿
𝑢 𝑗 ⇀ Q𝑠

𝛿
𝑢 in𝑊 1,𝑝 (Ω;ℝ𝑚) with ∇Q𝑠

𝛿
𝑢 = 𝐷𝑠

𝛿
𝑢 and ∇Q𝑠

𝛿
𝑢 𝑗 =

𝐷𝑠
𝛿
𝑢 𝑗 for 𝑗 ∈ ℕ . Hence, the liminf-inequality from the Γ-convergence of {I𝑓𝑗 } 𝑗∈ℕ in (3.51) yields∫

Ω−𝛿
𝑓∞(𝑥, 𝐷𝑠𝛿𝑢) 𝑑𝑥 = I𝑓∞ (Q𝑠

𝛿𝑢) ≤ lim inf
𝑗→∞

I𝑓𝑗 (Q𝑠
𝛿𝑢 𝑗 ) = lim inf

𝑗→∞

∫
Ω−𝛿

𝑓𝑗 (𝑥, 𝐷𝑠𝛿𝑢 𝑗 ) 𝑑𝑥 . (3.55)

Additionally, for any 𝑂 ⋐ ℝ𝑛 open with Ω−𝛿 ⋐ 𝑂 , it holds according to Lemma 3.2.12 that
𝟙Ω\𝑂𝐷𝑠𝛿𝑢 𝑗 → 𝟙Ω\𝑂𝐷𝑠𝛿𝑢 in 𝐿

𝑝 (Ω\Ω−𝛿 ;ℝ𝑚×𝑛). We then find in view of (3.54) and the non-negativity
of the functions 𝑓𝑗 that

J𝑓 ∞ (𝟙Ω\𝑂𝐷𝑠𝛿𝑢) = lim
𝑗→∞

J𝑓𝑗 (𝟙Ω\𝑂𝐷𝑠𝛿𝑢 𝑗 ) ≤ lim inf
𝑗→∞

J𝑓𝑗 (𝐷𝑠𝛿𝑢 𝑗 ) +
∫
𝑂\Ω−𝛿

𝑓𝑗 (𝑥, 0) 𝑑𝑥.

Due to 0 ≤ 𝑓𝑗 (·, 0) ≤ 𝐶 for all 𝑗 ∈ ℕ and |𝜕Ω−𝛿 | = 0, one may let 𝑂 tend to Ω−𝛿 to conclude∫
Ω\Ω−𝛿

𝑓∞(𝑥, 𝐷𝑠𝛿𝑢) 𝑑𝑥 = J𝑓∞ (𝐷𝑠𝛿𝑢) ≤ lim inf
𝑗→∞

J𝑓𝑗 (𝐷𝑠𝛿𝑢 𝑗 ) = lim inf
𝑗→∞

∫
Ω\Ω−𝛿

𝑓𝑗 (𝑥, 𝐷𝑠𝛿𝑢 𝑗 ) 𝑑𝑥 .

Finally, combining this with (3.55) yields the desired liminf-inequality lim inf 𝑗→∞ F𝑓𝑗 (𝑢 𝑗 ) ≥ F𝑓∞ (𝑢).
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Step 3: Limsup-inequality. Take 𝑢 ∈ 𝐻
𝑠,𝑝,𝛿
𝑔 (Ω;ℝ𝑚) with F𝑓∞ (𝑢) < ∞ and define 𝑣 = Q𝑠

𝛿
𝑢 ∈

𝑊 1,𝑝 (Ω;ℝ𝑚), which satisfies∇𝑣 = 𝐷𝑠
𝛿
𝑢 onΩ by Theorem 3.2.13 (𝑖). We need to construct a recovery

sequence (𝑢 𝑗 ) 𝑗 ⊂ 𝐻
𝑠,𝑝,𝛿
𝑔 (Ω;ℝ𝑚) that converges to 𝑢 weakly in 𝐿𝑝 (Ω;ℝ𝑚) and satisfies

lim sup
𝑗→∞

F𝑓𝑗 (𝑢 𝑗 ) ≤ F𝑓∞ (𝑢) . (3.56)

To this end, let Y > 0 be fixed. The upper bound from the Γ-convergence of {I𝑓𝑗 } 𝑗∈ℕ to I𝑓∞ in
combination with an argument to enforce boundary conditions as in [80, Proof of Theorem 21.1]
allows us to find a sequence {𝑣 𝑗 } 𝑗∈ℕ ⊂𝑊 1,𝑝 (Ω−𝛿 ;ℝ𝑚) with the properties that 𝑣 𝑗 = 𝑣 in Ω−𝛿 \𝑈Y
for all 𝑗 ∈ ℕ with some open 𝑈Y ⋐ Ω−𝛿 , 𝑣 𝑗 → 𝑣 in 𝐿𝑝 (Ω−𝛿 ;ℝ𝑚), and

lim sup
𝑗→∞

∫
Ω−𝛿

𝑓𝑗 (𝑥,∇𝑣 𝑗 ) 𝑑𝑥 ≤
∫
Ω−𝛿

𝑓∞(𝑥,∇𝑣) 𝑑𝑥 + Y < ∞. (3.57)

As a consequence of (3.57) together with the coercivity bound in (3.49) and Poincaré’s inequality,
the sequence {𝑣 𝑗 } 𝑗∈ℕ converges not only in 𝐿𝑝 , but also weakly in𝑊 1,𝑝 , that is,

𝑣 𝑗 − 𝑣 ⇀ 0 in𝑊 1,𝑝 (Ω−𝛿 ;ℝ𝑚). (3.58)

After extending {𝑣 𝑗 − 𝑣} 𝑗∈ℕ by zero to a sequence in 𝑊 1,𝑝 (ℝ𝑛;ℝ𝑚), we conclude from Theo-
rem 3.2.13 (𝑖𝑖) that

�̃� 𝑗 := P𝑠𝛿 (𝑣 𝑗 − 𝑣) ∈ 𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑚)
satisfies 𝐷𝑠

𝛿
�̃� 𝑗 = ∇(𝑣 𝑗 − 𝑣) on Ω. Hence, under consideration of (3.58) and Lemma 3.2.15,

�̃� 𝑗 → 0 in 𝐿𝑝 (Ω;ℝ𝑚) and �̃� 𝑗 ⇀ 0 in 𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑚) (3.59)

as 𝑗 → ∞. Considering a cut-off function 𝜒 ∈ 𝐶∞
𝑐 (Ω−𝛿 ) with 𝜒 ≡ 1 on𝑈Y , we define

𝑢 𝑗 := 𝑢 + 𝜒�̃� 𝑗 ∈ 𝐻𝑠,𝑝,𝛿𝑔 (Ω;ℝ𝑚) for 𝑗 ∈ ℕ.
Then, by the Leibniz rule in Lemma 3.2.11,

𝐷𝑠𝛿𝑢 𝑗 = 𝐷
𝑠
𝛿𝑢 + 𝜒𝐷𝑠𝛿�̃� 𝑗 + 𝐾𝜒 (�̃� 𝑗 ) = ∇𝑣 + 𝜒∇(𝑣 𝑗 − 𝑣) + 𝐾𝜒 (�̃� 𝑗 )

for every 𝑗 ∈ ℕ; note that, in particular, 𝐷𝑠
𝛿
𝑢 𝑗 = ∇𝑣 𝑗 +𝐾𝜒 (�̃� 𝑗 ) on𝑈Y , while 𝐷𝑠𝛿𝑢 𝑗 = 𝐷𝑠𝛿𝑢 +𝐾𝜒 (�̃� 𝑗 ) on

Ω \𝑈Y since ∇(𝑣 𝑗 − 𝑣) is zero there. As 𝑗 → ∞, we have in view of (3.59) that

𝑢 𝑗 → 𝑢 in 𝐿𝑝 (Ω;ℝ𝑚) and 𝐾𝜒 (�̃� 𝑗 ) → 0 in 𝐿𝑝 (Ω;ℝ𝑚×𝑛). (3.60)

To show (3.56), we split up the functionalsF𝑓𝑗 into three integrals over𝑈Y , Ω\Ω−𝛿 , and Ω−𝛿 \𝑈Y ,
and study their asymptotic behavior for 𝑗 → ∞ separately. First, since the local Lipschitz condition
(3.50) in combination with Hölder’s inequality, (3.58), and the second convergence in (3.60) shows

lim
𝑗→∞

∫
𝑈Y

|𝑓𝑗 (𝑥,∇𝑣 𝑗 + 𝐾𝜒 (�̃� 𝑗 )) − 𝑓𝑗 (𝑥,∇𝑣 𝑗 ) | 𝑑𝑥 = 0,

we can use (3.57) to infer

lim sup
𝑗→0

∫
𝑈Y

𝑓𝑗 (𝑥, 𝐷𝑠𝛿𝑢 𝑗 ) 𝑑𝑥 = lim sup
𝑗→∞

∫
𝑈Y

𝑓𝑗 (𝑥,∇𝑣 𝑗 + 𝐾𝜒 (�̃� 𝑗 )) 𝑑𝑥

= lim sup
𝑗→∞

∫
𝑈Y

𝑓𝑗 (𝑥,∇𝑣 𝑗 ) 𝑑𝑥

≤
∫
Ω−𝛿

𝑓∞(𝑥,∇𝑣) 𝑑𝑥 + Y =
∫
Ω−𝛿

𝑓∞(𝑥, 𝐷𝑠𝛿𝑢) 𝑑𝑥 + Y.

(3.61)
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Second, 𝐷𝑠
𝛿
𝑢 𝑗 = 𝐷𝑠𝛿𝑢 + 𝐾𝜒 (�̃� 𝑗 ) → 𝐷𝑠

𝛿
𝑢 in 𝐿𝑝 (Ω \ Ω−𝛿 ;ℝ𝑚×𝑛) along with (3.54) implies

lim
𝑗→∞

∫
Ω\Ω−𝛿

𝑓𝑗 (𝑥, 𝐷𝑠𝛿𝑢 𝑗 ) 𝑑𝑥 = lim
𝑗→∞

J𝑓𝑗 (𝐷𝑠𝛿𝑢 𝑗 ) = J𝑓 ∞ (𝐷𝑠𝛿𝑢) =
∫
Ω\Ω−𝛿

𝑓∞(𝑥, 𝐷𝑠𝛿𝑢) 𝑑𝑥 . (3.62)

For the third integral expression, we find with the upper bound in (3.49) that

lim sup
𝑗→∞

∫
Ω−𝛿\𝑈Y

𝑓𝑗 (𝑥, 𝐷𝑠𝛿𝑢 𝑗 ) 𝑑𝑥 ≤ lim sup
𝑗→∞

𝐶
(∥𝐷𝑠𝛿𝑢 + 𝐾𝜒 (�̃� 𝑗 )∥𝐿𝑝 (Ω−𝛿\𝑈Y ) + |Ω−𝛿 \𝑈Y |

)
= 𝐶

(∥𝐷𝑠𝛿𝑢∥𝐿𝑝 (Ω−𝛿\𝑈Y ) + |Ω−𝛿 \𝑈Y |
)
.

(3.63)

Summing (3.61), (3.62) and (3.63) finally gives

lim sup
𝑗→∞

F𝑓𝑗 (𝑢 𝑗 ) ≤ F𝑓∞ (𝑢) +𝐶
(∥𝐷𝑠𝛿𝑢∥𝐿𝑝 (Ω−𝛿\𝑈Y ) + |Ω−𝛿 \𝑈Y |

) + Y.
Letting 𝑈Y ↑ Ω−𝛿 and Y ↓ 0 finishes the proof of (3.56) after choosing an appropriate diagonal
sequence. □

As indicated before, the above theorem enables us to carry over well-known results on varia-
tional convergence for standard integral-functionals to our nonlocal setting. One example we wish
to highlight here lies within the variational theory of homogenization. Given the classical findings
in [48,168], we can derive the Γ-limit of nonlocal functionals with periodic oscillations in the space
variable as an immediate consequence of Theorem 3.5.1. It turns out that the homogenized inte-
grand complies with the same (multi-)cell formula as in the classical case when integrating over
Ω, while in the strip where complementary-values are prescribed, an averaging of the integrand in
the fast variable occurs.

Corollary 3.5.2 (Homogenization). Let𝑌 = (0, 1)𝑛 and let 𝑓 : ℝ𝑛×ℝ𝑚×𝑛 → ℝ be a Carathéodory
integrand that is 𝑌 -periodic in its first argument and satisfies for a.e. 𝑦 ∈ ℝ𝑛 and all𝐴, 𝐵 ∈ ℝ𝑚×𝑛 that

𝑐 |𝐴|𝑝 −𝐶 ≤ 𝑓 (𝑦,𝐴) ≤ 𝐶 ( |𝐴|𝑝 + 1)
and

|𝑓 (𝑦,𝐴) − 𝑓 (𝑦, 𝐵) | ≤ 𝑀 (1 + |𝐴|𝑝−1 + |𝐵 |𝑝−1) |𝐴 − 𝐵 | (3.64)

with constants 𝑐,𝐶,𝑀 > 0. Further, let the functionals FY,Fhom : 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) → ℝ∞ with Y > 0 be
defined as

FY (𝑢) =

∫
Ω
𝑓
(𝑥
Y
, 𝐷𝑠𝛿𝑢

)
𝑑𝑥 for 𝑢 ∈ 𝐻𝑠,𝑝,𝛿𝑔 (Ω;ℝ𝑚),

∞ otherwise,

and

Fhom(𝑢) =

∫
Ω−𝛿

𝑓hom(𝐷𝑠𝛿𝑢) 𝑑𝑥 +
∫
Ω\Ω−𝛿

𝑓 (𝐷𝑠𝛿𝑢) 𝑑𝑥 for 𝑢 ∈ 𝐻𝑠,𝑝,𝛿𝑔 (Ω;ℝ𝑚),
∞ otherwise,

where 𝑓 :=
∫
𝑌
𝑓 (𝑦, · ) 𝑑𝑦 and 𝑓hom is the classical homogenized integrand given for 𝐴 ∈ ℝ𝑚×𝑛 by

𝑓hom(𝐴) = lim
𝑘→∞

1
𝑘𝑛

inf
{∫

𝑘𝑌
𝑓 (𝑦,𝐴 + ∇𝑣 (𝑦)) 𝑑𝑦 : 𝑣 ∈𝑊 1,∞

# (𝑘𝑌 ;ℝ𝑚)
}
. (3.65)

Then, the convergence
Γ(𝐿𝑝)- lim

Y→0
FY = Fhom

holds, along with the corresponding compactness in 𝐿𝑝 (Ω𝛿 ;ℝ𝑚).
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Proof. Let {Y 𝑗 } 𝑗∈ℕ be a sequence with Y 𝑗 → 0 as 𝑗 → ∞ and set

𝑓𝑗 (𝑥,𝐴) := 𝑓
( 𝑥
Y 𝑗
, 𝐴

)
for 𝑗 ∈ ℕ and 𝑓∞(𝑥,𝐴) = 𝟙Ω−𝛿 (𝑥) 𝑓hom(𝐴) + 𝟙Ω\Ω−𝛿 (𝑥) 𝑓 (𝐴),

for 𝑥 ∈ Ω and𝐴 ∈ ℝ𝑚×𝑛 . To conclude the statement from Theorem 3.5.1, it suffices to verify the two
convergence conditions (3.51) and (3.52) for these specific choices of 𝑓𝑗 and 𝑓∞. Indeed, (3.51) follows
from a classical homogenization result, see e.g., [50, Theorem 2.1]. For (3.52), we note that since
J𝑓𝑗 is locally Lipschitz on 𝐿𝑝 (Ω \Ω−𝛿 ;ℝ𝑚×𝑛) with a constant uniform in 𝑗 by (3.64), it is enough to
prove the pointwise convergence on a dense set, for example on𝐶 (Ω;ℝ𝑚×𝑛). For𝑉 ∈ 𝐶 (Ω;ℝ𝑚×𝑛),
the convergence

lim
𝑗→∞

J𝑓𝑗 (𝑉 ) = lim
𝑗→∞

∫
Ω\Ω−𝛿

𝑓
( 𝑥
Y 𝑗
,𝑉

)
𝑑𝑥 =

∫
Ω\Ω−𝛿

𝑓 (𝑉 ) 𝑑𝑥 = J𝑓∞ (𝑉 )

follows from the fact that (𝑦, 𝑥) ↦→ 𝑓 (𝑦,𝑉 (𝑥)) is an admissible two-scale integrand (cf. [9, Corol-
lary 5.4]). □

As a special case of the homogenization result when the integrand does not depend on 𝑦, we
derive a relaxation result for functionals F : 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) → ℝ∞ of the form

F (𝑢) =

∫
Ω
𝑓 (𝐷𝑠𝛿𝑢) 𝑑𝑥 if 𝑢 ∈ 𝐻𝑠,𝑝,𝛿𝑔 (Ω;ℝ𝑚),

∞ otherwise.
(3.66)

Recall that the relaxation of F with respect to 𝐿𝑝-convergence is given by

F rel(𝑢) = inf
{
lim inf
𝑗→∞

F (𝑢 𝑗 ) : 𝑢 𝑗 → 𝑢 in 𝐿𝑝 (Ω𝛿 ;ℝ𝑚)
}
,

which corresponds to the Γ-limit of the sequence constantly equal to F (cf. [80, Remark 4.5]). Be-
sides, it is easy to verify in this case that the multi-cell homogenization formula in (3.65) reduces
to the quasiconvex envelope

𝑓 qc(𝐴) = inf
{∫
𝑌
𝑓 (𝐴 + ∇𝑣) 𝑑𝑥 : 𝑣 ∈𝑊 1,∞

# (𝑌 ;ℝ𝑚)
}
, 𝐴 ∈ ℝ𝑚×𝑛 .

The following statement is now an immediate consequence of Corollary 3.5.2.

Corollary 3.5.3 (Relaxation). Let 𝑓 : ℝ𝑚×𝑛 → ℝ be continuous and satisfy for all 𝐴, 𝐵 ∈ ℝ𝑚×𝑛

𝑐 |𝐴|𝑝 −𝐶 ≤ 𝑓 (𝐴) ≤ 𝐶 ( |𝐴|𝑝 + 1)
and

|𝑓 (𝐴) − 𝑓 (𝐵) | ≤ 𝑀 (1 + |𝐴|𝑝−1 + |𝐵 |𝑝−1) |𝐴 − 𝐵 |
with constants 𝑐,𝐶,𝑀 > 0. Then, the relaxation of F in (3.66) is given by

F rel(𝑢) =

∫
Ω−𝛿

𝑓 qc(𝐷𝑠𝛿𝑢) 𝑑𝑥 +
∫
Ω\Ω−𝛿

𝑓 (𝐷𝑠𝛿𝑢) 𝑑𝑥 if 𝑢 ∈ 𝐻𝑠,𝑝,𝛿𝑔 (Ω;ℝ𝑚),
∞ otherwise.

(3.67)

Remark 3.5.4. Note that the three Γ-convergence statements in this section can be rephrased
equivalently for functionals defined on𝐻𝑠,𝑝,𝛿𝑔 (Ω;ℝ𝑚), if the latter is endowed with the weak topol-
ogy (cf. e.g., [80, Proposition 8.16]). △
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3.6 𝚪-convergence for varying fractional parameter

Finally, we study the asymptotic behavior of the nonlocal integral functionals in (3.68) as the frac-
tional parameter 𝑠 varies. Of particular interest is the critical regime 𝑠 → 1, which leads to local-
ization, meaning a local limit functional, as we prove below.

The set-up in this section is similar to the previous one. Let 𝑠 ∈ [0, 1], 𝑝 ∈ (1,∞) and let Ω ⊂ ℝ𝑛

be open and bounded such that Ω−𝛿 is a Lipschitz domain. Further, let 𝑓 : Ω × ℝ𝑚×𝑛 → ℝ be a
Carathéodory function with (uniform) 𝑝-growth and 𝑝-coercivity in the second variable, i.e., there
are constants 𝑐,𝐶 > 0 such that

𝑐 |𝐴|𝑝 −𝐶 ≤ 𝑓 (𝑥,𝐴) ≤ 𝐶 (1 + |𝐴|𝑝) for a.e. 𝑥 ∈ Ω and all 𝐴 ∈ ℝ𝑚×𝑛 .

We define the functionals F𝑠 : 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) → ℝ∞ as

F𝑠 (𝑢) =

∫
Ω
𝑓 (𝑥, 𝐷𝑠𝛿𝑢 (𝑥)) 𝑑𝑥 for 𝑢 ∈ 𝐻𝑠,𝑝,𝛿0 (Ω;ℝ𝑚),

∞ otherwise.
(3.68)

Recalling that 𝐷1
𝛿
is defined to coincide with the classical weak gradient, i.e., 𝐷1

𝛿
𝑢 = ∇𝑢, and the

identification of 𝐻 1,𝑝,𝛿
0 (Ω;ℝ𝑚) in (3.19), we have for 𝑠 = 1 the local integral functional,

F1(𝑢) =
∫
Ω
𝑓 (𝑥,∇𝑢 (𝑥)) 𝑑𝑥 for 𝑢 ∈𝑊 1,𝑝

0 (Ω𝛿 ;ℝ𝑚) with 𝑢 = 0 a.e. in Ω𝛿 \ Ω−𝛿 ,

and F1 = ∞ otherwise in 𝐿𝑝 (Ω𝛿 ;ℝ𝑚).
The next theorem establishes the variational convergence of the functionals {F𝑠}𝑠 . The proof

combines the preparations and tools from the earlier sections, such as the compactness result
in Lemma 3.3.9 and the translation mechanism between nonlocal and local gradients of Theo-
rem 3.2.13.

Theorem 3.6.1 (𝚪-limits for 𝒔 → 𝒔′ ∈ [0, 1]). Let F𝑠 for 𝑠 ∈ [0, 1] be as in (3.68) with the
additional property that 𝑓 (𝑥, ·) is quasiconvex for a.e. 𝑥 ∈ Ω−𝛿 . Then, the family {F𝑠}𝑠 converges
for 𝑠 → 𝑠′ to F𝑠′ in the sense of Γ-convergence, both regarding the weak and strong topology in
𝐿𝑝 (Ω𝛿 ;ℝ𝑚), that is,

Γ(𝐿𝑝)- lim
𝑠→𝑠′

F𝑠 = F𝑠′ = Γ(𝑤-𝐿𝑝)- lim
𝑠→𝑠′

F𝑠 . (3.69)

Sequential compactness of sequences with uniformly bounded energy holds with respect to the strong
topology in 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) if 𝑠′ ∈ (0, 1] and the weak topology in 𝐿𝑝 (Ω;ℝ𝑚) if 𝑠′ = 0.

Proof. Let {𝑠 𝑗 } 𝑗∈ℕ ⊂ [0, 1] be a sequence converging to 𝑠′ ∈ [0, 1] as 𝑗 → ∞.
Step 1: Compactness. Let {𝑢 𝑗 } 𝑗∈ℕ ⊂ 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) with sup𝑗∈ℕ F𝑠 𝑗 (𝑢 𝑗 ) < ∞. This implies 𝑢 𝑗 ∈

𝐻
𝑠 𝑗 ,𝑝,𝛿
0 (Ω;ℝ𝑚) for all 𝑗 ∈ ℕ and by the coercivity bound on 𝑓 , also

sup
𝑗∈ℕ

∥𝐷𝑠 𝑗
𝛿
𝑢 𝑗 ∥𝐿𝑝 (Ω;ℝ𝑚×𝑛 ) < ∞.

We can therefore use Lemma 3.3.9 to deduce the strong and weak sequential compactness of the
sequence {𝑢 𝑗 } 𝑗 in 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) when 𝑠′ ∈ (0, 1] and 𝑠′ = 0, respectively.

Step 2: Liminf-inequality for weakly converging sequences. Let 𝑢 ∈ 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) and {𝑢 𝑗 } 𝑗∈ℕ ⊂
𝐿𝑝 (Ω𝛿 ;ℝ𝑚) with 𝑢 𝑗 ⇀ 𝑢 in 𝐿𝑝 (Ω𝛿 ;ℝ𝑚). Assuming without loss of generality that

lim inf
𝑗→∞

F𝑠 𝑗 (𝑢 𝑗 ) = lim
𝑗→∞

F𝑠 𝑗 (𝑢 𝑗 ) < ∞
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yields 𝑢 𝑗 ∈ 𝐻𝑠 𝑗 ,𝑝,𝛿0 (Ω;ℝ𝑚) for 𝑗 ∈ ℕ and by the coercivity bound on 𝑓 , also

sup
𝑗∈ℕ

∥𝐷𝑠 𝑗
𝛿
𝑢 𝑗 ∥𝐿𝑝 (Ω;ℝ𝑚×𝑛 ) < ∞.

Hence, Lemma 3.3.9 applies, which shows that 𝑢 ∈ 𝐻𝑠′,𝑝,𝛿0 (Ω;ℝ𝑚) with

𝐷
𝑠 𝑗
𝛿
𝑢 𝑗 ⇀ 𝐷𝑠

′
𝛿 𝑢 in 𝐿𝑝 (Ω;ℝ𝑛) and 𝐷

𝑠 𝑗
𝛿
𝑢 𝑗 → 𝐷𝑠

′
𝛿 𝑢 a.e. in Ω \ Ω−𝛿 as 𝑗 → ∞. (3.70)

Defining

𝑣 𝑗 =

{
𝑄
𝑠 𝑗
𝛿
∗ 𝑢 𝑗 if 𝑠 𝑗 ≠ 1,

𝑢 𝑗 if 𝑠 𝑗 = 1
for 𝑗 ∈ ℕ and 𝑣 =

{
𝑄𝑠

′
𝛿
∗ 𝑢 if 𝑠′ ≠ 1,

𝑢 if 𝑠′ = 1,

we conclude from Theorem 3.2.13 (𝑖) that {𝑣 𝑗 } 𝑗∈ℕ ⊂𝑊 1,𝑝 (Ω;ℝ𝑚) and 𝑣 ∈𝑊 1,𝑝 (Ω;ℝ𝑚) with
∇𝑣 𝑗 = 𝐷𝑠 𝑗𝛿 𝑢 𝑗 on Ω for 𝑗 ∈ ℕ and ∇𝑣 = 𝐷𝑠′𝛿 𝑢 on Ω. (3.71)

Moreover, as sup𝑡 ∈[0,1) ∥𝑄𝑡𝛿 ∥𝐿1 (ℝ𝑛 ) < ∞ by Lemma 3.3.1, the sequence {𝑣 𝑗 } 𝑗∈ℕ is bounded in
𝑊 1,𝑝 (Ω;ℝ𝑚). In account of (3.70) and (3.71), one can find a non-relabeled subsequence with 𝑣 𝑗 ⇀ 𝑣
in𝑊 1,𝑝 (Ω;ℝ𝑚), after a suitable choice of translations. The quasiconvexity (in Ω−𝛿 ) and 𝑝-growth
of 𝑓 then allow us to invoke a well-known weak lower semicontinuity result (cf. e.g., [75, Theo-
rem 8.11]) to infer∫

Ω−𝛿
𝑓 (𝑥, 𝐷𝑠′𝛿 𝑢) 𝑑𝑥 =

∫
Ω−𝛿

𝑓 (𝑥,∇𝑣) 𝑑𝑥

≤ lim inf
𝑗→∞

∫
Ω−𝛿

𝑓 (𝑥,∇𝑣 𝑗 ) 𝑑𝑥 = lim inf
𝑗→∞

∫
Ω−𝛿

𝑓 (𝑥, 𝐷𝑠 𝑗
𝛿
𝑢 𝑗 ) 𝑑𝑥.

(3.72)

On the other hand, in view of the pointwise convergence from (3.70) and the fact that 𝑓 is
Carathéodory and bounded from below by a constant, we may use Fatou’s lemma to deduce

lim inf
𝑗→∞

∫
Ω\Ω−𝛿

𝑓 (𝑥, 𝐷𝑠 𝑗
𝛿
𝑢 𝑗 ) 𝑑𝑥 ≥

∫
Ω\Ω−𝛿

𝑓 (𝑥, 𝐷𝑠′𝛿 𝑢) 𝑑𝑥. (3.73)

Summing (3.72) and (3.73) shows

lim inf
𝑗→∞

F𝑠 𝑗 (𝑢 𝑗 ) ≥ F𝑠′ (𝑢),

as desired.
Step 3: Strongly converging recovery sequences. Our construction relies on the uniform conver-

gence of the nonlocal gradients in Lemma 3.3.2. The rest follows then via a standard density and
diagonalization argument.

To be precise, let us consider 𝑢 ∈ 𝐻𝑠′,𝑝,𝛿0 (Ω;ℝ𝑚), otherwise the limsup-inequality is immediate
due toF𝑠′ (𝑢) = ∞. By the definition of𝐻𝑠

′,𝑝,𝛿
0 (Ω;ℝ𝑚), there is a sequence {𝑢𝑘 }𝑘∈ℕ ⊂ 𝐶∞

𝑐 (Ω−𝛿 ;ℝ𝑚)
with

𝑢𝑘 → 𝑢 in 𝐻𝑠′,𝑝,𝛿 (Ω;ℝ𝑚) as 𝑘 → ∞.

For each 𝑘 ∈ ℕ, Lemma 3.3.2 shows 𝐷𝑠 𝑗
𝛿
𝑢𝑘 → 𝐷𝑠

′
𝛿
𝑢𝑘 in 𝐿𝑝 (Ω;ℝ𝑚×𝑛) as 𝑗 → ∞, and we conclude

from Lebesgue’s dominated convergence theorem combined with the growth bound on 𝑓 that

lim
𝑗→∞

F𝑠 𝑗 (𝑢𝑘 ) = lim
𝑗→∞

∫
Ω
𝑓 (𝑥, 𝐷𝑠 𝑗

𝛿
𝑢𝑘 ) 𝑑𝑥 =

∫
Ω
𝑓 (𝑥, 𝐷𝑠′𝛿 𝑢𝑘 ) 𝑑𝑥 = F𝑠′ (𝑢𝑘 ) .
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Since 𝐷𝑠′
𝛿
𝑢𝑘 → 𝐷𝑠

′
𝛿
𝑢 in 𝐿𝑝 (Ω;ℝ𝑚×𝑛) as 𝑘 → ∞, an analogous reasoning gives lim𝑘→∞ F𝑠′ (𝑢𝑘 ) =

F𝑠′ (𝑢). Altogether, we have that 𝑢𝑘 → 𝑢 in 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) and
lim
𝑘→∞

lim
𝑗→∞

F𝑠 𝑗 (𝑢𝑘 ) = F𝑠′ (𝑢) .

Extracting a suitable diagonal sequence {𝑢𝑘 𝑗 } 𝑗∈ℕ via Attouch’s lemma finishes the proof. □

Remark 3.6.2. a) We remark that the two Γ-convergence statements in (3.69) are equivalent to
the 𝐿𝑝-Mosco-convergence of the family {F𝑠}𝑠 to F𝑠′ .

b) Note that one cannot expect strong 𝐿𝑝-compactness for {F𝑠}𝑠 as 𝑠 → 0, considering that
𝐻 0,𝑝,𝛿 (Ω;ℝ𝑚) = 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) with equivalent norms (cf. Remark 3.2.6).

c) Throughout this paper, we work with the sequential definition of Γ-limits, which may differ
in general from the topological definition for non-metric spaces. However, the equi-coerciveness
of the family {F𝑠}𝑠 in 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) (in fact, F𝑠 (𝑢) ≥ 𝑐′∥𝑢∥𝐿𝑝 (Ω𝛿 ;ℝ𝑚 ) −𝐶 for all 𝑢 ∈ 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) due
to Theorem 3.3.8) and the metrizability of the weak 𝐿𝑝-topology on norm bounded sets guarantee
that the sequential Γ(𝑤-𝐿𝑝)-limit coincides with the topological one, see e.g., [80, Proposition 8.10].

d) It is not hard to see that an analogous statement to Theorem 3.6.1 holds also for more general
complementary values other than zero, e.g., for 𝑔 ∈ 𝐻 1,𝑝,𝛿 (Ω;ℝ𝑚).

e) Under the additional assumptions required in the relaxation result of Corollary 3.5.3, we
can prove Γ-convergence for {F𝑠}𝑠 as 𝑠 → 𝑠′ ∈ (0, 1] also in the case when 𝑓 is a homogeneous
integrand that is not necessarily quasiconvex. Indeed, by first relaxing the functionals (cf. [80,
Proposition 6.11]), we find

Γ(𝐿𝑝)- lim
𝑠→𝑠′

F𝑠 = Γ(𝐿𝑝)- lim
𝑠→𝑠′

F rel
𝑠 = F rel

𝑠′ ;

here, F rel
𝑠 is given by the relaxation formula (3.67) for 𝑠 ∈ (0, 1), which extends also to the case

𝑠 = 1 because of classical relaxation theory. △

3.7 Conclusion

One of the two ingredients in the direct method of calculus of variations for proving the existence
of minimizers is weak lower semicontinuity of the functional. In the case of integral functionals,
it is closely linked to notions of convexity of the integrand. This paper shows that quasiconvexity,
the classical convexity notion in vectorial variational calculus, also characterizes weak lower semi-
continuity of functionals depending on nonlocal gradients 𝐷𝑠

𝛿
(Theorem 3.4.1). As a consequence,

we could establish a general existence theory for this class of energy functionals (Corollary 3.4.4).
The technical foundation for our new findings lies in suitable translation operators that allow

switching between nonlocal and classical gradients, as well as fractional ones, as stated in Theorem
3.2.13. This result has interest on its own and can potentially be useful in various problems involv-
ing nonlocal gradients. However, this does not imply that the nonlocal framework automatically
inherits every result from the local case; in particular, this translation technique does not preserve
boundary conditions.

As an application, we derive a general statement about variational convergence, which allows us
to carry over established Γ-convergence results from the local to the nonlocal setting. We illustrate
the flexibility of this method with the example of homogenization and relaxation (Corollaries 3.5.2
and 3.5.3). In both cases, the integrand of the limit functional shows the same form in the classical
case, i.e., a multi-cell formula for the homogenized integrand and a quasiconvex envelope for the
relaxed one, except for the collar region.
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Finally, we considered the asymptotics for varying fractional order, proving the continuity of
the energy functional with respect to 𝑠 , Theorem 3.6.1. The two main ingredients for the proof are
a Poincaré inequality independent of 𝑠 (Theorem 3.3.8) and an extension of the nonlocal version of
the fundamental theorem of calculus to 𝑠 = 0 (Proposition 3.2.9). As a particular case, we obtained a
localization result when 𝑠 goes to 1, recovering a classical limit problem. An alternative localization
of interest for future work is to study the limit of vanishing horizon 𝛿 → 0 under the assumption
of a normalized kernel.

Appendix 3.A Comparison with the Riesz potential kernel

To provide the technical basis for quantitative comparisons between the convolution kernel that
can be used to represent the nonlocal gradient and the Riesz potential kernel, which plays the
analogous role for the Riesz fractional gradient, we collect here several useful properties about the
quantity

𝑅𝑠𝛿 = 𝑄𝑠𝛿 − 𝐼1−𝑠
with 𝑠 ∈ [0, 1).

Recalling the definitions of𝑄𝑠
𝛿
and 𝐼1−𝑠 in (3.16) and (3.10), (3.11), respectively, we can represent

𝑅𝑠
𝛿
as

𝑅𝑠𝛿 (𝑥) =


𝑐𝑛,𝑠

∫ ∞

|𝑥 |

𝑤𝛿 (𝑡) − 1
𝑡𝑛+𝑠

𝑑𝑡 if 𝑛 + 𝑠 − 1 > 0,

𝑐1,0

∫ ∞

|𝑥 |

𝑤𝛿 (𝑡)
𝑡

𝑑𝑡 + 1
𝜋
log( |𝑥 |) if 𝑛 = 1 and 𝑠 = 0

for 𝑥 ∈ ℝ𝑛 \ {0}; note that 𝑐𝑛,𝑠 = 𝑛+𝑠−1
𝛾𝑛,1−𝑠 and 𝑐1,0 = 1

𝜋 . As a consequence,

∇𝑅𝑠𝛿 (𝑥) = 𝑐𝑛,𝑠 (1 −𝑤𝛿 (𝑥))
𝑥

|𝑥 |𝑛+𝑠+1 for 𝑥 ∈ ℝ𝑛 , (3.74)

for all 𝑛 ≥ 1 and 𝑠 ∈ [0, 1). Observe that ∇𝑅𝑠
𝛿
∈ 𝐿1(ℝ𝑛;ℝ𝑛) ∩𝐶∞(ℝ𝑛;ℝ𝑛) for 𝑠 ∈ (0, 1) and

𝐷𝑠𝛿𝜑 − 𝐷𝑠𝜑 = ∇((𝑄𝑠𝛿 − 𝐼1−𝑠) ∗ 𝜑) = ∇𝑅𝑠𝛿 ∗ 𝜑 for all 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛). (3.75)

Since 1 −𝑤𝛿 is zero near the origin by (H3), 𝑅𝑠
𝛿
is constant near the origin.

The Fourier transform of 𝑅𝑠
𝛿
for any 𝑠 ∈ [0, 1) satisfies

𝑅𝑠𝛿 (𝜉) = 𝑄𝑠𝛿 (𝜉) −
1

|2𝜋𝜉 |1−𝑠 for |𝜉 | ≥ 1; (3.76)

if 𝑛 + 𝑠 − 1 > 0, this follows directly from the well-known formula for �̂�1−𝑠 (see e.g., [122, The-
orem 2.4.6]), and also the case 𝑛 = 1 and 𝑠 = 0 is standard; one can argue via the fact that the
distributional derivative of − 1

𝜋 log( |·|) corresponds to the distribution

[ ↦→ lim
𝑟↓0

∫
(−𝑟,𝑟 )𝑐

[ (𝑥)
𝑥

𝑑𝑥 for [ ∈ S (ℝ),

whose Fourier transform equals 𝑖sgn (see e.g., [122, Eq. (5.1.12)]); note that in this case 𝑅𝑠
𝛿
is only a

tempered distribution on ℝ𝑛 , but for convenience we view it as a function outside 𝐵(0, 1).
The following auxiliary result establishes estimates on the decay behavior of the Fourier trans-

form of 𝑅𝑠
𝛿
and its derivatives.
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Lemma 3.A.1. Let 𝑠 ∈ [0, 1) and let 𝛽, 𝜔 ∈ ℕ𝑛0 be multi-indices. Then, there exists a constant 𝐶 > 0
independent of 𝑠 such that

|𝜉 | |𝛽 |
��𝜕𝜔𝑅𝑠𝛿 (𝜉)�� ≤ 𝐶 for all |𝜉 | ≥ 1. (3.77)

Proof. Throughout the proof, we use 𝐶 to denote possibly different constants that do not depend
on 𝑠; note in particular, that we may ignore the constant 𝑐𝑛,𝑠 , since it is bounded for 𝑠 ∈ [0, 1).
Additionally, we may restrict to the case |𝛽 | ≥ |𝜔 | + 2 since |𝜉 | ≥ 1.

We observe first that by the boundedness of the Fourier transform from 𝐿1(ℝ𝑛;ℂ) to𝐶0(ℝ𝑛;ℂ)
in combination with standard properties of the interaction between the Fourier transform with
derivatives (see e.g., [122, Proposition 2.3.22 (8)-(9)]), the claim follows as soon as𝜕𝛽 ((−2𝜋𝑖 ·)𝜔𝑅𝑠𝛿 )𝐿1 (ℝ𝑛 ;ℂ) ≤ 𝐶 < ∞, (3.78)

is established. The argument, which is detailed below, relies on repeated use of the Leibniz rule and
exploits the representation (3.74).

Let 𝛾,𝛾 ′, 𝛾 ′′, 𝜏 ∈ ℕ𝑛0 in the following be multi-indices not exceeding the order of 𝛽 . A straight-
forward calculation shows that ����𝜕𝛾 ′ ( 𝑥

|𝑥 |𝑛+𝑠+1
)���� ≤ 𝐶

|𝑥 |𝑛+𝑠+|𝛾 ′ |

for 𝑥 ∈ ℝ𝑛 \ {0}, and we have due to (H2) and (H3) that 𝜕𝛾 ′′𝑤𝛿 = 0 outside of the annulus 𝐴𝛿 :=
𝐵(0, 𝛿) \ 𝐵(0, 𝑏0𝛿) if 𝛾 ′′ ≠ 0. Hence,����𝜕𝛾 ′′𝑤𝛿 (𝑥)𝜕𝛾 ′ ( 𝑥

|𝑥 |𝑛+𝑠+1
)���� ≤ 𝐶

(𝑏0𝛿)𝑛+𝑠+|𝛾 ′ |
𝟙𝐴𝛿

(𝑥)

≤ 𝐶 ((𝑏0𝛿)−𝑛−1−|𝛽 | + 1
)
𝟙𝐴𝛿

(𝑥) ≤ 𝐶𝟙𝐴𝛿
(𝑥) .

This allows us to infer in view of (3.74), the Leibniz rule, and again (H3), that��𝜕𝛾𝑅𝑠𝛿 (𝑥)�� ≤ 𝐶 (
|1 −𝑤𝛿 (𝑥) |

1
|𝑥 |𝑛+𝑠+|𝛾 |−1 + 𝟙𝐴𝛿

(𝑥)
)
≤ 𝐶

(
𝟙𝐵 (0,𝑏0𝛿 )𝑐 (𝑥)
|𝑥 |𝑛+𝑠+|𝛾 |−1 + 𝟙𝐴𝛿

(𝑥)
)

(3.79)

for 𝛾 ≠ 0. Moreover, if |𝜏 | ≤ |𝜔 |, we have

|𝜕𝜏 (−2𝜋𝑖𝑥)𝜔 | ≤ 𝐶 |𝑥 | |𝜔 |− |𝜏 |, (3.80)

and 𝜕𝜏 (−2𝜋𝑖𝑥)𝜔 = 0 for |𝜏 | > |𝜔 |.
Another application of Leibniz’ rule together with (3.79) and (3.80) finally yields for 𝑥 ∈ ℝ𝑛 \{0}

that ��𝜕𝛽 ((−2𝜋𝑖𝑥)𝜔𝑅𝑠𝛿 (𝑥)) �� ≤ 𝐶 (
𝟙𝐵 (0,𝑏0𝛿 )𝑐 (𝑥)
|𝑥 |𝑛+𝑠+|𝛽 |− |𝜔 |−1 + 𝟙𝐴𝛿

(𝑥)
)
.

It follows now via integration and under consideration of 𝑠 + |𝛽 | − |𝜔 | − 1 ≥ 1 that

𝜕𝛽 ((−2𝜋𝑖 ·)𝜔𝑅𝑠𝛿 )𝐿1 (ℝ𝑛 ;ℂ) ≤ 𝐶
( (𝑏0𝛿)−𝑠−|𝛽 |+|𝜔 |+1

𝑠 + |𝛽 | − |𝜔 | − 1
+ 𝛿𝑛

)
≤ 𝐶 ((𝑏0𝛿) |𝜔 |− |𝛽 | + 1 + 𝛿𝑛 ),

which gives (3.78). □
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Appendix 3.B Proof of density results

This part of the appendix is devoted to proving the density result stated in Theorem 3.2.8. We begin
with a lemma on the Leibniz rule for the distributionally defined spaces 𝐻𝑠,𝑝,𝛿 (Ω). It serves as a
technical tool for proving the approximate extension and retraction results stated afterwards.

Lemma 3.B.1. Let 𝑠 ∈ [0, 1), 𝑝 ∈ [1,∞) and Ω ⊂ ℝ𝑛 be open and bounded. Further, let 𝑢 ∈
𝐻𝑠,𝑝,𝛿 (Ω), identified with its extension by zero, and 𝜒 ∈ 𝐶∞

𝑐 (ℝ𝑛). If Ω′ ⊂ ℝ𝑛 is an open and bounded
set such that

(Ω′ \ Ω) ∩ supp(𝜒) = ∅, (3.81)

then 𝜒𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω′).
Proof. Clearly, 𝜒𝑢 ∈ 𝐿𝑝 (Ω′

𝛿
). To determine the weak nonlocal gradient, we calculate for any 𝜑 ∈

𝐶∞
𝑐 (Ω′;ℝ𝑛) that ∫

Ω′
𝛿

(𝜒𝑢) div𝑠𝛿 𝜑 𝑑𝑥 =
∫
Ω′
𝛿

𝑢
(
div𝑠𝛿 (𝜒𝜑) − 𝐾𝜒 (𝜑⊺)) 𝑑𝑥

= −
∫
Ω′
𝐷𝑠𝛿𝑢 · (𝜒𝜑) 𝑑𝑥 −

∫
Ω′
𝛿

𝑢𝐾𝜒 (𝜑⊺) 𝑑𝑥

= −
∫
Ω′
𝜒𝐷𝑠𝛿𝑢 · 𝜑 + 𝐾𝜒 (𝑢) · 𝜑 𝑑𝑥.

Indeed, the first line exploits the Leibniz rule for the nonlocal divergence in (3.20), while the second
line follows directly from the formula defining the weak nonlocal gradient, which is valid here since
𝜒𝜑 ∈ 𝐶∞

𝑐 (Ω;ℝ𝑛) in light of the assumption (3.81). For the third equality, we have used Fubini’s
theorem and the boundedness of 𝐾𝜒 : 𝐿𝑝 (Ω′

𝛿
) → 𝐿𝑝 (Ω′;ℝ𝑛) according to Lemma 3.2.11.

The calculation above shows that𝐷𝑠
𝛿
(𝜒𝑢) = 𝜒𝐷𝑠

𝛿
𝑢+𝐾𝜒 (𝑢) on Ω′, and hence,𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω′). □

The next auxiliary results will be useful in the proofs of Theorem 3.2.8 and Proposition 3.2.10
to generate room for mollification arguments. The techniques are similar to the proof of [189,
Theorem 3.9].

Lemma 3.B.2 (Approximate extension and retraction). Let 𝑠 ∈ [0, 1), 𝑝 ∈ [1,∞), and let
Ω ⊂ ℝ𝑛 be an open and bounded set.

(𝑖) If Ω is Lipschitz, then for any Y > 0 and𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) there exists Ω′ ⋑ Ω and𝑢Y ∈ 𝐻𝑠,𝑝,𝛿 (Ω′)
such that

∥𝑢 − 𝑢Y ∥𝐻𝑠,𝑝,𝛿 (Ω) < Y.

(𝑖𝑖) If Ω−𝛿 is Lipschitz, then for any Y > 0 and 𝑢 ∈ 𝐻
𝑠,𝑝,𝛿
0 (Ω) there exists 𝑢Y ∈ 𝐻

𝑠,𝑝,𝛿
0 (Ω) with

supp(𝑢Y) ⋐ Ω−𝛿 and

∥𝑢 − 𝑢Y ∥𝐻𝑠,𝑝,𝛿 (Ω) < Y.

Proof. (𝑖) Given that the boundary of Ω is locally the graph of a Lipschitz function, we can find a
partition of unity 𝜒0, 𝜒1, . . . , 𝜒𝑁+1 ⊂ 𝐶∞

𝑐 (ℝ𝑛) and translation vectors Z1, . . . , Z𝑁 ∈ ℝ𝑛 such that

𝑁+1∑︁
𝑖=0

𝜒𝑖 = 1 on Ω𝛿 , 𝜒0 ∈ 𝐶∞
𝑐 (Ω), 𝜒𝑁+1 ∈ 𝐶∞

𝑐 (Ω𝑐)
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and

(supp(𝜒𝑖) ∩ Ω𝑐) + 𝜆Z𝑖 ⋐ Ω𝑐 for 𝑖 = 1, . . . , 𝑁 . (3.82)

for all 𝜆 > 0 small enough. For these 𝜆, we define

𝑣𝜆 := 𝜒0𝑢 + 𝜒𝑁+1𝑢 +
𝑁∑︁
𝑖=1

𝜏𝜆Z𝑖 (𝜒𝑖𝑢)

where 𝜏Z (𝑣) := 𝑣 ( · − Z ) denotes translation by Z ∈ ℝ𝑛 of a function 𝑣 : ℝ𝑛 → ℝ. Note that by
construction, 𝑣𝜆 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) according to Lemma 3.B.1.

Next, we exploit continuity of the translation operator on 𝐿𝑝 and the translation invariance of
the nonlocal gradient to find 𝜆Y > 0 such that 𝑢Y := 𝑣𝜆Y satisfies

∥𝑢 − 𝑢Y ∥𝑝𝐻𝑠,𝑝,𝛿 (Ω) ≤
𝑁∑︁
𝑖=1

∥𝜒𝑖𝑢 − 𝜏𝜆YZ𝑖 (𝜒𝑖𝑢)∥𝑝𝐿𝑝 (Ω𝛿 ) +
𝑁∑︁
𝑖=1

∥𝐷𝑠𝛿 (𝜒𝑖𝑢) − 𝜏𝜆YZ𝑖𝐷𝑠𝛿 (𝜒𝑖𝑢)∥
𝑝
𝐿𝑝 (Ω;ℝ𝑛 ) < Y

𝑝 .

Finally, if Ω′ ⋑ Ω is chosen such that

(supp(𝜒𝑖) ∩ Ω𝑐) + 𝜆YZ𝑖 ⋐ (Ω′)𝑐 for 𝑖 = 1, . . . , 𝑁 and supp(𝜒𝑁+1) ⋐ (Ω′)𝑐 ,
where the first condition is achievable in view of (3.82), Lemma 3.B.1 implies that even 𝑢Y ∈
𝐻𝑠,𝑝,𝛿 (Ω′), as desired.

(𝑖𝑖) A similar argument to that in (𝑖) applies here as well, with the main difference in the
choice of the partition of unity, which is now considered for Ω−𝛿 and translated inwards instead of
outwards as in (3.82). □

With these tools at hand, one can now deduce the alternative characterizations for 𝐻𝑠,𝑝,𝛿 (Ω)
and 𝐻𝑠,𝑝,𝛿𝑔 (Ω) from Sections 3.2.2 and 3.2.3, respectively.

Proof of Theorem 3.2.8. Case 1: Ω = ℝ𝑛 . Via a mollification argument we may suppose that 𝑢 ∈
𝐶∞(ℝ𝑛) ∩ 𝐻𝑠,𝑝,𝛿 (ℝ𝑛). Take 𝜒 ∈ 𝐶∞

𝑐 (ℝ𝑛) with 𝜒 ≡ 1 on 𝐵(0, 1) and define 𝜒 𝑗 := 𝜒 (·/ 𝑗) for 𝑗 ∈ ℕ.
We then find that {𝜒 𝑗𝑢} 𝑗∈ℕ ⊂ 𝐶∞

𝑐 (ℝ𝑛), 𝜒 𝑗𝑢 → 𝑢 in 𝐿𝑝 (ℝ𝑛) and
∥𝐷𝑠𝛿𝑢 − 𝐷𝑠𝛿 (𝜒 𝑗𝑢)∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) ≤ ∥(1 − 𝜒 𝑗 )𝐷𝑠𝛿𝑢∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) +𝐶Lip(𝜒 𝑗 )∥𝑢∥𝐿𝑝 (ℝ𝑛 ) → 0 as 𝑗 → ∞,

where we have used Lemma 3.2.11 and the fact that Lip(𝜒 𝑗 ) ≤ Lip(𝜒)/ 𝑗 .
Case 2: Ω a bounded Lipshitz domain. Lemma 3.B.2 (𝑖) implies for every 𝑗 ∈ ℕ that there is

𝑢 𝑗 ∈ 𝐻𝑠,𝑝,𝛿 (Ω′
𝑗 ) with some appropriately chosen Ω ⋐ Ω′

𝑗 such that

∥𝑢 − 𝑢 𝑗 ∥𝐻𝑠,𝑝,𝛿 (Ω) <
1
2 𝑗
. (3.83)

We are now in the position to use a standard mollification procedure on 𝑢 𝑗 , identified with its
extension to ℝ𝑛 by zero, with mollifying radius smaller than 𝑑 (𝜕Ω, 𝜕Ω′

𝑗 ) to find a 𝜑 𝑗 ∈ 𝐶∞
𝑐 (ℝ𝑛)

with

∥𝑢 𝑗 − 𝜑 𝑗 ∥𝐻𝑠,𝑝,𝛿 (Ω) <
1
2 𝑗
, (3.84)

so that the result follows from (3.83) and (3.84) along with the triangle inequality. □

Proof of Proposition 3.2.10. Without loss of generality, consider 𝑔 = 0. Utilizing a similar strategy as
above, one can apply Lemma 3.B.2 (𝑖𝑖) and suitably mollify the resulting function 𝑢Y ∈ 𝐻𝑠,𝑝,𝛿0 (Ω)
with support compactly contained in Ω−𝛿 . □
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Chapter 4

Non-constant functions with zero
nonlocal gradient and their role in
nonlocal Neumann-type problems

This chapter is available as the preprint

[141] C. Kreisbeck and H. Schönberger. Non-constant functions with zero nonlocal gradients and
their role in nonlocal Neumann-type problems. Preprint arXiv:2402.11308, 2024.

4.1 Introduction

It is well-known that differentiable functions with zero gradient are exactly the constant functions,
that is, for any open and connected set Ω ⊂ ℝ𝑛 and 𝑢 ∈ 𝐶1(Ω) it holds that

∇𝑢 = 0 in Ω if and only if 𝑢 is constant on Ω, (4.1)

and the same is true (almost everywhere) for Sobolev functions withweak gradients. Onemaywon-
der if this fundamental observation carries over when considering fractional and nonlocal deriva-
tives instead of classical derivatives. As intriguingly basic as the question may sound, a universal
answer is not easily available and depends on the specific setting, as we will demonstrate in the
following.

In fractional and nonlocal calculus, the study of gradient operators has attained increasing at-
tention in recent years, see e.g., [28,30,66,92,140,161,193,208]. The nonlocal gradient of a function
𝑢 : ℝ𝑛 → ℝ is of the form

G𝜌𝑢 (𝑥) =
∫
ℝ𝑛

𝑢 (𝑥) − 𝑢 (𝑦)
|𝑥 − 𝑦 |

𝑥 − 𝑦
|𝑥 − 𝑦 | 𝜌 (𝑥 − 𝑦) 𝑑𝑦 (4.2)

with a suitable kernel function 𝜌 , whenever the integral is defined.
Especially the Riesz fractional gradient, that is, 𝐷𝑠 = G𝜌𝑠 with 𝜌𝑠 ∝ | · |−(𝑛+𝑠−1) for 𝑠 ∈ (0, 1), has

been popular. Not only does 𝐷𝑠 have unique natural invariance and homogeneity properties [208],
it also lends itself to a distributional approach towards fractional function spaces [66]; in fact, the
function spaces associated with 𝐷𝑠 in analogy to the classical Sobolev spaces coincide with the
Bessel potential spaces 𝐻𝑠,𝑝 (ℝ𝑛), as observed in [193]. The combination of these features make 𝐷𝑠
a good choice of fractional derivative, both from the applied point of view and in the context of
variational theories and PDEs.

101

https://arxiv.org/abs/2402.11308


102 CHAPTER 4. FUNCTIONS WITH ZERO NONLOCAL GRADIENT

In contrast, a compactly supported, radial kernel 𝜌 in (4.2) reduces the nonlocal interaction
between all ofℝ𝑛 to points within an interaction range 𝛿 > 0, commonly referred to as horizon. By
cutting-off the Riesz potential kernel, one obtains the finite-horizon fractional gradient defined as

𝐷𝑠𝛿 = G𝜌𝑠
𝛿

with 𝜌𝑠𝛿 ∝ 𝑤𝛿
| · |𝑛+𝑠−1

where 𝑤𝛿 : ℝ𝑛 → [0, 1] is a radial cut-off function supported in a ball of radius 𝛿 ; for further
properties, we refer to Section 4.2.2. These gradients𝐷𝑠

𝛿
, which we simply call nonlocal gradients in

the following, are the key objects in this paper. They were first considered in [30] by Bellido, Cueto
& Mora Corral (see also [72]), motivated by applications in materials science. Since the nonlocal
gradients inherit the desirable properties from the Riesz fractional gradients, while being suitable
for variational problems on bounded domains, they have become the core of a newly proposed
model for nonlocal elasticity.

On a more technical note, we remark that in order to properly determine𝐷𝑠
𝛿
𝑢 in Ω, the function

𝑢 needs to be defined in the set Ω𝛿 = {𝑥 ∈ ℝ𝑛 : dist(𝑥,Ω) < 𝛿} enlarged by the horizon variable,
and in particular, in the collar Γ𝛿 := Ω𝛿 \Ω of thickness 𝛿 > 0 around Ω, cf. Figure 4.1. The values of
𝑢 in Γ𝛿 can be viewed as nonlocal boundary values. One defines the space𝐻𝑠,𝑝,𝛿 (Ω) as the functions
in 𝐿𝑝 (Ω𝛿 ) with 𝐷𝑠𝛿𝑢 ∈ 𝐿𝑝 (Ω); see Section 4.2.2 for more details. As a powerful tool, we wish to
point out the translation mechanism established in [30,72] (cf. Section 4.2.3). It relates the nonlocal
and local setting in the sense that nonlocal gradients can be expressed as classical ones and vice
versa, allowing for statements to be carried over; in formulas, we have

𝐷𝑠𝛿 = ∇ ◦ (𝑄𝑠𝛿 ∗ · ) and ∇ = P𝑠𝛿 ◦ 𝐷𝑠𝛿 , (4.3)

where𝑄𝑠
𝛿
is an integrable, compactly supported kernel function and P𝑠

𝛿
corresponds to the inverse

of the convolution with 𝑄𝑠
𝛿
. In comparison with the analogous results for the Riesz fractional gra-

dient [140, 193], the operator P𝑠
𝛿
replaces the fractional Laplacian of order 1−𝑠

2 .
Let us now return to and specify the question raised earlier:

Is (4.1) still true when ∇ is replaced with G𝜌?

In the case of the Riesz fractional gradient G𝜌 = 𝐷𝑠 on 𝐻𝑠,𝑝 (ℝ𝑛) for 𝑝 ∈ (1,∞), the answer is
affirmative as a consequence of the fractional Poincaré-type inequalites [193, Theorem 1.8, 1.10
and 1.11]; in fact, the functions with vanishing Riesz fractional gradient must even be zero due
to their integrability properties. The same is true when G𝜌 = 𝐷𝑠

𝛿
is considered for functions in

the complementary-value space 𝐻𝑠,𝑝,𝛿0 (Ω) := {𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) : 𝑢 = 0 a.e. in Ω𝑐}. Here as well,
a Poincaré inequality is available, see [30, Theorem 6.2]. If the complementary-value is dropped,
however, and one considers nonlocal gradients G𝜌 = 𝐷𝑠

𝛿
on 𝐻𝑠,𝑝,𝛿 (Ω) with bounded Ω, the picture

changes substantially.
This paper revolves around the class of functions with zero nonlocal gradient

𝑁 𝑠,𝑝,𝛿 (Ω) := {ℎ ∈ 𝐻𝑠,𝑝,𝛿 (Ω) : 𝐷𝑠𝛿ℎ = 0 a.e. in Ω},

which turns out to be non-trivial. Indeed, we show that there exist functions in 𝑁 𝑠,𝑝,𝛿 (Ω) that are
non-constant in any open subset of Ω (Proposition 4.3.1) and establish that they are numerous in
the sense that 𝑁 𝑠,𝑝,𝛿 (Ω) forms an infinite-dimensional space (Proposition 4.3.3).

Knowing that the set 𝑁 𝑠,𝑝,𝛿 (Ω) consists of more than just constant functions stirs up interesting
new issues for further investigation. We first give a characterization of all the elements of𝑁 𝑠,𝑝,𝛿 (Ω),
which provides a deeper understanding of its properties. With this at hand, we then highlight the
role of the functions with zero nonlocal gradients in the theory of the spaces 𝐻𝑠,𝑝,𝛿 (Ω) and discuss



4.1. INTRODUCTION 103

applications in nonlocal differential inclusion problems and variational problems on𝐻𝑠,𝑝,𝛿 (Ω) with
Neumann-type boundary conditions. Here is a more detailed overview of our main new findings.

Characterization of 𝑵 𝒔,𝒑,𝜹 (𝛀). While the set of functions in 𝑊 1,𝑝 (Ω) with zero gradient
corresponds to the set of constant functions and can thus, be identified with ℝ by taking mean
values, the characterization of 𝑁 𝑠,𝑝,𝛿 (Ω) involves an additional feature due to boundary effects of
the nonlocal interactions. Roughly speaking, two ingredients are necessary to uniquely identify
the elements of 𝑁 𝑠,𝑝,𝛿 (Ω), that is, an average or mean-value condition on Ω and boundary values
in the collar region Γ𝛿 := Ω𝛿 \ Ω.

We start from the observation that 𝑁 𝑠,𝑝,𝛿 (Ω) consists of all functions ℎ ∈ 𝐿𝑝 (Ω𝛿 ) satisfying

𝑄𝑠𝛿 ∗ ℎ = 𝑐 a.e. in Ω and ℎ = 𝑔 a.e. in Γ𝛿 , (4.4)

for a given 𝑔 ∈ 𝐿𝑝 (Γ𝛿 ) and 𝑐 ∈ ℝ. This is a consequence of the translation mechanism (4.3).
Hence, the problem reduces to finding the solutions of (4.4). Since P𝑠

𝛿
from (4.3) is in fact a pseudo-

differential operator, our proof strategy is to rewrite (4.4) equivalently as a pseudo-differential
Dirichlet problem and to exploit the recent progress in their existence, uniqueness, and regular-
ity theory. Precisely, the properties of P𝑠

𝛿
make it fit into the setting of the works by Grubb [125]

and by Abels & Grubb [2]. Given that the regularity results are sensitive to the relation between
the fractional and integrability parameters 𝑠 and 𝑝 , there are two qualitatively different regimes to
distinguish.

Ourmain characterization result (see Theorem 4.3.8 and Proposition 4.3.12) states the following:

(𝑖) If 𝑝 ∈ (1, 2
1−𝑠 ) (including the case 𝑝 = 2), then 𝑁 𝑠,𝑝,𝛿 (Ω) consists of the unique solutions

to (4.4), which exist for every constant 𝑐 ∈ ℝ and given boundary values 𝑔 ∈ 𝐿𝑝 (Γ𝛿 ).
(𝑖𝑖) For 𝑝 ∈ [ 2

1−𝑠 ,∞), only those (unique) solutions to (4.4) that lie also in 𝐿𝑝 (Ω𝛿 ) constitute
𝑁 𝑠,𝑝,𝛿 (Ω).

An alternative way of phrasing (𝑖) is to say that

𝑁 𝑠,𝑝,𝛿 (Ω) is isomorphic to ℝ × 𝐿𝑝 (Γ𝛿 ),

with the isomorphism 𝑁 𝑠,𝑝,𝛿 (Ω) ∋ ℎ ↦→ (
∫
Ω
𝑄𝑠
𝛿
∗ ℎ 𝑑𝑥,ℎ |Γ𝛿 ). This formalizes the statement that an

average condition on Ω and the boundary values in a boundary layer of thickness 𝛿 are the charac-
teristics for any function with zero nonlocal gradient. Besides, we show thatℎ ↦→ (

∫
Ω
ℎ 𝑑𝑥,ℎ |Γ𝛿 ) is a

isomorphism between 𝑁 𝑠,𝑝,𝛿 (Ω) and ℝ × 𝐿𝑝 (Γ𝛿 ) as well, which indicates that even a simple mean-
value condition along with the values in Γ𝛿 suffices to pin down the elements of 𝑁 𝑠,𝑝,𝛿 (Ω). Part
(𝑖𝑖) implies that the previous identifications with ℝ × 𝐿𝑝 (Γ𝛿 ) remain injective when 𝑝 ∈ [ 2

1−𝑠 ,∞),
however, surjectivity generally fails (Remark 4.3.13).

Technical tools in𝑯 𝒔,𝒑,𝜹 (𝛀)modulo functions of zerononlocal gradient. The set𝑁 𝑠,𝑝,𝛿 (Ω)
can be used to develop new functional analytic tools for the spaces𝐻𝑠,𝑝,𝛿 (Ω)without complementary-
values. Unlike for𝐻𝑠,𝑝,𝛿 (ℝ𝑛) and𝐻𝑠,𝑝,𝛿0 (Ω), however, analogues of the relevant tools and estimates
in classical Sobolev spaces only hold in the quotient space 𝐻𝑠,𝑝,𝛿 (Ω)/𝑁 𝑠,𝑝,𝛿 (Ω), meaning modulo
elements in 𝑁 𝑠,𝑝,𝛿 (Ω). With that in mind, we obtain the following:

(a) Refined translation mechanism for functions on bounded domains: We show in Theorem 4.4.1
that the quotient space𝐻𝑠,𝑝,𝛿 (Ω)/𝑁 𝑠,𝑝,𝛿 (Ω) is isometrically isomorphic to𝑊 1,𝑝 (Ω) modulo
constants, meaning that one can identify 𝐻𝑠,𝑝,𝛿 (Ω) and𝑊 1,𝑝 (Ω) up to functions with zero
(nonlocal) gradient. The isomorphism turns nonlocal gradients into gradients.
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(b) Extension of functions from 𝐻𝑠,𝑝,𝛿 (Ω) to 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) up to 𝑁 𝑠,𝑝,𝛿 (Ω): Even though an exact
extension of functions in𝐻𝑠,𝑝,𝛿 (Ω) toℝ𝑛 is generally not possible (cf. Example 4.3.4), there
exists a bounded linear operator E𝑠

𝛿
: 𝐻𝑠,𝑝,𝛿 (Ω) → 𝐻𝑠,𝑝,𝛿 (ℝ𝑛), such that E𝑠

𝛿
𝑢 differs from 𝑢

in Ω𝛿 merely by a function with zero nonlocal gradient.

(c) Nonlocal Poincaré-type inequalities: As a major tool, we prove different nonlocal versions
of Poincaré inequalities. If 𝑝 ∈ (1, 2

1−𝑠 ), there exists a constant 𝐶 > 0 such that

∥𝑢∥𝐿𝑝 (Ω𝛿 ) ≤ 𝐶 ∥𝐷𝑠𝛿𝑢∥𝐿𝑝 (Ω;ℝ𝑛 )

for all 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) satisfying 𝑢 = 0 in Γ𝛿 and one of the averaging conditions
∫
Ω
𝑢 𝑑𝑥 = 0

or
∫
Ω
𝑄𝑠
𝛿
∗ 𝑢 𝑑𝑥 = 0. The same estimate holds for all 𝑝 ∈ (1,∞) and 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) whose

metric projection onto 𝑁 𝑠,𝑝,𝛿 (Ω) vanishes.
(d) 𝐿𝑝-compactness modulo 𝑁 𝑠,𝑝,𝛿 (Ω). Based on (𝑐), we derive the following Rellich-Kondra-

chov-type compactness: If (𝑢 𝑗 ) 𝑗 ⊂ 𝐻𝑠,𝑝,𝛿 (Ω) is a bounded sequence such that the metric
projection of 𝑢 𝑗 onto 𝑁 𝑠,𝑝,𝛿 (Ω) vanishes for all 𝑗 , then (𝑢 𝑗 ) 𝑗 is precompact in 𝐿𝑝 (Ω𝛿 ).

We remark that for the complementary-value spaces𝐻𝑠,𝑝,𝛿0 (Ω) the analogues of (𝑎), (𝑐), and (𝑑)
have recently been established in [30, 72]. The approach there relies on Fourier techniques, given
that the functions in 𝐻𝑠,𝑝,𝛿0 (Ω) are defined on the whole of ℝ𝑛 .

Variational problems on 𝑵 𝒔,𝒑,𝜹 (𝛀)⊥ and nonlocal boundary-value problems. A signif-
icant application of the aforementioned tools are the existence theory and asymptotic analysis of
nonlocal PDEs subject to Neumann-type boundary conditions. Precisely, we adopt a variational
viewpoint and prove the existence of solutions to the problem

Minimize 1
2

∫
Ω
|𝐷𝑠𝛿𝑢 |2 𝑑𝑥 −

∫
Ω𝛿

𝐹𝑢 𝑑𝑥 over 𝑁 𝑠,2,𝛿 (Ω)⊥ ⊂ 𝐻𝑠,2,𝛿 (Ω), (4.5)

where Ω ⊂ ℝ𝑛 is a bounded Lipschitz domain, 𝐹 ∈ 𝐿2(Ω𝛿 ), and 𝑁 𝑠,2,𝛿 (Ω)⊥ denotes the orthogonal
complement of 𝑁 𝑠,2,𝛿 (Ω); note that 𝑁 𝑠,2,𝛿 (Ω) plays the same role as the set of constant functions in
the variational formulation of the Neumann problem with classical gradients. In fact, a remarkable
aspect of our framework is that one can also handle more general vector-valued nonlinear problems
with 𝑝 ∈ (1,∞) and energy densities that are either quasiconvex or polyconvex, see Theorem 4.6.1
and Remark 4.6.2.

To draw the connection between (4.5) and PDEs with Neumann-type boundary conditions, one
assumes the nonlocal compatibility condition∫

Ω𝛿

𝐹ℎ 𝑑𝑥 = 0 for all ℎ ∈ 𝑁 𝑠,2,𝛿 (Ω),

under which the solutions to (4.5) weakly satisfy Euler-Lagrange equations with a nonlocal bound-
ary operator N 𝑠

𝛿
featured in the collar regions, see (4.65). In fact, this boundary operator was

recently introduced by Bellido, Cueto, Foss & Radu [26], where the authors derive, amongst others,
a new integration by parts formula in the spirit of [100].

Our second main result regarding (4.5) confirms the expectation that these problems localize
as the fractional parameter 𝑠 tends to 1, that is, they converge to their classical counterparts with
usual gradients. Working in the framework of variational convergence, we obtain that the Γ-limit
of the functional in (4.5) with respect to strong convergence in 𝐿2(Ω𝛿 ) is

1
2

∫
Ω
|∇𝑢 |2 𝑑𝑥 −

∫
Ω
𝐹𝑢 𝑑𝑥 for 𝑢 ∈𝑊 1,2(Ω) with

∫
Ω
𝑢 𝑑𝑥 = 0,
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see Theorem 4.6.4; again, this also holds in the more general setting mentioned before. In the case
that 𝐹 satisfies the classical compatibility condition

∫
Ω
𝐹 𝑑𝑥 = 0, we obtain, in particular, that the

minimizers of (4.5) converge in 𝐿2(Ω) as 𝑠 ↑ 1 to the unique mean-zero solution of the standard
Neumann problem {

−Δ𝑢 = 𝐹 in Ω,
𝜕𝑢
𝜕𝜈 = 0 on 𝜕Ω.

Localisation via rigorous limit passages is a general theme in the study of fractional and nonlo-
cal calculus, not least because they serve as important consistency checks for new problems and
models; we refer e.g., to [29,72] for 𝑠 ↑ 1, and [35,158,161] for limits with vanishing horizon 𝛿 → 0.

Let us close by pointing out some literature on Neumann problems in other fractional and non-
local set-ups, involving the fractional Laplacian and more general integral and integro-differential
operators, see e.g., [22, 45, 89, 100, 125, 167] and also the references therein. One of the works we
wish to highlight is [100], where Dipierro, Ros-Oton & Valdinoci introduce a Neumann problem for
the fractional Laplacian by a natural notion of normal nonlocal derivative. These results have been
refined, expanded and generalized in various directions, e.g., in [22, 98, 99, 111]. Closely related are
also the recent results on nonlocal trace spaces [105,126,127,203]. The distinguishing factor in our
work, is the central role of a nonlocal gradient object, which enables us to handle a broad variety
of nonlinearities.

Outline. We have organized this paper as follows. After introducing notations and providing
theoretical background and useful auxiliary results in Section 4.2, Section 4.3 is centered around a
solid understanding of the functions with vanishing finite-horizon fractional gradient. Our anal-
ysis includes proofs that non-constant functions with vanishing nonlocal gradient exist and that
𝑁 𝑠,𝑝,𝛿 (Ω) is an infinite-dimensional space, see Section 4.3.1. The main theorems about the char-
acterization of 𝑁 𝑠,𝑝,𝛿 (Ω) are stated and proven in Section 4.3.2. We round off this section with a
discussion of regularity properties of functions with zero nonlocal gradient and give illustrative
examples in Section 4.3.3.

The second part of the paper presents different implications and applications involving𝑁 𝑠,𝑝,𝛿 (Ω).
In Section 4.4, we establish the technical tools (𝑎)-(𝑑) for working in the nonlocal function spaces
𝐻𝑠,𝑝,𝛿 (Ω). The previous findings are then used in Section 4.5 to contribute to the theory of nonlocal
differential inclusions. We show that rigidity statements as well as existence results for approximate
solutions can be carried over from the classical setting via the translation mechanism. Section 4.6
features the new class of variational problems on 𝑁 𝑠,𝑝,𝛿 (Ω)⊥, which relates to nonlocal Neumann-
type problems. A proof of well-posedness for these problems is contained in Section 4.6.1, while
Section 4.6.2 establishes the rigorous link with the classical local problems through a localization
result via Γ-convergence.

4.2 Preliminaries

In this section, we introduce the relevant notations and collect the necessary background on non-
local gradients and function spaces along with some useful technical tools.

4.2.1 Notation

Unless specified otherwise in the following, we take 𝑠 ∈ (0, 1), 𝑝 ∈ [1,∞], and 𝛿 > 0. The Euclidean
norm of 𝑥 ∈ ℝ𝑛 is denoted by |𝑥 | and

⟨𝑥⟩ :=
√︁
1 + |𝑥 |2.

We use the notation 𝑙𝐴 with 𝐴 ∈ ℝ𝑚×𝑛 for the linear function 𝑙𝐴 (𝑥) = 𝐴𝑥 with 𝑥 ∈ ℝ𝑛 .
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Moreover, 𝐸𝑐 := ℝ𝑛 \ 𝐸 is the complement of a set 𝐸 ⊂ ℝ𝑛 , 𝐸 is its closure, and |𝐸 | is its
Lebesgue measure, provided 𝐸 is measurable. We use the notation 𝟙𝐸 for the indicator function of
a set 𝐸 ⊂ ℝ𝑛 , i.e., 𝟙𝐸 (𝑥) = 1 if 𝑥 ∈ 𝐸 and 𝟙𝐸 (𝑥) = 0 otherwise. Whenever convenient, we identify
a function on a subset of ℝ𝑛 with its trivial extension by zero without explicit mention. If we wish
to highlight the trivial extension, we use an extra indicator function, writing e.g., 𝟙𝐸 𝑓 : ℝ𝑛 → ℝ

for the zero extension of 𝑓 : 𝐸 → ℝ. The restriction of any 𝑓 : 𝐸 → ℝ to a subset 𝐸′ ⊂ 𝐸 is denoted
by 𝑓 |𝐸′ .

By 𝐵𝜌 (𝑥) = {𝑦 ∈ ℝ𝑛 : |𝑥 − 𝑦 | < 𝜌}, we denote the ball centered at 𝑥 ∈ ℝ𝑛 with radius 𝜌 > 0,
and dist(𝑥, 𝐸) is the distance between a point 𝑥 ∈ ℝ𝑛 and a set 𝐸 ⊂ ℝ𝑛 . For a domain Ω ⊂ ℝ𝑛 , i.e.,
open and connected set, we introduce its expansion and reduction by thickness 𝛿 as

Ω𝛿 := Ω + 𝐵𝛿 (0) = {𝑥 ∈ ℝ𝑛 : dist(𝑥,Ω) < 𝛿} and Ω−𝛿 := {𝑥 ∈ Ω : dist(𝑥, 𝜕Ω) > 𝛿},
where 𝜕Ω is the boundary of Ω, and define

Γ𝛿 := Ω𝛿 \ Ω and Γ−𝛿 := Ω \ Ω−𝛿

as the inner and outer collars of Ω, respectively. Further, let Γ±𝛿 := Γ𝛿 ∪ Γ−𝛿 ∪ 𝜕Ω be the double
layer around the boundary of Ω. For an illustration of this geometric set-up, see Figure 4.1.

Ω−𝛿

Γ−𝛿

Γ𝛿

Ω𝛿

𝛿

1

Figure 4.1: Illustration of a set Ω ⊂ ℝ𝑛 with its expansion Ω𝛿 , the outer and inner collar regions Γ𝛿
(green) and Γ−𝛿 (light green), and the reduced set Ω−𝛿 (gray).

Let 𝑈 ⊂ ℝ𝑛 be an open set. The notation 𝐶∞
𝑐 (𝑈 ) stands for the space of smooth functions

𝑈 ↦→ ℝ with compact support, which will often be identified with their trivial extensions to ℝ𝑛 by
zero, and Lip(𝜓 ) is the Lipschitz constant of a function 𝜓 : ℝ𝑛 → ℝ. Throughout the paper, we
use the standard notation for Lebesgue- and Sobolev-spaces 𝐿𝑝 (𝑈 ) and𝑊 1,𝑝 (𝑈 ) with 𝑝 ∈ [1,∞].
For the inner product on 𝐿2(𝑈 ), we write ⟨·, ·⟩𝐿2 (𝑈 ) . Notice that each of the function spaces defined
above, as well as those introduced later, can be extended componentwise to vector-valued functions;
the target set is then reflected in the notation, for example, 𝐿𝑝 (𝑈 ;ℝ𝑚). Moreover, the restriction of
a function space is denoted, for example, as 𝐶∞(ℝ𝑛) |𝑈 := {𝑢 |𝑈 : 𝑢 ∈ 𝐶∞(ℝ𝑛)}.

For an integrable function 𝑓 ∈ 𝐿1(ℝ𝑛), the Fourier transform is defined as

𝑓 (𝜉) :=
∫
ℝ𝑛

𝑓 (𝑥) 𝑒−2𝜋𝑖𝑥 ·𝜉 𝑑𝑥, 𝜉 ∈ ℝ𝑛 .

It is well-known that the Fourier transform is an isomorphism from the Schwartz space S (ℝ𝑛;ℂ)
onto itself, which can be extended to the spaces 𝐿2(ℝ𝑛;ℂ) and the space of tempered distributions
S ′(ℝ𝑛;ℂ) by density and duality, respectively. The inverse Fourier transform of 𝑓 , denoted 𝑓 ∨,
corresponds to 𝑥 ↦→ 𝑓 (−𝑥). For more background on Fourier analysis, see e.g., [106, 122].
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Lastly, 𝐶 denotes a generic constant, which may change from one estimate to the next without
further mention. To indicate that a constant depends on specific quantities, they are added in
brackets.

4.2.2 Nonlocal gradients and Sobolev spaces

Let us now introduce in detail the key objects in this paper, namely, a class of fractional gradients
with finite horizon, and the associated nonlocal Sobolev spaces. Our presentation follows along the
lines of [30, 72] (see also [32]), where we also refer to for more details.

The truncated Riesz fractional gradient, simply referred to as nonlocal gradient, and the cor-
responding divergence for smooth functions are defined as follows: For 𝑠 ∈ (0, 1) and 𝛿 > 0, the
nonlocal gradient of 𝜑 ∈ 𝐶∞(ℝ𝑛) is

𝐷𝑠𝛿𝜑 (𝑥) =
∫
ℝ𝑛

𝜑 (𝑥) − 𝜑 (𝑦)
|𝑥 − 𝑦 |

𝑥 − 𝑦
|𝑥 − 𝑦 | 𝜌

𝑠
𝛿 (𝑥 − 𝑦) 𝑑𝑦 for 𝑥 ∈ ℝ𝑛 , (4.6)

and the nonlocal divergence of𝜓 ∈ 𝐶∞(ℝ𝑛;ℝ𝑛) is

div𝑠𝛿 𝜓 (𝑥) =
∫
ℝ𝑛

𝜓 (𝑥) −𝜓 (𝑦)
|𝑥 − 𝑦 | · 𝑥 − 𝑦

|𝑥 − 𝑦 | 𝜌
𝑠
𝛿 (𝑥 − 𝑦) 𝑑𝑦 for 𝑥 ∈ ℝ𝑛;

here, the kernel function 𝜌𝑠
𝛿
is given by

𝜌𝑠𝛿 (𝑧) = 𝑐𝑛,𝑠,𝛿
𝑤𝛿 (𝑧)
|𝑧 |𝑛+𝑠−1 for 𝑧 ∈ ℝ𝑛 \ {0},

with𝑤𝛿 : ℝ𝑛 → [0,∞) a non-negative cut-off function satisfying the hypotheses

(H1) 𝑤𝛿 is radial, i.e.,𝑤𝛿 = 𝑤𝛿 ( | · |) with a function𝑤𝛿 : ℝ → [0,∞);
(H2) 𝑤𝛿 is smooth and compactly supported in 𝐵𝛿 (0), i.e.,𝑤𝛿 ∈ 𝐶∞

𝑐 (𝐵𝛿 (0));
(H3) 𝑤𝛿 is normalized around the origin, i.e.,𝑤𝛿 = 1 on 𝐵𝜇𝛿 (0) for some 𝜇 ∈ (0, 1);
(H4) 𝑤𝛿 is radially decreasing, i.e.,𝑤𝛿 (𝑧) ≥ 𝑤𝛿 (𝑧) if |𝑧 | ≤ |𝑧 |,

and the scaling constant 𝑐𝑛,𝑠,𝛿 > 0 is such that

𝑐𝑛,𝑠,𝛿

∫
𝐵𝛿 (0)

𝑤𝛿 (𝑧)
|𝑧 |𝑛+𝑠−1 𝑑𝑧 = 𝑛. (4.7)

Remark 4.2.1. a) Note that the scaling factor 𝑐𝑛,𝑠,𝛿 , determined by (4.7), is the same as in [32]
in order to ensure that the nonlocal derivative of any linear map 𝑙𝐴 with 𝐴 ∈ ℝ𝑚×𝑛 is equal to 𝐴,
see [32, Proposition 4.1]. This choice is slightly different from the scaling in [72], but provides no
substantial issues for the application of these results, as discussed in Remark 4.2.3 below.

b) An alternative way of expressing the nonlocal gradient in (4.6) is as a principle value integral.
In view of the radial symmetry of𝑤𝛿 from (H1), one has for 𝑥 ∈ ℝ𝑛 that

𝐷𝑠𝛿𝜑 (𝑥) = p.v.
∫
𝐵 (𝑥,𝑟 )𝑐

𝜑 (𝑦)𝑑𝑠𝛿 (𝑥 − 𝑦) 𝑑𝑦 := lim
𝑟↓0

∫
𝐵 (𝑥,𝑟 )𝑐

𝜑 (𝑦)𝑑𝑠𝛿 (𝑥 − 𝑦) 𝑑𝑦 (4.8)

with 𝑑𝑠
𝛿
(𝑧) = −𝑐𝑛,𝑠,𝛿 𝑧𝑤𝛿 (𝑧 )

|𝑧 |𝑛+𝑠+1 for 𝑧 ∈ ℝ𝑛 \ {0}. This shows, in particular, that 𝐷𝑠
𝛿
𝜑 (𝑥) can be written

as the convolution of 𝑑𝑠
𝛿
with 𝜑 , when 𝑥 ∉ supp(𝜑). △
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The above definitions can be extended to locally integrable functions via a distributional ap-
proach. Indeed, for 𝜑 ∈ 𝐶∞

𝑐 (ℝ𝑛) and𝜓 ∈ 𝐶∞
𝑐 (ℝ𝑛;ℝ𝑛), the integration by parts formula∫

ℝ𝑛

𝐷𝑠𝛿𝜑 ·𝜓 𝑑𝑥 = −
∫
ℝ𝑛

𝜑 div𝑠𝛿 𝜓 𝑑𝑥

holds. Based on this, we then define 𝑣 ∈ 𝐿1loc(Ω;ℝ𝑛) as the weak nonlocal gradient of 𝑢 ∈ 𝐿1loc(Ω𝛿 ),
written as 𝑣 = 𝐷𝑠

𝛿
𝑢, if∫

Ω
𝑣 ·𝜓 𝑑𝑥 = −

∫
Ω𝛿

𝑢 div𝑠𝛿 𝜓 𝑑𝑥 for all𝜓 ∈ 𝐶∞
𝑐 (Ω;ℝ𝑛); (4.9)

the weak nonlocal divergence is defined analogously. In parallel to classical Sobolev spaces, one
can introduce nonlocal Sobolev spaces as follows.

Definition 4.2.2 (Nonlocal Sobolev spaces). Let 𝑠 ∈ (0, 1), 𝛿 > 0, 𝑝 ∈ [1,∞], and let Ω ⊂ ℝ𝑛 be
open. The nonlocal Sobolev space 𝐻𝑠,𝑝,𝛿 (Ω) is defined as

𝐻𝑠,𝑝,𝛿 (Ω) := {𝑢 ∈ 𝐿𝑝 (Ω𝛿 ) : 𝐷𝑠𝛿𝑢 ∈ 𝐿𝑝 (Ω;ℝ𝑛)},

endowed with the norm

∥𝑢∥𝐻𝑠,𝑝,𝛿 (Ω) =
(
∥𝑢∥𝑝

𝐿𝑝 (Ω𝛿 ) + ∥𝐷𝑠𝛿𝑢∥
𝑝
𝐿𝑝 (Ω;ℝ𝑛 )

) 1
𝑝

.

These spaces can be equivalently defined via density if Ω is a bounded Lipschitz domain or
Ω = ℝ𝑛 , see [72, Theorem 1]. A more detailed study of these spaces, including results such as
Leibniz rules, Poincaré inequalities and compact embeddings can be found in [30, 72].

Whenworkingwith functions on the full spaceℝ𝑛 , wewill often exploit the connection between
the nonlocal Sobolev spaces of Definition 4.2.2 and the well-known Bessel potential spaces, which
are defined for any 𝑡 ∈ ℝ and 𝑝 ∈ (1,∞) as

𝐻 𝑡,𝑝 (ℝ𝑛) = {
𝑢 ∈ S ′(ℝ𝑛) :

(⟨ · ⟩𝑡𝑢)∨ ∈ 𝐿𝑝 (ℝ𝑛)}, (4.10)

with the norm ∥𝑢∥𝐻𝑡,𝑝 (ℝ𝑛 ) = ∥ (⟨ · ⟩𝑡𝑢)∨∥𝐿𝑝 (ℝ𝑛 ) and the notation 𝐻 𝑡 := 𝐻 𝑡,2; for more on the theory
of Bessel potential spaces, see e.g., [123, Chapter 1.3.1] or [204]. Indeed, it holds for all 𝑝 ∈ (1,∞)
and 𝑠 ∈ (0, 1) that

𝐻𝑠,𝑝,𝛿 (ℝ𝑛) = 𝐻𝑠,𝑝 (ℝ𝑛),

with equivalent norms. This follows from the observation that 𝐻𝑠,𝑝 (ℝ𝑛) coincides with the space
of functions in 𝐿𝑝 (ℝ𝑛) with a weak Riesz fractional gradient in 𝐿𝑝 (ℝ𝑛;ℝ𝑛) (cf. [193, Theorem 1.7]
together with the density result in [54, Theorem A.1]), along with the fact that the latter is again
the same as 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) due to [72, Lemma 5].

We mention here some additional properties of the Bessel potential spaces that we need. First
of all, for each 𝑡 > 0, there is a 𝑓𝑡 ∈ 𝐿1(ℝ𝑛) with ∥ 𝑓𝑡 ∥𝐿1 (ℝ𝑛 ) = 1 and 𝑓𝑡 = ⟨·⟩−𝑡 (𝑓𝑡 is a rescaled
version of the Bessel potential function, see [123, Chapter 1.2.2]). Therefore, for any 𝑡1 < 𝑡2 we find
with Young’s convolution inequality

∥𝑢∥𝐻𝑡1,𝑝 (ℝ𝑛 ) = ∥ (⟨ · ⟩𝑡1𝑢)∨∥𝐿𝑝 (ℝ𝑛 ) = ∥ 𝑓𝑡2−𝑡1 ∗
(⟨ · ⟩𝑡2𝑢)∨∥𝐿𝑝 (ℝ𝑛 )

≤ ∥ (⟨ · ⟩𝑡2𝑢)∨∥𝐿𝑝 (ℝ𝑛 ) = ∥𝑢∥𝐻𝑡2,𝑝 (ℝ𝑛 ) .
(4.11)
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Secondly, if (𝑢 𝑗 ) 𝑗 ⊂ 𝐻 𝑡,𝑝 (ℝ𝑛) is a bounded sequence and 𝑡 > 0, then we find that

𝑢 𝑗 = 𝑓𝑡 ∗
(⟨ · ⟩𝑡𝑢 𝑗 )∨,

which is the convolution of an 𝐿1-function with a bounded sequence in 𝐿𝑝 , and hence, precompact
in 𝐿𝑝loc(ℝ𝑛) by the Fréchet-Kolmogorov criterion (see e.g., [52, Corollary 4.28]). As such,𝐻 𝑡,𝑝 (ℝ𝑛) is
compactly embedded into 𝐿𝑝loc(ℝ𝑛). In fact, when 𝑡𝑝 > 𝑛, we find that 𝑓𝑡 ∈ 𝐿𝑝′ (ℝ𝑛) with 𝑝′ the dual
exponent of 𝑝 (cf. [123, Theorem 1.3.5 (c)]), so that one can even deduce the compact embedding of
𝐻 𝑡,𝑝 (ℝ𝑛) into 𝐶loc(ℝ𝑛) due to the Arzelà-Ascoli theorem.

In the following, we also use the complementary value space of 𝐻 𝑡,𝑝 (ℝ𝑛) for 𝑡 ≥ 0, which
consists of functions with zero values outside of an open set 𝑉 ⊂ ℝ𝑛 and is denoted by

𝐻
𝑡,𝑝
0 (𝑉 ) = {𝑢 ∈ 𝐻 𝑡,𝑝 (ℝ𝑛) : 𝑢 = 0 a.e. in 𝑉 𝑐}.

4.2.3 Translation operators

In this section, we present a method that will be frequently used, and further refined (see Sec-
tion 4.4.1) in this paper, namely, a translation procedure that allows switching between nonlocal
gradients and classical gradients. The following auxiliary results aremainly taken from [72]; related
statements about the Riesz fractional gradient have been established in [140].

Our starting point is the following finite-horizon analogue of the Riesz potential from [30],
defined by

𝑄𝑠𝛿 : ℝ𝑛 \ {0} → ℝ, 𝑄𝑠𝛿 (𝑥) = 𝑐𝑛,𝑠,𝛿
∫ 𝛿

|𝑥 |

𝑤𝛿 (𝑟 )
𝑟𝑛+𝑠

𝑑𝑟 . (4.12)

It holds that 𝑄𝑠
𝛿
is integrable with compact support in 𝐵𝛿 (0) and, a simple calculation yields that,

due to the choice of scaling,

∥𝑄𝑠𝛿 ∥𝐿1 (ℝ𝑛 ) = 1. (4.13)

Remark 4.2.3. a) With the scaling constant 𝑐𝑛,𝑠 used in [72], one obtains instead of (4.13) that
[0, 1) ∋ 𝑠 ↦→ ∥𝑄𝑠

𝛿
∥𝐿1 (ℝ𝑛 ) is continuous with lim𝑠→1∥𝑄𝑠𝛿 ∥𝐿1 (ℝ𝑛 ) = 1, see [72, Lemma 6]. This shows

that the two different scaling regimes are comparable uniformly in 𝑠 .
b) The Fourier transform of 𝑄𝑠

𝛿
is a smooth, positive and radial function. Moreover, the differ-

ence between𝑄𝑠
𝛿
and 𝜉 ↦→ |2𝜋𝜉 |−(1−𝑠 ) is a Schwartz function for |𝜉 | ≥ 1, see [30] and [72, Remark 2

and Lemma 11]. △

An essential observation about the kernel function 𝑄𝑠
𝛿
regards its relation with the nonlocal

gradient 𝐷𝑠
𝛿
, that is,

𝐷𝑠𝛿𝜑 = ∇(𝑄𝑠𝛿 ∗ 𝜑) = 𝑄𝑠𝛿 ∗ ∇𝜑 for any 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛).

This identity can be extended to the Sobolev spaces in aweak sense, as shown in [72, Theorem 2 (𝑖)].

Lemma 4.2.4 (From nonlocal to local gradients). Let 𝑠 ∈ (0, 1), 𝛿 > 0, 𝑝 ∈ [1,∞], and Ω ⊂ ℝ𝑛

be open. Then, the linear map Q𝑠
𝛿
: 𝐻𝑠,𝑝,𝛿 (Ω) →𝑊 1,𝑝 (Ω), 𝑢 ↦→ 𝑄𝑠

𝛿
∗ 𝑢 is bounded (uniformly with

respect to 𝑠) with

(∇ ◦Q𝑠
𝛿 )𝑢 = ∇(Q𝑠

𝛿𝑢) = 𝐷𝑠𝛿𝑢 for every 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) .
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The convolution with the kernel 𝑄𝑠
𝛿
enables us to pass from the nonlocal Sobolev space to the

classical one. To go back, we consider the operator from [72], given by

P𝑠𝛿 : S (ℝ𝑛) ↦→ S (ℝ𝑛), P̂𝑠
𝛿
𝜑 =

𝜑

𝑄𝑠
𝛿

. (4.14)

It is proven in [72, Theorem 2 (𝑖𝑖)] that this operator can be extended to the Sobolev space as the
inverse of convolution with 𝑄𝑠

𝛿
.

Lemma 4.2.5 (From local to nonlocal gradients). Let 𝑠 ∈ (0, 1), 𝛿 > 0, 𝑝 ∈ [1,∞]. Then, P𝑠
𝛿

in (4.14) can be extended to a isomorphism between𝑊 1,𝑝 (ℝ𝑛) and 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) with satisfies (P𝑠
𝛿
)−1 =

Q𝑠
𝛿
. In particular,

(𝐷𝑠𝛿 ◦ P𝑠𝛿 )𝑣 = 𝐷𝑠𝛿 (P𝑠𝛿𝑣) = ∇𝑣 for every 𝑣 ∈𝑊 1,𝑝 (ℝ𝑛). (4.15)

We mention a useful alternative representation of P𝑠
𝛿
involving the kernel function of the non-

local fundamental theorem of calculus in [30, Theorem 4.5]. It holds that

P𝑠𝛿𝜑 (𝑥) =
∫
ℝ𝑛

𝑉 𝑠𝛿 (𝑥 − 𝑦) · ∇𝜑 (𝑦) 𝑑𝑦 =: (𝑉 𝑠𝛿 ∗ ∇𝜑) (𝑥) for 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛), (4.16)

where 𝑉 𝑠
𝛿
∈ 𝐶∞(ℝ𝑛 \ {0};ℝ𝑛) ∩ 𝐿1loc(ℝ𝑛;ℝ𝑛) is a vector-radial function, i.e., 𝑉 𝑠𝛿 (𝑥) = 𝑥 𝑓 𝑠𝛿 ( |𝑥 |) for

𝑥 ∈ ℝ𝑛 \ {0} with 𝑓 𝑠
𝛿

: (0,∞) → ℝ, cf. [72, Remark 4 d)] as well as [30, Theorem 5.9] for more
properties of 𝑉 𝑠

𝛿
.

When 𝑝 ∈ (1,∞), one can deduce some more general properties for P𝑠
𝛿
using Fourier methods.

To this end, we recall that by Remark 4.2.3 b), there are 𝑅𝑠
𝛿
, 𝑆𝑠
𝛿
∈ S (ℝ𝑛) such that

𝑄𝑠𝛿 (𝜉) =
1

|2𝜋𝜉 |1−𝑠 + 𝑅
𝑠
𝛿 (𝜉) and 1

𝑄𝑠
𝛿
(𝜉)

= |2𝜋𝜉 |1−𝑠 + 𝑆𝑠𝛿 (𝜉) for |𝜉 | ≥ 1. (4.17)

As a consequence of the Mihlin-Hörmander theorem (e.g., [122, Theorem 6.2.7]), using the smooth-
ness and positivity of 𝑄𝑠

𝛿
locally and the decay of 𝑅𝑠

𝛿
, 𝑆𝑠
𝛿
for large 𝜉 to obtain the desired estimates

similarly to [72, Lemma 8], it follows that both

⟨·⟩1−𝑠𝑄𝑠𝛿 and 1

⟨·⟩1−𝑠𝑄𝑠
𝛿

(4.18)

are 𝐿𝑝-multipliers. We finally infer from this observation (along with the definition of Bessel po-
tential spaces in (4.10)) that for 𝑡 ≥ 1 − 𝑠 and 𝑝 ∈ (1,∞),

P𝑠𝛿 : 𝐻 𝑡,𝑝 (ℝ𝑛) → 𝐻 𝑡−(1−𝑠 ),𝑝 (ℝ𝑛), (4.19)

is a isomorphism with inverse (P𝑠
𝛿
)−1 = Q𝑠

𝛿
.

Moreover, since the decay of 𝑅𝑠
𝛿
is uniform in 𝑠 , a similar argument as in [72, Lemma 8] shows

that the operator norm of P𝑠
𝛿
is uniformly bounded in 𝑠 ∈ (0, 1); in particular, using (4.11) and

𝐻 0,𝑝 = 𝐿𝑝 , there is a 𝐶 > 0 independent of 𝑠 such that

∥P𝑠𝛿𝑣 ∥𝐿𝑝 (ℝ𝑛 ) ≤ ∥P𝑠𝛿𝑣 ∥𝐻𝑠,𝑝 (ℝ𝑛 ) ≤ 𝐶 ∥𝑣 ∥𝑊 1,𝑝 (ℝ𝑛 ) for all 𝑣 ∈𝑊 1,𝑝 (ℝ𝑛) and 𝑠 ∈ (0, 1). (4.20)
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4.2.4 Pseudo-differential operators and Dirichlet problems

The recent existence and uniqueness theory from [125] together with the regularity results in [2]
for boundary-value problems involving pseudo-differential operators play an important role for our
work. We collect here the statements that we will need, while keeping the presentation accessi-
ble, and refer to e.g., [125, Section 2.2] for precise definitions and properties of pseudo-differential
operators.

For a suitable pseudo-differential operatorP , an open subset𝑉 ⊂ ℝ𝑛 , and a function𝑔 : 𝑉 → ℝ,
the associated Dirichlet problem reads {

P𝑤 = 𝑔 on 𝑉
𝑤 = 0 in 𝑉 𝑐 .

(4.21)

By combining the results of [2, 125], we obtain into the following statement tailored to our needs.

Theorem4.2.6 (Existence anduniqueness for pseudo-differentialDirichlet problems). Let
𝑝 ∈ (1,∞), 𝑎 ∈ (0, 1/2), 𝑉 ⊂ ℝ𝑛 be an open and bounded set with 𝐶1,1-boundary, and let P be a
strongly elliptic, even, classical pseudo-differential operator of order 2𝑎 satisfying

⟨P𝜑, 𝜑⟩𝐿2 (ℝ𝑛 ) ≥ 𝐶 ∥𝜑 ∥2𝐻𝑎 (ℝ𝑛 ) for all 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛) (4.22)

with some constant 𝐶 > 0. Then, there exists for every 𝑔 ∈ 𝐿𝑝 (𝑉 ) a unique𝑤𝑔 ∈ 𝐻𝑎,𝑝0 (𝑉 ) with
P𝑤𝑔 = 𝑔 in 𝑉 .

If 𝑝 ∈ (1, 1𝑎 ), it even holds that𝑤𝑔 ∈ 𝐻 2𝑎,𝑝
0 (𝑉 ) and there is a 𝑐 > 0 such that

∥𝑤𝑔∥𝐻 2𝑎,𝑝 (ℝ𝑛 ) ≤ 𝑐 ∥𝑔∥𝐿𝑝 (𝑉 ) for all 𝑔 ∈ 𝐿𝑝 (𝑉 ).
Proof. We define the operator P𝑉 with domain

dom(P𝑉 ) := {𝑤 ∈ 𝐻𝑎,𝑝0 (𝑉 ) : (P𝑤) |𝑉 ∈ 𝐿𝑝 (𝑉 )}
via restriction of P to 𝑉 , i.e., P𝑉𝑤 = (P𝑤) |𝑉 for 𝑤 ∈ dom(P𝑉 ). Due to (4.22), we may apply [125,
Theorem 4.2] with 𝛽 = 0, and then also [125, Theorem 4.16 2◦], to deduce that P𝑉 : dom(P𝑉 ) →
𝐿𝑝 (𝑉 ) is a bijection. This shows the first part of the statement.

For the case 𝑝 ∈ (1, 1𝑎 ), we note that in [2] (see also [125, Theorem 3.2]), the domain dom(P𝑉 )
has been characterized as the so-called 𝑎-transmission space, which agrees with 𝐻 2𝑎,𝑝

0 (𝑉 ) when
𝑝 ∈ (1, 1𝑎 ) (cf. [125, Eq. (2.20)]). Consequently, P𝑉 : 𝐻 2𝑎,𝑝

0 (𝑉 ) → 𝐿𝑝 (𝑉 ) is a bijective bounded linear
operator. In particular, it is invertible with bounded inverse, which implies the full statement. □

Remark 4.2.7. a) We note that connectedness is not part of the definition of a domain in [2,125],
in contrast to our definition, and hence, Theorem 4.2.6 is valid for non-connected sets 𝑉 as well.
Moreover, the regularity of the domain 𝑉 in Theorem 4.2.6 can even be reduced to 𝑉 ⊂ ℝ𝑛 that
have𝐶1,𝜏 -boundaries with 𝜏 ∈ (2𝑎, 1), see [2,125]. Only for simplicity of the presentation, we work
here with a stronger assumption.

b) Note that the range of 𝑝 such that 𝑤𝑔 lies in 𝐻 2𝑎,𝑝
0 (𝑉 ) is sharp, which is due to the fact

that the solutions to the pseudo-differential problem in (4.21) contain a factor of dist(·, 𝜕𝑉 )𝑎 near
the boundary. To give a precise example, we can take any smooth, bounded domain 𝑉 and any
function 𝑤 : ℝ𝑛 → ℝ that is smooth in 𝑉 , equal to dist(·, 𝜕𝑉 )𝑎 near the boundary 𝜕𝑉 and zero
in 𝑉 𝑐 . It follows then by [124, Theorem 4] that (P𝑤) |𝑉 ∈ 𝐶∞(ℝ𝑛) |𝑉 , which implies, in particular,
that 𝑤 ∈ 𝐻

𝑎,𝑝
0 (𝑉 ) is a solution to (4.21) with a smooth right-hand side. However, we have that

𝑤 dist(·, 𝜕𝑉 )−2𝑎 is equal to dist(·, 𝜕𝑉 )−𝑎 near the boundary of 𝑉 , which is not in 𝐿𝑝 (𝑉 ) for 𝑝 ≥ 1
𝑎 ,

so that𝑤 ∉ 𝐻 2𝑎,𝑝
0 (𝑉 ) in view of the Hardy-type inequality [205, Proposition 5.7]. △
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The translation operator P𝑠
𝛿
from the previous section is in fact a pseudo-differential operator

that fits exactly into the abstract framework of Theorem 4.2.6, which is the content of the follow-
ing lemma. This observation will be crucial for our characterization result of 𝑁 𝑠,𝑝,𝛿 (Ω) (cf. Theo-
rem 4.3.8 and Lemma 4.3.6).

Lemma4.2.8 (P𝒔
𝜹
as pseudo-differential operator). The operatorP𝑠

𝛿
defined in (4.14) is a strongly

elliptic, even classical pseudo-differential operator of order 1 − 𝑠 and there is a 𝐶 > 0 such that

⟨P𝑠𝛿𝜑, 𝜑⟩𝐿2 (ℝ𝑛 ) ≥ 𝐶 ∥𝜑 ∥2
𝐻

1−𝑠
2 (ℝ𝑛 )

for all 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛).

Proof. The properties can be deduced from the fact that the symbol of P𝑠
𝛿
is smooth, radial and

positive, and for large frequencies only differs from the symbol of the fractional Laplacian (−Δ) 1−𝑠
2

up to a Schwartz function (see (4.17)). For the reader’s convenience, we work out the details below,
referring to [125, Section 2.2] for the precise definitions of the properties of pseudo-differential
operators.

It is easy to check in light of (4.17) that for any 𝛼 ∈ ℕ𝑛0 ,���𝜕𝛼 (
1/𝑄𝑠𝛿

) ��� ≤ 𝐶𝛼 ⟨·⟩1−𝑠−|𝛼 |,
which means that P𝑠

𝛿
has order 1 − 𝑠 . Defining 𝑝0 : ℝ𝑛 → ℝ to be a smooth function with 𝑝0(𝜉) =

|2𝜋𝜉 |1−𝑠 for |𝜉 | ≥ 1, we obtain again from (4.17) that���𝜕𝛼 (
1/𝑄𝑠𝛿 − 𝑝0

) ��� ≤ 𝐶𝛼 ⟨·⟩1−𝑠−|𝛼 |− 𝐽 ,
for any 𝐽 ∈ ℕ0. This means that P𝑠

𝛿
is classical (where in the expansion 𝑝 𝑗 = 0 for 𝑗 ≥ 1) and, since

𝑝0(−𝜉) = 𝑝0(𝜉) for |𝜉 | ≥ 1, P𝑠
𝛿
is even. Finally, because 𝑝0(𝜉) ≥ 𝐶 |𝜉 |1−𝑠 for |𝜉 | ≥ 1, the operator P𝑠

𝛿

is strongly elliptic, and since 1/𝑄𝑠
𝛿
≥ 𝐶 ⟨·⟩1−𝑠 , we have by the Plancherel identity that

⟨P𝑠𝛿𝜑, 𝜑⟩𝐿2 (ℝ𝑛 ) = ⟨𝜑/𝑄𝑠𝛿 , 𝜑⟩𝐿2 (ℝ𝑛 ) ≥ 𝐶 ∥⟨·⟩
1−𝑠
2 𝜑 ∥𝐿2 (ℝ𝑛 ) = 𝐶 ∥𝜑 ∥𝐻 1−𝑠

2 (ℝ𝑛 )

for all 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛), which finishes the proof. □

4.3 Discussion and characterization of functions with zero nonlo-
cal gradient

This section revolves around the study of the functions in the nonlocal Sobolev spacewith vanishing
finite-horizon fractional gradient. Our analysis examines different facets of the set

𝑁 𝑠,𝑝,𝛿 (Ω) = {ℎ ∈ 𝐻𝑠,𝑝,𝛿 (Ω) : 𝐷𝑠𝛿ℎ = 0 a.e. in Ω},

including the existence and construction of non-trivial functions, characterization results, a discus-
sion of regularity properties, and illustrative examples. Throughout Sections 4.3-4.6, Ω is assumed
to be a bounded Lipschitz domain, unless mentioned otherwise.

4.3.1 Non-constant elements of 𝑵 𝒔,𝒑,𝜹 (𝛀)

In contrast to the functions with zero classical gradient, the set𝑁 𝑠,𝑝,𝛿 (Ω) encompasses strictly more
than constant functions. In fact, one can find functions in 𝑁 𝑠,𝑝,𝛿 (Ω) that are non-constant on any
subset of Ω, which is the content of the following proposition.
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Proposition 4.3.1 (Existence of non-constant functions in 𝑵 𝒔,𝒑,𝜹 (𝛀)). Let 𝑝 ∈ [1,∞]. It
holds for any open, non-empty 𝑈 ⊂ Ω that

𝑁 𝑠,𝑝,𝛿 (Ω) ⊄ {𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) : 𝑢 is constant a.e. on𝑈 }.

Proof. Suppose to the contrary that every 𝑢 ∈ 𝑁 𝑠,𝑝,𝛿 (Ω) is constant a.e. on 𝑈 . The reasoning that
will lead to the desired contradiction is organized in three steps.

Step 1: Representation of 𝑉 𝑠
𝛿
away from the origin. We deduce from the above assumption that

the kernel 𝑉 𝑠
𝛿
in (4.16) then has to satisfy

𝑉 𝑠𝛿 (𝑥) =
1

𝜎𝑛−1
𝑥

|𝑥 |𝑛 for all 𝑥 ∈ 𝐵𝜌 (0)
𝑐
, (4.23)

where 𝜌 = Diam(Ω) is the diameter of Ω and 𝜎𝑛−1 denotes the surface area of the unit sphere in
ℝ𝑛 .1 To see this, we split the argument in three sub-steps, showing first that div𝑉 𝑠

𝛿
is constant

outside of 𝐵𝜌 (0). Next, we exploit the radiality of 𝑉 𝑠
𝛿
(cf. (H1)) and its boundedness away from the

origin, which yields a representation of𝑉 𝑠
𝛿
on𝐵𝜌 (0)

𝑐
up to constants. The latter are then determined

explicitly in the final step.
Step 1a. For every 𝜑 ∈ 𝐶∞

𝑐 (Ω𝑐), we infer from (4.15) that 𝐷𝑠
𝛿
(P𝑠

𝛿
𝜑) = ∇𝜑 = 0 in Ω, and hence,

P𝑠
𝛿
𝜑 ∈ 𝑁 𝑠,𝑝,𝛿 (Ω). By our initial assumption, P𝑠

𝛿
𝜑 is then constant on 𝑈 , which, in view of the

identity P𝑠
𝛿
𝜑 = 𝑉 𝑠

𝛿
∗ ∇𝜑 in (4.16), is equivalent to∫

ℝ𝑛

(
𝑉 𝑠𝛿 (𝑥 − 𝑧) −𝑉 𝑠𝛿 (𝑦 − 𝑧)

) · ∇𝜑 (𝑧) 𝑑𝑧 = 0 for all 𝑥,𝑦 ∈ 𝑈 .

Since this holds for any 𝜑 ∈ 𝐶∞
𝑐 (Ω𝑐), the fundamental lemma of the calculus of variations in com-

bination with integration by parts allows us to deduce

div𝑉 𝑠𝛿 (𝑥 − 𝑧) = div𝑉 𝑠𝛿 (𝑦 − 𝑧) for all 𝑥,𝑦 ∈ 𝑈 and all 𝑧 ∈ Ω
𝑐 . (4.24)

Let us fix 𝑥 ∈ 𝑈 and consider𝑤 ∈ ℝ𝑛 with |𝑤 | > 𝜌 = Diam(Ω). It follows then that 𝑥 −𝑤 ∈ Ω
𝑐 ,

and we obtain with 𝑧 = 𝑥 −𝑤 ∈ Ω
𝑐 that

div𝑉 𝑠𝛿 (𝑤) = div𝑉 𝑠𝛿 (𝑤 + 𝑦 − 𝑥)

for all 𝑦 ∈ 𝑈 . Taking 𝑦 ∈ 𝐵Y (𝑥) ⊂ 𝑈 , with Y > 0 sufficiently small, yields

div𝑉 𝑠𝛿 (𝑤) = div𝑉 𝑠𝛿 (𝑤 ′) for all𝑤 ′ ∈ 𝐵Y (𝑤) .

For 𝑛 > 1, this shows that the divergence of 𝑉 𝑠
𝛿
is locally constant on the connected set 𝐵𝜌 (0)

𝑐
,

and thus, constant outside of 𝐵𝜌 (0); the case 𝑛 = 1 yields the same conclusion by also utilizing the
vector-radiality of 𝑉 𝑠

𝛿
.

Step 1b. Recall that 𝑉 𝑠
𝛿
is smooth on ℝ𝑛 \ {0} and vector-radial, meaning that there is a smooth

function 𝑓 𝑠
𝛿
: (0,∞) → ℝ with 𝑉 𝑠

𝛿
(𝑥) = 𝑥 𝑓 𝑠

𝛿
( |𝑥 |). We can then rewrite the divergence of 𝑉 𝑠

𝛿
as

div𝑉 𝑠𝛿 (𝑥) = 𝑛𝑓 𝑠𝛿 ( |𝑥 |) + |𝑥 | (𝑓 𝑠𝛿 )′( |𝑥 |)
1Note that the function 𝑥 ↦→ 1

𝜎𝑛−1
𝑥

|𝑥 |𝑛 for 𝑥 ∈ ℝ𝑛 corresponds exactly to the kernel function appearing in the
fundamental theorem of calculus for the classical gradient, see [179, Proposition 4.14].
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for 𝑥 ∈ ℝ𝑛 \ {0}. Since this expression is constant on the complement of 𝐵𝜌 (0) by Step 1, the
auxiliary function 𝑓 𝑠

𝛿
satisfies for all 𝑟 > 𝜌 the equation

𝑛𝑓 𝑠𝛿 (𝑟 ) + 𝑟 (𝑓 𝑠𝛿 )′(𝑟 ) = 𝑐 (4.25)

with some constant 𝑐 ∈ ℝ. The family of solutions to the ordinary differential equation (4.25) is
given by 𝑟 ↦→ 𝑐

𝑛 + 𝑘
𝑟𝑛 with 𝑘 ∈ ℝ. Consequently, there is a 𝑘 ∈ ℝ such that

𝑉 𝑠𝛿 (𝑥) = 𝑐
𝑥

𝑛
+ 𝑘 𝑥

|𝑥 |𝑛 for all 𝑥 ∈ 𝐵𝜌 (0)
𝑐
.

Step 1c. The boundedness of 𝑉 𝑠
𝛿
on 𝐵𝜌 (0)

𝑐
according to [30, Theorem 5.9𝑏)] implies 𝑐 = 0. To

determine 𝑘 , consider the compactly supported, integrable function

𝑥 ↦→ 𝑉 𝑠𝛿 (𝑥) − 𝑘
𝑥

|𝑥 |𝑛 ,

whose Fourier transform is continuous and can be calculated to be

𝜉 ↦→ −𝑖𝜉
2𝜋 |𝜉 |2

( 1

𝑄𝑠
𝛿
(𝜉)

− 𝑘𝜎𝑛−1
)
, (4.26)

see [30, Theorem 5.9]. As the first factor in (4.26) has a pole at the origin, the second factor needs to
vanish in 0 because of continuity. Due to 𝑄𝑠

𝛿
(0) = ∥𝑄𝑠

𝛿
∥𝐿1 (ℝ𝑛 ) = 1, this eventually yields 𝑘 = 𝜎−1

𝑛−1,
confirming (4.23).

Step 2: Entire extension of 𝑄𝑠
𝛿
is zero-free. Let us introduce the auxiliary function 𝑍𝑠

𝛿
∈ 𝐶∞(ℝ𝑛 \

{0};ℝ𝑛) ∩ 𝐿1(ℝ𝑛;ℝ𝑛) defined by

𝑍𝑠𝛿 (𝑥) = 𝑉 𝑠𝛿 (𝑥) −
1

𝜎𝑛−1
𝑥

|𝑥 |𝑛 .

As𝑍𝑠
𝛿
has compact support owing to Step 1, the Paley-Wiener theorem (see e.g., [122, Theorem 2.3.21])

implies that the Fourier transform 𝑍𝑠
𝛿
with

𝑍𝑠𝛿 (𝜉) =
−𝑖𝜉

2𝜋 |𝜉 |2
( 1

𝑄𝑠
𝛿
(𝜉)

− 1
)

for 𝜉 ∈ ℝ𝑛 \ {0}. (4.27)

is real analytic and allows for a unique entire extension to a function ℂ𝑛 → ℂ𝑛 . An analo-
gous argument gives that the Fourier transform of the kernel function 𝑄𝑠

𝛿
(see (4.12) and recall

supp(𝑄𝑠
𝛿
) ⊂ 𝐵𝛿 (0)) is extendable (uniquely) to a holomorphic function ℂ𝑛 → ℂ. In the following,

we write 𝑍𝑠
𝛿
and 𝑄𝑠

𝛿
for both the Fourier transforms of 𝑍𝑠

𝛿
and 𝑄𝑠

𝛿
, as well as for their extended

versions defined on ℂ𝑛 .
The goal in this step is to show that

𝑄𝑠𝛿 : ℂ𝑛 → ℂ is zero-free. (4.28)

Suppose for the sake of contradiction that this is not the case, and let Z0 ∈ ℂ𝑛 \ {0} be a zero of 𝑄𝑠
𝛿

with minimal norm 𝑟 := |Z0 |; note that 𝑄𝑠𝛿 (0) = ∥𝑄𝑠
𝛿
∥𝐿1 (ℝ𝑛 ) = 1. Applying the identity theorem of

complex analysis, in each variable separately, to 𝑍𝑠
𝛿
as in (4.27) yields that

𝑍𝑠𝛿 (Z ) =
−𝑖Z

2𝜋 |Z |2
( 1

𝑄𝑠
𝛿
(Z )

− 1
)

for Z ∈ ℂ𝑛 \ {0} with |Z | < 𝑟 .
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We now find that lim𝑟 ′↑1 |𝑍𝑠𝛿 (𝑟 ′Z0) | = ∞, which contradicts the continuity of the holomorphic
extension of 𝑍𝑠

𝛿
. Thus, (4.28) is proven.

Step 3: Section of 𝑄𝑠
𝛿
coincides with exponential of a polynomial. Consider 𝑞𝑠

𝛿
: ℂ → ℂ, 𝑧 ↦→

𝑄𝑠
𝛿
(𝑧𝑒1) with 𝑒1 = (1, 0, . . . , 0) ∈ ℂ𝑛 . From ∥𝑄𝑠

𝛿
∥𝐿1 (ℝ𝑛 ) = 1 and supp(𝑄𝑠

𝛿
) ⊂ 𝐵𝛿 (0), we conclude that��𝑞𝑠𝛿 (𝑧)�� = ��𝑄𝑠𝛿 (𝑧𝑒1)�� ≤ ∫

ℝ𝑛

|𝑄𝑠𝛿 (𝑥) | |𝑒−2𝜋𝑖𝑥1𝑧 | 𝑑𝑥 ≤ 𝑒2𝜋𝛿 |𝑧 |

for all 𝑧 ∈ ℂ, showing that𝑞𝑠
𝛿
is an entire function of order atmost 1. As a consequence of Step 2, this

function is never zero, so that the Hadamard factorization theorem (see e.g., [147, Corollary XII.3.3])
yields that

𝑞𝑠𝛿 (𝑧) = 𝑒𝑎𝑧+𝑏 for all 𝑧 ∈ ℂ with 𝑎, 𝑏 ∈ ℂ.

However, this contradicts the fact that 𝑞𝑠
𝛿
: 𝑧 ↦→ 𝑄𝑠

𝛿
(𝑧𝑒1) is non-constant and even (cf. Section 4.2.3),

as the section of the Fourier transform of the radial kernel 𝑄𝑠
𝛿
, which proves the statement. □

We point out that the previous result is not true when Ω = ℝ𝑛 . In fact, 𝑁 𝑠,𝑝,𝛿 (ℝ𝑛) for 𝑝 < ∞
contains only the zero function, which can be deduced with the help of the translation operators
of Section 4.2.3 as follows: Let 𝑢 ∈ 𝑁 𝑠,𝑝,𝛿 (ℝ𝑛), then 𝑣 := Q𝑠

𝛿
𝑢 ∈𝑊 1,𝑝 (ℝ𝑛) satisfies ∇𝑣 = 𝐷𝑠

𝛿
𝑢 = 0,

and hence, 𝑣 = 0, so that 𝑢 = P𝑠
𝛿
(Q𝑠

𝛿
𝑢) = P𝑠

𝛿
𝑣 = 0. A similar argument for 𝑝 = ∞, shows that

𝑁 𝑠,∞,𝛿 (ℝ𝑛) only consists of constant functions. Nevertheless, there are unbounded sets Ω ⊂ ℝ𝑛 for
which 𝑁 𝑠,𝑝,𝛿 (Ω) is non-trivial.
Remark 4.3.2 (Generalization to unbounded sets). Proposition 4.3.1 holds more generally for
open sets Ω ⊂ ℝ𝑛 such that Ω𝑐 contains the trace of an unbounded continuous curve 𝛾 : [0,∞) →
ℝ𝑛 .

The proof can easily be adjusted, with only aminormodification in Step 1a. After showing (4.24)
as above, let us fix 𝑥 ∈ 𝑈 and consider𝑤 = 𝑥 − 𝑧 ∈ ℝ𝑛 for some 𝑧 ∈ 𝛾 ( [0,∞)). It follows then from
(4.24) that div𝑉 𝑠

𝛿
(𝑤) = div𝑉 𝑠

𝛿
(𝑤 ′) for all𝑤 ′ ∈ 𝐵Y (𝑤) with Y > 0 such that 𝐵Y (𝑥) ⊂ 𝑈 . By applying

this for all 𝑧 ∈ 𝛾 ( [0,∞)) and exploiting the radial symmetry of the divergence of 𝑉 𝑠
𝛿
, we find that

div𝑉 𝑠
𝛿
is constant in the complement of 𝐵𝜌 (0) with 𝜌 := dist(𝑥,𝛾 ( [0,∞))). △

The following result confirms that there exist, in fact, a great many functions with vanishing
nonlocal gradients, by showing that they form an infinite-dimensional space.

Proposition 4.3.3 (𝑵 𝒔,𝒑,𝜹 (𝛀) is infinite-dimensional). Let 𝑝 ∈ [1,∞], then 𝑁 𝑠,𝑝,𝛿 (Ω) is an
infinite-dimensional closed subspace of 𝐻𝑠,𝑝,𝛿 (Ω).
Proof. The proof idea relies on a semi-explicit construction procedure in three steps: Starting with
𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω), there is a 𝑣 ∈ 𝑊 1,𝑝 (Ω) with ∇𝑣 = 𝐷𝑠

𝛿
𝑢 on Ω by Lemma 4.2.4. Next, we extend 𝑣 in

an arbitrary way to a compactly supported function in𝑊 1,𝑝 (ℝ𝑛). In view of Lemma 4.2.5, it holds
that E𝑠

𝛿
𝑢 := P𝑠

𝛿
𝑣 ∈ 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) satisfies 𝐷𝑠

𝛿
(E𝑠
𝛿
𝑢) = 𝐷𝑠

𝛿
𝑢 on Ω, or equivalently,

ℎ = (E𝑠𝛿𝑢) |Ω𝛿
− 𝑢 ∈ 𝑁 𝑠,𝑝,𝛿 (Ω) . (4.29)

Note that E𝑠
𝛿
𝑢 can be viewed as an extension operator of 𝑢 modulo a function with vanishing non-

local gradient, see Section 4.4.2 for more details.
Let 𝑚 ∈ ℕ. With the aim of constructing 𝑚 linearly independent functions in 𝑁 𝑠,𝑝,𝛿 (Ω), we

take 𝑢1, . . . , 𝑢𝑚 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) with𝑚 ∈ ℕ such that no (non-trivial) linear combination of them can
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be extended to a function in 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) = 𝐻𝑠,𝑝 (ℝ𝑛). This can be achieved, for instance, if each
function 𝑢 𝑗 has a suitable singularity in different places in the collar Γ𝛿 .

To give more details, choose 𝑥1, . . . , 𝑥𝑚 as distinct points in Γ𝛿 and let Y > 0 be such that the
balls 𝐵2Y (𝑥 𝑗 ) are pairwise disjoint and compactly contained in Γ𝛿 . Further, define

𝑢 𝑗 (𝑥) = 𝟙𝐵Y (𝑥 𝑗 ) (𝑥)𝑢
(𝑥 − 𝑥 𝑗

Y

)
for 𝑥 ∈ Ω𝛿 and 𝑗 = 1, . . . ,𝑚,

where𝑢 ∈ 𝐿𝑝 (ℝ𝑛) \𝐻𝑠,𝑝,𝛿 (ℝ𝑛) with supp(𝑢) compactly contained in 𝐵1(0) (cf. Example 4.3.4). Note
that any function in 𝐿𝑝 (Ω𝛿 ) that is zero in a compact set containing Ω lies in 𝐻𝑠,𝑝,𝛿 (Ω). Indeed,
the nonlocal gradient is then given by a convolution and defines an 𝐿𝑝-function due to Young’s
convolution inequality, see Remark 4.2.1 b); the integration by parts formula in (4.9) can be verified
via Fubini’s theorem. We conclude that 𝑢 𝑗 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) for all 𝑗 . On the other hand, by construction
no 𝑢 𝑗 has an extension to 𝐻𝑠,𝑝,𝛿 (ℝ𝑛), and thus, nor does any linear combination of 𝑢1, . . . , 𝑢𝑚 .

According to (4.29), we now set ℎ 𝑗 = (E𝑠
𝛿
𝑢 𝑗 ) |Ω𝛿

− 𝑢 𝑗 ∈ 𝑁 𝑠,𝑝,𝛿 (Ω) for 𝑗 = 1, . . . ,𝑚. If these func-
tions ℎ 𝑗 were linearly dependent, then one could find a non-trivial linear combination of 𝑢1, . . . , 𝑢𝑚
that can be extended toℝ𝑛 via the operator E𝑠

𝛿
, which contradicts the assumption. Hence,ℎ1, . . . , ℎ𝑚

are linearly independent. Because𝑚 ∈ ℕ is arbitrary, this shows that 𝑁 𝑠,𝑝,𝛿 (Ω) must be infinite-
dimensional. □

For the reader’s convenience, we give here explicit examples of functions𝑢 ∈ 𝐿𝑝 (ℝ𝑛)\𝐻𝑠,𝑝,𝛿 (ℝ𝑛)
for all 1 ≤ 𝑝 ≤ ∞ with compact support in 𝐵1(0), as they were used in the previous proof.

Example 4.3.4. Let 𝑝 ∈ [1,∞). Defining for some 0 < 𝜈 < min{𝑛𝑝 , 𝑠},

𝑢 = 𝟙𝐵1 (0) | · |
−𝑛𝑝 +𝜈 ∈ 𝐿𝑝 (ℝ𝑛),

gives a function with the desired properties if 𝜈 is sufficiently small. That 𝑢 ∉ 𝐻𝑠,𝑝,𝛿 (ℝ𝑛), follows
by contradiction with the estimate in [30, Proposition 7.2], once we have shown the existence of a
constant 𝑐 > 0 such that

∥𝑢 − 𝑢 (· + ℎ)∥𝐿𝑝 (𝐵1 (0) ) ≥ 𝑐 |ℎ |𝜈 for all ℎ ∈ 𝐵1(0). (4.30)

Indeed, we have that

∥𝑢 − 𝑢 (· + ℎ)∥𝐿𝑝 (𝐵1 (0) ) ≥ ∥𝑢∥𝐿𝑝 (𝐵 |ℎ |/2 (0) ) − ∥𝑢 ( · + ℎ)∥𝐿𝑝 (𝐵 |ℎ |/2 (0) )

≥
(∫
𝐵 |ℎ |/2 (0)

|𝑥 |−𝑛+𝜈𝑝 𝑑𝑥
)1/𝑝

− (��𝐵 |ℎ |/2(0)
�� ( |ℎ |/2)−𝑛+𝜈𝑝 )1/𝑝

≥
(

𝑐1
(𝜈𝑝)1/𝑝 − 𝑐2

)
|ℎ |𝜈 ,

with 𝑐1, 𝑐2 > 0, so that (4.30) follows for small 𝜈 .
For larger 𝑝 there are also more elementary examples, such as the indicator function of a ball

when 1 < 𝑠𝑝 < ∞, or any discontinuous function when 𝑛 < 𝑠𝑝 < ∞ (see e.g., [28, Section 2.1]). For
the case 𝑝 = ∞, we can take 𝑢 to be any discontinuous function with support in 𝐵1(0). Indeed, if
it were true that 𝑢 ∈ 𝐻𝑠,∞,𝛿 (ℝ𝑛), then we also find that 𝑢 ∈ 𝐻𝑠,𝑞,𝛿 (ℝ𝑛) for all 𝑞 ∈ [1,∞) given its
compact support. This would yield by [30, Theorem 6.3], that 𝑢 is Hölder continuous up to order 𝑠 ,
which gives a contradiction.
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4.3.2 Characterization of 𝑵 𝒔,𝒑,𝜹 (𝛀)

Now that the presence of non-constant functions with zero nonlocal gradient is confirmed, the next
task is to understand - and eventually, characterize - all functions in 𝑁 𝑠,𝑝,𝛿 (Ω).

We start by observing that a function 𝑢 ∈ 𝐿𝑝 (Ω𝛿 ) lies in 𝑁 𝑠,𝑝,𝛿 (Ω) if and only if Q𝑠
𝛿
𝑢 = 𝑄𝑠

𝛿
∗ 𝑢

is constant (in Ω). Indeed, if 𝑄𝑠
𝛿
∗ 𝑢 is constant, then∫

Ω𝛿

𝑢 div𝑠𝛿 𝜑 𝑑𝑥 =
∫
ℝ𝑛

𝑢 𝑄𝑠𝛿 ∗ div𝜑 𝑑𝑥 =
∫
Ω
(𝑄𝑠𝛿 ∗ 𝑢) div𝜑 𝑑𝑥 = 0 for all 𝜑 ∈ 𝐶∞

𝑐 (Ω;ℝ𝑛),

which shows that 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) with 𝐷𝑠
𝛿
𝑢 = 0. Conversely, if 𝑢 ∈ 𝑁 𝑠,𝑝,𝛿 (Ω), it follows from

Lemma 4.2.4 that Q𝑠
𝛿
𝑢 ∈𝑊 1,𝑝 (Ω) has zero gradient, and is thus, constant. The desired characteri-

zation of 𝑁 𝑠,𝑝,𝛿 (Ω) therefore comes down to identifying all solutions ℎ ∈ 𝐿𝑝 (Ω𝛿 ) for convolution
equations of the form

𝑄𝑠𝛿 ∗ ℎ = 𝑐 a.e. in Ω

for any 𝑐 ∈ ℝ.
Our strategy for characterizing 𝑁 𝑠,𝑝,𝛿 (Ω) starts at a suitable boundary-value problem involv-

ing the convolution operator Q𝑠
𝛿
. Via inversion of Q𝑠

𝛿
(based on the translation tools from Sec-

tion 4.2.3), we then rewrite the latter equivalently as a pseudo-differential equation featuring P𝑠
𝛿

subject to Dirichlet boundary conditions, for which a solution theory can be achieved. Let us make
the mentioned equivalence precise.

Lemma 4.3.5 (Equivalence between (C) and (P)). Let 𝑝 ∈ (1,∞), 𝑐 ∈ ℝ and 𝑔 ∈ 𝐿𝑝 (Γ𝛿 ). Further,
let Ω′ ⊂ ℝ𝑛 be any smooth and bounded set with Ω2𝛿 ⊂ Ω′ and Γ′ := Ω′ \ Ω. Then,

(C)
{
Q𝑠
𝛿
ℎ = 𝑐 a.e. in Ω,

ℎ = 𝑔 a.e. in Γ𝛿 ,

has a solution ℎ ∈ 𝐿𝑝 (Ω𝛿 ) if and only if there exists a𝑤 ∈ 𝐻 1−𝑠,𝑝 (ℝ𝑛) solving

(P)


P𝑠
𝛿
𝑤 = 𝟙Γ𝛿𝑔 a.e. in Γ′,

𝑤 = 𝑐 a.e. in Ω,

𝑤 = 0 a.e. in (Ω′)𝑐 .

Specifically, the following holds:

(𝑖) If ℎ ∈ 𝐿𝑝 (Ω𝛿 ) is a solution to (C), then𝑤 := Q𝑠
𝛿
(𝟙Ω𝛿

ℎ) ∈ 𝐻 1−𝑠,𝑝 (ℝ𝑛) solves (P).
(𝑖𝑖) If𝑤 ∈ 𝐻 1−𝑠,𝑝 (ℝ𝑛) satisfies (P), then ℎ := (P𝑠

𝛿
𝑤) |Ω𝛿

∈ 𝐿𝑝 (Ω𝛿 ) is a solution to (C).

Proof. The main ingredient of this proof is (4.19) with 𝛽 = 1− 𝑠 , according to which P𝑠
𝛿
is a isomor-

phism from 𝐻 1−𝑠,𝑝 (ℝ𝑛) to 𝐿𝑝 (ℝ𝑛) with inverse Q𝑠
𝛿
.

The implication (𝑖) follows then immediately from the observation that

P𝑠𝛿𝑤 = P𝑠𝛿Q𝑠
𝛿 (𝟙Ω𝛿

ℎ) = 𝟙Ω𝛿
ℎ = 𝟙Γ𝛿𝑔 a.e. in Ω𝑐 ,

along with the property that supp(𝑄𝑠
𝛿
) ⊂ 𝐵𝛿 (0), which implies supp(𝑤) ⊂ Ω𝛿 + 𝐵𝛿 (0) ⊂ Ω2𝛿 ⊂ Ω′

as well as𝑤 = Q𝑠
𝛿
ℎ = 𝑐 a.e. in Ω given |𝜕Ω | = 0.

On the other hand, (𝑖𝑖) holds since Q𝑠
𝛿
ℎ = Q𝑠

𝛿
(P𝑠

𝛿
𝑤) = 𝑤 = 𝑐 a.e. in Ω and ℎ = P𝑠

𝛿
𝑤 = 𝑔 a.e. in

Γ𝛿 , again using that |𝜕Ω | = 0. □
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Based on the previous lemma, we can express 𝑁 𝑠,𝑝,𝛿 (Ω) in terms of the solution sets of the
boundary-value problems (C) and (P). To be precise, let

ℭ𝑠,𝑝,𝛿 (Ω) :=
⋃

𝑐∈ℝ,𝑔∈𝐿𝑝 (Γ𝛿 )
ℭ𝑠,𝑝,𝛿 (𝑐, 𝑔) and 𝔓𝑠,𝑝,𝛿 (Ω) :=

⋃
𝑐∈ℝ,𝑔∈𝐿𝑝 (Γ𝛿 )

𝔓𝑠,𝑝,𝛿 (𝑐, 𝑔), (4.31)

where ℭ𝑠,𝑝,𝛿 (𝑐, 𝑔) for 𝑐 ∈ ℝ and 𝑔 ∈ 𝐿𝑝 (Γ𝛿 ) denotes the set of all solutions in 𝐿𝑝 (Ω𝛿 ) to (C), and
𝔓𝑠,𝑝,𝛿 (𝑐, 𝑔) comprises the functions in 𝐻 1−𝑠,𝑝 (ℝ𝑛) solving (P). Then,

𝑁 𝑠,𝑝,𝛿 (Ω) = ℭ𝑠,𝑝,𝛿 (Ω) = P𝑠𝛿
(
𝔓𝑠,𝑝,𝛿 (Ω)) |Ω𝛿

. (4.32)

We take (4.32) as motivation to turn our attention to (P) and address the question of its solv-
ability. It turns out that the recent existence and uniqueness results by Grubb [125] in combination
with the regularity theory in [2] by Abels & Grubb for general pseudo-differential operators (see
Theorem 4.2.6 for a version tailored to our setting) provides an answer. Even though the next lemma
is a direct application of this abstract framework, we have included for illustration also a hands-on
alternative proof in the case 𝑝 = 2.

Lemma 4.3.6 (Existence and uniqueness for (P)). Let 𝑝 ∈ (1,∞) and Ω be a bounded 𝐶1,1-
domain. Then, for every 𝑐 ∈ ℝ and 𝑔 ∈ 𝐿𝑝 (Γ𝛿 ), the problem (P) admits a unique solution 𝑤𝑐,𝑔 ∈
𝐻

1−𝑠
2 ,𝑝 (ℝ𝑛). If 𝑝 ∈ (1, 2

1−𝑠 ), then𝑤𝑐,𝑔 ∈ 𝐻 1−𝑠,𝑝 (ℝ𝑛).

Proof. We may assume without loss of generality that 𝑐 = 0, since for every 𝑤 ∈ 𝔓𝑠,𝑝,𝛿 (0, 𝑔 − 𝑐) it
holds that𝑤 +Q𝑠

𝛿
(𝟙Ω𝛿

𝑐) ∈ 𝔓𝑠,𝑝,𝛿 (𝑐, 𝑔). Hence, we can focus our attention to the pseudo-differential
equation {

P𝑠
𝛿
𝑤 = 𝟙Γ𝛿𝑔 a.e. in Γ′,

𝑤 = 0 a.e. in (Γ′)𝑐 . (4.33)

The statement now follows immediately by applying Theorem 4.2.6 for the pseudo-differential op-
erator P = P𝑠

𝛿
and the set 𝑉 = Γ′. Indeed, P𝑠

𝛿
satisfies all the required assumptions according to

Lemma 4.2.8 and Γ′ = Ω′ \Ω is a bounded open set with𝐶1,1-boundary, given that 𝜕Γ′ = 𝜕Ω′ ∪ 𝜕Ω.
Our alternative proof for 𝑝 = 2 relies on a familiar variational argument and exploits regularity

results for the fractional Laplacian. Let us consider the operator

L𝑠𝛿 : S (ℝ𝑛) → S (ℝ𝑛), L̂𝑠
𝛿
𝜑 =

𝜑√︃
𝑄𝑠
𝛿

,

which can be extended to a bounded linear operator 𝐻 𝑡 (ℝ𝑛) → 𝐻 𝑡−
1−𝑠
2 (ℝ𝑛) for any 𝑡 ∈ ℝ. Then,

(L𝑠
𝛿
)2 = L𝑠

𝛿
◦ L𝑠

𝛿
= P𝑠

𝛿
, and we observe that ∥L𝑠

𝛿
·∥𝐿2 (ℝ𝑛 ) is a norm on 𝐻 1−𝑠

2 (ℝ𝑛) that is equivalent
to ∥·∥

𝐻
1−𝑠
2 (ℝ𝑛 ) in view of (4.18).

As a consequence of the generalized Dirichlet principle, the functional

𝑤 ↦→ ∥L𝑠𝛿𝑤 ∥2𝐿2 (ℝ𝑛 ) −
∫
ℝ𝑛

𝟙Γ𝛿𝑔𝑤 𝑑𝑥

over all functions𝑤 ∈ 𝐻
1−𝑠
2

0 (Γ′) has a unique minimizer𝑤∗, which is also the unique solution to∫
ℝ𝑛

L𝑠𝛿𝑤 L𝑠𝛿𝜑 − 𝟙Γ𝛿𝑔𝜑 𝑑𝑥 = 0 for all 𝜑 ∈ 𝐶∞
𝑐 (Γ′) . (4.34)
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Since (4.34) is a weak formulation of (4.33) for 𝑝 = 2, the function𝑤∗ ∈ 𝐻
1−𝑠
2

0 (Γ′) is indeed the only
candidate for the sought solution.

It remains to prove that 𝑤∗ ∈ 𝐻 1−𝑠 (ℝ𝑛). To this end, we compare the operator L𝑠
𝛿
with the

fractional Laplacian (−Δ) 1−𝑠
4 : 𝐻

1−𝑠
2 (ℝ𝑛) → 𝐿2(ℝ𝑛), showing that they differ by a bounded linear

operator on 𝐿2(ℝ𝑛). Indeed,K𝑠
𝛿
:= L𝑠

𝛿
−(−Δ) 1−𝑠

4 is an 𝐿2-Fourier multiplier operator with multiplier

𝑚𝑠
𝛿 (𝜉) =

1√︃
𝑄𝑠
𝛿
(𝜉)

− |2𝜋𝜉 | 1−𝑠2 for 𝜉 ∈ ℝ𝑛 .

The boundedness of𝑚𝑠
𝛿
follows from the smoothness and positivity of𝑄𝑠

𝛿
together with the obser-

vation that for |𝜉 | > 1,

𝑚𝑠
𝛿 (𝜉) =

(
1√︃

1 + |2𝜋𝜉 |1−𝑠𝑅𝑠
𝛿
(𝜉)

− 1

)
|2𝜋𝜉 | 1−𝑠2 ,

which is bounded since 𝑅𝑠
𝛿
(cf. (4.17)) is a Schwartz function. A particular consequence is that

K𝑠
𝛿
(−Δ) 1−𝑠

4 = (−Δ) 1−𝑠
4 K𝑠

𝛿
: 𝐻

1−𝑠
2 (ℝ𝑛) → 𝐿2(ℝ𝑛) is a bounded linear operator.

Then, (4.34) turns into∫
ℝ𝑛

(−Δ) 1−𝑠
4 𝑤 (−Δ) 1−𝑠

4 𝜑 + (
2K𝑠𝛿 (−Δ)

1−𝑠
4 𝑤 + (K𝑠𝛿 )2𝑤 − 𝟙Γ𝛿𝑔

)
𝜑 𝑑𝑥 = 0 for all 𝜑 ∈ 𝐶∞

𝑐 (Γ′),

which implies that𝑤∗ weakly satisfies{
(−Δ) 1−𝑠

2 𝑤 = 2K𝑠
𝛿
(−Δ) 1−𝑠

4 𝑤 + (K𝑠
𝛿
)2𝑤 − 𝟙Γ𝛿𝑔 in Γ′,

𝑤 = 0 in (Γ′)𝑐 .

Since the right-hand side of the fractional differential equation lies in 𝐿2(Γ′) and the boundary
𝜕Γ′ = 𝜕Ω′∪𝜕Ω is𝐶1,1, we obtain from established regularity results for the fractional Laplacian (see,
e.g., [124,151,207] for smooth domains and [2, Theorem 1.1] for𝐶1,1-domains) that𝑤 ∈ 𝐻 1−𝑠 (ℝ𝑛),
as desired. □

Remark 4.3.7. The range of 𝑝 for which𝑤𝑔 ∈ 𝐻 1−𝑠,𝑝 (ℝ𝑛) is sharp, since even for smooth Ω, one
can find 𝑔 ∈ 𝐿𝑝 (Γ𝛿 ) such that 𝑤𝑔 ∉ 𝐻 1−𝑠,𝑝 (ℝ𝑛) when 𝑝 ∈ [ 2

1−𝑠 ,∞). To see this, let us take 𝑤 equal
to dist(·, 𝜕Γ′) 1−𝑠

2 near the boundary of Γ′ with P𝑠
𝛿
𝑤 |Γ′ ∈ 𝐶∞(ℝ𝑛) |Γ′ as in Remark 4.2.7 b). Then, we

define

�̃� := Q𝑠
𝛿 (𝟙Ω𝛿

P𝑠𝛿𝑤),

which coincides with 𝑤 in a neighborhood of Ω, given (H2). Therefore, �̃� equals dist(·, 𝜕Ω) 1−𝑠
2

near the boundary of Ω, which yields �̃� ∉ 𝐻 1−𝑠,𝑝 (ℝ𝑛). However, since �̃� = 𝑤 = 0 in Ω and
supp(�̃�) ⊂ Ω2𝛿 , we deduce that {

P𝑠
𝛿
�̃� = 𝟙Γ𝛿P𝑠𝛿𝑤 a.e. in Γ′,

�̃� = 0 a.e. in (Γ′)𝑐 .

With 𝑔 := P𝑠
𝛿
𝑤 |Γ𝛿 ∈ 𝐿𝑝 (Γ𝛿 ), the claim follows. △
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Lemma 4.3.6 in combination with Lemma 4.3.5 provide useful information about the solution
sets for the boundary-value problems (P) and (C). Since the statement of Lemma 4.3.6 is qualitatively
different depending on whether 𝑝 is smaller or larger than the critical value 2

1−𝑠 , we discuss these
two cases separately.

Suppose first that 𝑝 ∈ (1, 2
1−𝑠 ). Then, for any 𝑐 ∈ ℝ and 𝑔 ∈ 𝐿𝑝 (Γ𝛿 ), the sets 𝔓𝑠,𝑝,𝛿 (𝑐, 𝑔) and

ℭ𝑠,𝑝,𝛿 (𝑐, 𝑔) are singletons and can be represented as

𝔓𝑠,𝑝,𝛿 (𝑐, 𝑔) = {𝑤𝑐,𝑔} and ℭ𝑠,𝑝,𝛿 (𝑐, 𝑔) = {ℎ𝑐,𝑔}, (4.35)

where 𝑤𝑐,𝑔 ∈ 𝐻 1−𝑠,𝑝 (ℝ𝑛) and ℎ𝑐,𝑔 := (P𝑠
𝛿
𝑤𝑐,𝑔) |Ω𝛿

∈ 𝐿𝑝 (Ω𝛿 ) are the unique solutions to (P) and (C),
respectively.

Summarizing these findings, we are now in the position to state the main result of this section
concerning the characterization of 𝑁 𝑠,𝑝,𝛿 (Ω).

Theorem 4.3.8 (Characterization of 𝑵 𝒔,𝒑,𝜹 (𝛀) for 𝒑 ∈ (1, 2
1−𝒔 )). Let 𝑝 ∈ (1, 2

1−𝑠 ) and let Ω be
a bounded 𝐶1,1-domain. Then,

𝑁 𝑠,𝑝,𝛿 (Ω) =
⋃

𝑐∈ℝ,𝑔∈𝐿𝑝 (Γ𝛿 )
ℭ𝑠,𝑝,𝛿 (𝑐, 𝑔) =

⋃
𝑐∈ℝ,𝑔∈𝐿𝑝 (Γ𝛿 )

{ℎ𝑐,𝑔}, (4.36)

where ℎ𝑐,𝑔 for 𝑐 ∈ ℝ and 𝑔 ∈ 𝐿𝑝 (Γ𝛿 ) is the unique solution of (C).

Proof. This follows immediately from (4.31), (4.32) and (4.35). □

As a consequence of Theorem 4.3.8, we obtain that the bounded linear map

Φ𝑠𝛿 : 𝑁 𝑠,𝑝,𝛿 (Ω) → ℝ × 𝐿𝑝 (Γ𝛿 ), ℎ ↦→
(∫

Ω
𝑄𝑠𝛿 ∗ ℎ 𝑑𝑥,ℎ |Γ𝛿

)
(4.37)

is bijective. The inverse (Φ𝑠
𝛿
)−1 : (𝑐, 𝑔) ↦→ ℎ𝑐,𝑔 for (𝑐, 𝑔) ∈ ℝ × 𝐿𝑝 (Γ𝛿 ) is then bounded as well by

the Banach isomorphism theorem, i.e., there is a constant 𝐶 > 0 such that

∥ℎ𝑐,𝑔∥𝐿𝑝 (Ω𝛿 ) ≤ 𝐶
(∥𝑔∥𝐿𝑝 (Γ𝛿 ) + |𝑐 |) for all 𝑔 ∈ 𝐿𝑝 (Γ𝛿 ) and 𝑐 ∈ ℝ.

The discussion above implies that the functions with zero nonlocal gradient are uniquely de-
termined by their values in the single collar Γ𝛿 and an averaging condition involving the kernel
function 𝑄𝑠

𝛿
. Besides, one can also observe a one-to-one correspondence between functions in

𝑁 𝑠,𝑝,𝛿 (Ω) and these two basic characteristics: the boundary values in Γ𝛿 and the mean value in Ω.
Indeed, another isomorphism between 𝑁 𝑠,𝑝,𝛿 (Ω) and ℝ × 𝐿𝑝 (Γ𝛿 ) is given by

Ψ𝑠𝛿 : 𝑁 𝑠,𝑝,𝛿 (Ω) → ℝ × 𝐿𝑝 (Γ𝛿 ), ℎ ↦→
(∫

Ω
ℎ 𝑑𝑥,ℎ |Γ𝛿

)
, (4.38)

which follows essentially from the next proposition.

Proposition 4.3.9 (Uniqueness in 𝑵 𝒔,𝒑,𝜹 (𝛀) with vanishingmean value). Let 𝑝 ∈ (1,∞) and
Ω be a bounded 𝐶1,1-domain. If ℎ ∈ 𝑁 𝑠,𝑝,𝛿 (Ω) satisfies

ℎ = 0 a.e. in Γ𝛿 and
∫
Ω
ℎ 𝑑𝑥 = 0,

then ℎ = 0.
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Proof. If ℎ ∈ 𝑁 𝑠,𝑝,𝛿 (Ω) with ℎ = 0 a.e. in Γ𝛿 , then (4.36) implies the existence of a 𝑐 ∈ ℝ such that
ℎ = ℎ𝑐,0 ∈ 𝐿𝑝 (Ω𝛿 ). If 𝑝 ∈ [ 2

1−𝑠 ,∞) > 2, it is clear that ℎ ∈ 𝐿2(Ω𝛿 ). Otherwise, this property follows
from

ℎ𝑐,0 ∈ ℭ𝑠,𝑝,𝛿 (𝑐, 0) = ℭ𝑠,2,𝛿 (𝑐, 0) ⊂ 𝐿2(Ω𝛿 ),
see (4.39) below. We exploit

∫
Ω
ℎ 𝑑𝑥 = 0 and supp(𝑄𝑠

𝛿
) ⊂ 𝐵𝛿 (0) to find

∥�𝟙Ω𝛿
ℎ∥𝐿2 (ℝ𝑛 ) = ∥ℎ∥𝐿2 (Ω) =

ℎ −𝑄𝑠𝛿 ∗ ℎ − |Ω |−1
∫
Ω
ℎ −𝑄𝑠𝛿 ∗ ℎ 𝑑𝑥


𝐿2 (Ω)

≤ ∥ℎ −𝑄𝑠𝛿 ∗ ℎ∥𝐿2 (Ω) ≤ ∥𝟙Ω𝛿
ℎ −𝑄𝑠𝛿 ∗ (𝟙Ω𝛿

ℎ)∥𝐿2 (ℝ𝑛 ) ≤ ∥(1 −𝑄𝑠𝛿 )�𝟙Ω𝛿
ℎ∥𝐿2 (ℝ𝑛 ) .

Since 0 ≤ 1 −𝑄𝑠
𝛿
< 1 (see (4.13) and Remark 4.2.3 b)), we deduce that �𝟙Ω𝛿

ℎ = 0, and hence, ℎ = 0,
as stated. □

Remark 4.3.10 (Uniqueness in 𝑵 𝒔,𝒑,𝜹 (𝛀) with enlarged single layer). The mean value con-
dition in the previous proposition can be removed in exchange for replacing the Dirichlet condition
in the single layer Γ𝛿 by a Dirichlet condition in Ω𝛿 \𝑂 for any𝑂 ⋐ Ω. This means, if ℎ ∈ 𝑁 𝑠,𝑝,𝛿 (Ω)
satisfies ℎ = 0 a.e. in Ω𝛿 \𝑂 , then ℎ = 0.

Indeed, let 𝑂 ′ ⊂ Ω be smooth with 𝑂 ⋐ 𝑂 ′ ⋐ Ω and take [ ∈ 𝐿1(ℝ𝑛) with ∥[∥𝐿1 (ℝ𝑛 ) = 1 and
supp([) ⊂ 𝐵Y (0) for Y > 0 sufficiently small. Since there is a 𝑐 ∈ ℝ such that 𝑄𝑠

𝛿
∗ ℎ = 𝑐 a.e. in Ω

with ℎ = 0 a.e. in Ω𝛿 \𝑂 , we find that the convolution ℎ[ := [ ∗ ℎ satisfies

𝑄𝑠
𝛿
∗ ℎ[ = 𝑐 a.e. in 𝑂 ′ with ℎ[ = 0 a.e. in 𝑂 ′

𝛿
\𝑂 ′.

By the uniqueness statements in Theorem 4.3.8 and Proposition 4.3.12 (applied to the set 𝑂 ′), it
follows that ℎ = ℎ[ for all such [, which is only possible for ℎ = 0. △

Remark 4.3.11 (Equivalent norms on 𝑵 𝒔,𝒑,𝜹 (𝛀)). Based on the isomorphisms Ψ𝑠
𝛿
and Φ𝑠

𝛿
we

conclude that defining

|||ℎ |||𝑁 𝑠,𝑝,𝛿 (Ω) := ∥ℎ∥𝐿𝑝 (Γ𝛿 ) +
���∫

Ω
𝑄𝑠𝛿 ∗ ℎ 𝑑𝑥

���
and

|||ℎ |||𝑁 𝑠,𝑝,𝛿 (Ω) := ∥ℎ∥𝐿𝑝 (Γ𝛿 ) +
���∫

Ω
ℎ 𝑑𝑥

���
for ℎ ∈ 𝑁 𝑠,𝑝,𝛿 (Ω) yields two norms on 𝑁 𝑠,𝑝,𝛿 (Ω) that are equivalent to ∥·∥𝐿𝑝 (Ω𝛿 ) when 𝑝 ∈ (1, 2

1−𝑠 ).
△

Finally, we study the case 𝑝 ∈ [ 2
1−𝑠 ,∞). Before stating the corresponding representation result

for 𝑁 𝑠,𝑝,𝛿 (Ω), we collect a few further observations about the solutions to (C) and (P). Suppose in
the following that 𝑐 ∈ ℝ and 𝑔 ∈ 𝐿𝑝 (Γ𝛿 ). By Lemma 4.3.6, the solution set 𝔓𝑠,𝑝,𝛿 (𝑐, 𝑔) has at most
cardinality 1; specifically,

𝔓𝑠,𝑝,𝛿 (𝑐, 𝑔) = {𝑤𝑐,𝑔} ∩ 𝐻 1−𝑠,𝑝 (ℝ𝑛) .
Since 𝐿𝑝 (Ω𝛿 ) ⊂ 𝐿𝑞 (Ω𝛿 ) for all 1 < 𝑞 ≤ 𝑝 , Lemma 4.3.6 implies also that 𝑤𝑐,𝑔 ∈ 𝐻 1−𝑠,𝑞 (ℝ𝑛) for all
𝑞 ∈ (1, 2

1−𝑠 ). In particular, this shows that the solution sets of (P) are independent of the integrability
parameters, in the sense that

𝔓𝑠,𝑞,𝛿 (𝑐, 𝑔) = 𝔓𝑠,2,𝛿 (𝑐, 𝑔) for all 𝑞 ∈ (1, 2
1−𝑠 ),
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so that we can conclude

𝔓𝑠,𝑝,𝛿 (𝑐, 𝑔) = 𝔓𝑠,2,𝛿 (𝑐, 𝑔) ∩ 𝐻 1−𝑠,𝑝 (ℝ𝑛) .
Considering the one-to-one relation between the solutions of (C) and (P) (see Lemma 4.3.5), the

above properties of𝔓𝑠,𝑝,𝛿 (𝑐, 𝑔) carry over to ℭ𝑠,𝑝,𝛿 (𝑐, 𝑔). Hence,
ℭ𝑠,𝑞,𝛿 (𝑐, 𝑔) = ℭ𝑠,2,𝛿 (𝑐, 𝑔) for all 𝑞 ∈ (1, 2

1−𝑠 ), (4.39)

and along with (4.19),

ℭ𝑠,𝑝,𝛿 (𝑐, 𝑔) = ℭ𝑠,2,𝛿 (𝑐, 𝑔) ∩ 𝐿𝑝 (Ω𝛿 ). (4.40)

The latter gives rise to the next result.

Proposition 4.3.12 (Characterization of 𝑵 𝒔,𝒑,𝜹 (𝛀) for 𝒑 ∈ [ 2
1−𝒔 ,∞)). Let 𝑝 ∈ [ 2

1−𝑠 ,∞) and let
Ω be a bounded 𝐶1,1-domain. Then,

𝑁 𝑠,𝑝,𝛿 (Ω) = 𝑁 𝑠,2,𝛿 (Ω) ∩ 𝐿𝑝 (Ω𝛿 ),
where 𝑁 𝑠,2,𝛿 (Ω) can be characterized as in Theorem 4.3.8.

Proof. The combination of (4.31), (4.32), and (4.40) proves the claim. □

Remark 4.3.13. The maps Φ𝑠
𝛿
and Ψ𝑠

𝛿
from (4.37) and (4.38) can be defined analogously when

𝑝 ∈ [ 2
1−𝑠 ,∞). While Proposition 4.3.12 shows that they are still injective, surjectivity generally

fails in view of Remark 4.3.7. This shows that not all boundary values in 𝐿𝑝 (Γ𝛿 ) can be attained by
functions in 𝑁 𝑠,𝑝,𝛿 (Ω), in contrast to the case 𝑝 ∈ (1, 2

1−𝑠 ). △

4.3.3 Regularity properties of functions with zero nonlocal gradient and exam-
ples

In this section, we dive deeper into some of the properties of functions with zero nonlocal gradient,
such as their regularity, and wewill show some numerical examples to illustrate how they generally
behave.

We start off by showing that all functions in 𝑁 𝑠,𝑝,𝛿 (Ω) are smooth inside Ω.

Corollary 4.3.14 (Functions with vanishing nonlocal gradient are smooth in 𝛀). Let 𝑝 ∈
(1,∞), then every ℎ ∈ 𝑁 𝑠,𝑝,𝛿 (Ω) satisfies

ℎ |Ω ∈ 𝐶∞(Ω) .
Proof. It suffices to prove the statement for ℎ ∈ ℭ𝑠,𝑝,𝛿 (0, 𝑔) with 𝑔 ∈ 𝐿𝑝 (Γ𝛿 ), given (4.31) and the fact
that ℭ𝑠,𝑝,𝛿 (𝑐, 𝑔) = ℭ𝑠,𝑝,𝛿 (0, 𝑔 − 𝑐) + 𝑐 for all 𝑐 ∈ ℝ. If ℎ ∈ ℭ𝑠,𝑝,𝛿 (0, 𝑔), we deduce from Lemma 4.3.5
that

ℎ = (P𝑠𝛿𝑤) |Ω𝛿
for a𝑤 ∈ 𝔓𝑠,𝑝,𝛿 (0, 𝑔) ⊂ 𝐻

1−𝑠,𝑝
0 (Γ′).

To see that the restriction (P𝑠
𝛿
𝑤) |Ω is smooth, we argue as follows. For any Y > 0 sufficiently small

and𝜓 ∈ 𝐶∞(ℝ𝑛) with𝜓 = div𝑉 𝑠
𝛿
on 𝐵Y (0)𝑐 , it holds that

P𝑠𝛿𝑤 = div𝑉 𝑠𝛿 ∗𝑤 = 𝜓 ∗𝑤 on ℝ𝑛 \ (supp(𝑤))Y ;
this follows from (4.16) via integration by parts, along with an approximation argument. Conse-
quently, P𝑠

𝛿
𝑤 can be expressed as the convolution of a compactly supported 𝐿𝑝-function with a

smooth function on ℝ𝑛 \ (Ω𝑐)Y for any Y, and is thus smooth on the union of all these sets, which
is Ω. □
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In general, we do not expect that functions in 𝑁 𝑠,𝑝,𝛿 (Ω) will be regular on the larger domain Ω𝛿
given Remark 4.3.7, see also Figure 4.2 and 4.3 below. However, there do exist smooth non-constant
functions in 𝑁 𝑠,𝑝,𝛿 (Ω) (cf. Proposition 4.3.1) and they are exactly those that can be obtained from
the translation mechanism.

Proposition 4.3.15 (Functions in 𝑵 𝒔,𝒑,𝜹 (𝛀) with extra regularity). Let 𝑝 ∈ [1,∞], then it
holds that

𝑁 𝑠,𝑝,𝛿 (Ω) ∩ 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) |Ω𝛿
= {P𝑠𝛿𝑣 |Ω𝛿

: 𝑣 ∈𝑊 1,𝑝 (ℝ𝑛) with ∇𝑣 = 0 a.e. on Ω},
and

𝑁 𝑠,𝑝,𝛿 (Ω) ∩𝐶∞
𝑐 (ℝ𝑛) |Ω𝛿

= {P𝑠𝛿𝑣 |Ω𝛿
: 𝑣 ∈ 𝐶∞

𝑐 (ℝ𝑛) with ∇𝑣 = 0 on Ω}.

Proof. Let 𝑢 ∈ 𝑁 𝑠,𝑝,𝛿 (Ω) ∩ 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) |Ω𝛿
and consider an extension �̃� ∈ 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) of 𝑢. Then,

we find by Lemma 4.2.4 that 𝑣 := Q𝑠
𝛿
�̃� ∈ 𝑊 1,𝑝 (ℝ𝑛) with ∇𝑣 = 𝐷𝑠

𝛿
𝑢 = 0 a.e. on Ω. Moreover, by

Lemma 4.2.5 we find that
P𝑠𝛿𝑣 |Ω𝛿

= �̃� |Ω𝛿
= 𝑢,

as desired. On the other hand, if 𝑢 = P𝑠
𝛿
𝑣 |Ω𝛿

for 𝑣 ∈ 𝑊 1,𝑝 (ℝ𝑛) with ∇𝑣 = 0 a.e. on Ω, then
𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) |Ω𝛿

and 𝐷𝑠
𝛿
𝑢 = ∇Q𝑠

𝛿
𝑢 = ∇𝑣 = 0 a.e. on Ω. This proves the first identification.

For the smooth case we can argue in the same way, by also using that Q𝑠
𝛿
and P𝑠

𝛿
map smooth

functions to smooth functions (cf. (4.16)). Note that P𝑠
𝛿
might not preserve the compact support,

but this is not an issue since 𝐶∞
𝑐 (ℝ𝑛) |Ω𝛿

= 𝐶∞(ℝ𝑛) |Ω𝛿
. □

We close this section with an illustration of selected one-dimensional examples of functions
with zero nonlocal gradient. Figure 4.2 depicts a numerical approximation of the unique function
ℎ𝑐,𝑔 ∈ ℭ𝑠,2,𝛿 (𝑐, 𝑔) with 𝑐 = 0 and 𝑔 ≡ −1 on Γ𝛿 . While ℎ𝑐,𝑔 ∈ 𝐿𝑞 (Ω𝛿 ) for all 𝑞 ∈ (1, 2

1−𝑠 ) according
to (4.39), we see in the first plot that this function has a jump singularity at the boundary of the
domain Ω = (−3, 3). This indicates that ℎ𝑐,𝑔 might not lie in 𝐿𝑝 (Ω𝛿 ) for all 𝑝 ∈ (1,∞), reflecting
the observations from Remark 4.3.7 and 4.3.13. Moreover, while one may expect from the first
illustration that the function is constant on a sub-interval of (−3, 3), the enlarged plots show that
this is not the case. Indeed, ℎ𝑐,𝑔 seems to be displaying oscillations with decreasing amplitude,
which is in line with the fact that functions in 𝑁 𝑠,𝑝,𝛿 (Ω) need not be constant on any subset of Ω
(cf. Proposition 4.3.1). It is an interesting topic for further study to understand these oscillatory
patterns better, and to see if all non-constant functions in 𝑁 𝑠,𝑝,𝛿 (Ω) have a similar behavior.

In Figure 4.3, there are two further examples of functions with zero nonlocal gradient. The
left-hand example is similar to the one from Figure 4.2, but with different boundary values. It still
features jump singularities at the boundary, and is nearly constant away from the boundary. The
right-hand example in Figure 4.3 shows a function with zero nonlocal gradient constructed via the
characterization in Proposition 4.3.15. In contrast to the other examples, this one does not have a
jump singularity at the boundary. By construction, it is smooth and an element of 𝑁 𝑠,𝑝,𝛿 (Ω) for all
𝑝 ∈ [1,∞].

4.4 Technical tools involving functions with zero nonlocal gradi-
ent

In this section, we present several results regarding the function spaces 𝐻𝑠,𝑝,𝛿 (Ω) in which the set
𝑁 𝑠,𝑝,𝛿 (Ω) plays an important role. We start off with a bounded-domain analogue of the isomor-
phism between 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) and𝑊 1,𝑝 (ℝ𝑛) from [72, Section 2.4] that turns nonlocal gradients into
gradients. Subsequently, we study extensions of functions in 𝐻𝑠,𝑝,𝛿 (Ω) to the whole space ℝ𝑛 and
prove new nonlocal Poincaré and Poincaré-Wirtinger inequalities and compactness results.
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Figure 4.2: Numerical approximation of the function ℎ𝑐,𝑔 ∈ 𝑁 𝑠,2,𝛿 (Ω) for 𝑐 = 0 and 𝑔 ≡ −1 on Γ𝛿
with increasing degrees of zoom. The parameters for the computation are 𝑛 = 1, Ω = (−3, 3), 𝑠 = 1

2 ,
𝛿 = 1 and𝑤𝛿 ∈ 𝐶∞

𝑐 (−1, 1) is a bump function equal to 1 on (− 1
2 ,

1
2 ).
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Figure 4.3: Left: A numerical approximation of the functionℎ𝑐,𝑔 ∈ 𝑁 𝑠,2,𝛿 (Ω) with 𝑐 = 0 and𝑔(𝑥) = 𝑥
for 𝑥 ∈ Γ𝛿 . Right: A plot of P𝑠

𝛿
𝑣 |Ω𝛿

∈ ⋂
𝑝∈[1,∞] 𝑁 𝑠,𝑝,𝛿 (Ω) with 𝑣 (𝑥) = 1 + 5𝜑 (𝑥 + 4) − 2𝜑 (𝑥 − 4) for

a non-negative bump function 𝜑 ∈ 𝐶∞
𝑐 (−1, 1). The parameters are the same as in Figure 4.2.

4.4.1 Connection between classical and nonlocal Sobolev spaces

As we know from Section 4.2.3, the translation operators Q𝑠
𝛿
and its inverse P𝑠

𝛿
provide a iso-

morphism between the spaces 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) and 𝑊 1,𝑝 (ℝ𝑛) with the properties ∇ ◦ Q𝑠
𝛿

= 𝐷𝑠
𝛿
and
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𝐷𝑠
𝛿
◦ P𝑠

𝛿
= ∇. On a bounded open set Ω ⊂ ℝ𝑛 , it still holds for 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) that Q𝑠

𝛿
𝑢 lies in

𝑊 1,𝑝 (Ω) with ∇(Q𝑠
𝛿
𝑢) = 𝐷𝑠

𝛿
𝑢 (cf. Lemma 4.2.4), but P𝑠

𝛿
is not defined on𝑊 1,𝑝 (Ω), which prevents

an identification with 𝐻𝑠,𝑝,𝛿 (Ω) in analogy to the setting on the whole space ℝ𝑛 .
It turns out that one can resolve this issue and find a perfect translation mechanism also be-

tween the classical and nonlocal Sobolev spaces on bounded sets, by considering the spaces modulo
the functions with zero (nonlocal) gradient. In this spirit, our next theorem gives a natural gener-
alization of Lemma 4.2.4 and 4.2.5, cf. also [72, Section 2.4].

To state the result precisely, let us introduce the quotient spaces

𝐻𝑠,𝑝,𝛿 (Ω) := 𝐻𝑠,𝑝,𝛿 (Ω)/𝑁 𝑠,𝑝,𝛿 (Ω) and 𝑊 1,𝑝 (Ω) :=𝑊 1,𝑝 (Ω)/C (Ω),

where C (Ω) := {𝑣 ∈ 𝐿𝑝 (Ω) : 𝑣 is constant}; for the equivalence classes in 𝐻𝑠,𝑝,𝛿 (Ω), we write
[𝑢]𝑠

𝛿
= 𝑢 + 𝑁 𝑠,𝑝,𝛿 (Ω) with a representative in 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω), and analogously, [𝑣] = 𝑣 + C (Ω) with

𝑣 ∈𝑊 1,𝑝 (Ω) for elements in𝑊 1,𝑝 (Ω). We endow these spaces with the norms given by[𝑢]𝑠𝛿𝐻𝑠,𝑝,𝛿 (Ω) := ∥𝐷𝑠𝛿𝑢∥𝐿𝑝 (Ω;ℝ𝑛 ) and
[𝑣]

𝑊 1,𝑝 (Ω) := ∥∇𝑣 ∥𝐿𝑝 (Ω;ℝ𝑛 ) , (4.41)

noting that 𝐷𝑠
𝛿
𝑢 and ∇𝑣 are both independent of the chosen representative of [𝑢]𝑠

𝛿
and [𝑣], respec-

tively. Moreover, let𝐷𝑠
𝛿
[𝑢]𝑠

𝛿
:= 𝐷𝑠

𝛿
𝑢 and ∇̃[𝑣] := ∇𝑣 for𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) and 𝑣 ∈𝑊 1,𝑝 (Ω), respectively,

where the choice of representative is irrelevant.

Theorem 4.4.1 (Isomorphism between ˜𝑯 𝒔,𝒑,𝜹 (𝛀) and ˜𝑾1,𝒑 (𝛀)). Let 𝑝 ∈ [1,∞]. Then, the
linear map

Q̃𝑠
𝛿 : 𝐻𝑠,𝑝,𝛿 (Ω) →𝑊 1,𝑝 (Ω), [𝑢]𝑠𝛿 ↦→ [Q𝑠

𝛿𝑢]

defines a isometric isomorphism, and it holds with P̃𝑠
𝛿
:= (Q̃𝑠

𝛿
)−1 that

∇̃ ◦ Q̃𝑠
𝛿 = 𝐷𝑠𝛿 and 𝐷𝑠𝛿 ◦ P̃𝑠𝛿 = ∇̃. (4.42)

Proof. Note first that Q̃𝑠
𝛿
is well-defined since Q𝑠

𝛿
ℎ is constant for any ℎ ∈ 𝑁 𝑠,𝑝,𝛿 (Ω). The first

identity in (4.42) follows immediately from ∇ ◦Q𝑠
𝛿
= 𝐷𝑠

𝛿
, and we can compute that

∥Q̃𝑠
𝛿 [𝑢]𝑠𝛿 ∥𝑊 1,𝑝 (Ω) = ∥∇(Q𝑠

𝛿𝑢)∥𝐿𝑝 (Ω;ℝ𝑛 ) = ∥𝐷𝑠𝛿𝑢∥𝐿𝑝 (Ω;ℝ𝑛 ) = ∥ [𝑢]𝑠𝛿 ∥𝐻𝑠,𝑝,𝛿 (Ω)

for all 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω), which shows that Q̃𝑠
𝛿
is an isometry. To prove the bijectivity, we claim that

the inverse of Q̃𝑠
𝛿
is given by

P̃𝑠𝛿 [𝑣] =
[
P𝑠𝛿 (E𝑣) |Ω𝛿

]𝑠
𝛿

for 𝑣 ∈𝑊 1,𝑝 (Ω),

where E :𝑊 1,𝑝 (Ω) →𝑊 1,𝑝 (ℝ𝑛) is any bounded linear extension operator. Indeed, it holds that

𝐷𝑠𝛿 (P̃𝑠𝛿 [𝑣]) = 𝐷𝑠𝛿 (P𝑠𝛿 (E𝑣) |Ω𝛿
) = ∇(E𝑣) |Ω = ∇𝑣 for 𝑣 ∈𝑊 1,𝑝 (Ω),

from which we infer the second part of (4.42), as well as P̃𝑠
𝛿
◦ Q̃𝑠

𝛿
= Id and Q̃𝑠

𝛿
◦ P̃𝑠

𝛿
= Id.

□

Remark 4.4.2. The boundedness of Q̃𝑠
𝛿
and P̃𝑠

𝛿
holds as well, if 𝐻𝑠,𝑝,𝛿 (Ω) is equipped with the

associated quotient norm, i.e.,

||| [𝑢]𝑠𝛿 |||𝐻𝑠,𝑝,𝛿 (Ω) := inf
ℎ∈𝑁 𝑠,𝑝,𝛿 (Ω)

∥𝑢 − ℎ∥𝐿𝑝 (Ω𝛿 ) + ∥𝐷𝑠𝛿𝑢∥𝐿𝑝 (Ω;ℝ𝑛 )
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for 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω). Indeed, for Q̃𝑠
𝛿
this is clear, whereas for P̃𝑠

𝛿
we can compute for 𝑣 ∈ 𝑊 1,𝑝 (Ω)

with
∫
Ω
𝑣 𝑑𝑥 = 0 that������P̃𝑠𝛿 [𝑣]������𝐻𝑠,𝑝,𝛿 (Ω) ≤ ∥P𝑠𝛿 (E𝑣)∥𝐿𝑝 (Ω𝛿 ) + ∥∇𝑣 ∥𝐿𝑝 (Ω;ℝ𝑛 )

≤ 𝐶 ∥E𝑣 ∥𝑊 1,𝑝 (ℝ𝑛 ) + ∥∇𝑣 ∥𝐿𝑝 (Ω;ℝ𝑛 )
≤ 𝐶 ∥𝑣 ∥𝑊 1,𝑝 (Ω) + ∥∇𝑣 ∥𝐿𝑝 (Ω;ℝ𝑛 ) ≤ 𝐶 ∥ [𝑣] ∥𝑊 1,𝑝 (Ω) ,

where the second inequality uses Lemma 4.2.5, and the last the classical Poincaré-Wirtinger in-
equality. Moreover, for 𝑝 ∈ (1,∞), the operator norm of P̃𝑠

𝛿
is independent of 𝑠 by (4.20). We use

this observation later in Corollary 4.4.7 to deduce a new nonlocal Poincaré-Wirtinger equation.
In the classical Sobolev setting, the norm ∥·∥𝑊 1,𝑝 (Ω) in (4.41) is equivalent to the quotient norm

on𝑊 1,𝑝 (Ω) by the standard Poincaré-Wirtinger inequality. △
If the characterization of 𝑁 𝑠,𝑝,𝛿 (Ω) in Theorem 4.3.8 holds, then any boundary values can be

attained in the layer Γ𝛿 by elements in an equivalence class of𝐻𝑠,𝑝,𝛿 (Ω). In other words, for each𝑢 ∈
𝐻𝑠,𝑝,𝛿 (Ω) and each 𝑔 ∈ 𝐿𝑝 (Γ𝛿 ), there exists a representative of [𝑢]𝑠𝛿 = 𝑢 + 𝑁 𝑠,𝑝,𝛿 (Ω) that coincides
with 𝑔 in Γ𝛿 . Based on this observation, we can state the following consequence of Theorem 4.4.1.

Corollary 4.4.3. Let 𝑝 ∈ (1, 2
1−𝑠 ) and Ω be a bounded 𝐶1,1-domain. Then, for every 𝑣 ∈ 𝑊 1,𝑝 (Ω)

and 𝑔 ∈ 𝐿𝑝 (Γ𝛿 ), there is a 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) such that{
𝐷𝑠
𝛿
𝑢 = ∇𝑣 a.e. in Ω,

𝑢 = 𝑔 a.e. in Γ𝛿 .

Proof. Let 𝑣 ∈ 𝑊 1,𝑝 (Ω). Then, Theorem 4.4.1 implies that ∇𝑣 = ∇̃[𝑣] = 𝐷𝑠
𝛿
[𝑢]𝑠

𝛿
= 𝐷𝑠

𝛿
𝑢 for some

𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω). By Theorem 4.3.8, we may assume that 𝑢 coincides with 𝑔 in the boundary layer Γ𝛿 ,
which yields the desired function. □

4.4.2 Extension modulo functions with zero nonlocal gradient.

While not every function in 𝐻𝑠,𝑝,𝛿 (Ω) is the restriction of a function in 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) (cf. Proposi-
tion 4.3.3), we can show nevertheless that extensions to the whole space ℝ𝑛 are possible up to
function with zero nonlocal gradient. This technical tool has several applications within this paper.
It has appeared already in the proof of Proposition 4.3.3, where it provided an efficient way for
generating functions in 𝑁 𝑠,𝑝,𝛿 (Ω).

With 𝑝 ∈ [1,∞], we define for a given bounded linear extension operator E : 𝑊 1,𝑝 (Ω) →
𝑊 1,𝑝 (ℝ𝑛),

E𝑠𝛿 : 𝐻𝑠,𝑝,𝛿 (Ω) → 𝐻𝑠,𝑝,𝛿 (ℝ𝑛), E𝑠𝛿 := P𝑠𝛿 ◦ E ◦Q𝑠
𝛿 , (4.43)

with the translation operatorsQ𝑠
𝛿
and P𝑠

𝛿
from Section 4.2.3. As the composition of bounded linear

operators, E𝑠
𝛿
is bounded, even uniformly in 𝑠 when 𝑝 ∈ (1,∞), see (4.20). In view of (4.15), we infer

for every 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) that 𝐷𝑠
𝛿
E𝑠
𝛿
𝑢 = 𝐷𝑠

𝛿
𝑢 on Ω, and thus,

𝑢 − E𝑠𝛿𝑢 |Ω𝛿
∈ 𝑁 𝑠,𝑝,𝛿 (Ω) for 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω).

In this sense, E𝑠
𝛿
can be viewed as an extension operator on𝐻𝑠,𝑝,𝛿 (Ω)modulo functions in𝑁 𝑠,𝑝,𝛿 (Ω).

Note further that E𝑠
𝛿
, as a map from 𝐻𝑠,𝑝,𝛿 (Ω) to 𝐿𝑝 (Ω𝛿 ), is compact for 𝑝 ∈ (1,∞) due to the

compact embedding of 𝐻𝑠,𝑝,𝛿 (ℝ𝑛) = 𝐻𝑠,𝑝 (ℝ𝑛) into 𝐿𝑝 (Ω𝛿 ), see Section 4.2.2. Thus, if (𝑢 𝑗 ) 𝑗 is a
weakly convergent sequence in 𝐻𝑠,𝑝,𝛿 (Ω) with limit 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω), then

E𝑠𝛿𝑢 𝑗 → E𝑠𝛿𝑢 in 𝐿𝑝 (Ω𝛿 ) . (4.44)
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4.4.3 A new nonlocal Poincaré inequality

Another application of Theorem 4.3.8 is that we can derive a new Poincaré inequality for the nonlo-
cal gradient. As opposed to the Poincaré inequality in [30, Theorem 6.1], which requires functions
to be zero in the double collar Γ±𝛿 , the new one only imposes a condition in Γ𝛿 together with an
average-value condition. Precisely, will work with functions in the linear subspace

�̊�𝑠,𝑝,𝛿 (Ω) := {
𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) : 𝑢 = 0 a.e. in Γ𝛿 ,

∫
Ω
𝑢 𝑑𝑥 = 0

}
.

Theorem 4.4.4 (Nonlocal Poincaré inequality). Let 𝑝 ∈ (1, 2
1−𝑠 ) and Ω ⊂ ℝ𝑛 be a bounded

𝐶1,1-domain. Then, there exists a constant 𝐶 > 0 such that

∥𝑢∥𝐿𝑝 (Ω𝛿 ) ≤ 𝐶 ∥𝐷𝑠𝛿𝑢∥𝐿𝑝 (Ω;ℝ𝑛 )

for all 𝑢 ∈ �̊�𝑠,𝑝,𝛿 (Ω).
Proof. The proof stragegy follows a well-known contradiction argument, with Lemma 4.4.5 below
as main technical ingredient. Suppose the statement is false, then there is a sequence (𝑢 𝑗 ) 𝑗 ⊂
�̊�𝑠,𝑝,𝛿 (Ω) with ∥𝑢 𝑗 ∥𝐿𝑝 (Ω𝛿 ) > 𝑗 ∥𝐷𝑠

𝛿
𝑢 𝑗 ∥𝐿𝑝 (Ω;ℝ𝑛 ) for all 𝑗 . By defining the sequence (�̃� 𝑗 ) 𝑗 ⊂ �̊�𝑠,𝑝,𝛿 (Ω)

via
�̃� 𝑗 :=

𝑢 𝑗

∥𝑢 𝑗 ∥𝐿𝑝 (Ω𝛿 )
,

we obtain ∥�̃� 𝑗 ∥𝐿𝑝 (Ω𝛿 ) = 1 and ∥𝐷𝑠
𝛿
�̃� 𝑗 ∥𝐿𝑝 (Ω;ℝ𝑛 ) ≤ 1/ 𝑗 for each 𝑗 . This allows us to conclude for a

non-relabeled subsequence that

�̃� 𝑗 ⇀ ℎ in 𝐻𝑠,𝑝,𝛿 (Ω) as 𝑗 → ∞,

with a limit function ℎ ∈ 𝐻𝑠,𝑝,𝛿 (Ω) that satisfies 𝐷𝑠
𝛿
ℎ = 0, or in other words, ℎ ∈ 𝑁 𝑠,𝑝,𝛿 (Ω).

Due to the weak closedness of �̊�𝑠,𝑝,𝛿 (Ω), we also find that 𝑢 ∈ �̊�𝑠,𝑝,𝛿 (Ω), which yields ℎ = 0 by
Proposition 4.3.9.

Finally, we infer from Lemma 4.4.5 that �̃� 𝑗 → 0 in 𝐿𝑝 (Ω𝛿 ) as 𝑗 → ∞, which contradicts
∥�̃� 𝑗 ∥𝐿𝑝 (Ω𝛿 ) = 1 for all 𝑗 and thereby, proves the result. □

The previous proof used the compact embedding of �̊�𝑠,𝑝,𝛿 (Ω) into 𝐿𝑝 (Ω𝛿 ), which is the subject
of the following lemma. We point out that it builds substantially on the identification of 𝑁 𝑠,𝑝,𝛿 (Ω)
from Theorem 4.3.8.

Lemma 4.4.5. Let 𝑝 ∈ (1, 2
1−𝑠 ) and suppose Ω ⊂ ℝ𝑛 is a bounded𝐶1,1-domain. If (𝑢 𝑗 ) 𝑗 ⊂ �̊�𝑠,𝑝,𝛿 (Ω)

is such that 𝑢 𝑗 ⇀ 𝑢 in 𝐻𝑠,𝑝,𝛿 (Ω) as 𝑗 → ∞ with some 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω), then 𝑢 ∈ �̊�𝑠,𝑝,𝛿 (Ω) and

𝑢 𝑗 → 𝑢 in 𝐿𝑝 (Ω𝛿 ) as 𝑗 → ∞. (4.45)

Proof. The fact that 𝑢 ∈ �̊�𝑠,𝑝,𝛿 (Ω) is clear, since �̊�𝑠,𝑝,𝛿 (Ω) is weakly closed in 𝐿𝑝 (Ω𝛿 ). As for (4.45),
we use the extension operator E𝑠

𝛿
from Section 4.4.2 to obtain

E𝑠𝛿𝑢 𝑗 → E𝑠𝛿𝑢 in 𝐿𝑝 (Ω𝛿 ) as 𝑗 → ∞

by (4.44). Therefore, with the sequence (ℎ 𝑗 ) 𝑗 ⊂ 𝑁 𝑠,𝑝,𝛿 (Ω) given by ℎ 𝑗 := 𝑢 𝑗 − E𝑠
𝛿
𝑢 𝑗 and ℎ := 𝑢 − E𝑠

𝛿
𝑢

it holds that

ℎ 𝑗 ⇀ ℎ in 𝐿𝑝 (Ω𝛿 ) and ℎ 𝑗 → ℎ in 𝐿𝑝 (Γ𝛿 ) as 𝑗 → ∞, (4.46)
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where the second convergence follows from 𝑢 𝑗 = 0 = 𝑢 a.e. on Γ𝛿 . If we consider the norm on
𝑁 𝑠,𝑝,𝛿 (Ω) from Remark 4.3.11, then (4.46) implies

|||ℎ 𝑗 |||𝑁 𝑠,𝑝,𝛿 (Ω) = ∥ℎ 𝑗 ∥𝐿𝑝 (Ω 𝑗 ) +
����∫

Ω
𝑄𝑠𝛿 ∗ ℎ 𝑗

���� → 0 as 𝑗 → ∞.

Since |||·|||𝑁 𝑠,𝑝,𝛿 (Ω) is equivalent to the norm induced on 𝑁 𝑠,𝑝,𝛿 (Ω) by ∥·∥𝐿𝑝 (Ω𝛿 ) , we obtain ℎ 𝑗 → ℎ
in 𝐿𝑝 (Ω𝛿 ), and thus,

𝑢 𝑗 = E𝑠𝛿𝑢 𝑗 + ℎ 𝑗 → E𝑠𝛿𝑢 + ℎ = 𝑢 in 𝐿𝑝 (Ω𝛿 ) as 𝑗 → ∞,
which concludes the proof. □

Remark 4.4.6. The contradiction argument in Theorem 4.4.4worksmore generally for anyweakly
closed subset𝑋 ⊂ 𝐻𝑠,𝑝,𝛿 (Ω) that is compactly contained in 𝐿𝑝 (Ω𝛿 ) and satisfies𝑋∩𝑁 𝑠,𝑝,𝛿 (Ω) = {0}.
For example, one could replace the condition

∫
Ω
𝑢 𝑑𝑥 = 0 by the condition

∫
Ω
𝑄𝑠
𝛿
∗ 𝑢 𝑑𝑥 = 0 or

remove the mean-value condition completely and assume 𝑢 = 0 a.e. in Ω𝛿 \ 𝑂 for any 𝑂 ⋐ Ω
(cf. Remark 4.3.10). △

4.4.4 Nonlocal Poincaré-Wirtinger inequality

Here, we derive an inequality involving the nonlocal gradient in the spirit of the classical Poincaré-
Wirtinger inequality, by subtracting suitable functions with zero nonlocal gradient. Moreover, we
complement the inequality with a compactness result. This will be used later in Section 4.6 to prove
the well-posedness and localization as 𝑠 ↑ 1 of nonlocal variational problems with Neumann-type
boundary conditions.

Let 𝑝 ∈ (1,∞), and consider the metric projection 𝜋𝑠
𝛿
: 𝐿𝑝 (Ω𝛿 ) → 𝑁 𝑠,𝑝,𝛿 (Ω), which minimizes

the distance to the functions with vanishing nonlocal gradient in the 𝐿𝑝-norm, i.e., for 𝑢 ∈ 𝐿𝑝 (Ω𝛿 ),
∥𝑢 − 𝜋𝑠𝛿 (𝑢)∥𝐿𝑝 (Ω𝛿 ) = min

ℎ∈𝑁 𝑠,𝑝,𝛿 (Ω)
∥𝑢 − ℎ∥𝐿𝑝 (Ω𝛿 ) ;

Note that the minimum exists, considering that 𝑁 𝑠,𝑝,𝛿 (Ω) is weakly closed in 𝐻𝑠,𝑝,𝛿 (Ω), and also in
𝐿𝑝 (Ω), since ∥·∥𝐻𝑠,𝑝,𝛿 (Ω) = ∥·∥𝐿𝑝 (Ω) on 𝑁 𝑠,𝑝,𝛿 (Ω). In the case 𝑝 = 2, 𝜋𝑠

𝛿
corresponds to the (linear)

orthogonal projection onto 𝑁 𝑠,𝑝,𝛿 (Ω). Even though 𝜋𝑠
𝛿
need not be linear when 𝑝 ≠ 2, one does

have that 𝜋𝑠
𝛿
is 1-homogeneous and that

𝜋𝑠𝛿 (𝑢 + ℎ) = 𝜋𝑠𝛿 (𝑢) + ℎ for all ℎ ∈ 𝑁 𝑠,𝑝,𝛿 (Ω). (4.47)
It is also well-known that 𝜋𝑠

𝛿
is continuous, given that 𝐿𝑝 (Ω𝛿 ) is uniformly convex, see e.g., [119].

We now formulate and prove the Poincaré-Wirtinger inequality with the help of the metric
projection.

Lemma 4.4.7 (Nonlocal Poincaré-Wirtinger inequality). Let 𝑝 ∈ (1,∞). Then, there exists a
constant 𝐶 = 𝐶 (Ω, 𝑝, 𝛿) > 0 such that

∥𝑢 − 𝜋𝑠𝛿 (𝑢)∥𝐿𝑝 (Ω𝛿 ) ≤ 𝐶 ∥𝐷𝑠𝛿𝑢∥𝐿𝑝 (Ω;ℝ𝑛 )

for all 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω).
Proof. It follows from Theorem 4.4.1 (in the version where 𝐻𝑠,𝑝,𝛿 (Ω) is equipped with the quotient
norm, see Remark 4.4.2) and Lemma 4.2.4 that

∥𝑢 − 𝜋𝑠𝛿 (𝑢)∥𝐿𝑝 (Ω𝛿 ) ≤ ||| [𝑢]𝑠𝛿 |||𝐻𝑠,𝑝,𝛿 (Ω) =
������P̃𝑠𝛿Q̃𝑠

𝛿 [𝑢]𝑠𝛿
������
𝐻𝑠,𝑝,𝛿 (Ω) ≤ 𝐶 ∥Q̃𝑠

𝛿 [𝑢]𝑠𝛿 ∥𝑊 1,𝑝 (Ω)
= 𝐶 ∥ [Q𝑠

𝛿𝑢] ∥𝑊 1,𝑝 (Ω) = 𝐶 ∥∇(Q𝑠
𝛿𝑢)∥𝐿𝑝 (Ω;ℝ𝑛 ) = 𝐶 ∥𝐷𝑠𝛿𝑢∥𝐿𝑝 (Ω;ℝ𝑛 ) ,

with a constant 𝐶 > 0 independent of 𝑠 . □
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Second, one obtains the following compactness result. It can be seen as the trace-free analogue
to [28, Theorem 2.3] in the setting of complementary-value spaces.

Lemma 4.4.8 (Compactness in 𝑯 𝒔,𝒑,𝜹 (𝛀)). Let 𝑝 ∈ (1,∞), then any sequence (𝑢 𝑗 ) 𝑗 ⊂ 𝐻𝑠,𝑝,𝛿 (Ω)
converging weakly to 𝑢 in 𝐻𝑠,𝑝,𝛿 (Ω) satisfies

𝑢 𝑗 − 𝜋𝑠𝛿 (𝑢 𝑗 ) → 𝑢 − 𝜋𝑠
𝛿
(𝑢) in 𝐿𝑝 (Ω𝛿 ) as 𝑗 → ∞.

Proof. Using the extension operator modulo 𝑁 𝑠,𝑝,𝛿 (Ω) from (4.43), we define

ℎ 𝑗 := E𝑠
𝛿
𝑢 𝑗 − 𝑢 𝑗 + E𝑠

𝛿
𝑢 − 𝑢 ∈ 𝑁 𝑠,𝑝,𝛿 (Ω) for all 𝑗 .

Since E𝑠
𝛿
𝑢 𝑗 → E𝑠

𝛿
𝑢 in 𝐿𝑝 (Ω𝛿 ) according to (4.44), it follows that 𝑢 𝑗 + ℎ 𝑗 → 𝑢 in 𝐿𝑝 (Ω𝛿 ), and hence,

lim
𝑗→∞

∥𝑢 𝑗 − 𝑢 − 𝜋𝑠𝛿 (𝑢 𝑗 − 𝑢)∥𝐿𝑝 (Ω𝛿 ) ≤ lim
𝑗→∞

∥𝑢 𝑗 − 𝑢 + ℎ 𝑗 ∥𝐿𝑝 (Ω𝛿 ) = 0,

by definition of the metric projection. This shows that

𝑢 𝑗 − 𝜋𝑠𝛿 (𝑢 𝑗 − 𝑢) → 𝑢 in 𝐿𝑝 (Ω𝛿 ) as 𝑗 → ∞.

In view of (4.47) and the continuity of 𝜋𝑠
𝛿
, we then find that

𝑢 𝑗 − 𝜋𝑠𝛿 (𝑢 𝑗 ) = 𝑢 𝑗 − 𝜋𝑠𝛿 (𝑢 𝑗 − 𝑢) − 𝜋𝑠𝛿 (𝑢 𝑗 − 𝜋𝑠𝛿 (𝑢 𝑗 − 𝑢)) → 𝑢 − 𝜋𝑠𝛿 (𝑢) in 𝐿𝑝 (Ω𝛿 ),

which concludes the proof. □

4.5 Nonlocal differential inclusion problems

In the present section we discuss results on the solvability of differential inclusion problems in-
volving the nonlocal gradient. This means that for a given set 𝐸 ⊂ ℝ𝑚×𝑛 , we aim to find all
𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑚) that satisfy

𝐷𝑠𝛿𝑢 ∈ 𝐸 a.e. in Ω, (4.48)

and optionally, also a boundary condition in the single layer Γ𝛿 or the double layer Γ±𝛿 . Problems of
the type (4.48) have not appeared in the literature before, although related results such as fractional
Korn inequalities have been studied recently in various settings [32, 130, 190].

Throughout this section, let 𝑝 ∈ [1,∞] and Ω ⊂ ℝ𝑛 be a bounded 𝐶1,1-domain. Additionally,
whenever we work with Dirichlet conditions in the double layer Γ±𝛿 , we also assume that Ω−𝛿 ≠ ∅
and |𝜕Ω−𝛿 | = 0. The set 𝑁 𝑠,𝑝,𝛿 (Ω) naturally plays a key role in the discussion of (4.48), considering
that it can be interpreted as the solution to the most basic nonlocal inclusion, namely, with the
choice 𝐸 = {0}. On the one hand, for any solution to (4.48), adding a function from 𝑁 𝑠,𝑝,𝛿 (Ω)
generates a new solution, that is, if 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) solves (4.48), then so does any other element in
[𝑢]𝑠

𝛿
= 𝑢 + 𝑁 𝑠,𝑝,𝛿 (Ω), cf. Section 4.4.1. When 𝑝 ∈ (1, 2

1−𝑠 ), any single-layer boundary condition
𝑔 ∈ 𝐿𝑝 (Γ𝛿 ) can therefore be attained, by the characterization of 𝑁 𝑠,𝑝,𝛿 (Ω) in Theorem 4.3.8.

Our overall strategy in dealing with (4.48) is to relate them with classical differential inclusions,
and to carry over the by now well-known results on their classical counterparts, that is, solving

∇𝑣 ∈ 𝐸 a.e. in Ω. (4.49)

for 𝑣 ∈ 𝑊 1,𝑝 (Ω), also subject to boundary conditions. A rich literature on the latter has emerged
over the last decades, including [76–78,170,200], see also [75,169,182] for an overview. While there
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is no unified theory available, the results fall roughly into two groups, relating to the complemen-
tary themes of rigidity and flexibilty. This division, which we will adopt here as well, is partly moti-
vated by models in materials science, where differential inclusions appear naturally when studying
microstructure formation, cf. [169, 182].

The connection between nonlocal and standard gradients established in Section 4.4.1 implies
that (4.48) and (4.49) are equivalent when it comes to solvability. Indeed, due to Theorem 4.4.1
the map Q̃𝑠

𝛿
gives a bijection between the solutions of (4.49) modulo constants and the solutions

to (4.48) modulo functions in 𝑁 𝑠,𝑝,𝛿 (Ω). In the following, we take a look into selected aspects of
flexibility and rigidity in the nonlocal setting, starting with the latter.

One calls the classical differential inclusion (4.49) rigid, if all its solutions 𝑣 have constant gra-
dient, meaning that, 𝑣 (𝑥) = 𝑙𝐴 (𝑥) + 𝑐 = 𝐴𝑥 + 𝑐 for 𝐴 ∈ 𝐸 and 𝑐 ∈ ℝ𝑚 ; recall the notation 𝑙𝐴 with
𝐴 ∈ ℝ𝑚×𝑛 for the linear function 𝑙𝐴 (𝑥) = 𝐴𝑥 with 𝑥 ∈ ℝ𝑛 . The nonlocal gradient of a linear
function agrees with the classical gradient, since

𝐷𝑠𝛿𝑙𝐴 = 𝑄𝑠𝛿 ∗ ∇𝑙𝐴 = 𝑄𝑠𝛿 ∗𝐴 = 𝐴, (4.50)

where we have used ∥𝑄𝑠
𝛿
∥𝐿1 (ℝ𝑛 ) = 1 (see also [32, Proposition 4.1]). Based on this observation, one

obtains that rigidity carries over to the nonlocal setting in the following sense.

Corollary 4.5.1 (Nonlocal rigidity). Let 𝐸 ⊂ ℝ𝑚×𝑛 be such that the differential inclusion (4.49) is
rigid. Then, all solutions 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω) to the nonlocal inclusion

𝐷𝑠𝛿𝑢 ∈ 𝐸 a.e. in Ω, (4.51)

are of the form 𝑢 = 𝑙𝐴 + ℎ with 𝐴 ∈ 𝐸 and ℎ ∈ 𝑁 𝑠,𝑝,𝛿 (Ω). In particular, if 𝑝 ∈ (1, 2
1−𝑠 ), then for any

𝑔 ∈ 𝐿𝑝 (Γ𝛿 ), there is a solution 𝑢 of (4.51) with 𝑢 = 𝑔 a.e. in Γ𝛿 .

Proof. As 𝑢 ∈ [𝑙𝐴]𝑠𝛿 with 𝐴 ∈ 𝐸 clearly solves (4.51) in view of (4.50), it remains to show that these
are the only solutions. Indeed, by the assumption of rigidity, the solutions to (4.49) are exactly the
functions that lie in [𝑙𝐴] for some𝐴 ∈ 𝐸, so that any𝑢 solving (4.51) needs to satisfy Q̃𝑠

𝛿
[𝑢]𝑠

𝛿
= [𝑙𝐴].

Since also Q̃𝑠
𝛿
[𝑙𝐴]𝑠𝛿 = [𝑙𝐴] and Q̃𝑠

𝛿
is injective according to Theorem 4.4.1, we finally conclude that

𝑢 − 𝑙𝐴 ∈ 𝑁 𝑠,𝑝,𝛿 (Ω).
When the assumptions of Theorem 4.3.8 are satisfied, we may use Theorem 4.3.8 to find that

any boundary condition is attained in 𝑁 𝑠,𝑝,𝛿 (Ω), which yields the second part of the statement. □

The preceding result characterizes all solutions in terms of the set 𝑁 𝑠,𝑝,𝛿 (Ω) and shows that
there is no restriction on the boundary conditions that can be achieved in the single layer. If one
prescribes boundary conditions in the double layer Γ±𝛿 , instead, the set of solutions is considerably
more restrictive. Our next statement addresses a nonlocal inclusion problem with linear boundary
data 𝑙𝐴 with 𝐴 ∈ ℝ𝑚×𝑛 , precisely, 

𝐷𝑠
𝛿
𝑢 ∈ 𝐸 a.e. in Ω−𝛿 ,

𝐷𝑠
𝛿
𝑢 = 𝐴 a.e. in Γ−𝛿 ,

𝑢 = 𝑙𝐴 a.e. in Γ±𝛿 ,
(4.52)

for 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω). Note that the reason for prescribing the nonlocal gradient in the collar Γ−𝛿 is
that the condition 𝑢 = 𝑙𝐴 a.e. in Γ±𝛿 automatically implies 𝐷𝑠

𝛿
𝑢 = 𝐴 near 𝜕Ω in light of (H2). The

inclusion 𝐷𝑠
𝛿
𝑢 ∈ 𝐸 a.e. in Ω would therefore only be possible if 𝐴 ∈ 𝐸, which renders the problem

trivial. We now show a rigidity statement for (4.52).
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Corollary 4.5.2 (Nonlocal rigidity with linear boundary conditions). Let 𝐸 ⊂ ℝ𝑚×𝑛 be such
that the inclusion (4.49) is rigid and let 𝐴 ∈ ℝ𝑚×𝑛 . Then, the nonlocal inclusion problem (4.52) has a
solution if and only if 𝐴 ∈ 𝐸, which is then uniquely given by 𝑢 = 𝑙𝐴.

Proof. Let 𝑢 be a solution of (4.52) and define 𝑣 := Q𝑠
𝛿
𝑢 ∈ 𝑊 1,𝑝 (Ω), which then satisfies ∇𝑣 ∈ 𝐸

a.e. in Ω−𝛿 and ∇𝑣 = 𝐴 a.e. in Γ−𝛿 , cf. Lemma 4.2.4. Since (4.49) is rigid, there is an 𝐴′ ∈ 𝐸 such
that ∇𝑣 = 𝐴′ a.e. in Ω−𝛿 . Hence, it holds that 𝑣 = 𝑙𝐴′ + 𝑐 a.e. in Ω−𝛿 for some 𝑐 ∈ ℝ. Moreover, for
a.e. 𝑥 ∈ Ω \ (Ω−𝛿 + supp(𝑄𝑠

𝛿
)) (by (H2), this open set is non-empty), we obtain

𝑣 (𝑥) = (𝑄𝑠𝛿 ∗ 𝑢) (𝑥) = (𝑄𝑠𝛿 ∗ 𝑙𝐴) (𝑥) = 𝐴𝑥.

Combining this with ∇𝑣 = 𝐴 a.e. in Γ−𝛿 , yields that 𝑣 = 𝑙𝐴 a.e. in Γ−𝛿 . We conclude that{
𝑣 = 𝑙𝐴′ + 𝑐 a.e. in Ω−𝛿 ,
𝑣 = 𝑙𝐴 a.e. in Γ−𝛿 ,

so that we must have 𝑙𝐴′ + 𝑐 = 𝑙𝐴 on 𝜕Ω−𝛿 for 𝑣 to be a Sobolev function. Unless 𝐴 = 𝐴′ and 𝑐 = 0,
we find that the set where 𝑙𝐴′ + 𝑐 = 𝑙𝐴 is an affine subspace of dimension at most 𝑛 − 1, which
cannot contain the boundary of the bounded open set Ω−𝛿 . Therefore, we must have 𝐴 = 𝐴′ and
𝑐 = 0, which yields, in particular, that 𝐴 ∈ 𝐸 and 𝐷𝑠

𝛿
𝑢 = ∇𝑣 = 𝐴 a.e. in Ω. We now infer from

the nonlocal Poincaré inequality for double-layer boundary conditions (see [30, Theorem 6.1]) that
𝑢 = 𝑙𝐴 is indeed the only solution. □

Next is a statement on flexibility for (4.52), which also allows for solutions with non-constant
nonlocal gradients and reveals a relation between the attainable boundary conditions and the set
𝐸. In doing so, we restrict our attention to a weaker notion of solutions, though, calling a sequence
(𝑢 𝑗 ) 𝑗 ⊂ 𝐻𝑠,∞,𝛿 (Ω;ℝ𝑚) an approximate solution to (4.52), if

dist(𝐷𝑠
𝛿
𝑢 𝑗 , 𝐸) → 0 in measure on Ω−𝛿 ,

𝐷𝑠
𝛿
𝑢 𝑗 → 𝐴 in measure on Γ−𝛿 ,

𝑢 𝑗 = 𝑙𝐴 in Γ±𝛿 .
(4.53)

In the classical case, it is well-known that approximate solutions to (4.49) subject to linear
boundary values 𝑙𝐴 exist if and only if 𝐴 lies in the quasiconvex hull of 𝐸 defined by

𝐸qc :=
{
𝐵 ∈ ℝ𝑚×𝑛 : 𝑓 (𝐵) ≤ sup

𝐸
𝑓 for all quasiconvex 𝑓 : ℝ𝑚×𝑛 → ℝ

}
,

see e.g., [169, Theorem 4.10],[75, Chapter 7]. For the approximate solutions as in (4.53), we can use
the translation method to prove an analogous statement.

Proposition 4.5.3 (Approximate solutions to nonlocal differential inclusions). Let 𝐸 ⊂
ℝ𝑚×𝑛 be compact and 𝐴 ∈ ℝ𝑚×𝑛 . Then, (4.52) admits an approximate solution in the sense of (4.53)
if and only if 𝐴 ∈ 𝐸qc.
Proof. First, suppose that𝐴 ∈ 𝐸qc, then by [169, Theorem 4.10], there is a bounded sequence (𝑣 𝑗 ) 𝑗 ⊂
𝑊 1,∞

0 (Ω;ℝ𝑚) such that

dist(𝐴 + ∇𝑣 𝑗 , 𝐸) → 0 in measure on Ω. (4.54)

We may assume without loss of generality that 𝑣 𝑗 → 0 in 𝐿∞(Ω;ℝ𝑚) and hence, also ∇𝑣 𝑗 ∗
⇀ 0 in

𝐿∞(Ω;ℝ𝑚×𝑛); otherwise, we glue together suitably scaled and translated copies of 𝑣 𝑗 for each 𝑗 .
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After identifying 𝑣 𝑗 with its extension to ℝ𝑛 by zero, we define the sequence (�̃� 𝑗 ) 𝑗 by

�̃� 𝑗 := P𝑠𝛿𝑣 𝑗 ∈ 𝐻𝑠,∞,𝛿 (ℝ𝑛;ℝ𝑚) for 𝑗 ∈ ℕ.

Since 𝐷𝑠
𝛿
�̃� 𝑗 = ∇𝑣 𝑗 ∗

⇀ 0 in 𝐿∞(ℝ𝑛;ℝ𝑚×𝑛), and the sequence (𝑣 𝑗 ) 𝑗 is also bounded in𝑊 1,𝑝 (ℝ𝑛;ℝ𝑚),
it follows along with the weak continuity of P𝑠

𝛿
that �̃� 𝑗 ⇀ 0 in 𝐻𝑠,𝑝,𝛿 (ℝ𝑛;ℝ𝑚) = 𝐻𝑠,𝑝 (ℝ𝑛;ℝ𝑚) as

𝑗 → ∞ for all 𝑝 ∈ (1,∞). In addition, the compact embedding of 𝐻𝑠,𝑝 (ℝ𝑛;ℝ𝑚) into 𝐿∞(Ω𝛿 ;ℝ𝑚)
for 𝑠𝑝 > 𝑛 (see Section 4.2.2), yields

�̃� 𝑗 → 0 in 𝐿∞(Ω𝛿 ;ℝ𝑚) and �̃� 𝑗
∗
⇀ 0 in 𝐻𝑠,∞,𝛿 (Ω;ℝ𝑚). (4.55)

We now introduce a sequence of cut-off functions (𝜒 𝑗 ) 𝑗 ⊂ 𝐶∞
𝑐 (Ω−𝛿 ; [0, 1]) such that

|Ω−𝛿 \ {𝜒 𝑗 = 1}| → 0 and Lip(𝜒 𝑗 )∥�̃� 𝑗 ∥𝐿∞ (Ω𝛿 ;ℝ𝑚 ) → 0 as 𝑗 → ∞, (4.56)

where Lip(𝜒 𝑗 ) denotes the Lipschitz constant of 𝜒 𝑗 , and we define (𝑢 𝑗 ) 𝑗 via

𝑢 𝑗 := 𝜒 𝑗�̃� 𝑗 ∈ 𝐻𝑠,∞,𝛿 (Ω;ℝ𝑚),

which guarantees

𝑢 𝑗 = 0 in Γ±𝛿 . (4.57)

Moreover, by the nonlocal Leibniz rule (see [72, Lemma 2]),

𝐷𝑠𝛿𝑢 𝑗 = 𝜒 𝑗𝐷
𝑠
𝛿�̃� 𝑗 + 𝐾𝜒 𝑗 (�̃� 𝑗 ) = 𝜒 𝑗∇𝑣 𝑗 + 𝐾𝜒 𝑗 (�̃� 𝑗 ), (4.58)

where 𝐾𝜒 𝑗 : 𝐿∞(Ω𝛿 ) → 𝐿∞(Ω;ℝ𝑛) are bounded linear operators that satisfy

∥𝐾𝜒 𝑗 (�̃� 𝑗 )∥𝐿∞ (Ω;ℝ𝑚×𝑛 ) ≤ 𝐶Lip(𝜒 𝑗 )∥�̃� 𝑗 ∥𝐿∞ (Ω𝛿 ;ℝ𝑚 ) → 0 as 𝑗 → ∞; (4.59)

the last convergence follows from (4.56). Since dist(𝐴 + 𝜒 𝑗∇𝑣 𝑗 , 𝐸) → 0 in measure on Ω−𝛿 due
to (4.54) and the first convergence in (4.56), we conclude along with (4.58) and (4.59) that

dist(𝐴 + 𝐷𝑠𝛿𝑢 𝑗 , 𝐸) → 0 in measure on Ω−𝛿 .

Moreover, as [72, Lemma 3] yields convergence𝐷𝑠
𝛿
𝑢 𝑗 → 0 in 𝐿∞ in any compactly contained subset

of the collar Γ−𝛿 , we have that

𝐴 + 𝐷𝑠𝛿𝑢 𝑗 → 𝐴 in measure on Γ−𝛿 as 𝑗 → ∞.

Hence, we obtain the desired approximate solution to (4.52), after adding the linear function 𝑙𝐴 to
(𝑢 𝑗 ) 𝑗 .

Conversely, if (𝑢 𝑗 ) 𝑗 ⊂ 𝐻𝑠,∞,𝛿 (Ω;ℝ𝑚) is a sequence satisfying (4.53), we set 𝑣 𝑗 := Q𝑠
𝛿
𝑢 𝑗 for all

𝑗 ∈ ℕ to find that (𝑣 𝑗 ) 𝑗 ⊂𝑊 1,∞(Ω;ℝ𝑚) is a sequence with 𝑣 𝑗 = 𝑙𝐴 on 𝜕Ω for all 𝑗 ∈ ℕ in the sense
of traces, and {

dist(∇𝑣 𝑗 , 𝐸) = dist(𝐷𝑠
𝛿
𝑢 𝑗 , 𝐸) → 0 in measure on Ω−𝛿 as 𝑗 → ∞,

∇𝑣 𝑗 = 𝐷𝑠𝛿𝑢 𝑗 → 𝐴 in measure on Γ−𝛿 as 𝑗 → ∞.

A small adaptation to the argument in [169, Theorem 4.10 (i)] now shows that 𝐴 ∈ 𝐸qc, as desired.
□
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4.6 Well-posedness and localization of nonlocal Neumann-type
problems

This section is concerned with the analysis of nonlocal differential equations with homogeneous
Neumann-type boundary conditions. In fact, it even covers a more general setting with natural
boundary conditions. Our main results are the well-posedness for these problems for any fixed
fractional parameter 𝑠 ∈ (0, 1) and a rigorous proof of localisation, i.e., the convergence to the
classical analogues of these boundary-value problems as the fractional parameter 𝑠 goes to 1.

We approach these problems from the variational perspective, where the objects of interest
are the associated energy functionals: For Ω ⊂ ℝ𝑛 a bounded Lipschitz domain and 𝑝 ∈ (1,∞),
consider F𝑠

𝛿
: 𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑚) → ℝ∞ given by

F𝑠
𝛿 (𝑢) =

∫
Ω
𝑓 (𝑥, 𝐷𝑠𝛿𝑢) 𝑑𝑥 −

∫
Ω𝛿

𝐹 · 𝑢 𝑑𝑥, (4.60)

where 𝐹 ∈ 𝐿𝑝
′ (Ω𝛿 ;ℝ𝑚) with 𝑝′ the dual exponent of 𝑝 and the Carathéodory function 𝑓 : Ω ×

ℝ𝑚×𝑛 → ℝ∞ are suitably given.
Due to the absence of any constraints in the space of admissible functions 𝐻𝑠,𝑝,𝛿 (Ω), the mini-

mization ofF𝑠
𝛿
gives rise to natural boundary conditions when passing to the Euler-Lagrange equa-

tions. Nonlocal variational problems on complementary-value spaces, in contrast, lead to Dirichlet
boundary-value problems, see e.g., [30, Section 8].

4.6.1 Existence theory for a class of nonlocal Neumann-type variational prob-
lems

In this sectionwe prove the existence ofminimizers of the functional in (4.60), on a suitable subspace
of 𝐻𝑠,𝑝,𝛿 (Ω) where the Poincaré-Wirtinger inequality from Section 4.4.4 can be applied. Precisely,
recalling the metric projection 𝜋𝑠

𝛿
: 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) → 𝑁 𝑠,𝑝,𝛿 (Ω;ℝ𝑚) from Section 4.4.4 (extended to

vector-valued functions), we introduce the sets

𝑁 𝑠,𝑝,𝛿 (Ω;ℝ𝑚)⊥ = {𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑚) : 𝜋𝑠𝛿 (𝑢) = 0}.

For 𝑝 = 2, this corresponds to the orthogonal complement of 𝑁 𝑠,2,𝛿 (Ω;ℝ𝑚) in 𝐿2, whereas for the
case 𝑝 ≠ 2, it need not be a linear subspace, given the nonlinearity of the metric projection.

We now present the main result of this section, which establishes the existence of minimizers
for F𝑠

𝛿
on the subspaces 𝑁 𝑠,𝑝,𝛿 (Ω;ℝ𝑚)⊥.

Theorem 4.6.1 (Existence of minimizers for F 𝒔
𝜹
). Let 𝑝 ∈ (1,∞), 𝐹 ∈ 𝐿𝑝

′ (Ω𝛿 ;ℝ𝑚) and 𝑓 :
Ω ×ℝ𝑚×𝑛 → ℝ∞ := ℝ ∪ {∞} be a Carathéodory integrand such that

𝑓 (𝑥,𝐴) ≥ 𝑐 ( |𝐴|𝑝 − 1
)

for a.e. 𝑥 ∈ Ω and all 𝐴 ∈ ℝ𝑚×𝑛

with a constant 𝑐 > 0. If 𝑣 ↦→
∫
Ω
𝑓 (𝑥,∇𝑣) 𝑑𝑥 is weakly lower semicontinuous on𝑊 1,𝑝 (Ω;ℝ𝑚), then

the functional F𝑠
𝛿
in (4.60), i.e.,

F𝑠
𝛿 (𝑢) =

∫
Ω
𝑓 (𝑥, 𝐷𝑠𝛿𝑢) 𝑑𝑥 −

∫
Ω𝛿

𝐹 · 𝑢 𝑑𝑥,

admits a minimizer over 𝑁 𝑠,𝑝,𝛿 (Ω;ℝ𝑚)⊥.
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Proof. We apply the direct method in the calculus of variations. Note first that 𝑁 𝑠,𝑝,𝛿 (Ω;ℝ𝑚)⊥ is a
weakly closed subset of𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑚) as a consequence of Lemma 4.4.8. The coercivity then follows
from the lower bound on 𝑓 along with the Poincaré-Wirtinger inequality from Corollary 4.4.7,
which reduces to

∥𝑢∥𝐿𝑝 (Ω𝛿 ;ℝ𝑚 ) ≤ 𝐶 ∥𝐷𝑠𝛿𝑢∥𝐿𝑝 (Ω;ℝ𝑚×𝑛 ) ,

for 𝑢 ∈ 𝑁 𝑠,𝑝,𝛿 (Ω;ℝ𝑚)⊥. For the weak lower semicontinuity of F𝑠
𝛿
, we observe that if 𝑢 𝑗 ⇀ 𝑢

in 𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑚), then 𝑣 𝑗 := Q𝑠
𝛿
𝑢 𝑗 ⇀ Q𝑠

𝛿
𝑢 =: 𝑣 in𝑊 1,𝑝 (Ω;ℝ𝑚) with ∇𝑣 𝑗 = 𝐷𝑠

𝛿
𝑢 𝑗 for all 𝑗 and

∇𝑣 = 𝐷𝑠
𝛿
𝑢, cf. Lemma 4.2.4. Hence,

F𝑠
𝛿 (𝑢) =

∫
Ω
𝑓 (𝑥,∇𝑣) 𝑑𝑥 −

∫
Ω𝛿

𝐹 · 𝑢 𝑑𝑥

≤ lim inf
𝑗→∞

∫
Ω
𝑓 (𝑥,∇𝑣 𝑗 ) 𝑑𝑥 −

∫
Ω𝛿

𝐹 · 𝑢 𝑗 𝑑𝑥 = lim inf
𝑗→∞

F𝑠
𝛿 (𝑢 𝑗 ),

showing that F𝑠
𝛿
is weakly lower semicontinuous on 𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑚). In combination with the coer-

civity, this yields the desired existence of a minimizer of F𝑠
𝛿
in 𝑁 𝑠,𝑝,𝛿 (Ω;ℝ𝑚)⊥. □

Remark 4.6.2. a) For the sake of generality, the previous theorem assumes that the classical in-
tegral functional (with standard gradients) associated to F𝑠

𝛿
is weakly lower semicontinuous. Well-

known sufficient conditions for this include polyconvexity of the integrand 𝑓 in the second argu-
ment or quasiconvexity of the latter along with a suitable upper bound, see e.g., [75, Theorems 8.11
and 8.31].

b) Note that if 𝐹 ∈ 𝐿𝑝′ (Ω𝛿 ;ℝ𝑚) satisfies the compatibility condition∫
Ω𝛿

𝐹 · ℎ 𝑑𝑥 = 0 for all ℎ ∈ 𝑁 𝑠,𝑝,𝛿 (Ω;ℝ𝑚), (4.61)

then F𝑠
𝛿
is invariant under translations in 𝑁 𝑠,𝑝,𝛿 (Ω;ℝ𝑚). As a consequence of Theorem 4.6.1, F𝑠

𝛿

then admits minimizers over the whole space 𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑚). △

As a consequence of Theorem 4.6.2, and specifically Remark 4.6.2, one can infer, by passing
to Euler-Lagrange equations, the existence of weak solutions for a class of nonlocal differential
equations with natural boundary conditions. Namely, suppose that 𝐹 satisfies (4.61) and let 𝑓 be
continuously differentiable in its second argument and 𝐶 > 0 such that

|𝑓 (𝑥,𝐴) | ≤ 𝐶 (1 + |𝐴|𝑝) and |𝐷𝐴 𝑓 (𝑥,𝐴) | ≤ 𝐶 (1 + |𝐴|𝑝−1) for all (𝑥,𝐴) ∈ Ω𝛿 ×ℝ𝑚×𝑛, (4.62)

with𝐷𝐴 𝑓 the differential of 𝑓 with respect to its second argument. Then, using a standard argument,
see [75, Theorem 3.37], we find that the minimizers 𝑢 ∈ 𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑚) of F𝑠

𝛿
solve the weak Euler-

Lagrange equation∫
Ω
𝐷𝐴 𝑓 (𝑥, 𝐷𝑠𝛿𝑢) · 𝐷𝑠𝛿𝑣 𝑑𝑥 =

∫
Ω𝛿

𝐹 · 𝑣 𝑑𝑥 for all 𝑣 ∈ 𝐻𝑠,𝑝,𝛿 (Ω;ℝ𝑚) . (4.63)

We note that the compatibility condition in (4.61) is also necessary for (4.63) to hold, since the left
hand-side is zero for 𝑣 ∈ 𝑁 𝑠,𝑝,𝛿 (Ω;ℝ𝑚). Moreover, by the definition of theweak nonlocal divergence
via nonlocal integration by parts, the equation (4.63) corresponds to the weak formulation of

− div𝑠𝛿
(
𝟙Ω𝐷𝐴 𝑓 (·, 𝐷𝑠𝛿𝑢)

)
= 𝐹 in Ω𝛿 . (4.64)



4.6. NONLOCAL NEUMANN-TYPE PROBLEMS 135

Within the region Ω−𝛿 , this equation reduces to the nonlocal Euler-Lagrange equation from
[30, Theorem 8.2], while in the double boundary layer Γ±𝛿 , the equation takes into account the
geometry of the boundary 𝜕Ω. More precisely, one obtains{

− div𝑠𝛿 (𝐷𝐴 𝑓 (𝑥, 𝐷𝑠𝛿𝑢)) = 𝐹 in Ω−𝛿 ,
N 𝑠
𝛿
(𝐷𝐴 𝑓 (𝑥, 𝐷𝑠𝛿𝑢)) = 𝐹 in Γ±𝛿 ,

(4.65)

where N 𝑠
𝛿

:= − div𝑠𝛿 (𝟙Ω · ) coincides with the nonlocal boundary operator, recently introduced
in [26, Definition 3.1] to prove a concise nonlocal integration by parts formula.

Now, if 𝑢 solves (4.64) or (4.65) (weakly), the nonlocal divergence imposes that 𝟙Ω𝐷𝐴 𝑓 (·, 𝐷𝑠𝛿𝑢)
must be regular enough across 𝜕Ω. As 𝑠 ↑ 1, we expect to recover the natural boundary conditions
𝐷𝐴 𝑓 (·,∇𝑢) · 𝜈 = 0 on 𝜕Ω with 𝜈 an outer normal to 𝜕Ω. This intuition is made rigorous in the next
section.

4.6.2 Localization for 𝒔 ↑ 1

We now turn to studying the limiting behavior of the nonlocal variational problem from Theo-
rem 4.6.1, and the closely related nonlocal Neumann-type problems, as the fractional parameter 𝑠
tends to 1. Our main result in this section (see Theorem 4.6.4) rigorously confirms the expecta-
tion that these problems localize, that is, they converge to their classical counterparts with usual
gradients.

To start, let us collect in the next lemma some preparatory tools revolving around the asymptotic
behavior of the sets 𝑁 𝑠,𝑝,𝛿 (Ω) and 𝑁 𝑠,𝑝,𝛿 (Ω)⊥ as 𝑠 tends to 1. To capture the limit objects, we
introduce 𝐻 1,𝑝,𝛿 (Ω) := {𝑢 ∈ 𝐿𝑝 (Ω𝛿 ) : 𝑢 |Ω ∈𝑊 1,𝑝 (Ω)} and

𝑁 1,𝑝,𝛿 (Ω) = {𝑢 ∈ 𝐻 1,𝑝,𝛿 (Ω) : ∇𝑢 = 0 in Ω} = {𝑢 ∈ 𝐿𝑝 (Ω𝛿 ) : 𝑢 |Ω is constant}. (4.66)

along with its corresponding metric projection 𝜋1
𝛿
: 𝐿𝑝 (Ω𝛿 ) → 𝑁 1,𝑝,𝛿 (Ω), and we also set

𝑁 1,𝑝,𝛿 (Ω)⊥ := {𝑢 ∈ 𝐻 1,𝑝,𝛿 (Ω;ℝ𝑚) : 𝜋1
𝛿 (𝑢) = 0}.

Given the definition in (4.66), the projection 𝜋1
𝛿
(𝑢) agrees with𝑢 in Γ𝛿 and is constant on Ω. Consid-

ering that argmin𝑐∈ℝ∥𝑢 − 𝑐 ∥𝐿𝑝 (Ω) = 0 is equivalent to
∫
Ω
|𝑢 |𝑝−1 sign(𝑢) 𝑑𝑥 = 0 for any 𝑢 ∈ 𝐿𝑝 (Ω𝛿 ),

one can represent 𝑁 1,𝑝,𝛿 (Ω)⊥ as

𝑁 1,𝑝,𝛿 (Ω)⊥ =

{
𝑢 ∈ 𝐿𝑝 (Ω𝛿 ) : 𝑢 |Ω ∈𝑊 1,𝑝 (Ω), 𝑢 = 0 a.e. in Γ𝛿 ,

∫
Ω
|𝑢 |𝑝−1 sign(𝑢) 𝑑𝑥 = 0

}
. (4.67)

When 𝑝 = 2, the nonlinear integral condition in (4.67) reduces simply to the requirement of zero
mean value.

Lemma 4.6.3. Let 𝑝 ∈ (1,∞) and let (𝑠 𝑗 ) 𝑗 ⊂ (0, 1) be a sequence converging to 1. Then, these
statements hold:

(𝑖) For all 𝑣 ∈𝑊 1,𝑝 (ℝ𝑛) it holds that P𝑠 𝑗
𝛿
𝑣 → 𝑣 in 𝐿𝑝 (Ω𝛿 ) as 𝑗 → ∞.

(𝑖𝑖) If (𝑢 𝑗 ) 𝑗 ⊂ 𝐿𝑝 (Ω𝛿 ) converges to 𝑢 ∈ 𝐿𝑝 (Ω𝛿 ), then 𝜋𝑠 𝑗𝛿 (𝑢 𝑗 ) → 𝜋1
𝛿
(𝑢) as 𝑗 → ∞.

(𝑖𝑖𝑖) Let (𝑢 𝑗 ) 𝑗 ⊂ 𝐿𝑝 (Ω𝛿 ) with 𝑢 𝑗 ∈ 𝑁 𝑠 𝑗 ,𝑝,𝛿 (Ω)⊥ for all 𝑗 . If sup𝑗 ∥𝐷
𝑠 𝑗
𝛿
𝑢 𝑗 ∥𝐿𝑝 (Ω;ℝ𝑛 ) < ∞, then there

is a 𝑢 ∈ 𝑁 1,𝑝,𝛿 (Ω)⊥ such that (up to a non-relabeled subsequence)

𝑢 𝑗 → 𝑢 in 𝐿𝑝 (Ω𝛿 ) and 𝐷
𝑠 𝑗
𝛿
𝑢 𝑗 ⇀ ∇𝑢 in 𝐿𝑝 (Ω;ℝ𝑛) as 𝑗 → ∞.
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Proof. Part (𝑖). Let 𝑣 ∈𝑊 1,𝑝 (ℝ𝑛). In light of (4.11) and (4.20), we find for 0 < 𝑠 ≤ inf 𝑗 𝑠 𝑗 that

sup
𝑗
∥P𝑠 𝑗

𝛿
𝑣 ∥𝐻𝑠,𝑝 (ℝ𝑛 ) ≤ sup

𝑗
∥P𝑠 𝑗

𝛿
𝑣 ∥𝐻𝑠𝑗 ,𝑝 (ℝ𝑛 ) < ∞.

Due to the compact embedding of 𝐻𝑠,𝑝 (ℝ𝑛) into 𝐿𝑝 (Ω2𝛿 ) (see Section 4.2.2), there is a subsequence
(not relabeled) such that P𝑠 𝑗

𝛿
𝑣 → 𝑤 in 𝐿𝑝 (Ω2𝛿 ) for some 𝑤 ∈ 𝐿𝑝 (Ω2𝛿 ). To identify 𝑤 , consider an

arbitrary test function 𝜑 ∈ 𝐶∞
𝑐 (Ω𝛿 ). As shown in [72, Eq. (3.4)], it holds that Q𝑠 𝑗

𝛿
𝜑 = 𝑄

𝑠 𝑗
𝛿
∗ 𝜑 → 𝜑

uniformly as 𝑗 → ∞. Together with Fubini’s theorem, this implies∫
Ω𝛿

𝑤𝜑 𝑑𝑥 = lim
𝑗→∞

∫
Ω2𝛿

(P𝑠 𝑗
𝛿
𝑣) (𝑄𝑠 𝑗

𝛿
∗ 𝜑) 𝑑𝑥 = lim

𝑗→∞

∫
Ω𝛿

[𝑄𝑠 𝑗
𝛿
∗ (P𝑠 𝑗

𝛿
𝑣)] 𝜑 𝑑𝑥

= lim
𝑗→∞

∫
Ω𝛿

(Q𝑠 𝑗
𝛿
P𝑠 𝑗
𝛿
𝑣) 𝜑 𝑑𝑥 =

∫
Ω𝛿

𝑣 𝜑 𝑑𝑥,

from which we infer𝑤 = 𝑣 on Ω𝛿 .
Part (𝑖𝑖). Since 0 ∈ 𝑁 𝑠,𝑝,𝛿 (Ω) for all 𝑠 ∈ (0, 1], we deduce from the definition of the metric

projection that
∥𝜋𝑠 𝑗
𝛿
(𝑢 𝑗 )∥𝐿𝑝 (Ω𝛿 ) ≤ 2∥𝑢 𝑗 ∥𝐿𝑝 (Ω𝛿 ) for all 𝑗 .

As (𝑢 𝑗 ) 𝑗 is bounded in 𝐿𝑝 (Ω𝛿 ), so is (𝜋𝑠 𝑗𝛿 (𝑢 𝑗 )) 𝑗 , and there exists a (non-relabeled) subsequence and
a 𝑤 ∈ 𝐿𝑝 (Ω𝛿 ) with 𝜋𝑠 𝑗𝛿 (𝑢 𝑗 ) ⇀ 𝑤 in 𝐿𝑝 (Ω𝛿 ) as 𝑗 → ∞. For any test function 𝜓 ∈ 𝐶∞

𝑐 (Ω;ℝ𝑛), one
then obtains ∫

Ω
𝑤 div𝜓 𝑑𝑥 = lim

𝑗→∞

∫
Ω𝛿

𝜋
𝑠 𝑗
𝛿
(𝑢 𝑗 ) div𝑠 𝑗𝛿 𝜓 𝑑𝑥 = 0, (4.68)

where the first inequality uses div𝑠 𝑗
𝛿
𝜓 → div𝜓 uniformly on Ω𝛿 (see [72, Lemma 7]), and the last

equality follows from integration by parts and the fact that 𝜋𝑠 𝑗
𝛿
(𝑢 𝑗 ) ∈ 𝑁 𝑠 𝑗 ,𝑝,𝛿 (Ω) has zero gradient

𝐷
𝑠 𝑗
𝛿
for each 𝑗 . By (4.68), the limit function𝑤 is constant on Ω, and hence,𝑤 ∈ 𝑁 1,𝑝,𝛿 (Ω), cf. (4.66).

It remains to show that𝑤 = 𝜋1
𝛿
(𝑢) and that 𝜋𝑠 𝑗

𝛿
(𝑢 𝑗 ) converges even strongly.

To this aim, we first construct an auxiliary sequence (ℎ 𝑗 ) 𝑗 ⊂ 𝐿𝑝 (Ω𝛿 ) with the properties that

ℎ 𝑗 ∈ 𝑁 𝑠 𝑗 ,𝑝,𝛿 (Ω) for all 𝑗 and ℎ 𝑗 → 𝜋1
𝛿 (𝑢) in 𝐿𝑝 (Ω𝛿 ) as 𝑗 → ∞. (4.69)

Since 𝜋1
𝛿
(𝑢) is constant on Ω, one can find a sequence (𝜑𝑘 )𝑘 ⊂ 𝐶∞

𝑐 (Ω𝛿 ) that approximates 𝜋1
𝛿
(𝑢)

strongly in 𝐿𝑝 (Ω𝛿 ) and satisfies that 𝜑𝑘 is constant on Ω for every 𝑘 . Then, P𝑠 𝑗
𝛿
𝜑𝑘 ∈ 𝑁 𝑠 𝑗 ,𝑝,𝛿 (Ω)

because of

𝐷
𝑠 𝑗
𝛿
(P𝑠 𝑗

𝛿
𝜑𝑘 ) = ∇(Q𝑠 𝑗

𝛿
P𝑠 𝑗
𝛿
𝜑𝑘 ) = ∇𝜑𝑘 = 0 on Ω,

and, along with part (𝑖),
lim
𝑘→∞

lim
𝑗→∞

∥P𝑠 𝑗
𝛿
𝜑𝑘 − 𝜋1

𝛿 (𝑢)∥𝐿𝑝 (Ω𝛿 ) = lim
𝑘→∞

∥𝜑𝑘 − 𝜋1
𝛿 (𝑢)∥𝐿𝑝 (Ω𝛿 ) = 0.

By extracting a suitable diagonal sequence, we obtain a sequence as in (4.69).
Now, with (ℎ 𝑗 ) 𝑗 and the convergences 𝑢 𝑗 → 𝑢 and 𝜋𝑠 𝑗

𝛿
(𝑢 𝑗 ) ⇀ 𝑤 in 𝐿𝑝 (Ω𝛿 ) at hand, it follows

that

∥𝑢 − 𝜋1
𝛿 (𝑢)∥𝐿𝑝 (Ω𝛿 ) ≤ ∥𝑢 −𝑤 ∥𝐿𝑝 (Ω𝛿 ) ≤ lim inf

𝑗→∞
∥𝑢 𝑗 − 𝜋𝑠 𝑗𝛿 (𝑢 𝑗 )∥𝐿𝑝 (Ω𝛿 )

≤ lim sup
𝑗→∞

∥𝑢 𝑗 − ℎ 𝑗 ∥𝐿𝑝 (Ω𝛿 ) = ∥𝑢 − 𝜋1
𝛿 (𝑢)∥𝐿𝑝 (Ω𝛿 ) .
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As the inequalities in the previous lines turn to equalities, we infer 𝜋𝑠 𝑗
𝛿
(𝑢 𝑗 ) → 𝑤 = 𝜋1

𝛿
(𝑢) in 𝐿𝑝 (Ω𝛿 ),

which finishes the proof of (𝑖𝑖).
Part (𝑖𝑖𝑖). By Corollary 4.4.7, the sequence (𝑢 𝑗 ) 𝑗 is bounded in 𝐿𝑝 (Ω𝛿 ). Using that the extension

operator E𝑠
𝛿
(see Section 4.4.2) is uniformly bounded with respect to 𝑠 gives

sup
𝑗
∥E𝑠 𝑗
𝛿
𝑢 𝑗 ∥𝐻𝑠,𝑝 (ℝ𝑛 ) ≤ sup

𝑗
∥E𝑠 𝑗
𝛿
𝑢 𝑗 ∥𝐻𝑠𝑗 ,𝑝 (ℝ𝑛 ) < ∞,

with 𝑠 ∈ (0, inf 𝑗 𝑠 𝑗 ]. By the compact embedding of 𝐻𝑠,𝑝 (ℝ𝑛) into 𝐿𝑝 (Ω𝛿 ), we can extract a subse-
quence (not relabeled) and find a 𝑤 ∈ 𝐿𝑝 (Ω𝛿 ) such that E𝑠 𝑗

𝛿
𝑢 𝑗 → 𝑤 in 𝐿𝑝 (Ω𝛿 ). A distributional

argument in analogy to [72, Lemma 9] allows us to deduce that 𝑤 |Ω ∈ 𝑊 1,𝑝 (Ω), or equivalently,
𝑤 ∈ 𝐻 1,𝑝,𝛿 (Ω), and

𝐷
𝑠 𝑗
𝛿
𝑢 𝑗 = 𝐷

𝑠 𝑗
𝛿
E𝑠 𝑗
𝛿
𝑢 𝑗 ⇀ ∇𝑤 in 𝐿𝑝 (Ω;ℝ𝑛) as 𝑗 → ∞. (4.70)

Part (𝑖𝑖) shows on the other hand that 𝜋𝑠 𝑗
𝛿
(E𝑠 𝑗
𝛿
𝑢 𝑗 ) → 𝜋1

𝛿
(𝑤) in 𝐿𝑝 (Ω𝛿 ) as 𝑗 → ∞. Hence,

𝑢 𝑗 = E𝑠 𝑗
𝛿
𝑢 𝑗 + (𝑢 𝑗 − E𝑠 𝑗

𝛿
𝑢 𝑗 ) = E𝑠 𝑗

𝛿
𝑢 𝑗 − 𝜋𝑠 𝑗𝛿 (E𝑠 𝑗

𝛿
𝑢 𝑗 ) → 𝑤 − 𝜋1

𝛿 (𝑤) in 𝐿𝑝 (Ω) as 𝑗 → ∞; (4.71)

note that the second equality is a consequence of 𝑢 𝑗 − E𝑠 𝑗
𝛿
𝑢 𝑗 ∈ 𝑁 𝑠 𝑗 ,𝑝,𝛿 (Ω), equation (4.47), and

𝑢 𝑗 ∈ 𝑁 𝑠 𝑗 ,𝑝,𝛿 (Ω)⊥, which imply 𝜋𝑠 𝑗
𝛿
(E𝑠 𝑗
𝛿
𝑢 𝑗 ) − E𝑠 𝑗

𝛿
𝑢 𝑗 + 𝑢 𝑗 = 𝜋𝑠 𝑗𝛿 (𝑢 𝑗 ) = 0.

Finally, the statement follows from (4.70) and (4.71) with 𝑢 := 𝑤 − 𝜋1
𝛿
(𝑤) ∈ 𝑁 1,𝑝,𝛿 (Ω)⊥, and the

observation that 𝜋1
𝛿
(𝑤) ∈ 𝑁 1,𝑝,𝛿 (Ω) is constant in Ω. □

We can now state and prove our localisation result in terms of variational convergence for 𝑠 ↑ 1.
Using the framework of Γ-convergence (see e.g., [49,80]) guarantees the convergence of minimizers
as a particular consequence.

Theorem4.6.4 (𝚪-convergence to classical variational integral). Let 𝑝 ∈ (1,∞), 𝐹 ∈ 𝐿𝑝′ (Ω𝛿 ;ℝ𝑚)
and 𝑓 : Ω ×ℝ𝑚×𝑛 → ℝ∞ be a Carathéodory integrand such that

𝑓 (𝑥,𝐴) ≥ 𝑐 (|𝐴|𝑝 − 1
)

for a.e. 𝑥 ∈ Ω and all 𝐴 ∈ ℝ𝑚×𝑛 (4.72)

with a constant 𝑐 > 0. If 𝑣 ↦→
∫
Ω
𝑓 (𝑥,∇𝑣) 𝑑𝑥 is weakly lower semicontinuous on𝑊 1,𝑝 (Ω;ℝ𝑚), then

the family of functionals (F𝑠
𝛿
)𝑠 with F𝑠

𝛿
: 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) → ℝ∞ defined by

F𝑠
𝛿 (𝑢) =


∫
Ω
𝑓 (𝑥, 𝐷𝑠𝛿𝑢) 𝑑𝑥 −

∫
Ω𝛿

𝐹 · 𝑢 𝑑𝑥 for 𝑢 ∈ 𝑁 𝑠,𝑝,𝛿 (Ω;ℝ𝑚)⊥,
∞ else,

Γ-converge with respect to 𝐿𝑝 (Ω𝛿 ;ℝ𝑚)-convergence as 𝑠 → 1 to F1
𝛿
: 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) → ℝ∞ given by

F1
𝛿 (𝑢) =


∫
Ω
𝑓 (𝑥,∇𝑢) 𝑑𝑥 −

∫
Ω
𝐹 · 𝑢 𝑑𝑥 for 𝑢 ∈ 𝑁 1,𝑝,𝛿 (Ω;ℝ𝑚)⊥,

∞ else,

with 𝑁 1,𝑝,𝛿 (Ω;ℝ𝑚)⊥ as in (4.67). In addition, the family (F𝑠
𝛿
)𝑠 is equi-coercive in 𝐿𝑝 (Ω𝛿 ;ℝ𝑚).

Proof. Let (𝑠 𝑗 ) 𝑗 be a sequence in (0, 1) that converge to 1 as 𝑗 → ∞.
Step 1: Equi-coercivity. Let (𝑢 𝑗 ) 𝑗 ⊂ 𝐿𝑝 (Ω𝛿 )with sup𝑗 F

𝑠 𝑗
𝛿
(𝑢 𝑗 ) < ∞, in particular,𝑢 𝑗 ∈ 𝑁 𝑠 𝑗 ,𝑝,𝛿 (Ω)⊥

for each 𝑗 . The lower bound (4.72) together with the nonlocal Poincaré inequality in Corollary 4.4.7
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with a constant independent of 𝑠 shows that (𝐷𝑠 𝑗
𝛿
𝑢 𝑗 ) 𝑗 is bounded in 𝐿𝑝 (Ω;ℝ𝑚×𝑛). Hence, the com-

pactness result in Lemma 4.6.3 (𝑖𝑖𝑖) is applicable and immediately yields a subsequence of (𝑢 𝑗 ) 𝑗 that
converges strongly in 𝐿𝑝 (Ω;ℝ𝑚) to a function in 𝑁 1,𝑝,𝛿 (Ω)⊥.

Step 2: Liminf-inequality. Let (𝑠 𝑗 ) 𝑗 ⊂ (0, 1) and (𝑢 𝑗 ) 𝑗 ⊂ 𝐿𝑝 (Ω𝛿 ) be sequences such that 𝑠 𝑗 → 1,
𝑢 𝑗 → 𝑢 in 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) as 𝑗 → ∞ and assume without loss of generality that sup𝑗 F

𝑠 𝑗
𝛿
(𝑢 𝑗 ) <

∞. Then, according to Lemma 4.6.3 (𝑖𝑖𝑖) (cf. also Step 1), 𝑢 ∈ 𝑁 1,𝑝,𝛿 (Ω)⊥ with 𝐷𝑠 𝑗
𝛿
𝑢 𝑗 ⇀ ∇𝑢 in

𝐿𝑝 (Ω;ℝ𝑚×𝑛) as 𝑗 → ∞. The desired liminf-inequality

F1
𝛿 (𝑢) ≤ lim inf

𝑗→∞
F𝑠 𝑗
𝛿
(𝑢 𝑗 )

is straightforward, if we exploit the weak lower semicontinuity of 𝑣 ↦→
∫
Ω
𝑓 (𝑥,∇𝑣) 𝑑𝑥 as in the

proof of Theorem 4.6.1, but now with Q𝑠 𝑗
𝛿
varying with 𝑗 .

Step 3: Recovery sequence. Let 𝑢 ∈ 𝑁 1,𝑝,𝛿 (Ω)⊥ with F1
𝛿
(𝑢) < ∞ and take 𝑣 ∈𝑊 1,𝑝 (ℝ𝑛;ℝ𝑚) with

𝑣 = 𝑢 on Ω. We define a sequence (𝑢 𝑗 ) 𝑗 ⊂ 𝐿𝑝 (Ω𝛿 ) by setting

𝑢 𝑗 := P𝑠 𝑗
𝛿
𝑣 − 𝜋𝑠 𝑗

𝛿
(P𝑠 𝑗

𝛿
𝑣) ∈ 𝑁 𝑠 𝑗 ,𝑝,𝛿 (Ω;ℝ𝑚)⊥.

By construction, it holds in view of (4.15) that, for every 𝑗 ,

𝐷
𝑠 𝑗
𝛿
𝑢 𝑗 = 𝐷

𝑠 𝑗
𝛿
(P𝑠 𝑗

𝛿
𝑣) = ∇𝑣 = ∇𝑢 on Ω, (4.73)

and Lemma 4.6.3 (𝑖) and (𝑖𝑖) imply

𝑢 𝑗 → 𝑣 − 𝜋1
𝛿 (𝑣) = 𝑢 in 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) as 𝑗 → ∞.

Observe that the identification of the limit function results from the fact that both 𝑢 and 𝑣 − 𝜋1
𝛿
(𝑣)

lie in 𝑁 1,𝑝,𝛿 (Ω)⊥ and they have the same gradient in Ω.
Altogether, we have shown that 𝑢 𝑗 → 𝑢 in 𝐿𝑝 (Ω𝛿 ;ℝ𝑚) and

F𝑠 𝑗
𝛿
(𝑢 𝑗 ) =

∫
Ω
𝑓 (𝑥, 𝐷𝑠 𝑗

𝛿
𝑢 𝑗 ) 𝑑𝑥 −

∫
Ω𝛿

𝐹 · 𝑢 𝑗 𝑑𝑥 =
∫
Ω
𝑓 (𝑥,∇𝑢) 𝑑𝑥 −

∫
Ω𝛿

𝐹 · 𝑢 𝑗 𝑑𝑥 −→ F1
𝛿 (𝑢)

as 𝑗 → ∞, which proves the stated Γ-convergence. □

Remark 4.6.5. We point out that the statement of Theorem 4.6.4 does not require any growth
bound on 𝑓 from above. This is of particular relevance in settings with polyconvex integrands,
which - motivated by applications in elasticity theory - are often chosen to be extended-valued. In
terms of the proof, the waiver of any upper bound on 𝑓 is possible by the specific construction of
the recovery sequence, whose nonlocal gradients are independent of 𝑗 , see (4.73). △

Finally, we address what the previously shown convergence of the variational problems implies
for the relation between local and nonlocal differential equations subject to natural and Neumann-
type boundary conditions.

Indeed, if the classical compatibility condition
∫
Ω
𝐹 𝑑𝑥 = 0 holds, then any minimizer 𝑢 ∈

𝐿𝑝 (Ω𝛿 ;ℝ𝑚) of F1
𝛿
, when restricted to Ω, also minimizes the functional

𝑣 ↦→
∫
Ω
𝑓 (𝑥,∇𝑣) 𝑑𝑥 −

∫
Ω
𝐹 · 𝑣 𝑑𝑥
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over the full space𝑊 1,𝑝 (Ω;ℝ𝑚). In particular, if 𝑓 is continuously differentiable in its second argu-
ment with 𝑓 and 𝐷𝐴 𝑓 satisfying (4.62), then the minimizer 𝑢 weakly satisfies the Euler-Lagrange
system with natural boundary conditions{

− div(𝐷𝐴 𝑓 (·,∇𝑢)) = 𝐹 in Ω,

𝐷𝐴 𝑓 (·,∇𝑢) · 𝜈 = 0 on 𝜕Ω,
(4.74)

where 𝜈 is an outward pointing unit normal to 𝜕Ω. Therefore, Theorem 4.6.4 implies that the
minimizers of F𝑠

𝛿
converge up to subsequence in 𝐿𝑝 (Ω;ℝ𝑚) to a weak solution of (4.74) as 𝑠 ↑ 1.
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Chapter 5

Nonlocal gradients: Fundamental
theorem of calculus, Poincaré
inequalities and embeddings

This chapter corresponds to the preprint

[36] J. C. Bellido, C.Mora-Corral andH. Schönberger. Nonlocal gradients: Fundamental theorem
of calculus, Poincaré inequalities and embeddings. Preprint arXiv:2402.16487, 2024.

5.1 Introduction

Many phenomena in nature, science and engineering are modeled with differential equations or
local variational principles. Locality in this context means that the behaviour of an object depends
only on its immediate neighborhood. However, there are situations where long-range interactions
have to be taken into account. This gives rise to nonlocal models involving integro-differential
equations or integral operators. The study of nonlocal models has proliferated in the last decades, as
they provide effective ways to bridge between different length scales and lead to refined predictions.
Areas that have benefited from nonlocal modeling include materials science, diffusion processes,
imaging and machine learning.

An initial motivation for this work is peridynamics, which is a new nonlocal approach to solid
mechanics [196] that has experienced huge progress and has led to a substantial literature; see,
e.g., the books [44, 91, 116, 154], or the more mathematically-oriented articles [33, 47, 159]. Even
though bond-based peridynamics, based on double-integral energies, is among themost widespread
nonlocal models in mechanics, it was demonstrated in [27, 160] that it is incompatible with the
classical model of nonlinear elasticity in the nonlocal-to-local limit.

To remedy this shortcoming of bond-based peridynamics, the authors of [28] adopted a model
similar to the classical one ([23]) that involves, instead of the classical gradient, the Riesz fractional
gradient 𝐷𝑠 for 𝑠 ∈ (0, 1), which is defined for smooth functions 𝑢 : ℝ𝑛 → ℝ as

𝐷𝑠𝑢 (𝑥) = 𝑐𝑛,𝑠
∫
ℝ𝑛

𝑢 (𝑥) − 𝑢 (𝑦)
|𝑥 − 𝑦 |𝑛+𝑠

𝑥 − 𝑦
|𝑥 − 𝑦 | 𝑑𝑦. (5.1)

The Riesz fractional gradient is a paradigmatic example of a nonlocal gradient. It was Shieh &
Spector [193,194]who brought it to the attention of the PDE and calculus of variations communities.
They introduced the function spaces associated to the Riesz gradient, with the key observation that
they are equivalent to the Bessel potential spaces 𝐻𝑠,𝑝 (ℝ𝑛). Moreover, a series of useful inequalities
and embeddings hold. These fundamental insights laid the basis for an analysis of the equations
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and minimization problems related to the fractional gradient, which has led to the understanding
of fractional function spaces [66, 179], the existence of solutions in variational problems [28, 140],
and the relationship with local models [29].

A drawback of the Riesz fractional gradient for certain applications is the fact that it requires
integration over the whole space for its computation. To be able to work on bounded domains,
as is desirable, for instance, for realistic materials modeling, the previous approach was modified
in [31, 72] by incorporating a horizon parameter. This was implemented by truncating the Riesz
fractional gradient. To be more explicit, the nonlocal gradient for a fractional parameter 𝑠 ∈ (0, 1),
a horizon 𝛿 > 0 and an appropriate non-negative, smooth, radial cut-off function 𝑤𝛿 supported in
the ball 𝐵𝛿 (0) is defined as

𝐷𝑠𝛿𝑢 (𝑥) =
∫
𝐵𝛿 (𝑥 )

𝑢 (𝑥) − 𝑢 (𝑦)
|𝑥 − 𝑦 |

𝑥 − 𝑦
|𝑥 − 𝑦 |

𝑤𝛿 (𝑥 − 𝑦)
|𝑥 − 𝑦 |𝑛+𝑠−1 𝑑𝑦 for 𝑥 ∈ Ω. (5.2)

Note that 𝑢 needs to be defined in the larger region Ω𝛿 = {𝑥 ∈ ℝ𝑛 : dist(𝑥,Ω) < 𝛿}. As in the
case of Sobolev spaces (and in the fractional case above), there are two ways to define the space
𝐻𝑠,𝑝,𝛿 (ℝ𝑛) associated with nonlocal gradients: as a completion of the smooth compactly supported
functions under the norm ∥𝑢∥𝐿𝑝 (ℝ𝑛 ) +

𝐷𝑠
𝛿
𝑢

𝐿𝑝 (ℝ𝑛 ) , and through a distributional definition, which

is based on a suitable integration by parts formula.
Analyses of the variational problems based on 𝐷𝑠

𝛿
𝑢 can be found in [30, 31, 72, 141]. Two tech-

niques established in those papers are the translation method [31,72] and the nonlocal fundamental
theorem of calculus [31]. The translation property is based on the observation that every nonlocal
gradient is a classical gradient. Precisely,

𝐷𝑠𝛿𝑢 = ∇(𝑄𝑠𝛿 ∗ 𝑢), (5.3)

where 𝑄𝑠
𝛿
is an integrable kernel supported in the ball 𝐵𝛿 (0). The nonlocal fundamental theorem

of calculus refers to the representation formula

𝑢 = 𝑉 𝑠𝛿 ∗ 𝐷𝑠𝛿𝑢, (5.4)

where 𝑉 𝑠
𝛿
is a locally integrable function implicitly given via Fourier transform. The identity (5.4)

can be used to prove various embeddings and inequalities related to the nonlocal gradient 𝐷𝑠
𝛿
and

the function spaces 𝐻𝑠,𝑝,𝛿 (ℝ𝑛). Both (5.3) and (5.4) are modifications of analogous results in the
fractional setting [66, 140, 179, 193].

Expressions (5.1) and (5.2) lead naturally to the central objects in this paper, which are general
nonlocal gradients of the form

𝐷𝜌𝑢 (𝑥) =
∫
ℝ𝑛

𝑢 (𝑥) − 𝑢 (𝑦)
|𝑥 − 𝑦 |

𝑥 − 𝑦
|𝑥 − 𝑦 | 𝜌 (𝑥 − 𝑦) 𝑑𝑦

for some kernel 𝜌 , typically with a singularity at the origin. Despite the fact that the axiomatic
properties (invariance by translation and rotation, homogeneity and continuity [208]) of the Riesz
gradient are desirable in many contexts, in some situations the use of other kernels 𝜌 presents
advantages. Perhaps the most relevant kernels for applications are those with compact support,
since they allow for modeling phenomena in bounded domains. We denote by 𝐻 𝜌,𝑝 (ℝ𝑛) the set of
𝐿𝑝 (ℝ𝑛) functions with an 𝐿𝑝 (ℝ𝑛) distributional nonlocal gradient, while, given an open Ω ⊂ ℝ𝑛 ,
the set 𝐻 𝜌,𝑝

0 (Ω) comprises those 𝐻 𝜌,𝑝 (ℝ𝑛) functions vanishing in the complement of Ω.
References on general nonlocal gradients are [92, 93, 102], where vector calculus for nonlocal

gradients is addressed, and [161], on localization properties of nonlocal gradients. More precisely,
this article benefits from the works [148] for non-radial kernels, [31, 72] for the operator 𝐷𝑠

𝛿
, and
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[129] for kernels supported in a half-ball. In fact, while this article was being written, we became
aware of the preprint [16], which studies general nonlocal operators similar to ours, but focuses on
different aspects: nonlocal-to-local estimates, localization, quasiconvexity and fine properties.

In this work we examine radial kernels, which model isotropic interactions, and its aim is to
ascertain the assumptions on 𝜌 that are necessary to develop a satisfactory theory for nonlocal
gradients and its associated function spaces. In particular, we establish a set of hypotheses on 𝜌
for which the main structural properties of the Riesz gradient carry over to general gradients. This
lays the basis for the study of PDEs and variational problems based on nonlocal gradients.

We give here an overview of our main results. The first key property that we establish is an
analogue of the translation method in (5.3), that is, we identify a locally integrable function𝑄𝜌 such
that

𝐷𝜌𝑢 = ∇(𝑄𝜌 ∗ 𝑢) for 𝑢 ∈ 𝐶∞
𝑐 (ℝ𝑛), (5.5)

see Proposition 5.2.6. Beyond the simple representation that (5.5) provides, we use this formula
to gain information about the operator 𝐷𝜌 from the Fourier perspective by studying the Fourier
transform of 𝑄𝜌 . This enables us to prove Poincaré inequalities and compact embeddings for the
spaces𝐻 𝜌,𝑝

0 (Ω) with Ω ⊂ ℝ𝑛 open and bounded. Precisely, beyond technical assumptions on 𝜌 , we
show that if

lim inf
𝑥→0

|𝑥 |𝑛−1𝜌 (𝑥) > 0, (5.6)

then there is a 𝐶 > 0 such that

∥𝑢∥𝐿𝑝 (Ω) ≤ 𝐶 ∥𝐷𝜌𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) for all 𝑢 ∈ 𝐻 𝜌,𝑝
0 (Ω),

whereas 𝐻 𝜌,𝑝
0 (Ω) is compactly embedded into 𝐿𝑝 (ℝ𝑛) if

lim
𝑥→0

|𝑥 |𝑛−1𝜌 (𝑥) = ∞, (5.7)

see Theorem 5.4.5 for the case 𝑝 = 2 and Theorem 5.4.11 for the general case 𝑝 ∈ (1,∞); the setting
with 𝑝 ∈ (1,∞) requires an additional smoothness assumption on 𝜌 in order to apply the Mihlin-
Hörmander multiplier theorem. Remarkably, we show in Proposition 5.7.5 that the conditions (5.6)
and (5.7) are essentially optimal when 𝑝 = 2, which indicates that a singularity in the kernel 𝜌 is
unavoidable.

Under additional assumptions on 𝜌 , we can push the Fourier analysis of 𝐷𝜌 further and prove
a nonlocal fundamental theorem of calculus as in (5.4),

𝑢 = 𝑉𝜌 ∗ 𝐷𝜌𝑢 for all 𝑢 ∈ 𝐻 𝜌,𝑝
0 (Ω), (5.8)

with a locally integrable function𝑉𝜌 whose singularity at the origin is related to that of 𝜌 , see The-
orem 5.5.2 and Corollary 5.5.3. As an application, we use (5.8) to show embeddings of 𝐻 𝜌,𝑝

0 (Ω) into
Orlicz spaces and spaces with prescribed modulus of continuity, where the behavior of the Orlicz
function and modulus of continuity are linked to the singularity of 𝜌 at the origin, cf. Theorem 5.6.2
and Theorem 5.6.5. This provides a refinement and generalization of the fractional Sobolev and
Morrey inequalities for 𝐷𝑠 and 𝐷𝑠

𝛿
[31,193] that is not restricted to the scale of Lebesgue or Hölder

spaces.
As is apparent from the previous paragraphs, not all results require the same assumptions on

𝜌 . In fact, during the development of the theory, we will increasingly impose more conditions on
the kernel. We will see several examples of 𝜌 along the paper, but we anticipate a few of them for
which the general theory holds:

𝜒 (𝑥)
|𝑥 |𝑛+𝑠−1 ,

𝜒 (𝑥) (− log|𝑥 |)
|𝑥 |𝑛+𝑠−1 ,

𝜒 (𝑥)
|𝑥 |𝑛+𝑠−1(− log|𝑥 |) ,

𝜒 (𝑥)
|𝑥 |𝑛+𝑠 ( |𝑥 | )−1 ,
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with 𝜒 ∈ 𝐶∞
𝑐 (ℝ𝑛) a non-negative, non-zero, radial function with some weak property of being

decreasing (and supported in the unit ball in the second and third examples), 0 < 𝑠 < 1 and, in the
last example, 𝑠 : (0,∞) → (0, 1) a smooth function. All those kernels have compact support; wewill
also see that this can be assumed without loss of generality, since only the behaviour of 𝜌 near zero
is relevant for the properties of the function spaces 𝐻 𝜌,𝑝 (ℝ𝑛) and 𝐻 𝜌,𝑝

0 (Ω), see Proposition 5.3.10.
We finish this introduction with the comment that the community has not reached a consensus

on the name or the notation for the spaces related to nonlocal gradients. In the introduction of
[59], there is an interesting discussion on the origin of the spaces 𝐻𝑠,𝑝 (ℝ𝑛), which are commonly
called Bessel potential spaces, but for which the authors propose the name Lions-Calderón spaces. Of
course, the spaces𝐻 𝜌,𝑝 (ℝ𝑛) generalize Bessel potential spaces, which, in turn, are nonlocal versions
of Sobolev spaces. Actually, in the case of Bessel potential spaces, those are obtained through com-
plex interpolation between Sobolev𝑊 1,𝑝 and Lebesgue 𝐿𝑝 spaces. Hence, an appropriate name for
𝐻𝑠,𝑝 (ℝ𝑛) could be fractional Sobolev spaces, but this name is commonly reserved for the Gagliardo
(or Sobolev-Slobodeckij) spaces𝑊 𝑠,𝑝 (ℝ𝑛). In contrast to 𝐻𝑠,𝑝 (ℝ𝑛), Gagliardo spaces are obtained
by real interpolation between Sobolev and Lebesgue spaces. From our point of view, 𝐻𝑠,𝑝 (ℝ𝑛) de-
serves the name of fractional Sobolev space in more right than𝑊 𝑠,𝑝 (ℝ𝑛), as for the former there is
a fractional differential object (the Riesz fractional gradient), whereas for the latter there is just a
fractional seminorm. Although 𝜌-Bessel space could be a sensible name for𝐻 𝜌,𝑝 (ℝ𝑛), we propose to
call it 𝜌-nonlocal Sobolev space, since there is no immediate connection with the Bessel potentials.

The outline of this article is as follows. In Section 5.2, we establish the basic assumptions on
𝜌 and properties of 𝐷𝜌 including the translation method of (5.5). An analysis of the associated
spaces 𝐻 𝜌,𝑝 (ℝ𝑛) and 𝐻 𝜌,𝑝

0 (Ω) is performed in Section 5.3, providing a distributional definition of
nonlocal gradients, a Leibniz rule and density results. In addition, Proposition 5.3.10 establishes a
simple sufficient condition for the equality of spaces associated to different kernels, and for carrying
over Poincaré inequality from one gradient to the other. Section 5.4 is devoted to the proof of the
Poincaré inequalities and compact embeddings under the assumptions (5.6) and (5.7). The nonlocal
fundamental theorem of calculus as in (5.8) is proven in Section 5.5, and the subsequent embed-
dings into Orlicz spaces and spaces of continuous function are presented in Section 5.6. Finally,
in Section 5.7, we establish conditions for inclusions and equality of spaces associated to different
kernels, and show that the conditions in (5.6) and (5.7) are almost optimal in order to have Poincaré
inequalities and compact embeddings in 𝐿2, respectively.

Notation

We fix the dimension 𝑛 ∈ ℕ of the space and an open set Ω ⊂ ℝ𝑛 . The vectors of the canonical
basis of ℝ𝑛 are 𝑒 𝑗 , 𝑗 = 1, . . . , 𝑛. The characteristic function of 𝐴 ⊂ ℝ𝑛 is denoted by 𝟙𝐴. The
complement of a subset 𝐴 in ℝ𝑛 is denoted by 𝐴𝑐 , its closure by 𝐴 and its boundary by 𝜕𝐴. We
write 𝐵𝑟 (𝑥) for the open ball centred at 𝑥 ∈ ℝ𝑛 of radius 𝑟 > 0. We also set 𝐵𝑟 = 𝐵𝑟 (0), 𝕊𝑛−1 = 𝜕𝐵1
and 𝕊𝑛−1+ = {𝑧 ∈ 𝕊𝑛−1 : 𝑧1 > 0}. The surface area in integrals is indicated by H𝑛−1, while we set
𝜎𝑛−1 = H𝑛−1(𝕊𝑛−1).

We will use an exponent 𝑝 ∈ [1,∞] of integrability; its conjugate exponent 𝑝′ = 𝑝
𝑝−1 . The

notation for Lebesgue 𝐿𝑝 and Sobolev𝑊 1,𝑝 spaces is standard. So is the notation for functions that
are of class 𝐶𝑘 , for 𝑘 an integer or infinity. Their version of compact support are 𝐶𝑘𝑐 . The support
of a function is indicated by supp. We will indicate the domain and target of the functions, as in
𝐿𝑝 (Ω,ℝ𝑛). The target is omitted if it is ℝ. We will use the abbreviation a.e. for almost everywhere
or almost every. For 𝛼 ∈ ℕ𝑛 , we give the standard meaning to the partial derivative 𝜕𝛼 and the size
|𝛼 |; see [122, Sect. 2.2]. The operation of convolution is denoted by ∗.
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The convention for the Fourier transform of a function 𝑓 ∈ 𝐿1(ℝ𝑛) is

𝑓 (𝜉) =
∫
ℝ𝑛

𝑓 (𝑥) 𝑒−2𝜋𝑖𝑥 ·𝜉 𝑑𝑥.

This definition is extended by continuity and duality to other function and distribution spaces. The
Schwartz space is denoted by S and the space of tempered distributions by S ′. The variable in the
Fourier space is generically taken to be 𝜉 . The inverse Fourier transform is denoted by 𝑓 ∨.

A function 𝑓 : ℝ𝑛 → ℝ is radial if there exists 𝑓 : [0,∞) → ℝ (the radial representation of
𝑓 ) such that 𝑓 (𝑥) = 𝑓 ( |𝑥 |) for every 𝑥 ∈ ℝ𝑛 . A radial function 𝑓 : ℝ𝑛 → ℝ is radially decreasing
if its radial representation is decreasing. A function 𝜑 : ℝ𝑛 → ℝ𝑛 is vector radial if there exists
𝜑 : [0,∞) → ℝ such that 𝜑 (𝑥) = 𝜑 ( |𝑥 |)𝑥 for every 𝑥 ∈ ℝ𝑛 .

The words increasing and decreasing are meant in their wide (not strict) sense. In contrast, we
use positive and negative with their strict meaning.

From Section 5.5, we will use the notion of almost increasing and almost decreasing. A function
𝑓 : 𝐼 → ℝ𝑛 is almost increasing in the interval 𝐼 if there exists a 𝐶 > 0 such that for any 𝑥1, 𝑥2 ∈ 𝐼
with 𝑥1 ≤ 𝑥2, we have 𝑓 (𝑥1) ≤ 𝐶𝑓 (𝑥2). An analogous definition is given for almost decreasing. We
will denote by 𝐶,𝐶𝑘 . . . generic positive constants, which may vary from line to line.

For convenience of the reader, we collect here the assumptions made on the radial kernel 𝜌 :
ℝ𝑛 → [0,∞] that appear throughout the paper:
(H1) The function 𝑓𝜌 : (0,∞) → ℝ, 𝑡 ↦→ 𝑡𝑛−2𝜌 (𝑡) is decreasing, and there is a 0 < 𝜇 < 1 such

that 𝜇𝑓𝜌 (𝑡/2) ≥ 𝑓𝜌 (𝑡) for 𝑡 ∈ (0, Y);
(H2) the function 𝑓𝜌 is smooth in (0,∞), and for 𝑡 ∈ (0, Y),

−𝐶 𝑑
𝑑𝑡
𝑓𝜌 (𝑡) ≥

𝑓𝜌 (𝑡)
𝑡

and
���� 𝑑𝑘𝑑𝑡𝑘 𝑓𝜌 (𝑡)���� ≤ 𝐶𝑘 𝑓𝜌 (𝑡)𝑡𝑘

for 𝑘 ∈ ℕ;

(H3) the function 𝑔𝜌 : (0,∞) → ℝ, 𝑡 ↦→ 𝑡𝑛+𝜎−1𝜌 (𝑡) is almost decreasing on (0, Y) for some
𝜎 ∈ (0, 1);

(H4) the function ℎ𝜌 : (0,∞) → ℝ, 𝑡 ↦→ 𝑡𝑛+𝛾−1𝜌 (𝑡) is almost increasing on (0, Y) for some
𝛾 ∈ (0, 1).

5.2 First properties of G𝝆

In this section we show some principal properties of the 𝜌-derivative G𝜌𝑢 and its Fourier transform
for 𝑢 ∈ 𝐶∞

𝑐 (ℝ𝑛).
We always make the following basic assumptions on 𝜌 :

(H0)


𝜌 : ℝ𝑛 → [0,∞] is radial with 𝜌 (𝑥) ∈ ℝ for all 𝑥 ∈ ℝ𝑛 \ {0},
𝜌 ∈ 𝐿1loc(ℝ𝑛) with

∫
ℝ𝑛

min{1, |𝑥 |−1}𝜌 (𝑥) 𝑑𝑥 < ∞,

inf
𝐵Y
𝜌 > 0 for some Y > 0.

Similar assumptions to (H0) have appeared in the literature; e.g., [129]. Note that we consider 𝜌 as
a function everywhere defined in ℝ𝑛 , and not as an equivalence class of functions defined a.e.

Clearly, (H0) implies that∫
𝐵𝑟

𝜌 (𝑥) 𝑑𝑥 +
∫
𝐵𝑐𝑟

𝜌 (𝑥)
|𝑥 | 𝑑𝑥 < ∞, 𝑟 > 0, (5.9)
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which, in terms of the radial representation 𝜌 , can be written as∫ 𝑟

0
𝜌 (𝑡)𝑡𝑛−1 𝑑𝑡 +

∫ ∞

𝑟
𝜌 (𝑡)𝑡𝑛−2 𝑑𝑡 < ∞, 𝑟 > 0. (5.10)

In fact, under the assumption (H0), we have the equivalence

𝜌 ∈ 𝐿1(ℝ𝑛) ⇐⇒
∫ ∞

𝑟
𝜌 (𝑡)𝑡𝑛−1 𝑑𝑡 < ∞ for some 𝑟 > 0

⇐⇒
∫ ∞

𝑟
𝜌 (𝑡)𝑡𝑛−1 𝑑𝑡 < ∞ for all 𝑟 > 0.

(5.11)

Example 5.2.1. Classes of kernels 𝜌 satisfying (H0) are:

(a) Given 𝑠 ∈ (0, 1),
𝜌 (𝑥) = 1

|𝑥 |𝑛+𝑠−1 . (5.12)

(b) Given a continuous 𝑠 : [0,∞) → (0, 1) with inf [0,∞) 𝑠 > 0,

𝜌 (𝑥) = 1
|𝑥 |𝑛+𝑠 ( |𝑥 | )−1 .

(c) Given 0 ≤ 𝛼 < 𝑛 and 𝛽 > 𝑛 − 1,

𝜌 (𝑥) = 𝟙𝐵1 (𝑥)
|𝑥 |𝛼 +

𝟙𝐵𝑐1 (𝑥)
|𝑥 |𝛽 .

(d) If 𝜌 satisfies (H0) and 𝜒 ∈ 𝐿∞(ℝ𝑛) is radial with 𝜒 ≥ 0 and inf𝐵Y 𝜒 > 0 then 𝜒𝜌 satisfies
(H0).

(e) If 𝜌1, 𝜌2 satisfy (H0) and 𝛼1, 𝛼2 > 0 then 𝛼1𝜌1 + 𝛼2𝜌2 satisfies (H0).
(f) If 𝜌1, 𝜌2 satisfy (H0) then any measurable radial 𝜌 with 𝜌1 ≤ 𝜌 ≤ 𝜌2 satisfies (H0).

Definition 5.2.2. For 𝑢 ∈ 𝐶∞
𝑐 (ℝ𝑛), we define the nonlocal gradient of 𝑢 as

G𝜌𝑢 (𝑥) =
∫
ℝ𝑛

𝑢 (𝑥) − 𝑢 (𝑦)
|𝑥 − 𝑦 |

𝑥 − 𝑦
|𝑥 − 𝑦 | 𝜌 (𝑥 − 𝑦) 𝑑𝑦, 𝑥 ∈ ℝ𝑛 . (5.13)

The following result shows that the nonlocal gradient defines an integrable and bounded func-
tion, which can be deduced from the more general statement in [92, Prop. 1], but we provide the
details for the reader’s convenience.

Lemma 5.2.3. Let 𝑢 ∈ 𝐶∞
𝑐 (ℝ𝑛). Then G𝜌𝑢 ∈ 𝐿1(ℝ𝑛,ℝ𝑛) ∩ 𝐿∞(ℝ𝑛,ℝ𝑛) and the integral (5.13) is

absolutely convergent for each 𝑥 ∈ ℝ𝑛 .

Proof. Let 𝐿 > 0 be a Lipschitz constant of 𝑢, then we can bound∫
ℝ𝑛

����𝑢 (𝑥) − 𝑢 (𝑦)|𝑥 − 𝑦 |
𝑥 − 𝑦
|𝑥 − 𝑦 | 𝜌 (𝑥 − 𝑦)

����𝑑𝑦 ≤ max{𝐿, 2∥𝑢∥∞}
∫
ℝ𝑛

min{1, |𝑥 − 𝑦 |−1}𝜌 (𝑥 − 𝑦) 𝑑𝑦

= max{𝐿, 2∥𝑢∥∞}
∫
ℝ𝑛

min{1, |𝑧 |−1}𝜌 (𝑧) 𝑑𝑧.

Thus, G𝜌𝑢 is bounded thanks to (H0).
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Next, let 𝐾 = supp𝑢, 𝛿 > 0, and define 𝐾𝛿 := 𝐾 + 𝐵𝛿 . In order to prove that G𝜌𝑢 ∈ 𝐿1(ℝ𝑛,ℝ𝑛),
it is enough to show that G𝜌𝑢 ∈ 𝐿1(𝐾𝑐

𝛿
,ℝ𝑛). For 𝑥 ∉ 𝐾𝛿 we have

|G𝜌𝑢 (𝑥) | 𝑑𝑥 ≤
∫
𝐾

|𝑢 (𝑦) |
|𝑥 − 𝑦 | 𝜌 (𝑥 − 𝑦) 𝑑𝑦,

so ∫
𝐾𝑐
𝛿

|G𝜌𝑢 (𝑥) | 𝑑𝑥 ≤
∫
𝐾
|𝑢 (𝑦) |

∫
𝐾𝑐
𝛿

1
|𝑥 − 𝑦 | 𝜌 (𝑥 − 𝑦) 𝑑𝑥 𝑑𝑦 ≤ ∥𝑢∥1

∫
𝐵𝑐
𝛿

𝜌 (𝑧)
|𝑧 | 𝑑𝑧,

which is finite thanks to (5.9). □

Define 𝜆𝜌 : ℝ𝑛 → ℂ𝑛 as

𝜆𝜌 (𝜉) :=
∫
ℝ𝑛

𝜌 (𝑥)𝑥
|𝑥 |2 (𝑒2𝜋𝑖𝜉 ·𝑥 − 1) 𝑑𝑥 .

Similarly as in [129, Lemma 2.13] (see also [148, Lemma 1.2]), the following result shows that 𝜆𝜌 is
the Fourier multiplier associated to the operator G𝜌 .

Lemma 5.2.4. If 𝑢 ∈ 𝐶∞
𝑐 (ℝ𝑛) then

Ĝ𝜌𝑢 = 𝜆𝜌𝑢. (5.14)
Moreover,

𝜆𝜌 (𝜉) = 𝑖𝜉

|𝜉 |
∫
ℝ𝑛

𝜌 (𝑥)𝑥1
|𝑥 |2 sin(2𝜋 |𝜉 |𝑥1) 𝑑𝑥, 𝜉 ∈ ℝ𝑛 \ {0}

and |𝜆𝜌 (𝜉) | < ∞ for all 𝜉 ∈ ℝ𝑛 .

Proof. Thanks to Lemma 5.2.3, G𝜌𝑢 ∈ 𝐿1(ℝ𝑛,ℝ𝑛) and the following calculation is valid for each
𝜉 ∈ ℝ𝑛:

Ĝ𝜌𝑢 (𝜉) =
∫
ℝ𝑛

∫
ℝ𝑛

𝑢 (𝑥) − 𝑢 (𝑦)
|𝑥 − 𝑦 |

𝑥 − 𝑦
|𝑥 − 𝑦 | 𝜌 (𝑥 − 𝑦)𝑒−2𝜋𝑖𝑥 ·𝜉 𝑑𝑦 𝑑𝑥

= −
∫
ℝ𝑛

∫
ℝ𝑛

𝑢 (𝑦 − 𝑧) − 𝑢 (𝑦)
|𝑧 |

𝑧

|𝑧 | 𝜌 (𝑧)𝑒
−2𝜋𝑖 (𝑦−𝑧 ) ·𝜉 𝑑𝑦 𝑑𝑧

= −
∫
ℝ𝑛

[∫
ℝ𝑛

𝑢 (𝑦 − 𝑧)𝑒−2𝜋𝑖 (𝑦−𝑧 ) ·𝜉 𝑑𝑦 − 𝑒2𝜋𝑖𝑧 ·𝜉
∫
ℝ𝑛

𝑢 (𝑦)𝑒−2𝜋𝑖𝑦 ·𝜉 𝑑𝑦
]
𝑧

|𝑧 |2 𝜌 (𝑧) 𝑑𝑧

= −
∫
ℝ𝑛

[
𝑢 (𝜉) − 𝑒2𝜋𝑖𝑧 ·𝜉𝑢 (𝜉)] 𝑧

|𝑧 |2 𝜌 (𝑧) 𝑑𝑧

= 𝑢 (𝜉)
∫
ℝ𝑛

(
𝑒2𝜋𝑖𝑧 ·𝜉 − 1

) 𝑧

|𝑧 |2 𝜌 (𝑧) 𝑑𝑧,

so (5.14) is proved. The alternative expression for 𝜆𝜌 is obtained as follows. The integral∫
ℝ𝑛

𝜌 (𝑥)𝑥
|𝑥 |2 (cos(2𝜋𝜉 · 𝑥) − 1) 𝑑𝑥

is zero since it is absolutely convergent with an odd integrand. Therefore,

𝜆𝜌 (𝜉) = 𝑖
∫
ℝ𝑛

𝜌 (𝑥)𝑥
|𝑥 |2 sin(2𝜋𝜉 · 𝑥) 𝑑𝑥.

Now, as 𝜌 is radial, if 𝑅 ∈ SO(𝑛) is a rotation then

𝜆𝜌 (𝑅𝜉) = 𝑖
∫
ℝ𝑛

𝜌 (𝑥)𝑥
|𝑥 |2 sin(2𝜋𝑅𝜉 · 𝑥) 𝑑𝑥 = 𝑖

∫
ℝ𝑛

𝜌 (𝑥)𝑥
|𝑥 |2 sin(2𝜋𝜉 · 𝑅𝑇𝑥) 𝑑𝑥 = 𝑅𝜆𝜌 (𝜉) .
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Now, given 𝜉 ∈ ℝ𝑛 , choose 𝑅 ∈ SO(𝑛) such that 𝑅𝜉 = |𝜉 |𝑒1. Then

𝜆𝜌 (𝜉) = 𝑅𝑇𝜆𝜌 ( |𝜉 |𝑒1) = 𝑖𝑅𝑇
∫
ℝ𝑛

𝜌 (𝑥)𝑥
|𝑥 |2 sin(2𝜋 |𝜉 |𝑥1) 𝑑𝑥 = 𝑖𝑅𝑇

∫
ℝ𝑛

𝜌 (𝑥)𝑥1𝑒1
|𝑥 |2 sin(2𝜋 |𝜉 |𝑥1) 𝑑𝑥

=
𝑖𝜉

|𝜉 |
∫
ℝ𝑛

𝜌 (𝑥)𝑥1
|𝑥 |2 sin(2𝜋 |𝜉 |𝑥1) 𝑑𝑥,

as desired.
Finally, using the bound |sin 𝑡 | ≤ min{1, |𝑡 |} (𝑡 ∈ ℝ), we find that

|𝜆𝜌 (𝜉) | ≤
∫
ℝ𝑛

𝜌 (𝑥)
|𝑥 | |sin(2𝜋 |𝜉 |𝑥1) | 𝑑𝑥 ≤

∫
ℝ𝑛

𝜌 (𝑥)min{|𝑥 |−1, 2𝜋 |𝜉 |}𝑑𝑥 < ∞,

in light of (5.9). □

Now we employ a strategy described in [31, Prop. 4.3] (itself based on [179, Lemma 15.9]) con-
sisting of studying a potential of 𝑥 ↦→ −𝜌 ( |𝑥 | )

|𝑥 |
𝑥
|𝑥 | . For this, we define the function

𝑄𝜌 (𝑥) :=
∫ ∞

|𝑥 |

𝜌 (𝑡)
𝑡

𝑑𝑡, 𝑥 ∈ ℝ𝑛 \ {0},

which is well defined and finite due to (5.10). We present some of its immediate properties.

Lemma 5.2.5. The following statements hold:

(i) For each 0 < 𝑎 < 𝑏 we have

𝑄𝜌 ∈𝑊 1,1(𝐵𝑏 \ 𝐵𝑎), 𝑄𝜌 ∈ 𝐿1(𝐵𝑏) and ∇𝑄𝜌 ∈ 𝐿1(𝐵𝑐𝑎,ℝ𝑛),

and for a.e. 𝑥 ∈ ℝ𝑛 \ {0},
∇𝑄𝜌 (𝑥) = −𝜌 ( |𝑥 |)|𝑥 |

𝑥

|𝑥 | .

(ii) For every𝑀 > 0 there is a 𝐶 = 𝐶 (𝑛,𝑀) > 0 such that

|𝑄𝜌 (𝑥) | ≤ 𝐶

|𝑥 |𝑛−1 for |𝑥 | ≥ 𝑀.

(iii) If 𝜌 ∈ 𝐿1(ℝ𝑛) then 𝑄𝜌 ∈ 𝐿1(ℝ𝑛). Moreover, when 𝜌 has compact support then 𝑄𝜌 lies in
𝐿1(ℝ𝑛) and also has compact support.

Proof. Part (i). Let 0 < 𝑎 < 1. Then∫ 1

𝑎

𝜌 (𝑡)
𝑡

𝑑𝑡 +
∫ ∞

1

𝜌 (𝑡)
𝑡

𝑑𝑡 ≤ 1
𝑎𝑛

∫ 1

𝑎
𝜌 (𝑡)𝑡𝑛−1 𝑑𝑡 +

∫ ∞

1
𝜌 (𝑡)𝑡𝑛−2 𝑑𝑡 < ∞, (5.15)

in view of (5.10). Consequently, the radial representation𝑄𝜌 of𝑄𝜌 is locally Sobolev in (0,∞) (see,
e.g., [149, Thms. 3.29 and 7.16]). An argument similar to [24, Lemma 4.1] shows that 𝑄𝜌 is locally
Sobolev in ℝ𝑛 \ {0} and its distributional derivative coincides with its classical derivative a.e.

A straightforward calculation based on the coarea formula and Fubini’s theorem shows that∫
𝐵𝑏

𝑄𝜌 (𝑥) 𝑑𝑥 =
𝜎𝑛−1
𝑛

[∫ 𝑏

0
𝜌 (𝑡)𝑡𝑛−1 𝑑𝑡 + 𝑏𝑛

∫ ∞

𝑏

𝜌 (𝑡)
𝑡

𝑑𝑡

]
< ∞,
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thanks to (5.10) and (5.15).
As 𝑄𝜌 is absolutely continuous,

𝑄
′
𝜌 (𝑡) = −𝜌 (𝑡)

𝑡
, for a.e. 𝑡 > 0,

so
∇𝑄𝜌 (𝑥) = 𝑄 ′

𝜌 ( |𝑥 |)
𝑥

|𝑥 | , for a.e. 𝑥 ∈ ℝ𝑛 \ {0}.

With this we clearly have ∇𝑄𝜌 ∈ 𝐿1(𝐵𝑐𝑎,ℝ𝑛), due to (5.9).
Part (ii). For any 𝑡 ≥ 𝑀 > 0 we have

𝑄𝜌 (𝑡) =
∫ ∞

𝑡

𝜌 (𝑟 )
𝑟

𝑑𝑟 ≤ 1
𝑡𝑛−1

∫ ∞

𝑡
𝜌 (𝑟 )𝑟𝑛−2 𝑑𝑟 ≤ 1

𝑡𝑛−1

∫ ∞

𝑀
𝜌 (𝑟 )𝑟𝑛−2 𝑑𝑟

and (ii) is concluded thanks to (5.10).
Part (iii). Assume 𝜌 ∈ 𝐿1(ℝ𝑛). In order to show that 𝑄𝜌 ∈ 𝐿1(ℝ𝑛) it is enough to check that

𝑄𝜌 ∈ 𝐿1(𝐵𝑐
𝑏
), due to (i). A straightforward calculation shows that∫

𝐵𝑐
𝑏

𝑄𝜌 (𝑥) 𝑑𝑥 = 𝜎𝑛−1
∫ ∞

𝑏

𝜌 (𝑟 )
𝑟

𝑟𝑛 − 𝑏𝑛
𝑛

𝑑𝑟 ≤ 𝜎𝑛−1
∫ ∞

𝑏
𝜌 (𝑟 )𝑟𝑛−1 𝑑𝑟 < ∞,

in view of (5.11). If, in addition, 𝜌 has compact support then so does 𝑄𝜌 , and, hence, 𝑄𝜌 ∈ 𝐿1(ℝ𝑛).
□

As a consequence of part (iii) of Lemma 5.2.5, if 𝜌 ∈ 𝐿1(ℝ𝑛) then 𝑄𝜌 is a continuous function,
which is analytic if 𝜌 has compact support. In fact, in the development of the theory, we will often
assume that supp 𝜌 = 𝐵𝛿 for some 𝛿 > 0. In this case, for an open set Ω ⊂ ℝ𝑛 we define Ω𝛿 = Ω+𝐵𝛿 ,
and note that G𝜌𝜑 is supported in Ω𝛿 for 𝜑 ∈ 𝐶∞

𝑐 (Ω).
We now show that the nonlocal gradient can be written as the convolution of 𝑄𝜌 with the

classical gradient, and derive a formula for 𝑄𝜌 .

Proposition 5.2.6. The following two statements hold:

(i) For 𝑢 ∈ 𝐶∞
𝑐 (ℝ𝑛), we have that G𝜌𝑢 ∈ 𝐶∞(ℝ𝑛,ℝ𝑛) and

G𝜌𝑢 = 𝑄𝜌 ∗ ∇𝑢 = ∇(𝑄𝜌 ∗ 𝑢) .

(ii) If, in addition, 𝜌 ∈ 𝐿1(ℝ𝑛), then
Ĝ𝜌𝑢 (𝜉) = 2𝜋𝑖𝜉𝑄𝜌 (𝜉)𝑢 (𝜉) and 𝜆𝜌 (𝜉) = 2𝜋𝑖𝜉𝑄𝜌 (𝜉), 𝜉 ∈ ℝ𝑛

and
𝑄𝜌 (𝜉) = 1

2𝜋 |𝜉 |
∫
ℝ𝑛

𝜌 (𝑥)𝑥1
|𝑥 |2 sin(2𝜋 |𝜉 |𝑥1) 𝑑𝑥, 𝜉 ∈ ℝ𝑛 \ {0}. (5.16)

Proof. Part (i). We consider 𝑥, 𝑒 ∈ ℝ𝑛 with |𝑒 | = 1 and the vector field

𝛽 : ℝ𝑛 \ {𝑥} → ℝ𝑛, 𝛽 (𝑦) = (𝑢 (𝑥) − 𝑢 (𝑦))𝑄𝜌 (𝑥 − 𝑦) 𝑒.
For any 0 < 𝑎 < 𝑏, by Lemma 5.2.5, 𝛽 ∈𝑊 1,1(𝐵𝑏 (𝑥) \ 𝐵𝑎 (𝑥),ℝ𝑛). By the divergence theorem (e.g.,
[149, Th. 18.1]) ∫

𝐵𝑏 (𝑥 )\𝐵𝑎 (𝑥 )
div 𝛽 (𝑦) 𝑑𝑦 =

∫
𝜕𝐵𝑏 (𝑥 )

𝛽 (𝑦) · 𝜈𝐵𝑏 (𝑥 ) (𝑦) 𝑑H𝑛−1(𝑦)

−
∫
𝜕𝐵𝑎 (𝑥 )

𝛽 (𝑦) · 𝜈𝐵𝑎 (𝑥 ) (𝑦) 𝑑H𝑛−1(𝑦),
(5.17)
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where 𝜈𝐵𝑟 (𝑥 ) is the exterior normal to 𝐵𝑟 (𝑥), for 𝑟 = 𝑎, 𝑏. In fact,

div 𝛽 (𝑦) = −𝑄𝜌 (𝑥 − 𝑦) ∇𝑢 (𝑦) · 𝑒 − (𝑢 (𝑥) − 𝑢 (𝑦))∇𝑄𝜌 (𝑥 − 𝑦) · 𝑒, a.e. 𝑦 ∈ ℝ𝑛 .

It turns out that both terms of the right-hand side of the formula above are in 𝐿1(ℝ𝑛). Indeed, by
Lemma 5.2.5 and the fact that 𝑢 has compact support, we have that the map 𝑦 ↦→ 𝑄𝜌 (𝑥 − 𝑦) ∇𝑢 (𝑦)
is in 𝐿1(ℝ𝑛,ℝ𝑛). Analogously, the map 𝑦 ↦→ (𝑢 (𝑥) −𝑢 (𝑦))∇𝑄𝜌 (𝑥 −𝑦) is in 𝐿1(𝐵𝑎 (𝑥)𝑐 ,ℝ𝑛), and, as
𝑢 is Lipschitz, we have∫

𝐵𝑎 (𝑥 )
| (𝑢 (𝑥) − 𝑢 (𝑦))∇𝑄𝜌 (𝑥 − 𝑦) | 𝑑𝑦 ≤ ∥∇𝑢∥∞

∫
𝐵𝑎 (𝑥 )

|𝑥 − 𝑦 | |∇𝑄𝜌 (𝑥 − 𝑦) | 𝑑𝑦

= ∥∇𝑢∥∞𝜎𝑛−1
∫ 𝑎

0
𝑡𝑛−1𝜌 (𝑡) 𝑑𝑡 < ∞,

in view of Lemma 5.2.5 and (5.10). In particular,

lim
𝑎↘0
𝑏→∞

∫
𝐵𝑏 (𝑥 )\𝐵𝑎 (𝑥 )

div 𝛽 (𝑦) 𝑑𝑦 = −
∫
ℝ𝑛

𝑄𝜌 (𝑥 − 𝑦) ∇𝑢 (𝑦) · 𝑒 𝑑𝑦

−
∫
ℝ𝑛

(𝑢 (𝑥) − 𝑢 (𝑦))∇𝑄𝜌 (𝑥 − 𝑦) · 𝑒 𝑑𝑦.
(5.18)

By Lemma 5.2.5, 𝑄𝜌 ∈ 𝐿1(𝐵𝑟 ) for all 𝑟 > 0, so∫ 𝑟

0
𝑄𝜌 (𝑡)𝑡𝑛−1 𝑑𝑡 < ∞,

which implies that lim inf𝑎↓0 𝑎𝑛𝑄𝜌 (𝑎) = 0. Let {𝑎 𝑗 } 𝑗∈ℕ be a sequence of positive numbers tending
to zero such that lim𝑗→∞ 𝑎𝑛𝑗𝑄𝜌 (𝑎 𝑗 ) = 0. As 𝑢 is Lipschitz,�����∫𝜕𝐵𝑎𝑗 (𝑥 ) 𝛽 · 𝜈𝐵𝑎𝑗 (𝑥 ) 𝑑H𝑛−1

����� ≤ ∫
𝜕𝐵𝑎𝑗 (𝑥 )

|𝛽 | 𝑑H𝑛−1 ≤ ∥∇𝑢∥∞ 𝜎𝑛−1𝑎𝑛𝑗𝑄𝜌 (𝑎 𝑗 ) → 0 as 𝑗 → ∞,

and, as 𝑢 has compact support, if 𝑏 is big enough,∫
𝜕𝐵𝑏 (𝑥 )

𝛽 · 𝜈𝐵𝑏 (𝑥 ) 𝑑H𝑛−1 = 𝑢 (𝑥)
∫
𝜕𝐵𝑏 (𝑥 )

𝑄𝜌 (𝑥 − 𝑦) 𝑒 · 𝜈𝐵𝑏 (𝑥 ) 𝑑H𝑛−1(𝑦) = 0

by symmetry. Together with (5.17) and (5.18), this yields∫
ℝ𝑛

𝑄𝜌 (𝑥 − 𝑦) ∇𝑢 (𝑦) · 𝑒 𝑑𝑦 = −
∫
ℝ𝑛

(𝑢 (𝑥) − 𝑢 (𝑦))∇𝑄𝜌 (𝑥 − 𝑦) · 𝑒 𝑑𝑦.

As this is true for every 𝑒 ∈ ℝ𝑛 with |𝑒 | = 1, we conclude that∫
ℝ𝑛

𝑄𝜌 (𝑥 − 𝑦) ∇𝑢 (𝑦) 𝑑𝑦 = −
∫
ℝ𝑛

(𝑢 (𝑥) − 𝑢 (𝑦))∇𝑄𝜌 (𝑥 − 𝑦) 𝑑𝑦.

In light of Lemma 5.2.5 (i), this equality shows that 𝑄𝜌 ∗ ∇𝑢 (𝑥) = G𝜌𝑢 (𝑥). Naturally, we also have
𝑄𝜌 ∗ ∇𝑢 = ∇(𝑄𝜌 ∗ 𝑢), since 𝑢 ∈ 𝐶∞

𝑐 (ℝ𝑛) and 𝑄𝜌 ∈ 𝐿1loc(ℝ𝑛). In particular, G𝜌𝑢 ∈ 𝐶∞(ℝ𝑛,ℝ𝑛).
Part (ii). If 𝜌 ∈ 𝐿1(ℝ𝑛) we have 𝑄𝜌 ∈ 𝐿1(ℝ𝑛) thanks to Lemma 5.2.5. Consequently, taking

Fourier transforms in the expression G𝜌𝑢 = 𝑄𝜌 ∗∇𝑢, we conclude that Ĝ𝜌𝑢 (𝜉) = 2𝜋𝑖𝜉𝑄𝜌 (𝜉)𝑢 (𝜉) for
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all 𝜉 ∈ ℝ𝑛 . Comparing this expression with that of (5.14), we obtain the correspondence 𝜆𝜌 (𝜉) =
2𝜋𝑖𝜉𝑄𝜌 (𝜉) and, hence, the equality

𝑄𝜌 (𝜉) = −𝑖𝜉
2𝜋 |𝜉 |2 · 𝜆𝜌 (𝜉) = 1

2𝜋 |𝜉 |
∫
ℝ𝑛

𝜌 (𝑥)𝑥1
|𝑥 |2 sin(2𝜋 |𝜉 |𝑥1) 𝑑𝑥, 𝜉 ∈ ℝ𝑛 \ {0}

holds thanks to Lemma 5.2.4. □

Remark 5.2.7. If𝑄𝜌 ∈ 𝐿1(ℝ𝑛) and 𝜉 ∈ ℝ𝑛 \ {0}, we can use the formula for the Fourier transform
of a radial function, see [122, Appendix B.5], to find the following alternative expression

𝑄𝜌 (𝜉) = 2𝜋

|𝜉 | 𝑛−22

∫ ∞

0

∫ ∞

𝑟

𝜌 (𝑡)
𝑡

𝑑𝑡 𝐽𝑛
2 −1(2𝜋 |𝜉 |𝑟 )𝑟

𝑛
2 𝑑𝑟

=
2𝜋

|𝜉 | 𝑛−22

∫ ∞

0

𝜌 (𝑡)
𝑡

∫ 𝑡

0
𝐽𝑛
2 −1(2𝜋 |𝜉 |𝑟 )𝑟

𝑛
2 𝑑𝑟 𝑑𝑡 =

1

|𝜉 | 𝑛2
∫ ∞

0
𝜌 (𝑡)𝑡 𝑛2 −1𝐽𝑛

2
(2𝜋 |𝜉 |𝑡) 𝑑𝑡,

(5.19)

with 𝐽𝜈 for 𝜈 > 0 the Bessel function of the first kind. In the last line we used∫ 𝑡

0
𝐽𝑛
2 −1(2𝜋 |𝜉 |𝑟 )𝑟

𝑛
2 𝑑𝑟 =

𝑡
𝑛
2

2𝜋 |𝜉 | 𝐽𝑛2 (2𝜋𝑡 |𝜉 |),

which follows from the identity in [122, Appendix B.3]. The integral in (5.19) also appears in [16]
through different methods. △

Part (ii) of Proposition 5.2.6 formally shows that, for the nonlocal gradient G𝜌 , the fundamental
theorem of calculus in Fourier space looks like

𝑢 (𝜉) = −𝑖𝜉
2𝜋 |𝜉 |2𝑄𝜌 (𝜉)

· Ĝ𝜌𝑢 (𝜉), 𝜉 ∈ ℝ𝑛 \ {0}, (5.20)

which motivates the further study of the Fourier transform of𝑄𝜌 . This will be carried out in Section
5.4.

5.3 Function spaces

In this section we establish the definition and first properties of the spaces 𝐻 𝜌,𝑝 (ℝ𝑛) and 𝐻 𝜌,𝑝
0 (Ω),

including density results. Then, we show a sufficient condition for the equivalence of spaces asso-
ciated with different kernels.

5.3.1 Definition and first properties

The aim of this section is to introduce the space of 𝐿𝑝-functions whose nonlocal gradient is an
𝐿𝑝-function in analogy to Sobolev spaces, and derive some of its general properties. We start by
defining the nonlocal divergence.

Definition 5.3.1. For a vector field Φ ∈ 𝐶∞
𝑐 (ℝ𝑛,ℝ𝑛), we define its nonlocal divergence as

div𝜌 Φ(𝑥) =
∫
ℝ𝑛

Φ(𝑥) − Φ(𝑦)
|𝑥 − 𝑦 | · 𝑥 − 𝑦

|𝑥 − 𝑦 | 𝜌 (𝑥 − 𝑦) 𝑑𝑦, 𝑥 ∈ ℝ𝑛 .

The following proposition states that the nonlocal divergence is the dual operator of the non-
local gradient G𝜌 in the sense of integration by parts. Different proofs of analogous results have
appeared in the literature, for instance [28,66,161,208]. We do not include the proof here and refer
the interested reader to any of those references.
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Proposition 5.3.2. Let 𝑢 ∈ 𝐿1(ℝ𝑛) + 𝐿∞(ℝ𝑛) be such that∫
𝐾

∫
ℝ𝑛

|𝑢 (𝑥) − 𝑢 (𝑦) |
|𝑥 − 𝑦 | 𝜌 (𝑥 − 𝑦) 𝑑𝑥 𝑑𝑦 < ∞ (5.21)

for any compact set 𝐾 ⊂ ℝ𝑛 . Then, for any Φ ∈ 𝐶∞
𝑐 (ℝ𝑛,ℝ𝑛), the integration by parts formula∫

ℝ𝑛

G𝜌𝑢 (𝑥) · Φ(𝑥) 𝑑𝑥 = −
∫
ℝ𝑛

𝑢 (𝑥) div𝜌 Φ(𝑥) 𝑑𝑥

holds.

Notice that the hypothesis (5.21) guarantees that G𝜌𝑢 (𝑥) exists as a Lebesgue integral for a.e.
𝑥 ∈ ℝ𝑛 , and G𝜌𝑢 ∈ 𝐿1loc(ℝ𝑛,ℝ𝑛); the assumption 𝑢 ∈ 𝐿1(ℝ𝑛) +𝐿∞(ℝ𝑛) combined with Lemma 5.2.3
ensures that𝑢 div𝜌 Φ is integrable. The integration by parts formula leads naturally to the definition
of the distributional nonlocal gradient.

Definition 5.3.3. Given 𝑢 ∈ 𝐿1(ℝ𝑛) + 𝐿∞(ℝ𝑛), we define its distributional, or weak, nonlocal gra-
dient 𝐷𝜌𝑢 as the distribution

⟨𝐷𝜌𝑢,Φ⟩ = −
∫
ℝ𝑛

𝑢 (𝑥) div𝜌 Φ(𝑥) 𝑑𝑥, Φ ∈ 𝐶∞
𝑐 (ℝ𝑛,ℝ𝑛) .

Checking that 𝐷𝜌𝑢 is a distribution is elementary, given Lemma 5.2.3. Thanks to Proposition
5.3.2, if 𝑢 ∈ 𝐿1(ℝ𝑛) + 𝐿∞(ℝ𝑛) satisfies (5.21), its nonlocal gradient and its distributional nonlocal
gradient coincide: G𝜌𝑢 = 𝐷𝜌𝑢.

Definition 5.3.4. Let 𝑝 ∈ [1,∞]. We define the 𝜌-nonlocal Sobolev space 𝐻 𝜌,𝑝 (ℝ𝑛) as the set of
functions 𝑢 ∈ 𝐿𝑝 (ℝ𝑛) such that 𝐷𝜌𝑢 ∈ 𝐿𝑝 (ℝ𝑛,ℝ𝑛), equipped with the norm

∥𝑢∥𝐻𝜌,𝑝 (ℝ𝑛 ) =

{(∥𝑢∥𝐿𝑝 (ℝ𝑛 ) + ∥𝐷𝜌𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 )
) 1
𝑝 for 𝑝 ∈ [1,∞),

max{∥𝑢∥𝐿∞ (ℝ𝑛 ) , ∥𝐷𝜌𝑢∥𝐿∞ (ℝ𝑛,ℝ𝑛 ) } for 𝑝 = ∞.

For an open set Ω ⊂ ℝ𝑛 , we define the closed subspace

𝐻
𝜌,𝑝
0 (Ω) := {𝑢 ∈ 𝐻 𝜌,𝑝 (ℝ𝑛) : 𝑢 = 0 a.e. in Ω𝑐}.

We also denote 𝐻 𝜌 (ℝ𝑛) = 𝐻 𝜌,2(ℝ𝑛) and 𝐻 𝜌
0 (Ω) = 𝐻

𝜌,2
0 (Ω).

Standard arguments show that 𝐻 𝜌,𝑝 (ℝ𝑛) is a Banach space, which is separable for 𝑝 ∈ [1,∞),
reflexive for 𝑝 ∈ (1,∞) and Hilbert for 𝑝 = 2 (see, e.g., [52, Prop. 8.1], [158, Th. 2.1] or [31, Prop.
3.4]). We note that the choice 𝜌 (𝑥) = 𝑐𝑛,𝑠

|𝑥 |𝑛+𝑠−1 for 𝑠 ∈ (0, 1) and 𝑝 ∈ (1,∞) gives rise to the usual
Bessel-potential space 𝐻𝑠,𝑝 (ℝ𝑛), see e.g., [193, Th. 1.7] and [54, Th. A.1]. Moreover, we deduce
immediately from the definition that 𝐻 𝜌,𝑝

0 (ℝ𝑛) = 𝐻 𝜌,𝑝 (ℝ𝑛).
The following result shows the embedding of classical Sobolev spaces into 𝐻 𝜌,𝑝 (ℝ𝑛).

Proposition 5.3.5. Let 𝑝 ∈ [1,∞]. Assume 𝜌 satisfies (H0). Then, 𝑊 1,𝑝 (ℝ𝑛) ⊂ 𝐻 𝜌,𝑝 (ℝ𝑛) with
continuous embedding, i.e., there exists a constant𝐶 = 𝐶 (𝑛, 𝑝, 𝜌) > 0 such that for any 𝑢 ∈𝑊 1,𝑝 (ℝ𝑛),

∥𝑢∥𝐻𝜌,𝑝 (ℝ𝑛 ) ≤ 𝐶 ∥𝑢∥𝑊 1,𝑝 (ℝ𝑛 ) .

Moreover, 𝐷𝜌𝑢 = G𝜌𝑢.
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Proof. Let 𝑢 ∈𝑊 1,𝑝 (ℝ𝑛). In the case 𝑝 = ∞, we notice that for any 𝑥 ∈ ℝ𝑛 ,

|G𝜌𝑢 (𝑥) | ≤
∫
𝐵1

|𝑢 (𝑥 + ℎ) − 𝑢 (𝑥) |
|ℎ | 𝜌 (ℎ) 𝑑ℎ +

∫
𝐵𝑐1

|𝑢 (𝑥 + ℎ) − 𝑢 (𝑥) |
|ℎ | 𝜌 (ℎ) 𝑑ℎ

≤ ∥∇𝑢∥𝐿∞ (ℝ𝑛,ℝ𝑛 )
∫
𝐵1

𝜌 (ℎ) 𝑑ℎ + 2∥𝑢∥𝐿∞ (ℝ𝑛 )
∫
𝐵𝑐1

𝜌 (ℎ)
|ℎ | 𝑑ℎ ≤ 𝐶 ∥𝑢∥𝑊 1,∞ (ℝ𝑛 ) ,

where we have used (H0). Thus, ∥G𝜌𝑢∥𝐿∞ (ℝ𝑛,ℝ𝑛 ) ≤ 𝐶 ∥𝑢∥𝑊 1,∞ (ℝ𝑛 ) .
For 𝑝 ∈ [1,∞) we follow the proof of [29, Prop. 2.7], which we include here for the reader’s

convenience. Clearly,

∥G𝜌𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) ≤
∫

𝐵1

|𝑢 (· + ℎ) − 𝑢 (·) |
|ℎ | 𝜌 (ℎ) 𝑑ℎ


𝐿𝑝 (ℝ𝑛 )

+
∫𝐵𝑐1 |𝑢 (· + ℎ) − 𝑢 (·) |

|ℎ | 𝜌 (ℎ) 𝑑ℎ

𝐿𝑝 (ℝ𝑛 )

.

Applying Minkowski’s integral inequality to the first term on the right-hand side of this inequality
yields∫

𝐵1

|𝑢 (· + ℎ) − 𝑢 (·) |
|ℎ | 𝜌 (ℎ) 𝑑ℎ


𝐿𝑝 (ℝ𝑛 )

≤
∫
𝐵1

𝜌 (ℎ)
|ℎ |

(∫
ℝ𝑛

|𝑢 (𝑥 + ℎ) − 𝑢 (𝑥) |𝑝 𝑑𝑥
) 1
𝑝

𝑑ℎ

≤ 𝐶 ∥∇𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 )
∫
𝐵1

𝜌 (ℎ) 𝑑ℎ ≤ 𝐶 ∥∇𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) ,

where we have used (H0) and [52, Prop. 9.3]. For the second term, applying Fubini’s theorem and
(H0), we find∫𝐵𝑐1 |𝑢 (· + ℎ) − 𝑢 (·) |

|ℎ | 𝜌 (ℎ) 𝑑ℎ

𝐿𝑝 (ℝ𝑛 )

≤
∫𝐵𝑐1 |𝑢 (· + ℎ) | 𝜌 (ℎ)|ℎ | 𝑑ℎ


𝐿𝑝 (ℝ𝑛 )

+
∫𝐵𝑐1 |𝑢 (·) | 𝜌 (ℎ)|ℎ | 𝑑ℎ


𝐿𝑝 (ℝ𝑛 )

≤ 2

(∫
𝐵𝑐1

𝜌 (ℎ)
|ℎ | 𝑑ℎ

)
∥𝑢∥𝐿𝑝 (ℝ𝑛 ) ≤ 𝐶 ∥𝑢∥𝐿𝑝 (ℝ𝑛 ) .

Consequently, ∥G𝜌𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) ≤ 𝐶 ∥𝑢∥𝑊 1,𝑝 (ℝ𝑛 ) .
Notice that the previous arguments show that, in both cases 𝑝 = ∞ and 𝑝 < ∞, any 𝑢 ∈

𝑊 1,𝑝 (ℝ𝑛) satisfies the hypothesis of Proposition 5.3.2, and, hence, G𝜌𝑢 = 𝐷𝜌𝑢. □

The next result shows that the gradient operator commutes with convolution, see also [129,
Lemma 3.7].

Lemma 5.3.6. Let 𝑝 ∈ [1,∞] and let 𝜌 satisfy (H0). Let 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛) and 𝑢 ∈ 𝐻 𝜌,𝑝 (ℝ𝑛). Then,

𝜑 ∗ 𝑢 ∈ 𝐶∞(ℝ𝑛) and 𝐷𝜌 (𝜑 ∗ 𝑢) = 𝜑 ∗ 𝐷𝜌𝑢.
Proof. Let Φ ∈ 𝐶∞

𝑐 (ℝ𝑛,ℝ𝑛) and 𝑥 ∈ ℝ𝑛 . A straightforward calculation shows that

𝜑 ∗ div𝜌 Φ(𝑥) =
∫
ℝ𝑛

∫
ℝ𝑛

𝜑 (𝑥 − 𝑦)Φ(𝑦) − Φ(𝑧)
|𝑦 − 𝑧 | · 𝑦 − 𝑧|𝑦 − 𝑧 | 𝜌 (𝑦 − 𝑧) 𝑑𝑧 𝑑𝑦

=
∫
ℝ𝑛

∫
ℝ𝑛

𝜑 (𝑧′)Φ(𝑥 − 𝑧′) − Φ(𝑦′ − 𝑧′)
|𝑥 − 𝑦′ | · 𝑥 − 𝑦′

|𝑥 − 𝑦′ | 𝜌 (𝑥 − 𝑦′) 𝑑𝑧′ 𝑑𝑦′

= div𝜌 (𝜑 ∗ Φ) (𝑥),
after applying the changes of variables 𝑦′ = 𝑥 − 𝑦 + 𝑧 and 𝑧′ = 𝑥 − 𝑦, and having in mind that all
integrals involved are absolutely convergent since Φ ∈ 𝐶∞

𝑐 (ℝ𝑛,ℝ𝑛) and 𝜌 satisfies (H0).
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Let �̃� be the reflection of 𝜑 , i.e., �̃� (𝑥) = 𝜑 (−𝑥). Now, for any 𝑢 ∈ 𝐻 𝜌,𝑝 (ℝ𝑛), by standard
properties of convolution, 𝜑 ∗𝑢 ∈ 𝐶∞(ℝ𝑛), and, by the previous computation, the definition of the
distributional nonlocal gradient and Fubini’s theorem (in particular, [52, Prop. 4.16]), we have∫

ℝ𝑛

𝐷𝜌 (𝜑 ∗ 𝑢) (𝑥) · Φ(𝑥) 𝑑𝑥 = −
∫
ℝ𝑛

𝜑 ∗ 𝑢 (𝑥) div𝜌 Φ(𝑥) 𝑑𝑥

= −
∫
ℝ𝑛

𝑢 (𝑥) (�̃� ∗ div𝜌 Φ) (𝑥) 𝑑𝑥

= −
∫
ℝ𝑛

𝑢 (𝑥) div𝜌 (�̃� ∗ Φ) (𝑥) 𝑑𝑥

=
∫
ℝ𝑛

𝐷𝜌𝑢 (𝑥) · (�̃� ∗ Φ) (𝑥) 𝑑𝑥

=
∫
ℝ𝑛

(𝜑 ∗ 𝐷𝜌𝑢) (𝑥) · Φ(𝑥) 𝑑𝑥,

and having in mind that Φ is an arbitrary test function, this concludes the proof. □

As a consequence of Lemma 5.3.6 and the standard method of approximation by convolution
(see, e.g., [149, Th. C.16]), we find the following result.

Proposition 5.3.7. Let 𝜌 satisfy (H0).

(i) For 𝑝 ∈ [1,∞), it holds that 𝐶∞(ℝ𝑛) ∩ 𝐻 𝜌,𝑝 (ℝ𝑛) is dense in 𝐻 𝜌,𝑝 (ℝ𝑛).
(ii) For all 𝑢 ∈ 𝐻 𝜌,∞(ℝ𝑛), there exists a sequence {𝑢 𝑗 } 𝑗∈ℕ in 𝐶∞(ℝ𝑛) ∩ 𝐻 𝜌,∞(ℝ𝑛) such that

𝑢 𝑗 → 𝑢 a.e., G𝜌𝑢 𝑗 → 𝐷𝜌𝑢 a.e.,
∥𝑢 𝑗 ∥𝐿∞ (ℝ𝑛 ) → ∥𝑢∥𝐿∞ (ℝ𝑛 ) and ∥G𝜌𝑢 𝑗 ∥𝐿∞ (ℝ𝑛,ℝ𝑛 ) → ∥𝐷𝜌𝑢∥𝐿∞ (ℝ𝑛,ℝ𝑛 ) as 𝑗 → ∞.

The next lemma is a Leibniz rule in this nonlocal context, which is of interest in own right, and
also needed in the proof of Theorem 5.3.9.

Lemma 5.3.8. Let 𝑝 ∈ [1,∞] and let 𝜌 satisfy (H0). Let 𝑔 ∈ 𝐻 𝜌,𝑝 (ℝ𝑛) and 𝑓 ∈ 𝐶∞
𝑐 (ℝ𝑛). Then,

𝑓 𝑔 ∈ 𝐻 𝜌,𝑝 (ℝ𝑛) and
𝐷𝜌 (𝑓 𝑔) = 𝑓 𝐷𝜌𝑔 + 𝐾𝑓 (𝑔), (5.22)

with

𝐾𝑓 (𝑔) (𝑥) =
∫
ℝ𝑛

𝑓 (𝑥) − 𝑓 (𝑦)
|𝑥 − 𝑦 | 𝑔(𝑦) 𝑥 − 𝑦

|𝑥 − 𝑦 | 𝜌 (𝑥 − 𝑦) 𝑑𝑦, a.e. 𝑥 ∈ ℝ𝑛 .

Moreover, there exists 𝐶 = 𝐶 (𝜌) > 0 such that

∥𝐾𝑓 (𝑔)∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) ≤ 𝐶 ∥ 𝑓 ∥𝑊 1,∞ (ℝ𝑛 ) ∥𝑔∥𝐿𝑝 (ℝ𝑛 ) (5.23)

and, if in addition 𝜌 ∈ 𝐿1(ℝ𝑛),

∥𝐾𝑓 (𝑔)∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) ≤ 𝐶 ∥∇𝑓 ∥𝐿∞ (ℝ𝑛,ℝ𝑛 ) ∥𝑔∥𝐿𝑝 (ℝ𝑛 ) . (5.24)

Proof. Clearly, 𝑓 𝑔 ∈ 𝐿𝑝 (ℝ𝑛). Let Φ ∈ 𝐶∞
𝑐 (ℝ𝑛,ℝ𝑛). It is immediate to check that for all 𝑥 ∈ ℝ𝑛 ,

div𝜌 (𝑓 Φ) (𝑥) = 𝑓 (𝑥) div𝜌 Φ(𝑥) +
∫
ℝ𝑛

𝑓 (𝑥) − 𝑓 (𝑦)
|𝑥 − 𝑦 |

𝑥 − 𝑦
|𝑥 − 𝑦 | 𝜌 (𝑥 − 𝑦) · Φ(𝑦) 𝑑𝑦.
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Thus,

−
∫
ℝ𝑛

𝑓 (𝑥)𝑔(𝑥) div𝜌 Φ(𝑥) 𝑑𝑥

= −
∫
ℝ𝑛

𝑔(𝑥) div𝜌 (𝑓 Φ) (𝑥) 𝑑𝑥 +
∫
ℝ𝑛

∫
ℝ𝑛

𝑔(𝑥) 𝑓 (𝑥) − 𝑓 (𝑦)|𝑥 − 𝑦 |
𝑥 − 𝑦
|𝑥 − 𝑦 | 𝜌 (𝑥 − 𝑦) · Φ(𝑦) 𝑑𝑦 𝑑𝑥

=
∫
ℝ𝑛

𝑓 (𝑥)𝐷𝜌𝑔(𝑥) · Φ(𝑥) 𝑑𝑥 +
∫
ℝ𝑛

𝐾𝑓 (𝑔) (𝑥) · Φ(𝑥) 𝑑𝑥,

which shows (5.22). The bound (5.23) follows from Young’s convolution inequality by using (H0)
and the estimate���� 𝑓 (𝑥) − 𝑓 (𝑦)|𝑥 − 𝑦 |

𝑥 − 𝑦
|𝑥 − 𝑦 | 𝜌 (𝑥 − 𝑦)

���� ≤ 𝐶 ∥ 𝑓 ∥𝑊 1,∞ (ℝ𝑛 ) min{1, |𝑥 − 𝑦 |−1}𝜌 (𝑥 − 𝑦),

while (5.24) uses ���� 𝑓 (𝑥) − 𝑓 (𝑦)|𝑥 − 𝑦 |
𝑥 − 𝑦
|𝑥 − 𝑦 | 𝜌 (𝑥 − 𝑦)

���� ≤ 𝐶 ∥∇𝑓 ∥𝐿∞ (ℝ𝑛,ℝ𝑛 )𝜌 (𝑥 − 𝑦) .

Therefore, 𝐷𝜌 (𝑓 𝑔) ∈ 𝐿𝑝 (ℝ𝑛) and 𝑓 𝑔 ∈ 𝐻 𝜌,𝑝 (ℝ𝑛). □

The following result explores the density of 𝐶∞
𝑐 functions, whose proof utilizes well-known

mollification and cut-off arguments, see also [72, Th. 1] and [129, Th. 3.3].

Theorem 5.3.9. Let 𝜌 satisfy (H0).

(i) Let 1 ≤ 𝑝 < ∞. Then, 𝐶∞
𝑐 (ℝ𝑛) is dense in 𝐻 𝜌,𝑝 (ℝ𝑛).

(ii) For all 𝑢 ∈ 𝐻 𝜌,∞(ℝ𝑛), there exists a sequence {𝑢 𝑗 } 𝑗∈ℕ in 𝐶∞
𝑐 (ℝ𝑛) such that

𝑢 𝑗 → 𝑢 a.e., G𝜌𝑢 𝑗 → 𝐷𝜌𝑢 a.e.,
∥𝑢 𝑗 ∥𝐿∞ (ℝ𝑛 ) → ∥𝑢∥𝐿∞ (ℝ𝑛 ) and ∥G𝜌𝑢 𝑗 ∥𝐿∞ (ℝ𝑛,ℝ𝑛 ) → ∥𝐷𝜌𝑢∥𝐿∞ (ℝ𝑛,ℝ𝑛 ) as 𝑗 → ∞.

(iii) Let 1 ≤ 𝑝 < ∞ and let Ω ⊂ ℝ𝑛 be an open and bounded set with a Lipschitz boundary. Then,
𝐶∞
𝑐 (Ω) is dense in 𝐻 𝜌,𝑝

0 (Ω).
Proof. Due to Proposition 5.3.10 and Example 5.3.11 (a) below, we assume without loss of generality
that 𝜌 ∈ 𝐿1(ℝ𝑛). Parts (i) and (ii) can be proved as in [72, Th. 1]. Indeed, consider 𝜒 ∈ 𝐶∞

𝑐 (ℝ𝑛)
with 0 ≤ 𝜒 ≤ 1 everywhere, 𝜒 = 1 in 𝐵1, and define 𝜒𝑘 := 𝜒 ( ·

𝑘 ) for 𝑘 ∈ ℕ. Thanks to Proposition
5.3.7, it is enough to construct an approximating sequence for 𝑢 ∈ 𝐶∞(ℝ𝑛) ∩ 𝐻 𝜌,𝑝 (ℝ𝑛). Then, the
sequence {𝜒𝑘𝑢}𝑘∈ℕ is in 𝐶∞

𝑐 (ℝ𝑛). Moreover, for 𝑝 ∈ [1,∞) we have 𝜒𝑘𝑢 → 𝑢 in 𝐿𝑝 (ℝ𝑛) as 𝑘 → ∞
and, by Lemma 5.3.8,

∥𝐷𝜌𝑢 −𝐷𝜌 (𝜒𝑘𝑢)∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) ≤ ∥(1− 𝜒𝑘 )𝐷𝜌𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) +𝐶
∥∇𝜒 ∥𝐿∞ (ℝ𝑛,ℝ𝑛 )

𝑘
∥𝑢∥𝐿𝑝 (ℝ𝑛 ) → 0 as 𝑘 → ∞,

which yields (i). For 𝑝 = ∞, we have |𝜒𝑘𝑢 | ≤ |𝑢 | and 𝜒𝑘𝑢 → 𝑢 a.e. In addition, by Lemma 5.3.8,
𝐷𝜌 (𝜒𝑘𝑢) = 𝜒𝑘𝐷𝜌𝑢 + 𝐾𝜒𝑘 (𝑢). Because |𝜒𝑘𝐷𝜌𝑢 | ≤ |𝐷𝜌𝑢 | on ℝ𝑛 , 𝜒𝑘𝐷𝜌𝑢 → 𝐷𝜌𝑢 a.e., and

∥𝐾𝜒𝑘 (𝑢)∥𝐿∞ (ℝ𝑛,ℝ𝑛 ) ≤
𝐶

𝑘
∥∇𝜒 ∥𝐿∞ (ℝ𝑛,ℝ𝑛 ) ∥𝑢∥𝐿∞ (ℝ𝑛 ) → 0 as 𝑘 → ∞,

we find that (ii) holds.
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Part (iii). We first show that for each 𝑢 ∈ 𝐻 𝜌,𝑝
0 (Ω) and Y > 0, there exists a �̃� ∈ 𝐻 𝜌,𝑝 (ℝ𝑛) with

supp �̃� ⊂ Ω and ∥𝑢 − �̃�∥𝐻𝜌,𝑝 (ℝ𝑛 ) ≤
Y

2
. (5.25)

To this aim, we may use the fact that the boundary of Ω is Lipschitz, to find a partition of unity
𝜒0, . . . , 𝜒𝑁 ∈ 𝐶∞

𝑐 (ℝ𝑛) subject to Ω and vectors Z1, . . . , Z𝑁 ∈ ℝ𝑛 such that

𝑁∑︁
𝑖=0

𝜒𝑖 = 1 on Ω, 𝜒0 ∈ 𝐶∞
𝑐 (Ω), (5.26)

and
(supp 𝜒𝑖 ∩ Ω) + 𝜆Z𝑖 ⊂ Ω for all 𝑖 = 1, . . . , 𝑁 and 𝜆 > 0 small enough. (5.27)

For such 𝜆, we define the function

�̃� := 𝜒0𝑢 +
𝑁∑︁
𝑖=1

𝜏𝜆Z𝑖 (𝜒𝑖𝑢),

where 𝜏Z (𝑣) := 𝑣 (· − Z ) for 𝑣 : ℝ𝑛 → ℝ denotes translation by the vector Z ∈ ℝ𝑛 . In view of the
Leibniz rule from Lemma 5.3.8 and the translation invariance of 𝐷𝜌 , we deduce that �̃� ∈ 𝐻 𝜌,𝑝 (ℝ𝑛).
Moreover, due to (5.27), we find that supp �̃� ⊂ Ω, which guarantees the first condition in (5.25).

For the norm estimate, we may use the 𝐿𝑝-continuity of the translation operator and the trans-
lation invariance of 𝐷𝜌 , to find a 𝜆 = 𝜆Y with

∥𝑢 − �̃�∥𝑝
𝐻𝜌,𝑝 (ℝ𝑛 ) =

 𝑁∑︁
𝑖=1

𝜒𝑖𝑢 − 𝜏𝜆YZ𝑖 (𝜒𝑖𝑢)
𝑝
𝐿𝑝 (ℝ𝑛 )

+
 𝑁∑︁
𝑖=1

𝐷𝜌 (𝜒𝑖𝑢) − 𝜏𝜆YZ𝑖𝐷𝜌 (𝜒𝑖𝑢)
𝑝
𝐿𝑝 (ℝ𝑛,ℝ𝑛 )

≤
( Y
2

)𝑝
,

wherewe have used𝑢 =
∑𝑁
𝑖=0 𝜒𝑖𝑢 in light of the first part of (5.26) and the fact that𝑢 ∈ 𝐻 𝜌,𝑝

0 (Ω). This
proves (5.25). By mollifying �̃� suitably, we can find a 𝜑 ∈ 𝐶∞

𝑐 (Ω) such that ∥�̃� − 𝜑 ∥𝐻𝜌,𝑝 (ℝ𝑛 ) ≤ Y/2,
which yields

∥𝑢 − 𝜑 ∥𝐻𝜌,𝑝 (ℝ𝑛 ) ≤ ∥𝑢 − �̃�∥𝐻𝜌,𝑝 (ℝ𝑛 ) + ∥�̃� − 𝜑 ∥𝐻𝜌,𝑝 (ℝ𝑛 ) ≤ Y,
and finishes the proof. □

5.3.2 Equivalence of spaces with different kernels

Here, we provide a sufficient condition so that two kernels give rise to the same space. This con-
dition describes that the two kernels behave similarly at the origin. Moreover, one can carry over
Poincaré inequalities from one gradient to the other.

Proposition 5.3.10. Let Ω ⊂ ℝ𝑛 be open. Let 𝜌1, 𝜌2 satisfy (H0) and assume that (𝜌1 − 𝜌2)/|·| ∈
𝐿1(ℝ𝑛). Then, the following two statements hold:

(i) Let 𝑝 ∈ [1,∞]. The identity 𝐻 𝜌1,𝑝
0 (Ω) = 𝐻 𝜌2,𝑝

0 (Ω) holds with equivalent norms.

(ii) Let 𝑝 ∈ (1,∞) and assume that Ω is bounded. If there is a 𝐶1 > 0 such that for all 𝑢 ∈
𝐻
𝜌1,𝑝
0 (Ω),

∥𝑢∥𝐿𝑝 (Ω) ≤ 𝐶1∥𝐷𝜌1𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) , (5.28)

then there is a 𝐶2 > 0 such that for all 𝑢 ∈ 𝐻 𝜌2,𝑝
0 (Ω),

∥𝑢∥𝐿𝑝 (Ω) ≤ 𝐶2∥𝐷𝜌2𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) .
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Proof. Part (i). Set

𝐹 (𝑥) = 𝑥

|𝑥 |
𝜌2(𝑥) − 𝜌1(𝑥)

|𝑥 | .

Then, we find that 𝐹 ∈ 𝐿1(ℝ𝑛,ℝ𝑛) and, for all Φ ∈ 𝐶∞
𝑐 (ℝ𝑛,ℝ𝑛),

div𝜌1 Φ = div𝜌2 Φ + 𝐹 ∗ Φ.

By Young’s inequality, the operator 𝑢 ↦→ 𝐹 ∗𝑢 is bounded on 𝐿𝑝 (ℝ𝑛). Hence, for 𝑢 ∈ 𝐻 𝜌2,𝑝
0 (Ω) and

Φ ∈ 𝐶∞
𝑐 (ℝ𝑛,ℝ𝑛) it holds that∫

ℝ𝑛

(𝐷𝜌2𝑢 + 𝐹 ∗ 𝑢) · Φ𝑑𝑥 = −
∫
ℝ𝑛

𝑢 (div𝜌2 Φ + 𝐹 ∗ Φ) 𝑑𝑥 = −
∫
ℝ𝑛

𝑢 div𝜌1 Φ𝑑𝑥,

where the first equality uses Fubini’s theorem and the definition of the weak nonlocal gradient𝐷𝜌2 .
Therefore, 𝑢 ∈ 𝐻 𝜌1,𝑝

0 (Ω),
𝐷𝜌1𝑢 = 𝐷𝜌2𝑢 + 𝐹 ∗ 𝑢 (5.29)

and
∥𝐷𝜌1𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) ≤ ∥𝐷𝜌2𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) + ∥𝐹 ∥𝐿1 (ℝ𝑛,ℝ𝑛 ) ∥𝑢∥𝐿𝑝 (ℝ𝑛 ) .

The reverse inclusion and inequality are proved analogously.
Part (ii). We first prove that if 𝑢 ∈ 𝐶∞

𝑐 (ℝ𝑛) satisfies G𝜌2𝑢 = 0, then 𝑢 = 0. By Lemma 5.2.4,

0 = Ĝ𝜌2𝑢 (𝜉) = 𝜆𝜌2 (𝜉)𝑢 (𝜉) for all 𝜉 ∈ ℝ𝑛 .

If 𝑢 were not identically zero, then 𝑢 would be a non-zero analytic function, and hence, non-zero
in a set of full measure. As such, we deduce that 𝜆𝜌2 = 0 a.e. A further application of Lemma 5.2.4
to any 𝜑 ∈ 𝐶∞

𝑐 (ℝ𝑛) implies that �G𝜌2𝜑 = 0 a.e., hence G𝜌2𝜑 = 0 a.e., and, in fact, everywhere thanks
to Proposition 5.2.6 (i). On the other hand, choosing a 𝜑 such that 𝜑 (𝑦) = −𝜑 (−𝑦) for all 𝑦 ∈ ℝ𝑛 ,
𝜑 ≥ 0 in {𝑦1 > 0} and 𝜑 is not identically zero on 𝐵Y ∩ {𝑦1 > 0} yields

G𝜌2𝜑 (0) =
∫
{𝑦1>0}

2𝜑 (𝑦)
|𝑦 |

𝑦

|𝑦 | 𝜌2(𝑦) 𝑑𝑦 > 0,

cf. (H0). This contradiction concludes that 𝑢 must be zero, which proves the claim.
Now we show that if 𝑢 ∈ 𝐻 𝜌2,𝑝

0 (Ω) satisfies 𝐷𝜌2𝑢 = 0, then 𝑢 = 0. Let 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛). By Lemma

5.3.6 and the fact that Ω is bounded, 𝜑 ∗ 𝑢 ∈ 𝐶∞
𝑐 (ℝ𝑛) and

G𝜌2 (𝜑 ∗ 𝑢) = 𝜑 ∗ 𝐷𝜌2𝑢 = 0.

By the claim above, 𝜑 ∗ 𝑢 = 0. As this is true for all 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛), we conclude, by taking 𝜑 to be a

family of mollifiers, that 𝑢 = 0.
Now, to prove the statement, we argue by contradiction. Suppose (𝑢 𝑗 ) 𝑗 ⊂ 𝐻

𝜌2,𝑝
0 (Ω) is a se-

quence satisfying
1 = ∥𝑢 𝑗 ∥𝐿𝑝 (Ω) > 𝑗 ∥𝐷𝜌2𝑢 𝑗 ∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) for all 𝑗 ∈ ℕ.

As𝐻 𝜌2,𝑝
0 (Ω) is reflexive, there exists𝑢 ∈ 𝐻 𝜌2,𝑝

0 (Ω) such that, up to subsequence,𝑢 𝑗 ⇀ 𝑢 in𝐻 𝜌2,𝑝
0 (Ω).

As 𝐷𝜌2𝑢 𝑗 → 0 in 𝐿𝑝 (ℝ𝑛,ℝ𝑛), we obtain that in fact 𝐷𝜌2𝑢 = 0, which implies 𝑢 = 0 thanks to the
result of the previous paragraph.

Since for all large 𝑅 > 0, it holds that supp𝑢 𝑗 ⊂ 𝐵𝑅 for all 𝑗 ∈ ℕ, we find that

∥𝐹 ∗ 𝑢 𝑗 ∥𝐿𝑝 (𝐵𝑐2𝑅,ℝ𝑛 ) = ∥(𝟙𝐵𝑐
𝑅
𝐹 ) ∗ 𝑢 𝑗 ∥𝐿𝑝 (𝐵𝑐2𝑅,ℝ𝑛 ) ≤ ∥𝐹 ∥𝐿1 (𝐵𝑐

𝑅
,ℝ𝑛 ) → 0,
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as 𝑅 → ∞. Together with the compactness of convolution operators on bounded sets due to the
Fréchet-Kolmogorov criterion (cf. [52, Cor. 4.28]), we infer that 𝐹 ∗ 𝑢 𝑗 → 0 in 𝐿𝑝 (ℝ𝑛), and hence,
by (5.29)

𝐷𝜌1𝑢 𝑗 = 𝐷𝜌2𝑢 𝑗 + 𝐹 ∗ 𝑢 𝑗 → 0 in 𝐿𝑝 (ℝ𝑛,ℝ𝑛) .
In view of (5.28), we deduce that 𝑢 𝑗 → 0 in 𝐿𝑝 (Ω) which contradicts ∥𝑢 𝑗 ∥𝐿𝑝 (Ω) = 1. □

We note that in part (i), we can take Ω = ℝ𝑛 , which yields the correspondence 𝐻 𝜌1,𝑝 (ℝ𝑛) =
𝐻 𝜌2,𝑝 (ℝ𝑛) with equivalent norms. Additionally, having in mind (5.10), we can see that the condition
(𝜌1 − 𝜌2)/|·| ∈ 𝐿1(ℝ𝑛) can be equivalently written as∫ 𝑟

0
(𝜌1(𝑡) − 𝜌2(𝑡)) 𝑡𝑛−2 𝑑𝑡 < ∞, for some 𝑟 > 0.

Example 5.3.11. We present two applications of Proposition 5.3.10.

(a) Let 𝜌 satisfy (H0) and let 𝜒 ∈ 𝐿∞(ℝ𝑛) be radial with 𝜒 ≥ 0 and 𝜒 |𝐵𝑟 = 1 for some 𝑟 > 0.
Then 𝜒𝜌 satisfies (H0) and𝐻 𝜌,𝑝

0 (Ω) = 𝐻 𝜒𝜌,𝑝
0 (Ω) for all 𝑝 ∈ [1,∞] and any open set Ω ⊂ ℝ𝑛 .

The assumption 𝜒 |𝐵𝑟 = 1 can be weakened to inf𝐵𝑟 𝜒 > 0 and∫
𝐵𝑟

𝜒 (𝑥) − 𝜒 (0)
|𝑥 | 𝜌 (𝑥) 𝑑𝑥 < ∞.

Moreover, if 𝑝 ∈ (1,∞) and Ω is bounded, any Poincaré inequality for 𝐷𝜌 implies an anal-
ogous one for 𝐷𝜒𝜌 . We conclude that we can associate to every kernel satisfying (H0) a
kernel satisfying (H0) with compact support and giving rise to the same space. In the de-
velopment of the theory we will often require that the kernel has compact support. Thanks
to this observation, this can be assumed without loss of generality.

(b) Let 𝑠 ∈ (0, 1). Let 𝜒 ∈ 𝐿∞(ℝ𝑛) be radial with 𝜒 ≥ 0 and (𝜒 (0) − 𝜒)/|·|𝑛+𝑠 ∈ 𝐿1(ℝ𝑛); the
latter condition happens, for example, if 𝜒 is 𝛾-Hölder continuous at 0with 𝛾 > 𝑠 . Then the
kernel

𝜌 (𝑥) = 𝜒 (𝑥)
|𝑥 |𝑛+𝑠−1

can be compared with the kernel (5.12) of the Riesz 𝑠-fractional gradient. Thus, 𝐻𝑠,𝑝0 (Ω) =
𝐻
𝜌,𝑝
0 (Ω) for any open Ω ⊂ ℝ𝑛 and 𝑝 ∈ [1,∞]. If, in addition, Ω is bounded and 𝑝 ∈

(1,∞), we have that ∥𝑢∥𝐿𝑝 (Ω) ≤ 𝐶 ∥𝐷𝜌𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) for all 𝑢 ∈ 𝐻 𝜌,𝑝
0 (Ω), as a consequence of

the corresponding inequality for the Bessel-potential space 𝐻𝑠,𝑝 (see [193, Th. 1.8]). This
constitutes an alternative proof, as well as a generalization of the Poincaré inequality for
truncated fractional gradients of [31, Th. 6.2].

5.4 Poincaré inequalities and compact embeddings

In this section, we derive conditions on the kernel 𝜌 such that the 𝜌-nonlocal gradient satisfies a
Poincaré inequality, and such that the spaces 𝐻 𝜌,𝑝

0 (Ω) are compactly embedded into 𝐿𝑝 . The argu-
ment is based on inverting the nonlocal gradient via (5.20), and showing with Fourier techniques
that this is a bounded or compact operation. The results in the case 𝑝 = 2 are tackled first and rely
on Parseval’s identity. Subsequently, the general case 𝑝 ∈ (1,∞) is considered, which requires an
additional assumption in order to apply the Mihlin-Hörmander multiplier theorem.
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5.4.1 Positivity of ̂𝑸𝝆

We show in this section that 𝑄𝜌 > 0, as a first step to make sense of the expression (5.20). We also
relate the decay of 𝑄𝜌 at infinity with the behavior of 𝜌 around the origin. For this, we need the
following assumption:

(H1) The function 𝑓𝜌 : (0,∞) → ℝ, 𝑡 ↦→ 𝑡𝑛−2𝜌 (𝑡) is decreasing, and there is a 0 < 𝜇 < 1 such
that 𝜇𝑓𝜌 (𝑡/2) ≥ 𝑓𝜌 (𝑡) for 𝑡 ∈ (0, Y).

Remark 5.4.1. We note that the second part (the doubling property) of (H1) is satisfied if there
is a 𝜈 > 0 such that 𝑡 ↦→ 𝑡 𝜈 𝑓𝜌 (𝑡) is decreasing on (0, Y). The constant 𝜇 is then given by 2−𝜈 .

Additionally, if 𝑓𝜌 is differentiable, then a simple calculation with the product rule shows that
𝑡 ↦→ 𝑡 𝜈 𝑓𝜌 (𝑡) is decreasing on (0, Y) if and only if

−1
𝜈

𝑑

𝑑𝑡
𝑓𝜌 (𝑡) ≥

𝑓𝜌 (𝑡)
𝑡

for all 𝑡 ∈ (0, Y) .

The latter condition will appear again in (H2), and hence, implies the doubling property of (H1). △
Example 5.4.2. Classes of kernels 𝜌 satisfying (H0)–(H1) are:

(a) 𝜌 of Example 5.2.1 (a).
(b) Given 𝑛 − 2 < 𝛼 < 𝑛 and 𝛽 > 𝑛 − 1,

𝜌 (𝑥) = 𝟙𝐵1 (𝑥)
|𝑥 |𝛼 +

𝟙𝐵𝑐1 (𝑥)
|𝑥 |𝛽 .

(c) Given 𝑛 − 2 < 𝛼 < 𝑛,
𝜌 (𝑥) = 𝟙𝐵1 (𝑥)

− log|𝑥 |
|𝑥 |𝛼 ,

(d) Given 𝑛 − 2 < 𝛼 < 𝑛 and 𝑟 > 0 sufficiently small,

𝜌 (𝑥) = 𝟙𝐵𝑟 (𝑥 )
|𝑥 |𝛼 (− log|𝑥 |) ,

(e) If 𝜌1, 𝜌2 satisfy (H0)–(H1) and 𝛼1, 𝛼2 > 0 then 𝛼1𝜌1 + 𝛼2𝜌2 satisfies (H0)–(H1).
We may now state the following result, whose proof takes inspiration from [31, Lemma 5.3].

Lemma 5.4.3. Suppose that 𝜌 satisfies (H0), (H1) and 𝜌 ∈ 𝐿1(ℝ𝑛). Then, 𝑄𝜌 is positive and there is
a 𝐶 > 0 such that

𝑄𝜌 (𝜉) ≥ 𝐶 𝜌 (1/|𝜉 |)|𝜉 |𝑛 and 𝑄𝜌 (𝜉) ≥ 𝐶

|𝜉 |2 for all 𝜉 ∈ 𝐵𝑐2/Y .

Proof. Note that since 𝑄𝜌 is continuous (by Lemma 5.2.5 (iii)) and 𝑄𝜌 (0) = ∥𝑄𝜌 ∥𝐿1 (ℝ𝑛 ) > 0, we
have that 𝑄𝜌 is positive around the origin. Next, for 𝜉 ≠ 0 we obtain from (5.16) and the coarea
formula that

𝑄𝜌 (𝜉) = 1
𝜋 |𝜉 |

∫
𝕊𝑛−1+

𝑧1

∫ ∞

0
𝑟𝑛−2𝜌 (𝑟 ) sin(2𝜋 |𝜉 |𝑟𝑧1) 𝑑𝑟 𝑑H𝑛−1(𝑧)

=
1
𝜋 |𝜉 |

∫
𝕊𝑛−1+

𝑧1

∫ ∞

0
𝑓𝜌 (𝑟 ) sin(2𝜋 |𝜉 |𝑟𝑧1) 𝑑𝑟 𝑑H𝑛−1(𝑧) .

(5.30)
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Let \ > 0, which will play the role of |𝜉 |𝑧1. We have∫ ∞

0
𝑓𝜌 (𝑟 ) sin(2𝜋\𝑟 ) 𝑑𝑟 =

∞∑︁
𝑘=0

∫ 𝑘+1
\

𝑘
\

𝑓𝜌 (𝑟 ) sin(2𝜋\𝑟 ) 𝑑𝑟 (5.31)

and for each 𝑘 ∈ ℕ,∫ 𝑘+1
\

𝑘
\

𝑓𝜌 (𝑟 ) sin(2𝜋\𝑟 ) 𝑑𝑟 =
∫ 𝑘+ 1

2
\

𝑘
\

(
𝑓𝜌 (𝑟 ) − 𝑓𝜌

(
𝑟 + 1

2\

))
sin(2𝜋\𝑟 ) 𝑑𝑟 ≥ 0, (5.32)

since 𝑓𝜌 is decreasing. Moreover,∫ 1
2\

0

(
𝑓𝜌 (𝑟 ) − 𝑓𝜌

(
𝑟 + 1

2\

))
sin(2𝜋\𝑟 ) 𝑑𝑟 > 0,

since otherwise 𝑓𝜌 would be constant near zero, contradicting the doubling property in (H1). This
shows that 𝑄𝜌 (𝜉) > 0.

Now, for \ > 1/Y and 0 < 𝑟 < 1
2\ , we have

𝑓𝜌 (𝑟 ) − 𝑓𝜌
(
𝑟 + 1

2\

)
≥ 𝑓𝜌 (𝑟 ) − 𝑓𝜌 (2𝑟 ) ≥ (1 − 𝜇) 𝑓𝜌 (𝑟 ) ≥ (1 − 𝜇) 𝑓𝜌

(
1
2\

)
,

where we have used that 𝑓𝜌 is decreasing, as well as the doubling condition in (H1). Therefore,∫ 1
2\

0

(
𝑓𝜌 (𝑟 ) − 𝑓𝜌

(
𝑟 + 1

2\

))
sin(2𝜋\𝑟 ) 𝑑𝑟 ≥ (1 − 𝜇) 𝑓𝜌

(
1
2\

) ∫ 1
2\

0
sin(2𝜋\𝑟 ) 𝑑𝑟 = 1 − 𝜇

𝜋\
𝑓𝜌

(
1
2\

)
.

The above inequality together with (5.32) and (5.30) show that for all |𝜉 | > 2/Y,

𝑄𝜌 (𝜉) ≥ 1
2𝜋 |𝜉 |

∫
𝕊𝑛−1∩{𝑧1>1/2}

∫ ∞

0
𝑓𝜌 (𝑟 ) sin(2𝜋 |𝜉 |𝑟𝑧1) 𝑑𝑟 𝑑H𝑛−1(𝑧)

≥ 1 − 𝜇
2𝜋2 |𝜉 |2

∫
𝕊𝑛−1∩{𝑧1>1/2}

1
𝑧1
𝑓𝜌

(
1

2|𝜉 |𝑧1

)
𝑑H𝑛−1(𝑧) ≥ 𝐶

|𝜉 |2 𝑓𝜌
(
1
|𝜉 |

)
,

where in the last inequality we have used that 𝑓𝜌 is decreasing. The constant𝐶 depends on 𝜇 and 𝑛.
The proof is concluded thanks to the definition of 𝑓𝜌 , as well as the fact that 𝑓𝜌

(
1
|𝜉 |

)
≥ 𝑓𝜌

( Y
2

)
. □

The following proposition constitutes a further step to prove formula (5.20).

Proposition 5.4.4. Suppose that 𝜌 satisfies (H0), (H1) and 𝜌 ∈ 𝐿1(ℝ𝑛). Then𝑊𝜌 given by

⟨𝑊𝜌 , [⟩ = lim
𝑟↓0

∫
𝐵𝑐𝑟

−𝑖𝜉
2𝜋 |𝜉 |2𝑄𝜌 (𝜉)

[ (𝜉) 𝑑𝜉, for [ ∈ S (ℝ𝑛), (5.33)

defines a tempered distribution. Moreover, if 𝜌 has compact support, it holds that

𝑊𝜌 · Ĝ𝜌𝜑 = 𝜑 for all 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛) . (5.34)



5.4. POINCARÉ INEQUALITIES AND COMPACT EMBEDDINGS 161

Proof. The integrand of (5.33) is well defined since 𝑄𝜌 is positive (Lemma 5.4.3). Let us see that
the integral is absolutely convergent for each 𝑟 > 0, and for this we can assume that 𝑟 < 2/Y. For
|𝜉 | ≥ 2/Y we have that ����� −𝑖𝜉

2𝜋 |𝜉 |2𝑄𝜌 (𝜉)
[ (𝜉)

����� ≤ |[ (𝜉) |
2𝜋 |𝜉 |𝑄𝜌 (𝜉)

≤ |[ (𝜉) | |𝜉 |
2𝜋𝐶

,

thanks to Lemma 5.4.3, and the right-hand side is integrable in 𝐵𝑐2/Y since [ ∈ S (ℝ𝑛). For 𝑟 < |𝜉 | <
2/Y we have that ����� −𝑖𝜉

2𝜋 |𝜉 |2𝑄𝜌 (𝜉)
[ (𝜉)

����� ≤ ∥[∥∞
2𝜋 |𝜉 |𝑄𝜌 (𝜉)

,

and the right-hand side is integrable in 𝐵2/Y \ 𝐵𝑟 since𝑄𝜌 is positive (Lemma 5.4.3) and continuous
(Lemma 5.2.5 (iii)).

Now, by symmetry (as 𝑄𝜌 is radial; cf. (5.16)),∫
𝐵2/Y\𝐵𝑐𝑟

−𝑖𝜉
2𝜋 |𝜉 |2𝑄𝜌 (𝜉)

[ (𝜉) 𝑑𝜉 =
∫
𝐵2/Y\𝐵𝑐𝑟

−𝑖𝜉
2𝜋 |𝜉 |2𝑄𝜌 (𝜉)

([ (𝜉) − [ (0)) 𝑑𝜉,

with ����� −𝑖𝜉
2𝜋 |𝜉 |2𝑄𝜌 (𝜉)

([ (𝜉) − [ (0))
����� ≤ ∥∇[∥∞

2𝜋𝑄𝜌 (𝜉)
,

and the right-hand side is integrable in 𝐵2/Y since 𝑄𝜌 is positive and continuous. Therefore, the
limit of (5.33) exists and defines a tempered distribution.

For the final part, we note that if 𝜌 has compact support, then G𝜌𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛,ℝ𝑛) for all 𝜑 ∈

𝐶∞
𝑐 (ℝ𝑛) by Proposition 5.2.6 (i) and hence, Ĝ𝜌𝜑 ∈ S (ℝ𝑛,ℂ𝑛). With this and Proposition 5.2.6 (ii),

we obtain that for all [ ∈ S (ℝ𝑛),〈
𝑊𝜌 · Ĝ𝜌𝜑, [

〉
=

〈
𝑊𝜌 , Ĝ𝜌𝜑 [

〉
= lim
𝑟↓0

∫
𝐵𝑐𝑟

−𝑖𝜉
2𝜋 |𝜉 |2𝑄𝜌 (𝜉)

· 2𝜋𝑖𝜉𝑄𝜌 (𝜉)𝜑 (𝜉)[ (𝜉) 𝑑𝜉 =
∫
ℝ𝑛

𝜑 (𝜉)[ (𝜉) 𝑑𝜉.

This proves that𝑊𝜌 · Ĝ𝜌𝜑 = 𝜑 , as desired. □

Note that, when 𝑛 > 1, the distribution𝑊𝜌 actually agrees with the locally integrable function

𝑊𝜌 (𝜉) = −𝑖𝜉
2𝜋 |𝜉 |2𝑄𝜌 (𝜉)

.

5.4.2 Poincaré inequality and Compactness in 𝑳2

The bounds in Lemma 5.4.3 allow us to swiftly prove a Poincaré inequality and compactness result
in the 𝐿2-setting, by prescribing that 𝜌 is of compact support and satisfies certain bounds.

Recall from Section 5.2 that if supp 𝜌 = 𝐵𝛿 for some 𝛿 > 0, given an open set Ω ⊂ ℝ𝑛 and
𝜑 ∈ 𝐶∞

𝑐 (Ω), the function G𝜌𝜑 is supported in Ω𝛿 = Ω + 𝐵𝛿 .
Theorem 5.4.5. Let Ω ⊂ ℝ𝑛 be open and bounded and suppose that 𝜌 satisfies (H0), (H1) and has
compact support. Then, the following two statements hold:

(i) If lim inf𝑡↓0 𝑡𝑛−1𝜌 (𝑡) > 0, then there is a 𝐶 = 𝐶 (Ω, 𝑛, 𝜌) > 0 such that

∥𝑢∥𝐿2 (Ω) ≤ 𝐶 ∥𝐷𝜌𝑢∥𝐿2 (ℝ𝑛,ℝ𝑛 ) for all 𝑢 ∈ 𝐻 𝜌
0 (Ω) .
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(ii) If lim𝑡↓0 𝑡𝑛−1𝜌 (𝑡) = ∞, then 𝐻 𝜌
0 (Ω) is compactly embedded into 𝐿2(ℝ𝑛).

Proof. Note first that as 𝜌 has compact support, 𝜌 ∈ 𝐿1(ℝ𝑛), and, hence, Proposition 5.4.4 can be
applied.

Part (i). Let𝑊𝜌 ∈ S ′(ℝ𝑛,ℂ𝑛) be as in (5.33) and let 𝜒 ∈ 𝐶∞
𝑐 (ℝ𝑛) be radial with 𝜒 = 1 on 𝐵1.

Then, we set
𝐿 =

(
𝜒𝑊𝜌

)∨ ∈ 𝐶∞(ℝ𝑛,ℝ𝑛) and 𝑀 = (1 − 𝜒)𝑊𝜌 .

We specify the above definitions. Naturally, 𝜒𝑊𝜌 ∈ S ′(ℝ𝑛,ℂ𝑛) is the distribution defined as

⟨𝜒𝑊𝜌 , [⟩ = lim
𝑟↓0

∫
𝐵𝑐𝑟

𝜒 (𝜉) −𝑖𝜉
2𝜋 |𝜉 |2𝑄𝜌 (𝜉)

[ (𝜉) 𝑑𝜉, [ ∈ S (ℝ𝑛);

cf. (5.33). As 𝜒 has compact support, so does 𝜒𝑊𝜌 , and, hence, by the Paley–Wiener theorem, 𝐿 is
analytic. Likewise,𝑀 ∈ S ′(ℝ𝑛,ℂ𝑛) is the distribution defined as

⟨𝑀,[⟩ =
∫
ℝ𝑛

(1 − 𝜒 (𝜉)) −𝑖𝜉
2𝜋 |𝜉 |2𝑄𝜌 (𝜉)

[ (𝜉) 𝑑𝜉, [ ∈ S (ℝ𝑛),

so𝑀 can be identified with the function

𝑀 (𝜉) = (1 − 𝜒 (𝜉)) −𝑖𝜉
2𝜋 |𝜉 |2𝑄𝜌 (𝜉)

, 𝜉 ∈ ℝ𝑛 . (5.35)

Moreover,𝑀 is smooth (by Lemma 5.2.5 (iii), as𝑄𝜌 has compact support) and bounded by Lemma 5.4.3
and the fact

lim sup
𝑡↑∞

𝑡𝑛−1

𝜌 (1/𝑡) < ∞, (5.36)

which is a consequence of the assumption in (i). Therefore, we may define the bounded operator

𝑇𝑀 : 𝐿2(ℝ𝑛,ℝ𝑛) → 𝐿2(ℝ𝑛), 𝑈 ↦→
(
𝑀 ·𝑈

)∨
. (5.37)

On the other hand, using Proposition 5.4.4 we have that for all 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛),

𝜑 =𝑊𝜌 · Ĝ𝜌𝜑 = (𝜒𝑊𝜌 ) · Ĝ𝜌𝜑 +𝑀 · Ĝ𝜌𝜑,
whence taking the inverse Fourier transform, we obtain

𝜑 = 𝐿 ∗ G𝜌𝜑 +𝑇𝑀 (G𝜌𝜑) .
By Theorem 5.3.9 (i), this identity can be extended to

𝑢 = 𝐿 ∗ 𝐷𝜌𝑢 +𝑇𝑀 (𝐷𝜌𝑢) for all 𝑢 ∈ 𝐻 𝜌
0 (Ω) . (5.38)

Therefore, part (i) follows with

𝐶 = ∥𝐿∥𝐿1 (Ω−Ω𝛿 ,ℝ𝑛 ) + ∥𝑀 ∥𝐿∞ (ℝ𝑛,ℝ𝑛 ) .

Part (ii). We note that the operator𝑈 ↦→ 𝐿 ∗𝑈 is compact from 𝐿2(Ω𝛿 ,ℝ𝑛) to 𝐿2(Ω), since 𝐿 is
locally bounded (see, e.g., [70, Prop. 4.7]); the precise definition of 𝐿 ∗𝑈 is

𝐿 ∗𝑈 (𝑥) =
∫
Ω𝛿

𝐿(𝑥 − 𝑦) ·𝑈 (𝑦) 𝑑𝑦, 𝑥 ∈ Ω.
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Moreover, as a consequence of the assumption in (ii) we have

lim
𝑡↑∞

𝑡𝑛−1

𝜌 (1/𝑡) = 0,

which implies that
|𝑀 (𝜉) | → 0 as |𝜉 | → ∞

thanks to Lemma 5.4.3. Therefore, for any 𝑈 ∈ 𝐿2(ℝ𝑛,ℝ𝑛) with ∥𝑈 ∥2
𝐿2 (ℝ𝑛,ℝ𝑛 ) ≤ 1, it holds that

lim
𝑅→∞

∫
𝐵𝑐
𝑅

|𝑇𝑀𝑈 |2 𝑑𝜉 ≤ lim
𝑅→∞

sup
|𝜉 | ≥𝑅

|𝑀 (𝜉) |2 = 0.

By a version of the Fréchet-Kolmogorov criterion in Fourier space, cf. [175, Th. 3], we deduce that
𝑇𝑀 : 𝐿2(ℝ𝑛,ℝ𝑛) → 𝐿2(Ω) is compact.

The compact embedding of 𝐻 𝜌
0 (Ω) into 𝐿2(ℝ𝑛) (or, equivalently, 𝐿2(Ω)) is concluded thanks to

identity (5.38) and the fact that both operators 𝐿 ∗ · and𝑇𝑀 are compact from 𝐿2(Ω𝛿 ,ℝ𝑛) to 𝐿2(Ω),
where in the case of 𝑇𝑀 it is understood that 𝐿2(Ω𝛿 ,ℝ𝑛) is extended as zero to 𝐿2(ℝ𝑛,ℝ𝑛). □

Example 5.4.6. Classes of kernels of compact support satisfying (H0)–(H1), and lim𝑡↓0 𝑡𝑛−1𝜌 (𝑡) =
∞ are:

(a) Given 0 < 𝑠 < 1,
𝜌 (𝑥) = 𝟙𝐵1 (𝑥)

|𝑥 |𝑛+𝑠−1 .

(b) Given 0 ≤ 𝑠 < 1,
𝜌 (𝑥) = 𝟙𝐵1 (𝑥)

− log|𝑥 |
|𝑥 |𝑛+𝑠−1 .

(c) Given 0 < 𝑠 < 1 and 𝑟 > 0 sufficiently small,

𝜌 (𝑥) = 𝟙𝐵𝑟 (𝑥 )
|𝑥 |𝑛+𝑠−1(− log|𝑥 |) .

Example 5.4.7. A kernel of compact support satisfying (H0)–(H1), and lim𝑡↓0 𝑡𝑛−1𝜌 (𝑡) > 0 is

𝜌 (𝑥) = 𝟙𝐵1 (𝑥)
|𝑥 |𝑛−1 .

We will see in Proposition 5.7.5, that under some additional assumptions on 𝜌 , the growth
conditions at the origin of Theorem 5.4.5 are sharp in order to obtain the validity of a Poincaré
inequality or a compact embedding, respectively.

5.4.3 Poincaré inequality and Compactness in 𝑳𝒑

We derive here an analogue of Theorem 5.4.5 in the 𝐿𝑝 setting, by applying the Mihlin-Hörmander
theorem to show that the function𝑀 in the proof of Theorem 5.4.5 is an 𝐿𝑝 multiplier. This requires
us to study also the decay of the derivatives of 𝑄𝜌 , and we impose the following assumption for
that:

(H2) The function 𝑓𝜌 is smooth in (0,∞), and for 𝑡 ∈ (0, Y),

−𝐶 𝑑
𝑑𝑡
𝑓𝜌 (𝑡) ≥

𝑓𝜌 (𝑡)
𝑡

and
���� 𝑑𝑘𝑑𝑡𝑘 𝑓𝜌 (𝑡)���� ≤ 𝐶𝑘 𝑓𝜌 (𝑡)𝑡𝑘

for 𝑘 ∈ ℕ.
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The first condition is equivalent to the property that 𝑡 ↦→ 𝑡 𝜈 𝑓𝜌 (𝑡) is decreasing on (0, Y) for some
𝜈 > 0, cf. Remark 5.4.1, while the second imposes that 𝑓𝜌 does not oscillate toomuch. A consequence
of (H2) that will be repeatedly used is���� 𝑑𝑙𝑑𝑡𝑙 (𝑡𝑘 𝑓𝜌 (𝑡))���� ≤ 𝐶𝑘𝑡𝑘−𝑙 𝑓𝜌 (𝑡), 0 ≤ 𝑙 ≤ 𝑘, 𝑡 ∈ (0, Y), (5.39)

as well as ���� 𝑑𝑘+1𝑑𝑡𝑘+1
(𝑡𝑘 𝑓𝜌 (𝑡))

���� ≤ −𝐶𝑘
𝑑

𝑑𝑡
𝑓𝜌 (𝑡), 𝑘 ∈ ℕ, 𝑡 ∈ (0, Y) . (5.40)

The following consequence is also useful.

Lemma 5.4.8. Let 𝜌 satisfy (H0) and (H2). Then, lim𝑡↓0 𝑡2𝑓𝜌 (𝑡) = 0.

Proof. As a consequence of (5.10), we have lim inf𝑡↓0 𝑡2𝑓𝜌 (𝑡) = 0. Let 0 < 𝑡 < Y. By the fundamental
theorem of calculus,

Y2𝑓𝜌 (Y) − 𝑡2𝑓𝜌 (𝑡) =
∫ Y

𝑡

𝑑

𝑑𝑟
(𝑟 2𝑓𝜌 (𝑟 )) 𝑑𝑟 . (5.41)

Now, by (5.39) and (5.10) ∫ Y

0

���� 𝑑𝑑𝑟 (𝑟 2𝑓𝜌 (𝑟 ))����𝑑𝑟 ≤ 𝐶2

∫ Y

0
𝑟 𝑓𝜌 (𝑟 ) 𝑑𝑟 < ∞.

Therefore, the limit when 𝑡 ↓ 0 of the right-hand side of (5.41) exists, and, consequently, so does
the limit of the left-hand side, which proves the result. □

Example 5.4.9. Classes of kernels 𝜌 satisfying (H0)–(H2) are:

(a) 𝜌 of Example 5.2.1 (a).
(b) Given 0 ≤ 𝑠 < 1 and a non-negative radial function 𝜒 ∈ 𝐶∞

𝑐 (ℝ𝑛) with 𝜒 (0) > 0 and
𝜒 (𝑥)/|𝑥 |1+𝑠 radially decreasing,

𝜌 (𝑥) = 𝜒 (𝑥)
|𝑥 |𝑛+𝑠−1 .

(c) Given 0 ≤ 𝑠 < 1 and a non-negative, radial function 𝜒 ∈ 𝐶∞
𝑐 (𝐵1) with 𝜒 (0) > 0 and

𝜒 (𝑥) (− log|𝑥 |)/|𝑥 |1+𝑠 radially decreasing,

𝜌 (𝑥) = 𝜒 (𝑥) (− log|𝑥 |)
|𝑥 |𝑛+𝑠−1 .

Indeed, (H0) and (H1) are simple to verify, whereas (H2) follows since the derivatives of log
behave similarly as a power function.

(d) Given 0 ≤ 𝑠 < 1 and a non-negative, radial function 𝜒 ∈ 𝐶∞
𝑐 (𝐵1) with 𝜒 (0) > 0 and

𝜒 (𝑥)/(−|𝑥 |1+𝑠 log|𝑥 |) radially decreasing,

𝜌 (𝑥) = 𝜒 (𝑥)
|𝑥 |𝑛+𝑠−1(− log|𝑥 |) .

The verification of (H0)–(H2) is similar to that of the previous example.
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(e) Given a smooth 𝑠 : [0,∞) → (0, 1) and a non-negative, radial function 𝜒 ∈ 𝐶∞
𝑐 (ℝ𝑛) with

𝜒 (0) > 0 and 𝜒 (𝑥)/|𝑥 |1+𝑠 ( |𝑥 | ) radially decreasing,

𝜌 (𝑥) = 𝜒 (𝑥)
|𝑥 |𝑛+𝑠 ( |𝑥 | )−1 .

Again, (H0) and (H1) follow readily, whereas for (H2) we first note that

𝑑

𝑑𝑡
𝑓𝜌 (𝑡) = 𝜒 ′(𝑡) 1

𝑡1+𝑠 (𝑡 )
+ 𝜒 (𝑡)

(−(1 + 𝑠 (𝑡))
𝑡2+𝑠 (𝑡 )

+ − log(𝑡)𝑠′(𝑡)
𝑡1+𝑠 (𝑡 )

)
,

which satisfies | 𝑑𝑑𝑡 𝑓𝜌 (𝑡) | ≤ 𝐶𝑓𝜌 (𝑡)/𝑡 since 𝑡/log 𝑡 is locally bounded. The other derivatives
can be bounded in a similar way, so (H2) holds.

(f) If 𝜌1, 𝜌2 satisfy (H0)–(H2) and 𝛼1, 𝛼2 > 0 then 𝛼1𝜌1 + 𝛼2𝜌2 satisfies (H0)–(H2).
Lemma 5.4.10. Let 𝜌 have compact support and satisfy (H0)–(H2). Then, for every 𝛼 ∈ ℕ𝑛 ,

|𝜕𝛼𝑄𝜌 (𝜉) | ≤ 𝐶𝛼
(
|𝜉 |−|𝛼 |𝑄𝜌 (𝜉) + |𝜉 |−|𝛼 |−1

)
, |𝜉 | ≥ 1.

Proof. Step 1: Integral bounds. We show that for all \ > 1/Y and 𝑘 ∈ ℕ,����∫ ∞

0
𝑟𝑘 𝑓𝜌 (𝑟 )𝑎𝑘 (2𝜋\𝑟 ) 𝑑𝑟

���� ≤ 𝐶𝑘
\𝑘

∫ ∞

0
𝑓𝜌 (𝑟 ) sin(2𝜋\𝑟 ) 𝑑𝑟 + 𝐶𝑘

\𝑘
, (5.42)

where 𝑎𝑘 = cos when 𝑘 is odd and 𝑎𝑘 = sin when 𝑘 is even.
Using integration by parts 𝑘 times we obtain∫ ∞

0
𝑟𝑘 𝑓𝜌 (𝑟 )𝑎𝑘 (2𝜋\𝑟 ) 𝑑𝑟 =

𝐷𝑘
\𝑘

∫ ∞

0

𝑑𝑘

𝑑𝑟𝑘
(𝑟𝑘 𝑓𝜌 (𝑟 )) sin(2𝜋\𝑟 ) 𝑑𝑟, (5.43)

where the constants 𝐷𝑘 may be negative. Indeed, equality (5.43) follows directly by integration by
parts except possibly for the boundary terms. They turn out to be zero since 𝜌 has compact support,
lim𝑡↓0 𝑑𝑙

𝑑𝑡𝑙
(𝑡𝑘 𝑓𝜌 (𝑡)) = 0when 𝑙 ≤ 𝑘 −2 and lim𝑡↓0 𝑑𝑙

𝑑𝑡𝑙
(𝑡𝑘 𝑓𝜌 (𝑡)) sin(2𝜋\𝑡) = 0when 𝑙 = 𝑘 −1 by (5.39)

and Lemma 5.4.8; this also shows that the intermediate integrals leading to (5.43) in the induction
process are finite. The final integral on the right-hand side of (5.43) is also finite by (5.39), (5.10)
and the compact support of 𝜌 . Setting 𝑁 = ⌊\Y⌋ ≥ \Y/2 (where ⌊·⌋ denotes the integer part) and
𝑏𝑘 (𝑟 ) = 𝑑𝑘

𝑑𝑟𝑘
(𝑟𝑘 𝑓𝜌 (𝑟 )), we estimate the right-hand side of (5.43) as follows:����∫ ∞

0

𝑑𝑘

𝑑𝑟𝑘
(𝑟𝑘 𝑓𝜌 (𝑟 )) sin(2𝜋\𝑟 ) 𝑑𝑟

���� ≤ �����∫ 𝑁
\

0
𝑏𝑘 (𝑟 ) sin(2𝜋\𝑟 ) 𝑑𝑟

����� + ∫ ∞

Y/2

���� 𝑑𝑘𝑑𝑟𝑘 (𝑟𝑘 𝑓𝜌 (𝑟 ))����𝑑𝑟, (5.44)

since 𝑁 ≥ \Y/2. On the one hand,∫ ∞

Y/2

���� 𝑑𝑘𝑑𝑟𝑘 (𝑟𝑘 𝑓𝜌 (𝑟 ))���� 𝑑𝑟 ≤ 𝐶𝑘 ∫ ∞

Y/2
𝑓𝜌 (𝑟 ) 𝑑𝑟 ≤ 𝐶𝑘 ,

by (5.39) and (5.10). On the other hand, as in (5.31) and (5.32),∫ 𝑁
\

0
𝑏𝑘 (𝑟 ) sin(2𝜋\𝑟 ) 𝑑𝑟 =

𝑁−1∑︁
𝑗=0

∫ 𝑗+ 1
2

\

𝑗

\

(
𝑏𝑘 (𝑟 ) − 𝑏𝑘

(
𝑟 + 1

2\

))
sin(2𝜋\𝑟 ) 𝑑𝑟 . (5.45)
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By the fundamental theorem of calculus,����𝑏𝑘 (𝑟 ) − 𝑏𝑘 (
𝑟 + 1

2\

)���� ≤ ∫ 𝑟+ 1
2\

𝑟

���� 𝑑𝑑𝑡 𝑏𝑘 (𝑡)���� 𝑑𝑡
≤ 𝐶𝑘

∫ 𝑟+ 1
2\

𝑟
− 𝑑
𝑑𝑡
𝑓𝜌 (𝑡) 𝑑𝑡 = 𝐶𝑘

(
𝑓𝜌 (𝑟 ) − 𝑓𝜌

(
𝑟 + 1

2\

))
,

where we have used (5.40). Thus,

𝑁−1∑︁
𝑗=0

∫ 𝑗+ 1
2

\

𝑗

\

����𝑏𝑘 (𝑟 ) − 𝑏𝑘 (
𝑟 + 1

2\

)���� sin(2𝜋\𝑟 ) 𝑑𝑟 ≤ 𝐶𝑘 ∫ 𝑁
\

0
𝑓𝜌 (𝑟 ) sin(2𝜋\𝑟 ) 𝑑𝑟,

reasoning as in (5.45). Putting together the formulas following (5.44), we obtain����∫ ∞

0

𝑑𝑘

𝑑𝑟𝑘
(𝑟𝑘 𝑓𝜌 (𝑟 )) sin(2𝜋\𝑟 ) 𝑑𝑟

���� ≤ 𝐶𝑘 ∫ 𝑁
\

0
𝑓𝜌 (𝑟 ) sin(2𝜋\𝑟 ) 𝑑𝑟 +𝐶𝑘 .

Together with (5.43), the bounds (5.42) follow.
Step 2: Conclusion. Recalling formula (5.16), we obtain, from Leibniz’ rule and interchanging the

derivative with the integral, that

|𝜕𝛼𝑄 (𝜉) | ≤ 𝐶𝛼
|𝛼 |∑︁
𝑘=0

1
|𝜉 | |𝛼 |+1−𝑘

�����∫ℝ𝑛

𝜌 (𝑥)𝑥𝑘+11

|𝑥 |2 𝑎𝑘 (2𝜋 |𝜉 |𝑥1) 𝑑𝑥
����� , 𝜉 ∈ ℝ𝑛 \ {0}. (5.46)

When 𝑘 = 0, the term in the sum is equal to 2𝜋 |𝜉 |−|𝛼 |𝑄𝜌 (𝜉), cf. (5.16), which already has the correct
form. For 𝑘 ≥ 1, we can compute as in (5.30) that∫

ℝ𝑛

𝜌 (𝑥)𝑥𝑘+11

|𝑥 |2 𝑎𝑘 (2𝜋 |𝜉 |𝑥1) 𝑑𝑥 = 2
∫
𝕊𝑛−1+

𝑧𝑘+11

∫ ∞

0
𝑟𝑘 𝑓𝜌 (𝑟 )𝑎𝑘 (2𝜋 |𝜉 |𝑧1𝑟 ) 𝑑𝑟 𝑑H𝑛−1(𝑧) .

We split the integral in 𝕊𝑛−1+ into {𝑧1 |𝜉 | > 1/Y} and {𝑧1 |𝜉 | ≤ 1/Y}. In the first subset we have,
thanks to (5.42) with \ = |𝜉 |𝑧1,����∫

𝕊𝑛−1+ ∩{𝑧1 |𝜉 |>1/Y }
𝑧𝑘+11

∫ ∞

0
𝑟𝑘 𝑓𝜌 (𝑟 )𝑎𝑘 (2𝜋 |𝜉 |𝑧1𝑟 ) 𝑑𝑟 𝑑H𝑛−1(𝑧)

����
≤ 𝐶𝑘

�����∫𝕊𝑛−1+ ∩{𝑧1 |𝜉 |>1/Y }

𝑧𝑘+11

( |𝜉 |𝑧1)𝑘
(∫ ∞

0
𝑓𝜌 (𝑟 ) sin(2𝜋 |𝜉 |𝑧1𝑟 ) 𝑑𝑟 + 1

)
𝑑H𝑛−1(𝑧)

�����
≤ 𝐶𝑘

|𝜉 |𝑘
����∫

𝕊𝑛−1+
𝑧1

∫ ∞

0
𝑓𝜌 (𝑟 ) sin(2𝜋 |𝜉 |𝑧1𝑟 ) 𝑑𝑟 𝑑H𝑛−1(𝑧)

���� + 𝐶𝑘
|𝜉 |𝑘 =

𝐶𝑘
|𝜉 |𝑘−1𝑄𝜌 (𝜉) +

𝐶𝑘
|𝜉 |𝑘 ,

where the last equality is due to (5.30). In the second subset we have, for |𝜉 | ≥ 1 and 𝑘 ≥ 1,����∫
𝕊𝑛−1+ ∩{𝑧1 |𝜉 | ≤1/Y }

𝑧𝑘+11

∫ ∞

0
𝑟𝑘 𝑓𝜌 (𝑟 )𝑎𝑘 (2𝜋 |𝜉 |𝑧1𝑟 ) 𝑑𝑟 𝑑H𝑛−1(𝑧)

����
≤

����∫
𝕊𝑛−1+ ∩{𝑧1 |𝜉 | ≤1/Y }

1
( |𝜉 |Y)𝑘+1

∫ ∞

0
𝑟𝑘 𝑓𝜌 (𝑟 ) 𝑑𝑟 𝑑H𝑛−1(𝑧)

���� ≤ 𝐶𝑘
|𝜉 |𝑘+1 ≤ 𝐶𝑘

|𝜉 |𝑘 ,

where we have used (5.10) and the compact support of 𝜌 . All in all, we have shown�����∫ℝ𝑛

𝜌 (𝑥)𝑥𝑘+11

|𝑥 |2 𝑎𝑘 (2𝜋 |𝜉 |𝑥1) 𝑑𝑥
����� ≤ 𝐶𝑘

|𝜉 |𝑘−1𝑄𝜌 (𝜉) +
𝐶𝑘
|𝜉 |𝑘 , |𝜉 | ≥ 1, 𝑘 ≥ 0,

which yields the result thanks to (5.46). □
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With these bounds we can apply the Mihlin-Hörmander theorem to prove the analogue of The-
orem 5.4.5 in the 𝐿𝑝-setting.

Theorem 5.4.11. Let 𝑝 ∈ (1,∞). Let Ω ⊂ ℝ𝑛 be open and bounded and suppose that 𝜌 satisfies
(H0)–(H2) and has compact support. Then, the following two statements hold:

(i) If lim inf𝑡↓0 𝑡𝑛−1𝜌 (𝑡) > 0, then there is a 𝐶 = 𝐶 (Ω, 𝑛, 𝜌) > 0 such that

∥𝑢∥𝐿𝑝 (Ω) ≤ 𝐶 ∥𝐷𝜌𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) for all 𝑢 ∈ 𝐻 𝜌,𝑝
0 (Ω) .

(ii) If lim𝑡↓0 𝑡𝑛−1𝜌 (𝑡) = ∞, then 𝐻 𝜌,𝑝
0 (Ω) is compactly embedded into 𝐿𝑝 (ℝ𝑛).

Proof. Part (i). In light of Lemma 5.4.3 and (5.36), we find that

𝑄𝜌 (𝜉) ≥ 𝐶/|𝜉 | for |𝜉 | ≥ 1, (5.47)

so it follows from Lemma 5.4.10 that for every 𝛼 ∈ ℕ𝑛 ,

|𝜕𝛼𝑄𝜌 (𝜉) | ≤ 𝐶𝛼 |𝜉 |−|𝛼 |𝑄𝜌 (𝜉) for |𝜉 | ≥ 1.

Applying Faà di Bruno’s formula for the derivatives of a composition,

|𝜕𝛼𝑄−1
𝜌 | ≤ 𝐶𝛼

|𝛼 |∑︁
𝑘=1

𝑄−1−𝑘
𝜌

∑︁
𝑗1,..., 𝑗 |𝛼 |−𝑘+1

𝐵 𝑗1,..., 𝑗 |𝛼 |−𝑘+1,

where the indices 𝑗1, . . . , 𝑗 |𝛼 |−𝑘+1 ∈ ℕ in the sum are taken with the restrictions

𝑗1 + · · · + 𝑗 |𝛼 |−𝑘+1 = 𝑘 and 𝑗1 + · · · + (|𝛼 | − 𝑘 + 1) 𝑗 |𝛼 |−𝑘+1 = |𝛼 |,

and 𝐵 𝑗1,..., 𝑗 |𝛼 |−𝑘+1 is a symbol for all products of the absolute value of the partial derivatives of 𝑄𝜌
with 𝑗𝑖 derivatives of order 𝑖 , for 𝑖 = 1, . . . , |𝛼 | − 𝑘 + 1. Thus,

𝐵 𝑗1,..., 𝑗 |𝛼 |−𝑘+1 ≤ 𝐶𝛼
(
|𝜉 |−1𝑄𝜌

) 𝑗1 · · · ( |𝜉 |−( |𝛼 |−𝑘+1)𝑄𝜌
) 𝑗 |𝛼 |−𝑘+1

.

Hence, for |𝜉 | ≥ 1, using (5.47),

|𝜕𝛼𝑄−1
𝜌 | ≤ 𝐶𝛼 |𝜉 |−|𝛼 |𝑄−1

𝜌 ≤ 𝐶𝛼 |𝜉 |1−|𝛼 | .
Now, defining 𝑅(𝜉) = 𝜉 |𝜉 |−2, we have that

|𝜕𝛼𝑅(𝜉) | ≤ 𝐶𝛼 |𝜉 |−1−|𝛼 | .
Let 𝜒 ∈ 𝐶∞

𝑐 (ℝ𝑛) and𝑀 ∈ 𝐶∞(ℝ𝑛,ℝ𝑛) be as in the proof of Theorem 5.4.5, so that identity (5.35)
holds. With the calculations above, thanks to Leibniz’ rule we can estimate for all 𝛼 ∈ ℕ𝑛 that

|𝜕𝛼𝑀 (𝜉) | ≤ 𝐶𝛼 |𝜉 |−1−|𝛼 |𝑄−1
𝜌 ≤ 𝐶𝛼 |𝜉 |−|𝛼 |, for |𝜉 | ≥ 1. (5.48)

As such, the Mihlin-Hörmander theorem (cf. [122, Th. 6.2.7]) implies that the operator𝑇𝑀 of (5.37)
can be extended to a bounded operator from 𝐿𝑝 (ℝ𝑛,ℝ𝑛) to 𝐿𝑝 (ℝ𝑛). The Poincaré inequality can
now be argued as in Theorem 5.4.5.

Part (ii). We saw in the proof of Theorem 5.4.5 (ii) that the operator 𝑇𝑀 is compact from
𝐿2(Ω𝛿 ,ℝ𝑛) to 𝐿2(Ω), since lim𝑡↓0 𝑡𝑛−1𝜌 (𝑡) = ∞. As a consequence of the proof of part (i), 𝑇𝑀 is
bounded from 𝐿𝑝 (Ω𝛿 ,ℝ𝑛) to 𝐿𝑝 (Ω) for all 𝑝 ∈ (1,∞) and, hence, by Krasnoselskii’s interpolation
theorem [41, Th. IV.2.9], also compact for all 𝑝 ∈ (1,∞). The compact embedding now follows as
in the proof of Theorem 5.4.5 (ii). □
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Example 5.4.12. Let 𝑝 ∈ (1,∞) and let Ω ⊂ ℝ𝑛 be open and bounded.

(a) Let 0 ≤ 𝑠 < 1, 𝜒 ∈ 𝐶∞
𝑐 (ℝ𝑛) and 𝜌 be as in Example 5.4.9 (b). By Theorem 5.4.11, if 𝑠 = 0

we have a Poincaré inequality, while for 𝑠 > 0 we obtain compactness. This constitutes an
alternative proof as well as a generalization of the results [31, Thms. 6.2 and 7.3], where it
was assumed that 𝜒 is constant around the origin and radially decreasing.

(b) Let 0 ≤ 𝑠 < 1 and 𝜌 be as in Example 5.4.9 (c). By Theorem 5.4.11, we have both a Poincaré
inequality and compactness.

(c) Let 0 ≤ 𝑠 < 1 and 𝜌 be as in Example 5.4.9 (d). By Theorem 5.4.11, if 𝑠 > 0 we have both a
Poincaré inequality and compactness.

(d) Let 𝑠 : [0,∞) → (0, 1) and 𝜌 be as in Example 5.4.9 (e). By Theorem 5.4.11, we have both a
Poincaré inequality and compactness.

5.5 Fundamental theorem of calculus

In this section, we will study when the inverse Fourier transform of 𝑊𝜌 (see (5.33)) is a locally
integrable function, and identify its behavior at the origin. This function will then give us an
analogue of the fundamental theorem of calculus for the nonlocal gradient; precisely, applying the
inverse Fourier transform to (5.34) yields 𝑢 = 𝑉𝜌 ∗ G𝜌𝑢 with 𝑉𝜌 :=𝑊 ∨

𝜌 .
For𝑊 ∨

𝜌 to be a locally integrable function, we require the following mild assumptions, saying
that the kernel 𝜌 lies between two fractional kernels:

(H3) The function 𝑔𝜌 : (0,∞) → ℝ, 𝑡 ↦→ 𝑡𝑛+𝜎−1𝜌 (𝑡) is almost decreasing on (0, Y) for some
𝜎 ∈ (0, 1);

(H4) the function ℎ𝜌 : (0,∞) → ℝ, 𝑡 ↦→ 𝑡𝑛+𝛾−1𝜌 (𝑡) is almost increasing on (0, Y) for some
𝛾 ∈ (0, 1).

Recall from the notation section the definition of almost decreasing/increasing. We will use, as
a consequence of (H3) and Lemma 5.4.3 that

𝑄𝜌 (𝜉) ≥ 𝐶 |𝜉 |𝜎−1, |𝜉 | ≥ 1. (5.49)

Note also that (H3)–(H4) require 𝜎 ≤ 𝛾 ; this can be seen directly or invoking (5.58) below.

Example 5.5.1. Classes of kernels 𝜌 satisfying (H0)–(H4) are:

(a) Given 𝑠 ∈ (0, 1),
𝜌 (𝑥) = 1

|𝑥 |𝑛+𝑠−1 .

In this case, one can take 𝜎 = 𝛾 = 𝑠 . The same conclusion holds for

𝜌 (𝑥) = 𝜒 (𝑥)
|𝑥 |𝑛+𝑠−1 (5.50)

with 𝜒 ∈ 𝐶∞
𝑐 (ℝ𝑛) a non-negative radial function such that 𝜒 (0) > 0 and 𝜒 (𝑥)/|𝑥 |1+𝑠 is

radially decreasing.
(b) Given 𝑠 ∈ (0, 1),

𝜌 (𝑥) = 𝜒 (𝑥) (− log|𝑥 |)
|𝑥 |𝑛+𝑠−1 (5.51)

with 𝜒 ∈ 𝐶∞
𝑐 (𝐵1) a non-negative radial function such that 𝜒 (0) > 0 and 𝜒 (𝑥) (− log|𝑥 |)/|𝑥 |1+𝑠

is radially decreasing. In this case one can take 𝜎 = 𝑠 and any 𝛾 ∈ (𝑠, 1).
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(c) Given 𝑠 ∈ (0, 1),
𝜌 (𝑥) = 𝜒 (𝑥)

|𝑥 |𝑛+𝑠−1(− log|𝑥 |) (5.52)

with 𝜒 ∈ 𝐶∞
𝑐 (𝐵1) a non-negative radial function such that 𝜒 (0) > 0 and 𝜒 (𝑥)/(−|𝑥 |1+𝑠 log|𝑥 |)

is radially decreasing. In this case one can take any 𝜎 ∈ (0, 𝑠) and 𝛾 = 𝑠 .
(d) Given a smooth 𝑠 : [0,∞) → (0, 1) and a non-negative radial function 𝜒 ∈ 𝐶∞

𝑐 (ℝ𝑛) such
that 𝜒 (0) > 0 and 𝜒 (𝑥)/|𝑥 |1+𝑠 ( |𝑥 | ) is radially decreasing,

𝜌 (𝑥) = 𝜒 (𝑥)
|𝑥 |𝑛+𝑠 ( |𝑥 | )−1 .

In this case, one can take 𝜎 = min[0,Y ] 𝑠 and 𝛾 = max[0,Y ] 𝑠 for any Y > 0.
(e) If 𝜌1, 𝜌2 satisfy (H0)–(H4) and 𝛼1, 𝛼2 > 0 then 𝛼1𝜌1 + 𝛼2𝜌2 satisfies (H0)–(H4). In fact, let

𝜎1, 𝜎2 be the exponents of (H3) for 𝜌1, 𝜌2, respectively; let 𝛾1, 𝛾2 be the exponents of (H4) for
𝜌1, 𝜌2, respectively. Then, (H3) holds for 𝛼1𝜌1 + 𝛼2𝜌2 with the exponent min{𝜎1, 𝜎2}, while
(H4) holds with the exponent max{𝛾1, 𝛾2}.

In the following result, the proof that𝑉𝜌 is a function is adapted from that of [31, Th. 5.9], while
the bounds around the origin on 𝑉𝜌 require different arguments since we cannot compare it with
the Riesz kernel.

Theorem 5.5.2. Let 𝜌 have compact support and satisfy (H0)–(H4). Then, there exists a vector radial
function 𝑉𝜌 ∈ 𝐶∞(ℝ𝑛 \ {0},ℝ𝑛) ∩ 𝐿1loc(ℝ𝑛,ℝ𝑛) such that for all 𝜑 ∈ 𝐶∞

𝑐 (ℝ𝑛),

𝜑 (𝑥) =
∫
ℝ𝑛

𝑉𝜌 (𝑥 − 𝑦) · G𝜌𝜑 (𝑦) 𝑑𝑦 for all 𝑥 ∈ ℝ𝑛 . (5.53)

Moreover, there is a constant 𝐶 = 𝐶 (𝑛, 𝜌) > 0 such that for 𝑥 ∈ 𝐵Y \ {0},

|𝑉𝜌 (𝑥) | ≤ 𝐶

|𝑥 |2𝑛−1𝜌 (𝑥) and |∇𝑉𝜌 (𝑥) | ≤ 𝐶

|𝑥 |2𝑛𝜌 (𝑥) . (5.54)

Proof. In light of Proposition 5.4.4 and the well-known interaction between Fourier transforms and
multiplication and convolution, it suffices to show that the inverse Fourier transform 𝑉𝜌 := 𝑊 ∨

𝜌

agrees with a locally integrable function with the stated properties.
Step 1: 𝑉𝜌 is a function. Let 𝜒 ∈ 𝐶∞

𝑐 (ℝ𝑛) be a radial cut-off function with 𝜒 ≡ 1 on 𝐵2/Y . As in
the proof of Theorem 5.4.5 (i), we can write

𝑊𝜌 = 𝜒𝑊𝜌 + (1 − 𝜒)𝑊𝜌 =:𝑊 1
𝜌 +𝑊 2

𝜌 .

Since𝑊 1
𝜌 has compact support, it follows from the Paley-Wiener theorem that (𝑊 1

𝜌 )∨ is analytic.
We also observe that𝑊 2

𝜌 is actually a smooth locally integrable function, namely,

𝑊 2
𝜌 (𝜉) = (1 − 𝜒 (𝜉)) −𝑖𝜉

2𝜋 |𝜉 |2𝑄𝜌 (𝜉)
,

as in (5.35). From Lemma 5.4.10 and its consequence (5.48), and (5.49) we obtain that for any 𝛼 ∈ ℕ𝑛 ,

|𝜕𝛼𝑊 2
𝜌 (𝜉) | ≤

𝐶𝛼

(1 + |𝜉 |1+|𝛼 |)𝑄𝜌 (𝜉)
≤ 𝐶𝛼

1 + |𝜉 | |𝛼 |+𝜎 , 𝜉 ∈ ℝ𝑛 . (5.55)
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If |𝛼 | ≥ 𝑛 +𝑚 for some𝑚 ∈ ℕ, we deduce from [122, Exercise 2.4.1] that

(𝜕𝛼𝑊 2
𝜌 )∨ = (−2𝜋𝑖 ·)𝛼 (𝑊 2

𝜌 )∨, (5.56)

lies in𝐶𝑚 (ℝ𝑛). In particular, we find that (𝑊 2
𝜌 )∨ coincides with a smooth function 𝐾 : ℝ𝑛 \ {0} →

ℝ𝑛 outside the origin. We show in step 2 below that 𝐾 is integrable, which implies that

(𝑊 2
𝜌 )∨ = 𝐾 +𝑉0,

where𝑉0 is a tempered distribution supported at the origin. Therefore, by [122, Prop. 2.4.1],𝑉0 can
be written as a linear combination of derivatives of Dirac deltas, i.e.,

𝑉0 =
∑︁
|𝛼 | ≤𝑘

𝑐𝛼 𝜕
𝛼𝛿0 and 𝑉0 =

∑︁
|𝛼 | ≤𝑘

𝑐𝛼 (2𝜋𝑖 ·)𝛼

for some 𝑘 ∈ ℕ and 𝑐𝛼 ∈ ℂ. We then obtain that

𝑊 2
𝜌 = 𝐾 +

∑︁
|𝛼 | ≤𝑘

𝑐𝛼 (2𝜋𝑖 ·)𝛼 .

However,𝑊 2
𝜌 vanishes at infinity (thanks to (5.55)) and so does 𝐾 as the Fourier transform of an

integrable function, so wemust have 𝑐𝛼 = 0 for all 𝛼 ∈ ℕ𝑛 with |𝛼 | ≤ 𝑘 . This shows that (𝑊 2
𝜌 )∨ = 𝐾 ,

and hence
𝑉𝜌 =𝑊 ∨

𝜌 = (𝑊 1
𝜌 )∨ + (𝑊 2

𝜌 )∨ ∈ 𝐶∞(ℝ𝑛 \ {0};ℝ𝑛),
is a locally integrable function. Note that𝑉𝜌 is real-valued and vector radial since𝑊𝜌 is imaginary-
valued and vector radial.

Step 2: 𝐾 is integrable. By choosing 𝛼 = (𝑛, 0, . . . , 0) and 𝛼 = (𝑛 + 1, 0, · · · , 0) in (5.56) and using
symmetry considerations, we have for 𝑥 ≠ 0 that

|𝐾 (𝑥) | = |𝐾 ( |𝑥 |𝑒1) | =
| (𝜕𝑛1𝑊 2

𝜌 )∨( |𝑥 |𝑒1) |
(2𝜋 |𝑥 |)𝑛 and |𝐾 (𝑥) | = |𝐾 ( |𝑥 |𝑒1) | =

| (𝜕𝑛+11 𝑊 2
𝜌 )∨( |𝑥 |𝑒1) |

(2𝜋 |𝑥 |)𝑛+1 .

The function (𝜕𝑛+11 𝑊 2
𝜌 )∨ is bounded since 𝜕𝑛+11 𝑊 2

𝜌 is integrable by (5.55); consequently, we deduce
from the second identity that

|𝐾 (𝑥) | ≤ 𝐶

|𝑥 |𝑛+1 𝑥 ∈ ℝ𝑛 \ {0},

which shows that 𝐾 is integrable away from the origin. Near the origin, we use that 𝜕𝑛1𝑊 2
𝜌 is also

integrable (cf. (5.55)). Hence, we may utilize the standard formula of the Fourier transform and
partial integration for 0 < |𝑥 | < 2/Y, to find���(𝜕𝑛1𝑊 2

𝜌 )∨( |𝑥 |𝑒1)
��� = ����∫

ℝ𝑛

𝜕𝑛1𝑊
2
𝜌 (𝜉)𝑒2𝜋𝑖 |𝑥 |𝜉1 𝑑𝜉

����
≤ 2𝜋 |𝑥 |

�����∫𝐵1/|𝑥 |\𝐵2/Y 𝜕𝑛−11 𝑊 2
𝜌 (𝜉)𝑒2𝜋𝑖 |𝑥 |𝜉1 𝑑𝜉

�����
+

�����∫𝜕𝐵1/|𝑥 | 𝜕𝑛−11 𝑊 2
𝜌 (𝜉)𝑒2𝜋𝑖 |𝑥 |𝜉1 𝑑H𝑛−1(𝜉)

����� +
�����∫𝐵𝑐1/|𝑥 | 𝜕𝑛1𝑊 2

𝜌 (𝜉)𝑒2𝜋𝑖 |𝑥 |𝜉1 𝑑𝜉
�����

≤ 𝐶 |𝑥 |
∫
𝐵1/|𝑥 |\𝐵2/Y

𝑑𝜉

|𝜉 |𝑛𝑄𝜌 (𝜉)
+𝐶

∫
𝜕𝐵1/|𝑥 |

𝑑H𝑛−1(𝜉)
|𝜉 |𝑛𝑄𝜌 (𝜉)

+𝐶
∫
𝐵𝑐1/|𝑥 |

𝑑𝜉

|𝜉 |𝑛+1𝑄𝜌 (𝜉)
.
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The first inequality is integration by parts in 𝐵1/|𝑥 | and using that (1 − 𝜒) and its derivatives are
zero on 𝐵2/Y , whereas the second inequality uses (5.55). We now estimate each of the three terms
of the right-hand side of the last inequality. We may use Lemma 5.4.3 and (H4) to find

|𝑥 |
∫
𝐵1/|𝑥 |\𝐵2/Y

𝑑𝜉

|𝜉 |𝑛𝑄𝜌 (𝜉)
≤ 𝐶 |𝑥 |

∫
𝐵1/|𝑥 |\𝐵2/Y

1
𝜌 (1/|𝜉 |) 𝑑𝜉 = 𝐶 |𝑥 |

∫
𝐵1/|𝑥 |\𝐵2/Y

1
|𝜉 |𝑛+𝛾−1ℎ𝜌 (1/|𝜉 |) 𝑑𝜉

≤ 𝐶 |𝑥 |
ℎ𝜌 ( |𝑥 |)

∫
𝐵1/|𝑥 |

1
|𝜉 |𝑛+𝛾−1 𝑑𝜉 =

𝐶 |𝑥 |
|𝑥 |1−𝛾ℎ𝜌 ( |𝑥 |) =

𝐶

|𝑥 |𝑛−1𝜌 (𝑥) .

For the second term we use only Lemma 5.4.3 and find∫
𝜕𝐵1/|𝑥 |

𝑑H𝑛−1(𝜉)
|𝜉 |𝑛𝑄𝜌 (𝜉)

≤ 𝐶
∫
𝜕𝐵1/|𝑥 |

1
𝜌 (1/|𝜉 |) 𝑑H

𝑛−1(𝜉) = 𝐶

|𝑥 |𝑛−1𝜌 (𝑥) .

Finally, for the last term we compute with Lemma 5.4.3 and (H3)∫
𝐵𝑐1/|𝑥 |

𝑑𝜉

|𝜉 |𝑛+1𝑄𝜌 (𝜉)
≤ 𝐶

∫
𝐵𝑐1/|𝑥 |

1
|𝜉 |𝜌 (1/|𝜉 |) 𝑑𝜉 = 𝐶

∫
𝐵𝑐1/|𝑥 |

1
|𝜉 |𝑛+𝜎𝑔𝜌 (1/|𝜉 |) 𝑑𝜉

≤ 𝐶

𝑔𝜌 ( |𝑥 |)
∫
𝐵𝑐1/|𝑥 |

1
|𝜉 |𝑛+𝜎 𝑑𝜉 =

𝐶 |𝑥 |𝜎
𝑔𝜌 ( |𝑥 |) =

𝐶

|𝑥 |𝑛−1𝜌 (𝑥) .

All in all, and using also (H3), this shows that for 0 < |𝑥 | < Y/2

|𝐾 (𝑥) | =
| (𝜕𝑛1𝑊 2

𝜌 )∨( |𝑥 |𝑒1) |
(2𝜋 |𝑥 |)𝑛 ≤ 𝐶

|𝑥 |2𝑛−1𝜌 (𝑥) ≤ 𝐶

|𝑥 |𝑛−𝜎 , (5.57)

which proves that 𝐾 is also integrable around the origin.
Step 3: Bounds on 𝑉𝜌 . Since 𝑉𝜌 coincides with 𝐾 up to a smooth function we deduce from (5.57)

that the first inequality in (5.54) holds on any bounded set on which 𝜌 is positive, in particular, on
𝐵Y \ {0}. The bound on the gradient of 𝑉𝜌 follows from analogous calculations to that of step 2,
since

∇𝐾 = ((2𝜋𝑖 ·) ⊗𝑊 2
𝜌 )∨.

□

When we apply Theorem 5.5.2 to Example 5.5.1 (a), we recover and generalize the nonlocal
fundamental theorem of calculus of [31, Th. 4.5]. We can also extend (5.53) to the setting of Sobolev
spaces.

Corollary 5.5.3. Let 𝜌 have compact support and satisfy (H0)–(H4). Let 𝑝 ∈ [1,∞] and Ω ⊂ ℝ𝑛 be
open and bounded. Then, for all 𝑢 ∈ 𝐻 𝜌,𝑝

0 (Ω) it holds that

𝑢 (𝑥) =
∫
ℝ𝑛

𝑉𝜌 (𝑥 − 𝑦) · 𝐷𝜌𝑢 (𝑦) 𝑑𝑦 for a.e. 𝑥 ∈ ℝ𝑛 .

Proof. Since Ω is bounded, we find 𝐻 𝜌,𝑝
0 (Ω) ⊂ 𝐻

𝜌,1
0 (Ω), so it suffices to prove the statement for

𝑢 ∈ 𝐻 𝜌,1
0 (Ω). This can be done by a simple mollification argument. Indeed, we can find a sequence

(𝜑 𝑗 ) 𝑗 ⊂ 𝐶∞
𝑐 (Ω′) for some open and boundedΩ′ ⊂ ℝ𝑛 , such that𝜑 𝑗 → 𝑢 in 𝐿1(ℝ𝑛) and G𝜌𝜑 𝑗 → 𝐷𝜌𝑢

in 𝐿1(ℝ𝑛,ℝ𝑛). Then, the fact that (G𝜌𝜑 𝑗 ) 𝑗 is supported in a fixed compact set and 𝑉𝜌 is locally
integrable yields by Young’s convolution inequality

𝜑 𝑗 =
∫
ℝ𝑛

𝑉𝜌 (· − 𝑦) · G𝜌𝜑 𝑗 (𝑦) 𝑑𝑦 →
∫
ℝ𝑛

𝑉𝜌 (· − 𝑦) · 𝐷𝜌𝑢 (𝑦) 𝑑𝑦 in 𝐿1loc(ℝ𝑛) as 𝑗 → ∞.

Hence, 𝑢 must coincide with the right-hand side, which proves the statement. □
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5.6 Embeddings

The aim of this section is to apply the nonlocal fundamental theorem of calculus (Theorem 5.5.2)
to prove embeddings, Poincaré inequalities and compactness results. One of the advantages of this
approach is that some of them can also be proven for 𝑝 = 1 and 𝑝 = ∞, which is not possible
with purely Fourier arguments, as in Sections 5.4.2 and 5.4.3. Moreover, the embeddings shown are
not restricted to Lebesgue or Hölder spaces, but to the more general Orlicz spaces and spaces with
a prescribed modulus of continuity. Thus, the proof of those embeddings cannot be obtained by
reducing to the fractional setting.

Throughout this section, we assume 𝜌 satisfies (H0)–(H4). To start the analysis of the embed-
dings, we introduce the modulus of continuity 𝜔 : [0, Y) → [0,∞)

𝜔 (𝑡) =
{

1
𝑡𝑛−1𝜌 (𝑡 ) if 𝑡 ∈ (0, Y),
0 if 𝑡 = 0.

It is amodulus of continuity in the sense that it is continuous by (H2) and (H3) and almost increasing
by (H3). In view of (H3) and (H4), we have that there exists 𝐶 > 0 such that for all 𝑡 ∈ (0, Y) and
𝜆 ∈ [1, Y/𝑡),

𝑡𝛾

𝐶
≤ 𝜔 (𝑡) ≤ 𝐶𝑡𝜎 and 𝜆𝜎𝜔 (𝑡)

𝐶
≤ 𝜔 (𝜆𝑡) ≤ 𝐶𝜆𝛾𝜔 (𝑡) . (5.58)

The second inequalities show that we may take scaling factors outside 𝜔 , which we will often use
without mention.

5.6.1 Embeddings into Orlicz spaces

Our first result (Theorem 5.6.2) is an embedding into Orlicz spaces, together with its associated
Poincaré inequality. Its proof uses an inequality of the style of Hardy-Littlewood-Sobolev for gen-
eralized Riesz potentials proved in [138].

As usual in the theory of Orlicz spaces, we say that 𝐴 : [0,∞) → [0,∞) is a Young function
if it is continuous, strictly increasing, convex, with 𝐴(0) = 0 and lim𝑡→∞𝐴(𝑡) = ∞; note that any
Young function is invertible. Then, for Ω ⊂ ℝ𝑛 open one can define the Orlicz space

𝐿𝐴 (Ω) = {𝑢 : Ω → ℝ measurable : ∥𝑢∥𝐿𝐴 (Ω) < ∞},
with the Luxemburg norm

∥𝑢∥𝐿𝐴 (Ω) = inf
{
𝜆 > 0 :

∫
Ω
𝐴

( |𝑢 (𝑥) |
𝜆

)
𝑑𝑥 ≤ 1

}
.

Of course, if 𝐴(𝑡) = 𝑡𝑝 with 𝑝 ∈ (1,∞) then 𝐿𝐴 (Ω) = 𝐿𝑝 (Ω) with the same norm.
In the proof of Theorem 5.6.2 below, given a measurable function �̃� : (0,∞) → (0,∞) we will

use the operator 𝐼�̃� , sending measurable functions 𝑢 : ℝ𝑛 → ℝ to measurable functions 𝐼�̃� (𝑢) :
ℝ𝑛 → ℝ, defined as

𝐼�̃� (𝑢) (𝑥) :=
∫
ℝ𝑛

�̃� ( |𝑥 − 𝑦 |)
|𝑥 − 𝑦 |𝑛 𝑢 (𝑦) 𝑑𝑦, 𝑥 ∈ ℝ𝑛 .

In particular, we will use the boundedness properties of this operator between Lebesgue and Orlicz
spaces proved in [138, Cor. 3.8 (i)], which we reproduce for ease of reference.

Proposition 5.6.1. Let 𝑝 ∈ (1,∞). Assume that:

(a)
∫ 1

0

�̃� (𝑡)
𝑡

𝑑𝑡 < ∞.
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(b) There exist 𝐶,𝐾1, 𝐾2 > 0 with 𝐾1 < 𝐾2 such that for all 𝑟 > 0,

sup
𝑟≤𝑡≤2𝑟

�̃� (𝑡) ≤ 𝐶
∫ 𝐾2𝑟

𝐾1𝑟

�̃� (𝑡)
𝑡

𝑑𝑡 .

(c) There exists 𝐶 > 0 such that for all 𝑟 > 0,

1
𝑟𝑛/𝑝

∫ 𝑟

0

�̃� (𝑡)
𝑡

𝑑𝑡 +
∫ ∞

𝑟

�̃� (𝑡)
𝑡1+𝑛/𝑝

𝑑𝑡 ≤ 𝐶𝐴−1(1/𝑟𝑛) . (5.59)

Then, 𝐼�̃� is bounded from 𝐿𝑝 (ℝ𝑛) to 𝐿𝐴 (ℝ𝑛).
With the aid of Theorem 5.5.2, we have the following embedding of𝐻 𝜌,𝑝

0 (Ω) into Orlicz spaces.
Theorem 5.6.2. Let 𝜌 satisfy (H0)–(H4) and have compact support. Let Ω be bounded. Assume
𝑝 ∈ (1,∞) satisfies 𝛾𝑝 < 𝑛, and 𝐴 is a Young function such that

lim inf
𝑡→∞

𝐴−1(𝑡)
𝜔

(
𝑡−1/𝑛

)
𝑡1/𝑝

> 0. (5.60)

Then, 𝐻 𝜌,𝑝
0 (Ω) is embedded into 𝐿𝐴 (Ω) and there is a constant 𝐶 = 𝐶 (Ω, 𝐴, 𝑛, 𝜌) > 0 such that

∥𝑢∥𝐿𝐴 (Ω) ≤ 𝐶 ∥𝐷𝜌𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) for all 𝑢 ∈ 𝐻 𝜌,𝑝
0 (Ω) . (5.61)

Proof. Define �̃� : (0,∞) → (0,∞) as

�̃� (𝑡) =
{
𝜔 (𝑡) for 𝑡 ∈ (0, Y),
𝑒−𝑡 for 𝑡 ∈ [Y,∞).

Bound (5.54) and the fact that𝑉𝜌 is locally bounded away from the origin allows us to establish the
estimate

𝑉𝜌 (𝑥) ≤ 𝐶 �̃� ( |𝑥 |)|𝑥 |𝑛 , 𝑥 ∈ 𝐵diamΩ+𝛿 \ {0}, (5.62)

for a suitable constant 𝐶 > 0 and 𝛿 > 0 given by supp 𝜌 = 𝐵𝛿 .
Let 𝑢 ∈ 𝐻 𝜌,𝑝

0 (Ω). By Corollary 5.5.3 and (5.62) we can estimate for a.e. 𝑥 ∈ Ω

|𝑢 (𝑥) | ≤
∫
Ω𝛿

|𝑉𝛿 (𝑥 − 𝑦) | |𝐷𝜌𝑢 (𝑦) | 𝑑𝑦 ≤ 𝐶
∫
ℝ𝑛

�̃� ( |𝑥 − 𝑦 |)
|𝑥 − 𝑦 |𝑛 |𝐷𝜌𝑢 (𝑦) | 𝑑𝑦 = 𝐶𝐼�̃� ( |𝐷𝜌𝑢 |) (𝑥) .

On the other hand, the bound |𝑢 | ≤ 𝐶𝐼�̃� ( |𝐷𝜌𝑢 |) is obvious in Ω𝑐 . Therefore, it suffices to show that
the operator 𝐼�̃� is bounded from 𝐿𝑝 (ℝ𝑛) into 𝐿𝐴 (Ω), since we then find

∥𝑢∥𝐿𝐴 (Ω) ≤ 𝐶 ∥𝐼�̃� ( |𝐷𝜌𝑢 |) ∥𝐿𝐴 (Ω) ≤ 𝐶 ∥|𝐷𝜌𝑢 |∥𝐿𝑝 (ℝ𝑛 ) = 𝐶 ∥𝐷𝜌𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) .

For the boundedness of 𝐼�̃� from 𝐿𝑝 (ℝ𝑛) into 𝐿𝐴 (Ω), we shall check (a)–(c) of Proposition 5.6.1.
Condition (a) holds thanks to (5.58), since∫ Y

0

�̃� (𝑡)
𝑡

𝑑𝑡 ≤ 𝐶
∫ Y

0

1
𝑡1−𝜎

𝑑𝑡 < ∞.

As for (b), we calculate, for 𝑟 < Y/2,∫ 2𝑟

𝑟/2

�̃� (𝑡)
𝑡

𝑑𝑡 ≥ 𝐶 sup
𝑟≤𝑡≤2𝑟

�̃� (𝑡)
∫ 2𝑟

𝑟/2

1
𝑡
𝑑𝑡 = 𝐶 log(4) sup

𝑟≤𝑡≤2𝑟
�̃� (𝑡),
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where we have used the second property in (5.58), while for 𝑟 > 2Y∫ 2𝑟

𝑟/2

�̃� (𝑡)
𝑡

𝑑𝑡 ≥ 1
2𝑟

∫ 2𝑟

𝑟/2
𝑒−𝑡 𝑑𝑡 =

𝑒𝑟/2 − 𝑒−𝑟
2𝑟

𝑒−𝑟 ≥ 𝐶 sup
𝑟≤𝑡≤2𝑟

�̃� (𝑡) .

In closing, the bound ∫ 2𝑟

𝑟/2

�̃� (𝑡)
𝑡

𝑑𝑡 ≥ 𝐶 sup
𝑟≤𝑡≤2𝑟

�̃� (𝑡), Y

2
≤ 𝑟 ≤ 2Y

holds trivially as �̃� is a piecewise smooth positive function. Thus, condition (b) is proved.
Finally, we check (c). In fact, since we are only interested in the embedding into 𝐿𝐴 (Ω) for Ω

bounded, it suffices to verify inequality (5.59) for 𝑟 < 𝑟0 for some 𝑟0 < Y. Indeed, for 𝑟 ≥ 𝑟0 the left-
hand side of (5.59) is bounded by a constant times 𝑟−𝑛/𝑝 , so that we can change𝐴 around zero such
that that the inequality is satisfied everywhere (cf. [6, Lemma 4.5]), which leads to an equivalent
Orlicz space [180, Th. V.1.3]. For 𝑟 < 𝑟0 we compute

1
𝑟𝑛/𝑝

∫ 𝑟

0

�̃� (𝑡)
𝑡

𝑑𝑡 +
∫ ∞

𝑟

�̃� (𝑡)
𝑡1+𝑛/𝑝

𝑑𝑡 ≤ 𝐶 𝜔 (𝑟 )
𝑟𝑛/𝑝+𝜎

∫ 𝑟

0

1
𝑡1−𝜎

𝑑𝑡 +𝐶𝜔 (𝑟 )
𝑟𝛾

∫ ∞

𝑟

1
𝑡1−𝛾+𝑛/𝑝

𝑑𝑡 =
𝐶𝜔 (𝑟 )
𝑟𝑛/𝑝

,

where we have used that �̃� (𝑡)/𝑡𝜎 is almost increasing on (0, 𝑟0), whereas �̃� (𝑡)/𝑡𝛾 is almost decreas-
ing on (𝑟,∞); note that the last inequality also uses that 𝛾 < 𝑛/𝑝 . All in all, this shows that it is
sufficient to have

𝜔 (𝑟 )
𝑟𝑛/𝑝

≤ 𝐶𝐴−1(1/𝑟𝑛),
for all 𝑟 < 𝑟0. The validity of such an inequality for some 𝑟0 > 0 is a consequence of (5.60). □

Example 5.6.3. We consider the following applications of Theorem 5.6.2:

(a) Let 𝜌 satisfy (H0)–(H4) and have compact support. Assume 𝑝, 𝑞 ∈ (1,∞) satisfy 𝛾𝑝 < 𝑛,
and

lim inf
𝑡→0

𝑡1−
1
𝑞
+ 1
𝑝
− 1

𝑛 𝜌 (𝑡) 1
𝑛 > 0. (5.63)

By Theorem 5.6.2, 𝐻 𝜌,𝑝
0 (Ω) is embedded into 𝐿𝑞 (Ω). The assumptions are satisfied for the

kernel (5.50) of Example 5.5.1 (a). In this case, 𝑞 = 𝑛𝑝
𝑛−𝑠𝑝 and 𝜎 = 𝛾 = 𝑠 . Thus, the embedding

[31, Th. 6.1] is recovered.
(b) Let 𝜌 satisfy (H0)–(H4) and have compact support. Assume 𝑝 ∈ (1,∞) satisfies 𝛾𝑝 < 𝑛.

Using (H3), we find that (5.63) holds with 𝑞 = 𝑛𝑝
𝑛−𝜎𝑝 . Therefore, by (a),𝐻

𝜌,𝑝
0 (Ω) is embedded

into 𝐿𝑞 (Ω).
(c) Consider the kernel (5.51) of Example 5.5.1 (b). Assume, in addition, that 𝑝 > 1with 𝑠𝑝 < 𝑛.

Then, we may pick any 𝛾 > 𝑠 such that 𝛾𝑝 < 𝑛. Theorem 5.6.2 shows that 𝐻 𝜌,𝑝
0 (Ω) embeds

into the Orlicz space 𝐿𝐴 (Ω), where
𝐴(𝑡) = (𝑡 lm(𝑡))𝑝∗,

𝑝∗ =
𝑛𝑝
𝑛−𝑠𝑝 and lm(𝑡) is the modified logarithm function

lm(𝑡) =
{
1/(1 − log 𝑡) for 𝑡 ≤ 1,
1 + log 𝑡 for 𝑡 > 1.

Indeed, checking that 𝐴 is a Young function is a routine calculation. The inverse of 𝐴 for
𝑡 ≥ 1 is given by

𝐴−1(𝑡) = 𝑡1/𝑝∗

𝑊 (𝑒𝑡1/𝑝∗) ,
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with𝑊 the Lambert𝑊 function (the inverse function of 𝑟 ↦→ 𝑟𝑒𝑟 for 𝑟 ≥ 0). Since𝑊
behaves like log at infinity (i.e.,𝑊 (𝑡)/log 𝑡 → 1 as 𝑡 → ∞), we can see that

𝐴−1(𝑡) ≥ 𝐶 𝑡
1/𝑝∗

log 𝑡
for 𝑡 large.

On the other hand, the corresponding 𝜔 satisfies

𝜔 (𝑡) = 𝑡𝑠

𝜒 (𝑡) (− log 𝑡) ≤ 𝐶 𝑡𝑠

− log 𝑡
, 𝑡 ∈ (0,min{Y, 1}).

The two inequalities above imply (5.60) at once, so Theorem 5.6.2 concludes the embedding
of 𝐻 𝜌,𝑝

0 (Ω) into 𝐿𝐴 (Ω) and the validity of (5.61).

5.6.2 Embeddings into spaces of continuous functions

The opposite case to that of Theorem 5.6.2 that we present is not 𝛾𝑝 ≥ 𝑛, as one would desire, but
𝜎𝑝 > 𝑛. In this case, we actually have embeddings into spaces of continuous functions. To show
this, we first prove the following estimates for the integrals of 𝑉𝜌 .

Lemma 5.6.4. Let 𝜌 have compact support and satisfy (H0)–(H4), 𝑝 ∈ (1,∞] with 𝜎𝑝 > 𝑛 and
𝑅 > 0. Then, there is a constant 𝐶 = 𝐶 (𝑛, 𝑝, 𝜌, 𝑅) > 0 such that:

(i) For all 𝑟 ∈ (0, Y) and |Z | ≤ 𝑟/2,

∥𝑉𝜌 ∥𝐿𝑝′ (𝐵𝑟 ) ≤ 𝐶𝜔 (𝑟 )𝑟−𝑛/𝑝 and ∥𝑉𝜌 −𝑉𝜌 (· + Z )∥𝐿𝑝′ (𝐵𝑅\𝐵𝑟 ) ≤ 𝐶𝜔 (𝑟 )𝑟−𝑛/𝑝 .

(ii) For |Z | ≤ Y/3,
∥𝑉𝜌 −𝑉𝜌 (· + Z )∥𝐿𝑝′ (𝐵𝑅 ) ≤ 𝐶𝜔 ( |Z |) |Z |−𝑛/𝑝 .

Proof. Part (i). For the first bound we compute using (5.54)

∥𝑉𝜌 ∥𝐿𝑝′ (𝐵𝑟 ) ≤ 𝐶
(∫
𝐵𝑟

(
𝜔 ( |𝑥 |)
|𝑥 |𝑛

)𝑝′
𝑑𝑥

)1/𝑝′
≤ 𝐶𝜔 (𝑟 )

𝑟𝜎

(∫
𝐵𝑟

1
|𝑥 | (𝑛−𝜎 )𝑝′ 𝑑𝑥

)1/𝑝′
= 𝐶𝜔 (𝑟 )𝑟−𝑛/𝑝 ,

where the second inequality uses that 𝜔 (𝑟 )/𝑟𝜎 is almost increasing by (H3).
For the second inequality of the statement, we first note that we may restrict to integration over

𝐵Y/2 \ 𝐵𝑟 , since 𝑉𝜌 is Lipschitz continuous on 𝐵𝑅 \ 𝐵Y/2; indeed, we have

∥𝑉𝜌 −𝑉𝜌 (· + Z )∥𝐿𝑝′ (𝐵𝑅\𝐵Y/2 ) ≤ 𝐶 |Z |∥𝟙𝐵𝑅 ∥𝐿𝑝′ (ℝ𝑛 ) ≤ 𝐶𝑅
𝑛
𝑝′ 𝑟 ≤ 𝐶𝑟𝛾−𝑛/𝑝 ≤ 𝐶𝜔 (𝑟 )𝑟−𝑛/𝑝 ,

where the third inequality holds because 𝛾 − 𝑛
𝑝 < 1, and the last one is due to (5.58). As for the

integration in 𝐵Y/2 \ 𝐵𝑟 , we first compute for 𝑥 ∈ 𝐵Y/2 \ 𝐵𝑟 ,

|𝑉𝜌 (𝑥) −𝑉𝜌 (𝑥 + Z ) | ≤ |Z |
∫ 1

0
|∇𝑉𝜌 (𝑥 + 𝑡Z ) | 𝑑𝑡 ≤ 𝑟

∫ 1

0

𝜔 ( |𝑥 + 𝑡Z |)
|𝑥 + 𝑡Z |𝑛+1 𝑑𝑡,

by the fundamental theorem of calculus and (5.54). Therefore,

∥𝑉𝜌 −𝑉𝜌 (· + Z )∥𝐿𝑝′ (𝐵Y/2\𝐵𝑟 ) ≤ 𝑟
(∫
𝐵Y/2\𝐵𝑟

(∫ 1

0

𝜔 ( |𝑥 + 𝑡Z |)
|𝑥 + 𝑡Z |𝑛+1 𝑑𝑡

)𝑝′
𝑑𝑥

) 1
𝑝′
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and, by Jensen’s inequality, Fubini’s theorem, and the fact that 𝑥+𝑡Z ∈ 𝐵Y \𝐵𝑟/2 for each 𝑥 ∈ 𝐵Y/2\𝐵𝑟
and Z ∈ 𝐵𝑟/2,∫

𝐵Y/2\𝐵𝑟

(∫ 1

0

𝜔 ( |𝑥 + 𝑡Z |)
|𝑥 + 𝑡Z |𝑛+1 𝑑𝑡

)𝑝′
𝑑𝑥 ≤

∫ 1

0

∫
𝐵Y/2\𝐵𝑟

(
𝜔 ( |𝑥 + 𝑡Z |)
|𝑥 + 𝑡Z |𝑛+1

)𝑝′
𝑑𝑥 𝑑𝑡 ≤

∫
𝐵Y\𝐵𝑟/2

(
𝜔 ( |𝑥 |)
|𝑥 |𝑛+1

)𝑝′
𝑑𝑥.

Now, by the last inequality of (5.58), for all 𝑥 ∈ 𝐵Y \ 𝐵𝑟/2,

𝜔 ( |𝑥 |) ≤ 𝐶
( |𝑥 |
𝑟

)𝛾
𝜔 (𝑟 ),

so (∫
𝐵Y\𝐵𝑟/2

(
𝜔 ( |𝑥 |)
|𝑥 |𝑛+1

)𝑝′
𝑑𝑥

) 1
𝑝′

≤ 𝐶𝜔 (𝑟 )
𝑟𝛾

(∫
𝐵𝑐
𝑟/2

1
|𝑥 | (𝑛+1−𝛾 )𝑝′𝑑𝑥

) 1
𝑝′

= 𝐶𝜔 (𝑟 )𝑟− 𝑛
𝑝
−1,

since (𝑛 + 1 − 𝛾)𝑝′ > 𝑛𝑝′ ≥ 𝑛. Altogether,

∥𝑉𝜌 −𝑉𝜌 (· + Z )∥𝐿𝑝′ (𝐵Y/2\𝐵𝑟 ) ≤ 𝐶𝜔 (𝑟 )𝑟
− 𝑛

𝑝

and (i) is proved.
Part (ii). We have

∥𝑉𝜌 −𝑉𝜌 (· + Z )∥𝐿𝑝′ (𝐵𝑅 ) ≤ ∥𝑉𝜌 ∥𝐿𝑝′ (𝐵2|Z | ) + ∥𝑉𝜌 (· + Z )∥𝐿𝑝′ (𝐵2|Z | ) + ∥𝑉𝜌 −𝑉𝜌 (· + Z )∥𝐿𝑝′ (𝐵𝑅\𝐵2|Z | ) ,

and each of the terms of the right-hand side can be estimated by part (i) and (5.58) as follows:

∥𝑉𝜌 ∥𝐿𝑝′ (𝐵2|Z | ) + ∥𝑉𝜌 −𝑉𝜌 (· + Z )∥𝐿𝑝′ (𝐵𝑅\𝐵2|Z | ) ≤ 2𝐶𝜔 (2|Z |) |2Z |−𝑛/𝑝 ≤ 𝐶𝜔 ( |Z |) |Z |−𝑛/𝑝

and
∥𝑉𝜌 (· + Z )∥𝐿𝑝′ (𝐵2|Z | ) ≤ ∥𝑉𝜌 ∥𝐿𝑝′ (𝐵3|Z | ) ≤ 𝐶𝜔 (3|Z |) |3Z |−𝑛/𝑝 ≤ 𝐶𝜔 ( |Z |) |Z |−𝑛/𝑝 ,

which completes the proof. □

The next step is to show an embedding into spaces of continuous functions. We first make some
observations and introduce the notation of the spaces of functions with a prescribed modulus of
continuity. For 𝛼 ∈ [0, 𝜎) we define the function 𝜔𝛼 : [0,∞) → [0,∞) as

𝜔𝛼 (𝑡) =

0 if 𝑡 = 0,
𝜔 (𝑡)𝑡−𝛼 if 𝑡 ∈ (0, Y),
𝜔 (Y)Y−𝛼 if 𝑡 ∈ [Y,∞) .

Thanks to (5.58),𝜔𝛼 is continuous at 0. In fact, by (H2), it is continuous, and by (H0), it only vanishes
at 0. Given 𝑈 ⊂ ℝ𝑛 , we define the space 𝐶𝜔𝛼 (𝑈 ) as the set of bounded functions 𝑢 : 𝑈 → ℝ such
that there exists 𝐶 > 0 for which

|𝑢 (𝑥) − 𝑢 (𝑦) | ≤ 𝐶𝜔𝛼 ( |𝑥 − 𝑦 |), 𝑥,𝑦 ∈ 𝑈 ,

equipped with the seminorm

[𝑢]𝐶𝜔𝛼 (Ω) = sup
𝑥,𝑦∈𝑈
𝑥≠𝑦

|𝑢 (𝑥) − 𝑢 (𝑦) |
𝜔𝛼 ( |𝑥 − 𝑦 |)
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and the norm
∥𝑢∥𝐶𝜔𝛼 (𝑈 ) = ∥𝑢∥𝐿∞ (𝑈 ) + [𝑢]𝐶𝜔𝛼 (𝑈 ) .

A standard argument shows that 𝐶𝜔𝛼 (𝑈 ) is a Banach space. Moreover, as a consequence of (5.58),
𝐶𝜔𝛼 (𝑈 ) is embedded in the space𝐶0,𝜎−𝛼 (𝑈 ) of bounded, Hölder continuous functions of exponent
𝜎 − 𝛼 .

With this language we prove, as a consequence of Lemma 5.6.4, the following type of Morrey
inequality.

Theorem 5.6.5. Let 𝜌 have compact support and satisfy (H0)–(H4), 𝑝 ∈ (1,∞] with 𝜎𝑝 > 𝑛 and
Ω ⊂ ℝ𝑛 be open and bounded. Let 𝛼 = 𝑛/𝑝 . Then, any function in 𝐻 𝜌,𝑝

0 (Ω) admits a representative
that is in𝐶𝜔𝛼 (ℝ𝑛). Moreover, there exists a constant𝐶 = 𝐶 (𝑛, 𝑝, 𝜌,Ω) > 0 such that for all continuous
𝑢 ∈ 𝐻 𝜌,𝑝

0 (Ω),
∥𝑢∥𝐶𝜔𝛼 (ℝ𝑛 ) ≤ 𝐶 ∥𝐷𝜌𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) . (5.64)

Proof. Let 𝑢 ∈ 𝐻 𝜌,𝑝
0 (Ω) and 𝑅 > 0 be such that Ω𝛿 ⊂ 𝐵𝑅 , where 𝛿 > 0 is such that supp 𝜌 = 𝐵𝛿 .

Then, by Corollary 5.5.3 and Lemma 5.6.4 (ii), we find for a.e. 𝑥, 𝑧 ∈ ℝ𝑛 with 𝑟 := |𝑥 − 𝑧 | < Y/3 that

|𝑢 (𝑥) − 𝑢 (𝑧) | ≤
∫
𝐵𝑅

|𝑉𝜌 (𝑥 − 𝑦) −𝑉𝜌 (𝑧 − 𝑦) | |𝐷𝜌𝑢 (𝑦) | 𝑑𝑦

≤ ∥𝑉𝜌 −𝑉𝜌 (· + 𝑥 − 𝑧)∥𝐿𝑝′ (𝐵2𝑅 ;ℝ𝑛 ) ∥𝐷𝜌𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) ≤ 𝐶𝜔𝛼 (𝑟 )∥𝐷𝜌𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) .
(5.65)

In particular, there is a continuous representative 𝑢 ∈ 𝐶 (ℝ𝑛) of 𝑢, which also satisfies (5.65). Since
𝑢 = 0 in Ω𝑐 , we even find that

|𝑢 (𝑥) − 𝑢 (𝑧) | ≤ 𝐶𝜔𝛼 ( |𝑥 − 𝑧 |) ∥𝐷𝜌𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) , for all 𝑥, 𝑧 ∈ ℝ𝑛 .

Taking 𝑧 ∈ Ω𝑐 , also yields

|𝑢 (𝑥) | ≤ 𝐶 ∥𝐷𝜌𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) , for all 𝑥 ∈ ℝ𝑛,

which finishes the proof. □

Example 5.6.6. Let 𝑝 ∈ (1,∞] and Ω ⊂ ℝ𝑛 be open and bounded. Then, we have the inequality
(5.64) for the following modulus of continuity 𝜔𝛼 defined for 𝑡 ∈ (0, Y):

(a) For 𝜌 given by (5.50), as in Example 5.5.1 (a), we obtain for 𝑠𝑝 > 𝑛,

𝜔𝛼 (𝑡) = 𝑡𝑠−
𝑛
𝑝 .

This is a generalization of [31, Th. 6.3].
(b) For 𝜌 given by (5.51), as in Example 5.5.1 (b), we obtain for 𝑠𝑝 > 𝑛,

𝜔𝛼 (𝑡) = 𝑡𝑠−
𝑛
𝑝

− log 𝑡
.

(c) For 𝜌 given by (5.52), as in Example 5.5.1 (c), we obtain for 𝑠𝑝 > 𝑛,

𝜔𝛼 (𝑡) = 𝑡𝑠−
𝑛
𝑝 (− log 𝑡) .
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5.6.3 Compact embeddings

An immediate consequence of Theorem 5.6.5 is the compact inclusion of𝐻 𝜌,𝑝
0 (Ω) into 𝐿𝑝 (ℝ𝑛) in the

regime 𝜎𝑝 > 𝑛, since the space of 𝐶𝜔𝛼 (ℝ𝑛) functions vanishing in Ω𝑐 is compactly embedded into
𝐿𝑝 (Ω). Thus, we recover part of the conclusion of Theorem 5.4.11, but with stronger assumptions.
Here, we present an approach to prove compactness from 𝐻

𝜌,𝑝
0 (Ω) into 𝐿𝑝 (ℝ𝑛) for any 𝑝 ∈ [1,∞].

A similar proof to the Morrey inequality of Theorem 5.6.5, using Lemma 5.6.4 as well, yields
the following bounds on translations.

Proposition 5.6.7. Let 𝜌 have compact support and satisfy (H0)–(H4). Let 𝑝 ∈ [1,∞] and let Ω ⊂
ℝ𝑛 be open and bounded. Then, there exists a constant𝐶 = 𝐶 (𝑛, 𝑝, 𝜌,Ω) > 0 such that for all |Z | < Y/3,

∥𝑢 − 𝑢 (· + Z )∥𝐿𝑝 (ℝ𝑛 ) ≤ 𝐶𝜔 ( |Z |) ∥𝐷𝜌𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) for all 𝐻 𝜌,𝑝
0 (Ω) .

Proof. Let 𝑢 ∈ 𝐻 𝜌,𝑝
0 (Ω) and 𝑅 > 0 be such that Ω𝛿 ⊂ 𝐵𝑅 with 𝛿 > 0 such that supp 𝜌 = 𝐵𝛿 . As in

the first inequality of (5.65), we find for a.e. 𝑥 ∈ Ω

|𝑢 (𝑥) − 𝑢 (𝑥 + Z ) | ≤
∫
𝐵2𝑅

|𝑉𝜌 (𝑦) −𝑉𝜌 (𝑦 + Z ) | |G𝜌𝑢 (𝑥 − 𝑦) | 𝑑𝑦.

Consequently, by Minkowski’s integral inequality,

∥𝑢 − 𝑢 (· + Z )∥𝐿𝑝 (ℝ𝑛 ) ≤
∫
𝐵2𝑅

|𝑉𝜌 (𝑦) −𝑉𝜌 (𝑦 + Z ) |∥G𝜌𝑢 (· − 𝑦)∥𝐿𝑝 (ℝ𝑛 ) 𝑑𝑦

=
∫
𝐵2𝑅

|𝑉𝜌 (𝑦) −𝑉𝜌 (𝑦 + Z ) | 𝑑𝑦∥G𝜌𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) ≤ 𝐶𝜔 ( |Z |) ∥G𝜌𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) ,

where the last inequality is due to Lemma 5.6.4 (ii). □

This result allows for an alternative proof of the compact inclusion from 𝐻
𝜌,𝑝
0 (Ω) into 𝐿𝑝 (ℝ𝑛),

via the Fréchet-Kolmogorov criterion (when 𝑝 < ∞) or the Ascoli-Arzelà theorem (when 𝑝 = ∞),
as in [31, Th. 7.3]. We do not provide a proof since it is standard. Except for the cases 𝑝 = 1,∞, the
following result requires stronger assumptions than those of Theorem 5.4.11.

Corollary 5.6.8. Let 𝜌 have compact support and satisfy (H0)–(H4). Let 𝑝 ∈ [1,∞] and let Ω ⊂ ℝ𝑛

be open and bounded. Then the inclusion from 𝐻
𝜌,𝑝
0 (Ω) into 𝐿𝑝 (ℝ𝑛) is compact.

5.7 Inclusion between spaces for different kernels

In this section, we compare the nonlocal Sobolev spaces induced by different kernels. We first prove
the following upper bound on 𝑄𝜌 , complementing Lemma 5.4.3.

Lemma 5.7.1. Let 𝜌 have compact support, be differentiable outside the origin and satisfy (H0), (H1)
and (H4). Then, there is a 𝐶 = 𝐶 (𝑛, 𝜌) > 0 such that

𝑄𝜌 (𝜉) ≤ 𝐶 𝜌 (1/|𝜉 |)|𝜉 |𝑛 for all 𝜉 ∈ 𝐵𝑐1/Y .
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Proof. For \ > 1/Y and 0 < 𝑟 < 1
2\ we compute, thanks to (H4),

𝑓𝜌 (𝑟 ) − 𝑓𝜌
(
𝑟 + 1

2\

)
= ℎ𝜌 (𝑟 )

(
1
𝑟 1+𝛾

− 1(
𝑟 + 1

2\

)1+𝛾 )
+

(
ℎ𝜌 (𝑟 ) − ℎ𝜌

(
𝑟 + 1

2\

))
1(

𝑟 + 1
2\

)1+𝛾
≤ 𝐶ℎ𝜌

(
1
2\

) (
1
𝑟 1+𝛾

− 1(
𝑟 + 1

2\

)1+𝛾 )
+𝐶ℎ𝜌

(
𝑟 + 1

2\

)(
𝑟 + 1

2\

)1+𝛾
= 𝐶

1
(2\ )1+𝛾 𝑓𝜌

(
1
2\

) (
1
𝑟 1+𝛾

− 1(
𝑟 + 1

2\

)1+𝛾 )
+𝐶𝑓𝜌

(
𝑟 + 1

2\

)
.

Consequently,(
𝑓𝜌 (𝑟 ) − 𝑓𝜌

(
𝑟 + 1

2\

))
sin(2𝜋\𝑟 )

≤ 𝐶

\ 1+𝛾
𝑓𝜌

(
1
2\

) (
1
𝑟 1+𝛾

− 1(
𝑟 + 1

2\

)1+𝛾 )
sin(2𝜋\𝑟 ) +𝐶𝑓𝜌

(
𝑟 + 1

2\

)
.

Since, as in (5.32),∫ 1
2\

0

(
1
𝑟 1+𝛾

− 1(
𝑟 + 1

2\

)1+𝛾 )
sin(2𝜋\𝑟 ) 𝑑𝑟 =

∫ 1
\

0

1
𝑟 1+𝛾

sin(2𝜋\𝑟 ) 𝑑𝑟 ≤ 𝐶\
∫ 1

\

0

1
𝑟𝛾
𝑑𝑟 ≤ 𝐶\𝛾

and, by (H1), ∫ 1
2\

0
𝑓𝜌

(
𝑟 + 1

2\

)
𝑑𝑟 ≤ 1

2\
𝑓𝜌

(
1
2\

)
,

we conclude that∫ 1
\

0
𝑓𝜌 (𝑟 ) sin(2𝜋\𝑟 ) 𝑑𝑟 =

∫ 1
2\

0

(
𝑓𝜌 (𝑟 ) − 𝑓𝜌

(
𝑟 + 1

2\

))
sin(2𝜋\𝑟 ) 𝑑𝑟 ≤ 𝐶

\
𝑓𝜌

(
1
2\

)
.

Furthermore, with integration by parts we find∫ ∞

1
\

𝑓𝜌 (𝑟 ) sin(2𝜋\𝑟 ) 𝑑𝑟 = 1
2𝜋\

𝑓𝜌

(
1
\

)
+ 1
2𝜋\

∫ ∞

1
\

𝑑

𝑑𝑟
𝑓𝜌 (𝑟 ) cos(2𝜋 |𝜉 |𝑟𝑧1) 𝑑𝑟

≤ 𝐶

\

(
𝑓𝜌

(
1
\

)
+

∫ ∞

1
\

− 𝑑
𝑑𝑟
𝑓𝜌 (𝑟 ) 𝑑𝑟

)
=
𝐶

\
𝑓𝜌

(
1
\

)
≤ 𝐶

\
𝑓𝜌

(
1
2\

)
.

Summing the previous two inequalities, we find that for all \ > 1/Y,∫ ∞

0
𝑓𝜌 (𝑟 ) sin(2𝜋\𝑟 ) 𝑑𝑟 ≤ 𝐶

\
𝑓𝜌

(
1
2\

)
. (5.66)

On the other hand, recalling (5.30), we obtain that for 𝜉 ≠ 0,

𝜋 |𝜉 |𝑄𝜌 (𝜉) =
∫
𝕊𝑛−1+

𝑧1

∫ ∞

0
𝑓𝜌 (𝑟 ) sin(2𝜋 |𝜉 |𝑟𝑧1) 𝑑𝑟 𝑑H𝑛−1(𝑧)

≤
∫
𝕊𝑛−1+ ∩{𝑧1 |𝜉 | ≤1/Y }

1
|𝜉 |Y

∫ ∞

0
𝑓𝜌 (𝑟 ) sin(2𝜋 |𝜉 |𝑟𝑧1) 𝑑𝑟 𝑑H𝑛−1(𝑧)

+
∫
𝕊𝑛−1+ ∩{𝑧1 |𝜉 |>1/Y }

𝑧1

∫ ∞

0
𝑓𝜌 (𝑟 ) sin(2𝜋 |𝜉 |𝑟𝑧1) 𝑑𝑟 𝑑H𝑛−1(𝑧) .
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For the first term of the right-hand side, we use the inequality sin 𝑡 ≤ 𝑡 (for 𝑡 > 0) as well as (5.10)
and the compact support of 𝑓𝜌 , to obtain that when 0 < 𝑧1 |𝜉 | ≤ 1/Y,

1
|𝜉 |Y

∫ ∞

0
𝑓𝜌 (𝑟 ) sin(2𝜋 |𝜉 |𝑟𝑧1) 𝑑𝑟 ≤ 𝐶 1

|𝜉 |Y |𝜉 |𝑧1 ≤ 𝐶
1
|𝜉 | .

Hence, using that H𝑛−1(𝕊𝑛−1+ ∩ {𝑧1 |𝜉 | ≤ 1/Y}) ≤ 𝐶/|𝜉 |𝑛−1, we have, for 𝜉 ∈ 𝐵𝑐1/Y ,∫
𝕊𝑛−1+ ∩{𝑧1 |𝜉 | ≤1/Y }

1
|𝜉 |Y

∫ ∞

0
𝑓𝜌 (𝑟 ) sin(2𝜋 |𝜉 |𝑟𝑧1) 𝑑𝑟 𝑑H𝑛−1(𝑧) ≤ 𝐶

|𝜉 |𝑛 ≤ 𝐶 𝜌 (1/|𝜉 |)|𝜉 |𝑛−1 ,

where in the last equality we have used the assumption inf𝐵Y 𝜌 > 0 of (H0). For the second term,
we apply (5.66) to obtain that, when 𝑧1 |𝜉 | > 1/Y,

𝑧1

∫ ∞

0
𝑓𝜌 (𝑟 ) sin(2𝜋 |𝜉 |𝑟𝑧1) 𝑑𝑟 ≤ 𝐶

|𝜉 | 𝑓𝜌
(

1
2|𝜉 |𝑧1

)
≤ 𝐶

|𝜉 | 𝑓𝜌
(

1
2|𝜉 |

)
=

𝐶

|𝜉 |𝑛−1 𝜌
(

1
2|𝜉 |

)
≤ 𝐶

|𝜉 |𝑛−1 𝜌
(
1
|𝜉 |

)
,

where we have used that 𝑓𝜌 is decreasing and, for the last inequality, (H4). The proof is concluded.
□

As a consequence of this lemma, we may prove embeddings of our nonlocal spaces for different
kernels.

Theorem 5.7.2. Let Ω ⊂ ℝ𝑛 be open. Let 𝜌1, 𝜌2 have compact support and satisfy (H0)–(H1); let 𝜌1
satisfy (H4). Assume lim inf𝑡↓0 𝜌2(𝑡)/𝜌1(𝑡) > 0 and some of the following:

(i) 𝑝 ∈ (1,∞), 𝜌1, 𝜌2 satisfy (H2) and lim inf𝑡↓0 𝑡𝑛−1𝜌1(𝑡) > 0.

(ii) 𝑝 = 2 and 𝜌1 is differentiable outside the origin.

Then, the continuous inclusion 𝐻 𝜌2,𝑝
0 (Ω) ⊂ 𝐻

𝜌1,𝑝
0 (Ω) holds and there is a 𝐶 = 𝐶 (𝑛, 𝜌1, 𝜌2) > 0 such

that
∥𝐷𝜌1𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) ≤ 𝐶 ∥𝐷𝜌2𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) for all 𝑢 ∈ 𝐻 𝜌2,𝑝

0 (Ω) .
Proof. Let 𝜑 ∈ 𝐶∞

𝑐 (Ω). By Proposition 5.2.6 (ii) and Lemma 5.4.3, we can write

�G𝜌1𝜑 =
𝑄𝜌1

𝑄𝜌2

�G𝜌2𝜑.
Therefore, if

𝑚 :=
𝑄𝜌1

𝑄𝜌2

is an 𝐿𝑝 Fourier multiplier, the result follows readily from a density argument based on Theorem
5.3.9 (i). In the case 𝑝 = 2 (part (ii)), we only have to check that𝑚 is bounded, while for general 𝑝
(part (i)), we shall see that𝑚 satisfies the hypotheses of theMihlin-Hörmander theorem (cf. [122, Th.
6.2.7]).

To show that𝑚 is bounded, we invoke Lemma 5.7.1 for 𝜌1 and Lemma 5.4.3 for 𝜌2 to obtain for
all 𝜉 ∈ 𝐵𝑐2/Y ,

𝑚(𝜉) ≤ 𝐶 𝜌1(1/|𝜉 |)
𝜌2(1/|𝜉 |) ≤ 𝐶,
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where in the last inequality we have used lim inf𝑡↓0 𝜌2(𝑡)/𝜌1(𝑡) > 0. The fact that𝑚 is bounded in
𝐵2/Y is a consequence of Lemma 5.4.3. This completes the proof under assumption (ii).

For 𝑝 ∈ (1,∞), to check the hypotheses of the Mihlin-Hörmander theorem we need to verify
that

|𝜕𝛼𝑚(𝜉) | ≤ 𝐶𝛼 |𝜉 |−|𝛼 |,
for all multiindices 𝛼 ∈ ℕ𝑛 with |𝛼 | ≤ 𝑛/2 + 1. We note that this condition holds for 𝜉 ∈ 𝐵1, since
both 𝑄𝜌1 and 𝑄𝜌2 are smooth and 𝑄𝜌2 is positive. Furthermore, the assumptions imply

lim inf
𝑡↓0

𝑡𝑛−1𝜌1(𝑡) > 0, lim inf
𝑡↓0

𝑡𝑛−1𝜌2(𝑡) > 0,

so we can use (5.47) as well as Lemma 5.4.10 to obtain that, for any 𝛽 ∈ ℕ𝑛 and 𝜉 ∈ 𝐵𝑐1,

|𝜕𝛽𝑄𝜌1 (𝜉) | ≤ 𝐶𝛽 |𝜉 |−|𝛽 | |𝑄𝜌1 (𝜉) | and |𝜕𝛽𝑄𝜌2 (𝜉) | ≤ 𝐶𝛽 |𝜉 |−|𝛽 | |𝑄𝜌2 (𝜉) |.
A straightforward yet tedious calculation now shows that for |𝜉 | ≥ 1�����𝜕𝛼

(
𝑄𝜌1

𝑄𝜌2

)
(𝜉)

����� ≤ 𝐶𝛼 |𝜉 |−|𝛼 |
�����𝑄𝜌1 (𝜉)𝑄𝜌2 (𝜉)

����� = 𝐶𝛼 |𝜉 |−|𝛼 |𝑚(𝜉) ≤ 𝐶𝛼 |𝜉 |−|𝛼 |,

where in the last inequality we use that𝑚 is bounded. This completes the proof under assumption
(i). □

Example 5.7.3. Let Ω ⊂ ℝ𝑛 be open, 𝑠 ∈ (0, 1) and 𝑝 ∈ (1,∞). As in Examples 5.5.1 (a)–(c),
consider 𝜌1 as in (5.50), 𝜌2 as in (5.51) and 𝜌3 as in (5.52). Then 𝐻 𝜌2,𝑝

0 (Ω) ⊂ 𝐻
𝜌1,𝑝
0 (Ω) ⊂ 𝐻

𝜌3,𝑝
0 (Ω).

Moreover, if 𝜌 ′2 is as in (5.51) but for a exponent 𝑠′ ∈ (0, 𝑠), then 𝐻 𝜌3,𝑝
0 (Ω) ⊂ 𝐻

𝜌 ′2,𝑝
0 (Ω).

Of course, changing the roles of 𝜌1 and 𝜌2 in Theorem 5.7.2 gives rise to a criterion of equality
of spaces, which complements that of Proposition 5.3.10.

Corollary 5.7.4. Let Ω ⊂ ℝ𝑛 be open. Let 𝜌1, 𝜌2 have compact support and satisfy (H0)–(H1) and
(H4). Assume

0 < lim inf
𝑡↓0

𝜌2(𝑡)
𝜌1(𝑡) ≤ lim sup

𝑡↓0

𝜌2(𝑡)
𝜌1(𝑡) < ∞

and some of the following:

(i) 𝑝 ∈ (1,∞), 𝜌1, 𝜌2 satisfy (H2) and lim inf𝑡↓0 𝑡𝑛−1𝜌1(𝑡) > 0.

(ii) 𝑝 = 2 and 𝜌1, 𝜌2 are differentiable outside the origin.

Then 𝐻 𝜌1,𝑝
0 (Ω) = 𝐻 𝜌2,𝑝

0 (Ω) and there is a 𝐶 = 𝐶 (𝑛, 𝑝, 𝜌1, 𝜌2) > 0 such that

1
𝐶
∥𝐷𝜌2𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) ≤ ∥𝐷𝜌1𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) ≤ 𝐶 ∥𝐷𝜌2𝑢∥𝐿𝑝 (ℝ𝑛,ℝ𝑛 ) for all 𝑢 ∈ 𝐻 𝜌1,𝑝

0 (Ω).

We finish this section by showing a partial converse of Theorem 5.4.5.

Proposition 5.7.5. Let Ω ⊂ ℝ𝑛 be open and bounded. Let 𝜌 have compact support, be differentiable
outside the origin and satisfy (H0), (H1) and (H4). Then, the following two statements hold:

(i) If there is a 𝐶 = 𝐶 (Ω, 𝑛, 𝜌) > 0 such that

∥𝑢∥𝐿2 (Ω) ≤ 𝐶 ∥𝐷𝜌𝑢∥𝐿2 (ℝ𝑛,ℝ𝑛 ) for all 𝑢 ∈ 𝐻 𝜌
0 (Ω),

then lim sup𝑡↓0 𝑡
𝑛−1𝜌 (𝑡) > 0.
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(ii) If 𝐻 𝜌
0 (Ω) is compactly embedded into 𝐿2(ℝ𝑛), then lim sup𝑡↓0 𝑡

𝑛−1𝜌 (𝑡) = ∞.

Proof. Part (i). We assume to the contrary that lim𝑡↓0 𝑡𝑛−1𝜌 (𝑡) = 0. Then, we obtain thanks to
Lemma 5.7.1 that the function 𝜆𝜌 (𝜉) = 2𝜋𝑖𝜉𝑄𝜌 (𝜉) (see Proposition 5.2.6) is a bounded function
with |𝜆𝜌 (𝜉) | → 0 as |𝜉 | → ∞. Therefore, in light of Lemma 5.2.4, we find

lim
𝑅→∞

sup
𝑢∈𝐶∞

𝑐 (ℝ𝑛 )
∥𝑢 ∥

𝐿2 (ℝ𝑛 ) ≤1

∥Ĝ𝜌𝑢∥𝐿2 (𝐵𝑐
𝑅
) ≤ lim

𝑅→∞
sup
|𝜉 | ≥𝑅

|𝜆𝜌 (𝜉) | = 0,

which implies by the Fréchet-Kolmogorov criterion in Fourier space (cf. [175, Theorem 3]) and
the compact support of 𝜌 , that 𝐷𝜌 is a compact operator from 𝐿2(Ω) (extended as zero in Ω𝑐 ) to
𝐿2(ℝ𝑛,ℝ𝑛). Therefore, a Poincaré inequality is not possible.

Part (ii). If lim sup𝑡↓0 𝑡
𝑛−1𝜌 (𝑡) < ∞, then the function 𝜆𝜌 is bounded. We infer that 𝐷𝜌 is a

bounded operator from 𝐿2(ℝ𝑛) to 𝐿2(ℝ𝑛,ℝ𝑛), as a composition of the following bounded operators
in 𝐿2, initially defined for 𝑢 ∈ 𝐶∞

𝑐 (ℝ𝑛):

𝑢 ↦→ 𝑢 ↦→ 𝜆𝜌𝑢 ↦→ (𝜆𝜌𝑢)∨ = G𝜌𝑢;

see Lemma 5.2.4. Since 𝐷𝜌 is bounded from 𝐿2(ℝ𝑛) to 𝐿2(ℝ𝑛,ℝ𝑛), a compact embedding is not
possible. □



Chapter 6

𝚪-convergence involving nonlocal
gradients with varying horizon:
Recovery of local and fractional
models

This chapter coincides with the preprint

[73] J. Cueto, C. Kreisbeck and H. Schönberger. Γ-convergence involving nonlocal gradients
with varying horizon: Recovery of local and fractional models. Preprint arXiv:2404.18509,
2024.

6.1 Introduction

Nonlocal-to-local limits constitute a pivotal aspect in nonlocal modeling. They can provide a
useful consistency check in confirming the compatibility of a (new) nonlocal model with a local
counterpart that is covered by well-established theories. More generally speaking, the asymp-
totic analysis of critical parameter regimes can yield new insights about limit models from their
approximations and vice versa. In this paper, we address these topics in the context of mod-
els with nonlocal gradients, which have seen a great rise in interest in the last few years, see
e.g., [28, 31, 66, 92, 140, 161, 193, 208].

For a general radial kernel 𝜌 , the nonlocal gradient of a function 𝑢 : ℝ𝑛 → ℝ𝑚 associated to 𝜌
is defined as

𝐷𝜌𝑢 (𝑥) =
∫
ℝ𝑛

𝑢 (𝑥) − 𝑢 (𝑦)
|𝑥 − 𝑦 | ⊗ 𝑥 − 𝑦

|𝑥 − 𝑦 | 𝜌 (𝑥 − 𝑦) 𝑑𝑦 for 𝑥 ∈ ℝ𝑛, (6.1)

whenever this integral exists. A widely studied special case is the Riesz fractional gradient given by
𝐷𝑠 := 𝐷𝜌𝑠 with 𝜌𝑠 = | · |−(𝑛+𝑠−1) for the fractional parameter 𝑠 ∈ (0, 1). It satisfies natural physical
invariance requirements [208] and was brought to the spotlight by Shieh & Spector [193, 194],
who established useful counterparts of results from classical Sobolev space theory and showed
that the associated function spaces coincide with the Bessel potential spaces 𝐻𝑠,𝑝 (ℝ𝑛;ℝ𝑚). This
paved the way for the forthcoming works on fractional variational problems [28, 29, 140], which
were proposed as alternatives to the standard models in continuum mechanics. Due to the reduced
regularity requirements imposed by the fractional derivatives in comparison to the classical ones,
these models admit a broader class of admissible deformations, which allows to account also for
discontinuity effects, such as fracture and cavitation.
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Despite the desirable properties of the Riesz fractional gradient, an intrinsic drawback from the
perspective of continuum mechanical modeling is that it involves integration over the whole space
ℝ𝑛 , which is not suitable for models on bounded domains. This shortcoming can be resolved by
considering kernel functions 𝜌 with compact support, meaning that the range of interactions be-
tween individual points, called the horizon 𝛿 > 0, is finite. In [30,31], Bellido, Cueto & Mora-Corral
used finite-horizon fractional gradients as a basis to propose models of nonlocal hyperelasticity.

Note that the concept of a horizon stems originally from peridynamics [195,196], a nonlocal for-
mulation of continuum mechanics that, in contrast to classical modeling, avoids the use of deriva-
tives, and instead considers the interaction between individual particles that are not necessarily at
an infinitesimal distance. Since its introduction in the 2000s, it has led to a vast literature, ranging
from applied to theoretical contributions, see e.g. [44, 91, 154]. While energetic approaches in the
context of bond-based peridynamics typically involve double-integrals, the energy functionals of
nonlocal hyperelasticity, which are integrals depending on nonlocal gradients, can be interpreted
in the context of state-based peridynamics [197]; one of the advantages of this framework is that it
allows to model a broad range of material properties, e.g., general Poisson ratios in isotropic elastic
materials, in contrast to the bond-based formulation [197].

A first step in putting the nonlocal hyperelastic models on a solid mathematical foundation is
to guarantee the existence of solutions, which has been addressed in [30, 31, 72] for the case of
finite-horizon gradients. The arguments rely essentially on two key techniques: a nonlocal version
of the fundamental theorem of calculus [31], which is needed to prove Poincaré inequalities and
compact embeddings, and a translation method established in [31, 72] that expresses the nonlocal
gradient as the classical gradient composed with a convolution. These tools were recently extended
in [36] to general nonlocal gradients with compactly supported radial kernels, and we utilize this
in Section 6.2.3 to develop an existence theory in this broadened setting.

Our focus in this work lies on the study of the critical parameter regimes for the horizon 𝛿 ,
which can be seen as an important next step towards understanding and validating nonlocal hy-
perelasticity. While the widely used bond-based models are only able to recover a considerably
restrictive class of models through a nonlocal-to-local limit passage [27, 160], we establish in this
paper that the models involving nonlocal gradients are compatible with their local counterpart via
a vanishing horizon limit. For a complete picture of the horizon-dependence, we also analyze the
other extreme regime of diverging horizon, providing a rigorous connection with purely fractional
models.

In the following, we adopt the framework for general nonlocal gradients from the recent pa-
per [36] by Bellido, Mora-Corral & Schönberger. Starting with a fixed radial kernel 𝜌 satisfying the
hypotheses of [36] (see (H0)-(H4) in Section 6.2.2) with horizon equal to 1, i.e., supp 𝜌 = 𝐵1(0), we
apply an isotropic rescaling to obtain the kernels

𝜌𝛿 = 𝑐𝛿𝜌
( ·
𝛿

)
(6.2)

with horizon 𝛿 > 0 and scaling constants 𝑐𝛿 > 0 to be chosen suitably depending on the targeted
parameter regime for 𝛿 , cf. (i) and (ii) below; examples of admissible realizations of kernel functions
𝜌 can be found in Example 6.2.5.

Our aim in this work is to study the asymptotic behavior of the nonlocal gradients associated
to the kernels 𝜌𝛿 in (6.2) for both limits of vanishing and diverging horizon, that is,

(i) 𝛿 → 0 and (ii) 𝛿 → ∞,
and prove the convergence of minimizers via Γ-convergence (cf. [49, 80]) for the corresponding
families of 𝛿-dependent functionals F𝛿 . They consist of vectorial integrals of the form

F𝛿 (𝑢) :=
∫
Ω𝛿

𝑓 (𝑥, 𝐷𝜌𝛿𝑢) 𝑑𝑥, (6.3)
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where the involved quantities are given as follows: The set Ω ⊂ ℝ𝑛 is a bounded domain, Ω𝛿 =
Ω + 𝐵𝛿 (0) is its expansion by the horizon parameter, and the integrand 𝑓 : ℝ𝑛 × ℝ𝑛×𝑚 → ℝ is
assumed to have 𝑝-growth for 𝑝 ∈ (1,∞) and to be quasiconvex in its second argument. The space
of admissible functions for (6.3) is 𝐻 𝜌,𝑝,𝛿

0 (Ω;ℝ𝑚), the natural nonlocal Sobolev space associated to
the gradient 𝐷𝜌𝛿 with a zero complementary-value conditions, meaning that the functions vanish
in Ω𝑐 , see Section 6.2 for more details. Let us now give a brief overview of our findings on the two
limit passages 𝛿 → 0 and 𝛿 → ∞.

(i) Localization via shrinking horizon 𝜹 → 0. With the scaling factors 𝑐𝛿 = 𝛿−𝑛 in (6.2),
which preserves the mass of the kernel 𝜌𝛿 , we confirm for each 𝑢 ∈𝑊 1,𝑝 (ℝ𝑛;ℝ𝑚) the convergence
of the nonlocal gradients to the classical one, precisely,

𝐷𝜌𝛿𝑢 → ∇𝑢 in 𝐿𝑝 (ℝ𝑛;ℝ𝑚×𝑛) as 𝛿 → 0,

see Lemma 6.3.1; for sufficiently smooth functions, the convergence is uniform and the optimal rate
of convergence is explicitly determined by 𝛿2.

As our main result within (i), Theorem 6.3.7 states the Γ-convergence of (F𝛿 )𝛿 from (6.3) with
respect to the strong 𝐿𝑝-topology as 𝛿 → 0 to the limit functional F0 given by

F0(𝑢) =
∫
Ω
𝑓 (𝑥,∇𝑢) 𝑑𝑥 for 𝑢 ∈𝑊 1,𝑝

0 (Ω;ℝ𝑚),

and provides along with this, the corresponding equi-coercivity of (F𝛿 )𝛿 ; the latter constitutes the
major novelty of Theorem 6.3.7, as explained below. Consequently, the minimizers of F𝛿 , which
exist by Theorem 6.2.11, converge (up to subsequences) in 𝐿𝑝 to a minimizer of F0.

The key technical ingredient for our proof of equi-coercivity for (F𝛿 )𝛿 is the estimate (6.4),
which can be seen as an enhanced Poincaré-type inequality. The proof of (6.4) uses the isotropic
scaling from (6.2) to identify the dependence of the Fourier symbol of 𝐷𝜌𝛿 on 𝛿 . Together with
the results on the Fourier symbol of 𝐷𝜌 for a fixed kernel [36], we then deduce from the Mihlin-
Hörmander theorem that the spaces 𝐻 𝜌,𝑝,𝛿 (Ω;ℝ𝑚) do not change with 𝛿 > 0 and that there is a
𝛿-independent constant 𝐶 > 0 such that

∥𝑢∥𝐻𝜎,𝑝 (ℝ𝑛 ;ℝ𝑚 ) ≤ 𝐶 ∥𝐷𝜌𝛿𝑢∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑚×𝑛 ) for all 𝑢 ∈ 𝐻 𝜌,𝑝,𝛿 (Ω;ℝ𝑚) and 𝛿 ∈ (0, 1], (6.4)

where 𝜎 > 0 is related to the kernel 𝜌 , see Theorem 6.3.3 and Corollary 6.3.4.
To set our contribution into context with the existing literature, we mention that closely related

localization results for nonlocal gradients in various relevant topologies can be found in [161] or
deduced from the results in the recent paper [16] by Arroyo-Rabasa, which addresses more gen-
eral nonlocal first-order linear operators. Mengesha & Spector in [161, Theorem 1.7] also present
a first Γ-convergence result for scalar and convex variational problems in their setting. Beyond
the fact that we consider more general quasiconvex integrands in the vectorial case, the only mi-
nor difference with our set-up (see (6.1) and (6.3)) lies in the definition of the nonlocal gradient,
where they consider interactions only between points within the domain Ω. Accordingly, some of
our arguments regarding the liminf-inequality and the construction of recovery sequences share
similarities with [161]. However, in contrast to our work, [161] does not contain any compactness
results (uniformly in 𝛿) or equi-coercivity results, and, therefore, cannot guarantee the existence or
the convergence of minimizers for the involved integral functionals. On the other hand, in a differ-
ent setting of non-symmetric half-space nonlocal gradients for the case 𝑝 = 2, such compactness
results have recently been obtained uniformly in 𝛿 [128].

(ii) Fractional models via diverging horizon 𝜹 → ∞. For the regime of large horizons, we
identify the scaling factors 𝑐𝛿 = 𝜌 (1/𝛿)−1 in (6.2), with 𝜌 the radial representation of 𝜌 , and assume
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additionally that the kernels 𝜌𝛿 converge pointwise to a function 𝜌∞; the scaling factors ensure that
𝜌∞ is equal to 1 on the unit sphere. It turns out that the limit kernel 𝜌∞ will always be a fractional
kernel, that is,

𝜌∞ = | · |−(𝑛+𝑠∞−1) (6.5)

with some 𝑠∞ ∈ (0, 1) characteristic for 𝜌 , see Lemma 6.4.2. Even though this observation may be
surprising, given that the strong singularity of the kernel at the origin will generally not be of a frac-
tional type, it follows because of the fact that the radial representation of 𝜌∞ gains multiplicativity
through the limit process, and is thus, a power function.

In view of (6.5), we then deduce in Proposition 6.4.6 the convergence of the nonlocal gradients
to a Riesz fractional gradient. Precisely, it holds for 𝑢 ∈𝑊 1,𝑝 (ℝ𝑛;ℝ𝑛) that

𝐷𝜌𝛿𝑢 → 𝐷𝑠∞𝑢 in 𝐿𝑝 (ℝ𝑛;ℝ𝑚×𝑛) as 𝛿 → ∞. (6.6)

Using a similar strategy as in (i), we can specify the dependence of the Fourier symbol of 𝐷𝜌𝛿 on
𝛿 and show the analogue of (6.4) for large 𝛿 , see Proposition 6.4.7. This facilitates along with (6.6)
the proof of our main theorem on Γ-convergence and equi-coercivity of the family (F𝛿 )𝛿 (cf. (6.3))
as 𝛿 → ∞; explicitly, Theorem 6.4.10 yields the Γ-limit Γ(𝐿𝑝)- lim𝛿→∞ F𝛿 = F∞ with

F∞(𝑢) =
∫
ℝ𝑛

𝑓 (𝑥, 𝐷𝑠∞𝑢) 𝑑𝑥 for 𝑢 ∈ 𝐻𝑠∞,𝑝0 (Ω;ℝ𝑚). (6.7)

In particular, we have that the minimizers of F𝛿 converge (up to subsequence) in 𝐿𝑝 to a minimizer
of a variational integral depending on Riesz fractional gradients.

Note that the resulting limit objects, that is, fractional functionals of the type (6.7), have been
well-studied in the last years under different assumptions on the integrand, see e.g. [28,140,189,193].
The aspects addressed include weak lower semicontinuity, relaxation, existence of minimizers, and
Euler-Lagrange equations.

The prototypical example that illustrates our results is a truncated version of the Riesz fractional
kernel, that is,

𝜌 =
𝑤

| · |𝑛+𝑠−1 for 𝑠 ∈ (0, 1),

where 𝑤 : ℝ𝑛 → [0,∞) is a suitable smooth, radial cut-off function compactly supported in the
closed unit ball of ℝ𝑛 , cf. Example 6.2.5 a). Applying the two scaling choices of (i) and (ii) gives the
scaled kernels

𝜌𝛿 = 𝛿𝑠−1
𝑤 ( · /𝛿)
| · |𝑛+𝑠−1 and 𝜌𝛿 = 𝑤 (1/𝛿)−1𝑤 ( · /𝛿)

| · |𝑛+𝑠−1 ,

respectively, where 𝑤 denotes the radial representation of 𝑤 . Both these kernels are supported in
the ball 𝐵𝛿 (0) of radius 𝛿 around the origin and give rise to the finite-horizon fractional gradients
𝐷𝑠
𝛿
studied in [26, 30, 31, 72, 141]; we remark that in those references the dependence of the kernel

on 𝛿 is not made explicit, since the horizon was always considered fixed. As a consequence of the
results in this paper, variational problems involving the gradients 𝐷𝑠

𝛿
are confirmed to approximate

their local analogue with classical gradients in the limit of vanishing horizon. As 𝛿 → ∞, we justify
the intuitive connection with the fractional case, which reflects an infinite range of interaction.

Let us close the introduction by briefly pointing out some interesting further connections for
broader context. We observe that for fractional gradients, localization also occurs by letting the
fractional index 𝑠 tend to 1. This was demonstrated for the Riesz fractional gradient 𝐷𝑠 in [29]
and for its finite-horizon version 𝐷𝑠

𝛿
in [72, 141]. Among the first works on nonlocal-to-local limit

passages were those in the context of bond-based peridynamics [8, 35, 47, 158], which successfully
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recover various classical models. However, as shown in [27, 160], there are classical energies that
cannot be obtained from double-integral functionals as 𝛿 goes to 0, as opposed to the setting of this
paper. Finally, the limit of diverging horizon is less common in the literature. Nevertheless, the
convergence of finite-horizon versions of the fractional 𝑝-Laplacian has been established in [37,38]
for both 𝛿 → 0 and 𝛿 → ∞, recovering the classical and fractional 𝑝-Laplacian, respectively.

The manuscript is organized as follows. After introducing in Section 6.2 the nonlocal gradients
and associated function spaces that we are going to work with, we specify the required conditions
on the kernel 𝜌 and collect some technical tools and preliminary results. The core of the paper
are Sections 6.3 and 6.4, where we address the limit analysis of 𝛿 → 0 and 𝛿 → ∞ to recover the
classical and fractional models, respectively. These two sections, which are each presented in a self-
contained way, share a parallel structure: First, showing the convergence of the varying horizon
nonlocal gradients, then, compactness statements uniformly in 𝛿 , and, finally, the Γ-convergence
of the energy functionals in (6.3).

6.2 Preliminaries

6.2.1 Notation

We write |𝑥 | = (∑𝑛
𝑖=1 𝑥

2
𝑖

)1/2 for the Euclidean norm of a vector 𝑥 = (𝑥1, · · · , 𝑥𝑛) ∈ ℝ𝑛 and |𝐴| for
the Frobenius norm of a matrix 𝐴 ∈ ℝ𝑚×𝑛 . The ball centered at 𝑥 ∈ ℝ𝑛 and with radius 𝑟 > 0 is
denoted by 𝐵𝑟 (𝑥) = {𝑦 ∈ ℝ𝑛 : |𝑥 − 𝑦 | < 𝑟 } and the distance between 𝑥 ∈ ℝ𝑛 and a set 𝐸 ⊂ ℝ𝑛 is
written as dist(𝑥, 𝐸). For an open set Ω ⊂ ℝ𝑛 and 𝛿 > 0, we define

Ω𝛿 := Ω + 𝐵𝛿 (0) = {𝑥 ∈ ℝ𝑛 : dist(𝑥,Ω) < 𝛿} (6.8)

and set Ω−𝛿 := {𝑥 ∈ Ω : dist(𝑥,Ω𝑐) > 𝛿}. The complement of a set 𝐸 ⊂ ℝ𝑛 is indicated by
𝐸𝑐 := ℝ𝑛 \ 𝐸, its closure by 𝐸, and its boundary by 𝜕𝐸. We take

𝟙𝐸 (𝑥) =
{
1 for 𝑥 ∈ 𝐸,
0 otherwise,

𝑥 ∈ ℝ𝑛,

to be the indicator function of a set 𝐸 ⊂ ℝ𝑛 . The extension of a function 𝑢 : 𝐸 → ℝ to ℝ𝑛 as zero is
sometimes explicitly denoted as 𝟙𝐸 𝑢. For a function 𝑢 : ℝ𝑛 → ℝ, we denote its support by supp𝑢,
and, if 𝑢 is Lipschitz continuous, its Lipschitz constant by Lip(𝑢).

For 𝑈 ⊂ ℝ𝑛 open, we adopt the standard notation for the space of smooth functions with
compact support𝐶∞

𝑐 (𝑈 ), the Lebesgue space 𝐿𝑝 (𝑈 ) and the Sobolev space𝑊 1,𝑝 (𝑈 ) with 𝑝 ∈ [1,∞].
The spaces can be extended componentwise to vector-valued functions; the target space is explicitly
mentioned in the notation, like, for example, 𝐿𝑝 (𝑈 ;ℝ𝑚). We use the usual multi-index notation for
partial derivatives 𝜕𝛼 with 𝛼 ∈ ℕ𝑛0 . Our convention for the Fourier transform of 𝑓 ∈ 𝐿1(ℝ𝑛) is

𝑓 (𝜉) =
∫
ℝ𝑛

𝑓 (𝑥) 𝑒−2𝜋𝑖𝑥 ·𝜉 𝑑𝑥, 𝜉 ∈ ℝ𝑛,

see e.g., [122] for more details.
For real functions, we use the monotonicity properties of being increasing and decreasing in

the non-strict sense. A function 𝑓 : ℝ → ℝ is called almost decreasing if there is a 𝐶 > 0 such
that 𝑓 (𝑡) ≥ 𝐶𝑓 (𝑠) for 𝑡 ≤ 𝑠 , and an analogous definition holds for almost increasing. For a radial
function 𝑝 : ℝ𝑛 → ℝ, we denote its radial representation by 𝑝 : [0,∞) → ℝ, i.e., 𝑝 (𝑥) = 𝑝 ( |𝑥 |)
for 𝑥 ∈ ℝ𝑛 , and call 𝑝 radially decreasing or increasing, if its radial representation is decreasing or
increasing, respectively.

Finally, throughout the manuscript, we use generic constants, which may change from line to
line without renaming.
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6.2.2 Nonlocal gradients

We now introduce the key elements of our setting, that is, the nonlocal gradients for general kernels
𝜌 as recently studied in [36]; for relatedwork see also [92,93,102], as well as [30,31,72] on the special
case of finite-horizon fractional gradients.

Assume throughout that 𝜌 : ℝ𝑛 \ {0} → [0,∞) is a radial kernel such that

(H0) inf𝐵Y (0) 𝜌 > 0 for some Y > 0 and 𝜌 min{1, | · |−1} ∈ 𝐿1(ℝ𝑛) .
Under this condition, the kernel gives rise to an associated nonlocal gradient.

Definition 6.2.1 (Nonlocal gradient). The nonlocal gradient 𝐷𝜌𝜑 : ℝ𝑛 → ℝ𝑛 for 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛) is

given by

𝐷𝜌𝜑 (𝑥) =
∫
ℝ𝑛

𝜑 (𝑥) − 𝜑 (𝑦)
|𝑥 − 𝑦 |

𝑥 − 𝑦
|𝑥 − 𝑦 | 𝜌 (𝑥 − 𝑦) 𝑑𝑦, 𝑥 ∈ ℝ𝑛 .

We collect here some key properties of 𝐷𝜌 that will be used later on. First of all, with 𝜌 :
(0,∞) → [0,∞) the radial representation of 𝜌 , i.e., 𝜌 = 𝜌 ( | · |), the nonlocal gradient can be written
as the convolution of the classical gradient with the locally integrable function

𝑄𝜌 (𝑥) :=
∫ ∞

|𝑥 |

𝜌 (𝑟 )
𝑟

𝑑𝑟, 𝑥 ∈ ℝ𝑛 \ {0},

that is,

𝐷𝜌𝜑 = 𝑄𝜌 ∗ ∇𝜑 = ∇(𝑄𝜌 ∗ 𝜑) for all 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛), (6.9)

see [36, Propositions 2.6]. When 𝜌 ∈ 𝐿1(ℝ𝑛), then also 𝑄𝜌 ∈ 𝐿1(ℝ𝑛) and one obtains after taking
the Fourier transform that

𝐷𝜌𝜑 (𝜉) = 2𝜋𝑖𝜉𝑄𝜌 (𝜉)𝜑 (𝜉) for 𝜉 ∈ ℝ𝑛, (6.10)

see [36, Propositions 2.5 (𝑖𝑖𝑖) and 2.6].
An important property of the nonlocal gradient is the presence of a duality relation with the

nonlocal divergence, as conveyed by the following integration by parts formula, cf. [36, Proposi-
tion 3.2].

Lemma 6.2.2 (Integration by parts, [36]). Let 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛) and𝜓 ∈ 𝐶∞

𝑐 (ℝ𝑛;ℝ𝑛). Then∫
ℝ𝑛

𝐷𝜌𝜑 ·𝜓 𝑑𝑥 = −
∫
ℝ𝑛

𝜑 div𝜌 𝜓 𝑑𝑥, (6.11)

where
div𝜌 𝜓 (𝑥) :=

∫
ℝ𝑛

𝜓 (𝑥) −𝜓 (𝑦)
|𝑥 − 𝑦 | · 𝑥 − 𝑦

|𝑥 − 𝑦 | 𝜌 (𝑥 − 𝑦) 𝑑𝑦.

Note that the integration over the whole space in (6.11) is sufficient for our purpose, since we
will be working mainly with compactly supported functions; an alternative version of integration
by parts over a bounded domain giving rise to boundary terms was recently proven in [26].

The previous lemma motivates a distributional definition of nonlocal gradients.

Definition 6.2.3 (Weak nonlocal gradients). Let 𝑢 ∈ 𝐿1(ℝ𝑛) + 𝐿∞(ℝ𝑛). We say that 𝑉 ∈
𝐿1loc(ℝ𝑛;ℝ𝑛) is the weak nonlocal gradient of 𝑢, and write 𝐷𝜌𝑢 = 𝑉 , if∫

ℝ𝑛

𝑉 ·𝜓 𝑑𝑥 = −
∫
ℝ𝑛

𝑢 div𝜌 𝜓 𝑑𝑥 for all 𝜓 ∈ 𝐶∞
𝑐 (ℝ𝑛;ℝ𝑛).
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In analogy to classical Sobolev spaces, one introduces for 𝑝 ∈ (1,∞) the 𝜌-nonlocal Sobolev
spaces as

𝐻 𝜌,𝑝 (ℝ𝑛) := {𝑢 ∈ 𝐿𝑝 (ℝ𝑛) : 𝐷𝜌𝑢 ∈ 𝐿𝑝 (ℝ𝑛;ℝ𝑛)},
endowed with the norm

∥𝑢∥𝐻𝜌,𝑝 (ℝ𝑛 ) := ∥𝑢∥𝐿𝑝 (ℝ𝑛 ) + ∥𝐷𝜌𝑢∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) , (6.12)

see [36, Definition 3.4]. Note that these spaces can be equivalently characterized as the closure of
𝐶∞
𝑐 (ℝ𝑛) under the norm in (6.12) in light of [36, Theorem 3.9 (i)]. Additionally, we define for an

open Ω ⊂ ℝ𝑛 the subspaces
𝐻
𝜌,𝑝
0 (Ω) := 𝐶∞

𝑐 (Ω) ∥ · ∥𝐻𝜌,𝑝 (ℝ𝑛 ) ,

where the elements of𝐶∞
𝑐 (Ω) are interpreted as extended toℝ𝑛 by zero. If Ω is a bounded Lipschitz

domain, 𝐻 𝜌,𝑝
0 (Ω) agrees with the complementary-value space of the functions in 𝐻 𝜌,𝑝 (ℝ𝑛) that

are zero in Ω𝑐 , see [36, Theorem 3.9 (iii)]. Prescribed complementary values can be viewed as the
nonlocal analogue of Dirichlet boundary conditions in the local setting.

Example 6.2.4 (Riesz fractional gradient and Bessel potential spaces). The special choice
of kernel function

𝜌𝑠 :=
1

| · |𝑛+𝑠−1 with 𝑠 ∈ (0, 1) (6.13)

gives rise to the Riesz 𝑠-fractional gradient 𝐷𝑠 := 𝐷𝜌𝑠 , given for 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛) by

𝐷𝑠𝜑 (𝑥) =
∫
ℝ𝑛

𝜑 (𝑥) − 𝜑 (𝑦)
|𝑥 − 𝑦 |𝑛+𝑠

𝑥 − 𝑦
|𝑥 − 𝑦 | 𝑑𝑦, 𝑥 ∈ ℝ𝑛,

cf. [193,194]. Commonly,𝐷𝑠 features a normalization constant 𝑐𝑛,𝑠 , which we omit here for the sake
of a cleaner presentation in Section 6.4. The associated nonlocal Sobolev space 𝐻 𝜌𝑠,𝑝 (ℝ𝑛) coincides
with the Bessel potential space 𝐻𝑠,𝑝 (ℝ𝑛) as shown in [193, Theorem 1.7]. A property we will often
exploit is that

𝐻𝑠,𝑝 (ℝ𝑛) is compactly embedded into 𝐿𝑝loc(ℝ𝑛), (6.14)

see e.g., [194, Theorem 2.2] or [28, Theorem 2.3]. Moreover, we set 𝐻𝑠,𝑝0 (Ω) = {𝑢 ∈ 𝐻𝑠,𝑝 (ℝ𝑛) : 𝑢 =
0 a.e. in Ω𝑐}.

Besides the previously introduced hypothesis (H0) on the kernel 𝜌 , used for the definition of
the nonlocal gradient, we require a few more properties in order to have a wider variety of tech-
nical tools, such as compact embeddings and Poincaré inequalities, at our disposal. In accordance
with [36] (see also [36, Remark 4.1]), we make the following assumptions:

Let Y be as in (H0), 𝜈 > 0 and 0 < 𝜎 ≤ 𝛾 < 1.

(H1) The function 𝑓𝜌 : (0,∞) → ℝ, 𝑟 ↦→ 𝑟𝑛−2𝜌 (𝑟 ) is decreasing on (0,∞) and 𝑟 ↦→ 𝑟 𝜈 𝑓𝜌 (𝑟 ) is
decreasing on (0, Y);

(H2) 𝑓𝜌 is smooth outside the origin and for every 𝑘 ∈ ℕ there exists a 𝐶𝑘 > 0 with���� 𝑑𝑘𝑑𝑟𝑘 𝑓𝜌 (𝑟 )���� ≤ 𝐶𝑘 𝑓𝜌 (𝑟 )𝑟𝑘
for 𝑟 ∈ (0, Y);

(H3) the function 𝑟 ↦→ 𝑟𝑛+𝜎−1𝜌 (𝑟 ) is almost decreasing on (0, Y);
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(H4) the function 𝑟 ↦→ 𝑟𝑛+𝛾−1𝜌 (𝑟 ) is almost increasing on (0, Y).

Most of the time, we will not work directly with these hypotheses, but instead make use of
the results and tools proven in [36]; we refer to that paper for a more detailed discussion of the
assumptions (H0)-(H4). The Riesz potential kernel from (6.13) satisfies all these properties, as one
can easily check. Beyond that, we list here a few examples with compactly supported kernels from
[36, Example 5.1] that fit into the setting. Thesewill be revisited also in the later sections to illustrate
our findings.

Example 6.2.5 (Selected kernel functions 𝝆). Let 𝑤 ∈ 𝐶∞
𝑐 (ℝ𝑛) be a non-negative radial func-

tion with𝑤 (0) > 0.
a) Let 𝑠 ∈ (0, 1) and suppose that𝑤/| · |1+𝑠 is radially decreasing. Then,

𝜌 (𝑥) = 𝑤 (𝑥)
|𝑥 |𝑛+𝑠−1 , 𝑥 ∈ ℝ𝑛 \ {0},

satisfies (H0)-(H4) with 𝜎 = 𝛾 = 𝑠 . The associated nonlocal gradient 𝐷𝜌 is referred to as a finite-
horizon fractional gradient. In fact, it holds that 𝐻 𝜌,𝑝 (ℝ𝑛) = 𝐻𝑠,𝑝 (ℝ𝑛) with equivalent norms by
[36, Proposition 3.10].

b) Let 𝑠 ∈ (0, 1) and 𝜅 ∈ {−1, 1}. If supp(𝑤) ⊂ 𝐵1(0) and 𝑤 log𝜅 (1/| · |)/| · |1+𝑠 is radially
decreasing, then the kernel function given by

𝜌 (𝑥) = 𝑤 (𝑥) log𝜅 (1/|𝑥 |)
|𝑥 |𝑛+𝑠−1 , 𝑥 ∈ ℝ𝑛 \ {0},

satisfies (H0)-(H4) with 𝜎 = 𝑠 and any 𝛾 ∈ (𝑠, 1) if 𝜅 = 1 and with any 𝜎 ∈ (0, 𝑠) and 𝛾 = 𝑠 if 𝜅 = −1.

c) Consider a smooth function 𝑠 : [0,∞) → (0, 1) and let 𝑤/| · |1+𝑠 ( | · | ) be radially decreasing.
Then,

𝜌 (𝑥) = 𝑤 (𝑥)
|𝑥 |𝑛+𝑠 ( |𝑥 | )−1 , 𝑥 ∈ ℝ𝑛 \ {0},

is a kernel with spatially varying fractional parameter satisfying (H0)-(H4) with 𝜎 = min[0,Y ] 𝑠 and
𝛾 = max[0,Y ] 𝑠 for any Y > 0.

The following auxiliary result from [36, Lemma 4.3, 4.10 and 7.1] will be exploited in Sections 6.3
and 6.4 to prove compactness results uniformly in the horizon parameter. It provides bounds on
the Fourier transform of 𝑄𝜌 and its derivatives in terms of the radial representation of 𝜌 .

Lemma 6.2.6 (Estimates on ̂𝑸𝝆 and its derivatives, [36]). Let 𝜌 : ℝ𝑛 \ {0} → [0,∞) be a
radial kernel with compact support satisfying (H0)-(H4). Then 𝑄𝜌 is smooth, positive, and there exists
a constant 𝐶 > 0 such that

1
𝐶

𝜌 (1/|𝜉 |)
|𝜉 |𝑛 ≤ 𝑄𝜌 (𝜉) ≤ 𝐶 𝜌 (1/|𝜉 |)|𝜉 |𝑛 for all |𝜉 | ≥ 1/Y. (6.15)

Moreover, for every 𝛼 ∈ ℕ𝑛0 , one has���𝜕𝛼𝑄𝜌 (𝜉)��� ≤ 𝐶𝛼 |𝜉 |−|𝛼 | ���𝑄𝜌 (𝜉)��� for all 𝜉 ≠ 0 (6.16)

with constants 𝐶𝛼 > 0.
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Finally, Poincaré-type inequalities will be indispensible tools for our analysis. We present here
a particular consequence of [36, Theorem 4.11], that suffices for our setting.

Lemma 6.2.7 (Poincaré inequalities and compact embedding, [36]). Let Ω ⊂ ℝ𝑛 be open and
bounded and suppose that the radial kernel function 𝜌 satisfies (H0)-(H4) and has compact support.
Then there is a 𝐶 > 0 such that

∥𝑢∥𝐿𝑝 (ℝ𝑛 ) ≤ 𝐶 ∥𝐷𝜌𝑢∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) for all 𝑢 ∈ 𝐻 𝜌,𝑝
0 (Ω), (6.17)

and 𝐻 𝜌,𝑝
0 (Ω) is compactly embedded into 𝐿𝑝 (ℝ𝑛).

In fact, comparing 𝜌 as in the previous lemma with the kernel from Example 6.2.5 a) with 𝑠 = 𝜎
leads to a stronger estimate that will be utilized several times in what follows. Precisely, by using
(H3) and [36, Theorem 7.2], we find that there is a 𝐶 > 0 such that

∥𝑢∥𝐻𝜎,𝑝 (ℝ𝑛 ) ≤ 𝐶 ∥𝐷𝜌𝑢∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) for all 𝑢 ∈ 𝐻 𝜌,𝑝
0 (Ω) . (6.18)

Remark 6.2.8 (Relaxed assumptions on 𝝆). Note that according to [36, Proposition 3.10], there
is an equivalence between the function spaces and Poincaré inequalities associated to kernels that
agree around the origin. Hence, (6.17) and (6.18) hold even when the smoothness in (H1) only
holds locally, or when the assumption of 𝜌 having compact support is dropped. For example, one
could replace the function 𝑤 in Example 6.2.5 a) by an indicator function 𝟙𝐵𝛿 (0) with 𝛿 > 0 or by
an exponentially decaying function 𝑒−𝛼 | · | with 𝛼 > 0, which leads to the truncated and tempered
fractional kernel of [92, Examples 2 and 3], respectively. △

6.2.3 Existence theory for nonlocal variational problems

Let us address next the solvability of vectorial variational problems involving the nonlocal gradients
as introduced in the previous section. Besides being of general interest, the existence statement of
Theorem 6.2.11 is needed below to conclude the convergence of minimizers for the variational
problems with varying horizon in Sections 6.3 and 6.4. We remark that the results presented here
are new in this generality, but can be derived by following closely the techniques of [72], where the
direct method in the calculus of variations is applied to the special case of functionals depending
on finite-horizon fractional gradients. The adaptation of the proofs is straightforward and left to
the reader.

Throughout this section, we assume that 𝑝 ∈ (1,∞), Ω ⊂ ℝ𝑛 is a bounded Lipschitz domain,
and the kernel 𝜌 satisfies (H0)-(H4) and has compact support. The following result, which allows
us to translate the nonlocal gradients into classical gradients, can be proven by extending (6.9) via
density as in [72, Theorem 2 (𝑖)].
Lemma 6.2.9 (From nonlocal to local gradients). The linear mapQ𝜌 : 𝐻 𝜌,𝑝 (ℝ𝑛) →𝑊 1,𝑝 (ℝ𝑛),
𝑢 ↦→ 𝑄𝜌 ∗ 𝑢 is bounded and it holds for all 𝑢 ∈ 𝐻 𝜌,𝑝 (ℝ𝑛) that

𝐷𝜌𝑢 = ∇(Q𝜌𝑢) .
Another ingredient is the strong convergence of nonlocal gradients in the complement of Ω,

which follows as in [72, Lemma 3] by utilizing the compact embedding of𝐻 𝜌,𝑝
0 (Ω) into 𝐿𝑝 (ℝ𝑛) (see

Lemma 6.2.7) and the Leibniz rule in [36, Lemma 3.8].

Lemma 6.2.10 (Strong convergence in the complement). Let (𝑢 𝑗 ) 𝑗 ⊂ 𝐻
𝜌,𝑝
0 (Ω) be a sequence

that converges weakly to 𝑢 in 𝐻 𝜌,𝑝 (ℝ𝑛). Then, for any [ > 0 it holds that

𝐷𝜌𝑢 𝑗 → 𝐷𝜌𝑢 in 𝐿𝑝 ((Ω[)𝑐 ;ℝ𝑛) as 𝑗 → ∞,
recalling the definition Ω[ = Ω + 𝐵[ (0), see (6.8).
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With these two technical tools and the Poincaré inequality from Lemma 6.2.7 at hand, one can
argue as in the sufficiency part of [72, Theorem 5] and [72, Corollary 2] to obtain the existence of
minimizers for vectorial variational problems with quasiconvex integrands.

Theorem 6.2.11 (Existence of minimizers). Let 𝛿 > 0 be such that supp 𝜌 = 𝐵𝛿 (0) and let
𝑓 : Ω𝛿 ×ℝ𝑚×𝑛 → ℝ be a Carathéodory integrand such that

𝑐 |𝐴|𝑝 −𝐶 ≤ 𝑓 (𝑥,𝐴) ≤ 𝐶 (1 + |𝐴|𝑝) for a.e. 𝑥 ∈ Ω𝛿 and all 𝐴 ∈ ℝ𝑚×𝑛 .

If 𝐴 ↦→ 𝑓 (𝑥,𝐴) is quasiconvex for a.e. 𝑥 ∈ Ω, then the functional

F : 𝐻 𝜌,𝑝
0 (Ω;ℝ𝑚) → ℝ, F (𝑢) :=

∫
Ω𝛿

𝑓 (𝑥, 𝐷𝜌𝑢) 𝑑𝑥 (6.19)

admits a minimizer.

Note that taking 𝛿 > 0 such that supp 𝜌 = 𝐵𝛿 (0) ensures that 𝐷𝜌𝑢 is zero in Ω𝑐
𝛿
for all 𝑢 ∈

𝐻
𝜌,𝑝
0 (Ω). Hence, the functional F in (6.19) defined as an integral over the bounded set Ω𝛿 captures

all the non-trivial parts of 𝐷𝜌 .
Quasiconvexity, which is well-known to characterize the weak lower semicontinuity of integral

functionals in the classical case [75,165], is indeed the natural convexity notion also in the context
of variational integrals depending on nonlocal gradients. This observation can be seen as a gener-
alization of [140, Theorem 1.1] and [72, Theorem 5] and relies on Lemma 6.2.9 and the following
inverse translation operator.

Lemma 6.2.12 (From local to nonlocal gradients). There is a bounded linear operator P𝜌 :
𝑊 1,𝑝 (ℝ𝑛) → 𝐻 𝜌,𝑝 (ℝ𝑛) such that P𝜌 = (Q𝜌 )−1. In particular, for all 𝑣 ∈𝑊 1,𝑝 (ℝ𝑛) we have

∇𝑣 = 𝐷𝜌 (P𝜌𝑣).
Proof. We define the operator

P𝜌 : S (ℝ𝑛) → S (ℝ𝑛), P𝜌𝑣 :=
(
�̂�/𝑄𝜌

)∨
,

which is well-defined given that 1/𝑄𝜌 is smooth and has polynomially bounded derivatives by
Lemma 6.2.6 and (H3). It is also clear that P𝜌 = (Q𝜌 )−1 and 𝐷𝜌 ◦ P𝜌 = ∇ on the space S (ℝ𝑛),
so it is sufficient to prove that P𝜌 extends to a bounded operator from𝑊 1,𝑝 (ℝ𝑛) to 𝐿𝑝 (ℝ𝑛). By
Lemma 6.2.6, (H3) and the Mihlin-Hörmander theorem (cf. e.g. [122, Theorem 6.2.7]), it can be
verified that ⟨·⟩𝜎−1/𝑄𝜌 is an 𝐿𝑝-multiplier, where ⟨𝜉⟩ :=

√︁
1 + |𝜉 |2 for 𝜉 ∈ ℝ𝑛 . Hence, arguing as in

[141, Section 2.3], we find that P𝜌 extends to a bounded operator from 𝐻 1−𝜎,𝑝 (ℝ𝑛) to 𝐿𝑝 (ℝ𝑛) and,
in particular, it is also bounded from𝑊 1,𝑝 (ℝ𝑛) to 𝐿𝑝 (ℝ𝑛). □

The following can now be proven as in [72, Remark 8], given that we have both translation
operators Q𝜌 ,P𝜌 , the Leibniz rule from [36, Lemma 3.8], and the compact embedding of 𝐻 𝜌,𝑝

0 (Ω)
into 𝐿∞(ℝ𝑛) for 𝑝 > 𝑛/𝜎 (cf. [36, Theorem 6.5]).

Corollary 6.2.13 (Nonlocal representation of quasiconvexity). Let𝛿 > 0 be such that supp 𝜌 =
𝐵𝛿 (0). A continuous function ℎ : ℝ𝑚×𝑛 → ℝ is quasiconvex if and only if

𝑓 (𝐴) ≤ 1
|Ω𝛿 |

∫
Ω𝛿

𝑓 (𝐴 + 𝐷𝜌𝑢) 𝑑𝑥 for all 𝐴 ∈ ℝ𝑚×𝑛 and 𝑢 ∈ 𝐻 𝜌,∞
0 (Ω;ℝ𝑚),

with 𝐻 𝜌,∞
0 (Ω;ℝ𝑚) := {𝑢 ∈ 𝐿∞(ℝ𝑛;ℝ𝑚) : 𝐷𝜌𝑢 ∈ 𝐿∞(ℝ𝑛;ℝ𝑚×𝑛), 𝑢 = 0 a.e. in Ω𝑐}.



6.3. LOCALIZATION WHEN 𝛿 → 0 193

6.2.4 Scaled kernels

We introduce here the setting and notations for varying horizon nonlocal gradients obtained via
scaling of a fixed nonlocal gradient, as they will be used in the limits of vanishing and diverging
horizon in Sections 6.3 and 6.4.

Our starting point is a radial kernel 𝜌 that satisfies (H0)-(H4) and is normalized in the sense that

supp 𝜌 = 𝐵1(0) and
∫
ℝ𝑛

𝜌 𝑑𝑥 = 𝑛. (6.20)

One can then compute that∫
ℝ𝑛

𝑄𝜌 𝑑𝑥 = 1, or equivalently, 𝑄𝜌 (0) = 1. (6.21)

Notice that the kernels from Example 6.2.5 can all be rescaled and normalized to satisfy (6.20).
The rescaled family of kernels (𝜌𝛿 )𝛿 for horizons 𝛿 > 0 is then defined by

𝜌𝛿 (𝑥) = 𝑐𝛿𝜌
(𝑥
𝛿

)
, 𝑥 ∈ ℝ𝑛, (6.22)

with (𝑐𝛿 )𝛿 ⊂ (0,∞) a suitable sequence of scaling factors. Precisely, they are chosen as 𝑐𝛿 = 𝛿−𝑛

for the limit 𝛿 → 0 and as 𝑐𝛿 = 𝜌 (1/𝛿)−1 for the limit 𝛿 → ∞.
We collect here a few general observations about the rescaled kernels and associated gradients.

First, it follows that supp 𝜌𝛿 = 𝐵𝛿 (0), which makes 𝐷𝜌𝛿 a nonlocal gradient with horizon 𝛿 ; in
particular, the initial gradient 𝐷𝜌 corresponds with the gradient 𝐷𝜌1 with horizon distance equal to
1. Moreover, the rescaling preserves the key properties of the kernel function, that is, for any 𝛿 > 0,
the kernel 𝜌𝛿 also satisfies (H0)-(H4). This makes all the results in the previous sections applicable
to these kernels as well, in particular, the existence result of Theorem 6.2.11. Finally, we observe
that the kernel associated to 𝜌𝛿 satisfies

𝑄𝜌𝛿 = 𝑐𝛿𝑄𝜌
( ·
𝛿

)
and 𝑄𝜌𝛿 = 𝑐𝛿𝛿

𝑛𝑄𝜌 (𝛿 ·), (6.23)

where we have used [122, Proposition 2.3.22 (7)] for the interaction between scaling and Fourier
transforms.

To highlight the dependence on the horizon parameter, we denote the spaces associated to 𝐷𝜌𝛿
by

𝐻 𝜌,𝑝,𝛿 (ℝ𝑛) = {𝑢 ∈ 𝐿𝑝 (ℝ𝑛) : 𝐷𝜌𝛿𝑢 ∈ 𝐿𝑝 (ℝ𝑛;ℝ𝑛)},
and similarly for 𝐻 𝜌,𝑝,𝛿

0 (Ω); it holds specifically that 𝐻 𝜌,𝑝 (ℝ𝑛) = 𝐻 𝜌,𝑝,1(ℝ𝑛).

6.3 Localization when 𝜹 → 0
This section is devoted to the localization process, that is, to the asymptotic analysis in the limit
of vanishing horizon. We start by showing that the suitably scaled nonlocal gradients converge to
the classical one as 𝛿 → 0, and subsequently prove compactness results uniformly in the horizon
parameter 𝛿 . Finally, we utilize these tools to establish the Γ-convergence of integral functionals
depending on scaled nonlocal gradients to their local counterparts as the horizon tends to zero.

For this analysis, we fix a radial kernel 𝜌 that satisfies (H0)-(H4) and (6.20), and consider for
𝛿 ∈ (0, 1], the scaled kernels

𝜌𝛿 =
1
𝛿𝑛
𝜌

( ·
𝛿

)
and 𝑄𝜌𝛿 =

1
𝛿𝑛
𝑄𝜌

( ·
𝛿

)
,
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which corresponds to (6.22) with the scaling factors 𝑐𝛿 = 𝛿−𝑛 . Observe that this choice of scaling
preserves the normalizations

∫
ℝ𝑛 𝜌𝛿 𝑑𝑥 = 𝑛 and

∫
ℝ𝑛 𝑄𝜌𝛿 𝑑𝑥 = 1 for each 𝛿 ∈ (0, 1], and (6.23)

specifies to
𝑄𝜌𝛿 = 𝑄𝜌 (𝛿 · ). (6.24)

Throughout this section, we take 𝑝 ∈ (1,∞) and assume Ω to be a bounded Lipschitz domain.

6.3.1 Localization of the nonlocal gradient

Here, we present the convergence of the scaled nonlocal gradients to the classical gradient. Starting
with the case of smooth functions, which features an explicit convergence rate, we subsequently
extend the analysis to Sobolev functions on bounded domains and the whole space ℝ𝑛 . In the case
of bounded domains, the nonlocal gradient is defined on a smaller set than the classical one, but
this difference vanishes as 𝛿 → 0. Closely related localization results can be found in [16, 161].

Lemma 6.3.1 (Localization of nonlocal gradients). The following statements hold:

(𝑖) For each 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛) and for all 𝛿 ∈ (0, 1], one has that

∥𝐷𝜌𝛿𝜑 − ∇𝜑 ∥𝐿∞ (ℝ𝑛 ;ℝ𝑛 ) ≤ 𝛿2Lip(∇2𝜑) . (6.25)

In particular, 𝐷𝜌𝛿𝜑 → ∇𝜑 uniformly on ℝ𝑛 as 𝛿 → 0.

(𝑖𝑖) For each 𝑢 ∈𝑊 1,𝑝 (Ω), it holds that
𝟙Ω−𝛿𝐷𝜌𝛿𝑢 → ∇𝑢 in 𝐿𝑝 (Ω;ℝ𝑛) as 𝛿 → 0;

recall that Ω−𝛿 := {𝑥 ∈ Ω : dist(𝑥,Ω𝑐) > 𝛿}.
(𝑖𝑖𝑖) For each 𝑢 ∈𝑊 1,𝑝 (ℝ𝑛), one has that 𝑢 ∈ 𝐻 𝜌𝛿 ,𝑝 (ℝ𝑛) for all 𝛿 ∈ (0, 1], and

𝐷𝜌𝛿𝑢 → ∇𝑢 in 𝐿𝑝 (ℝ𝑛;ℝ𝑛) as 𝛿 → 0.

Proof. Part (𝑖): Let 𝜓 ∈ 𝐶∞
𝑐 (ℝ𝑛;ℝ𝑛). Then the multivariate version of Taylor’s theorem with inte-

gral remainder shows for 𝑥 ∈ ℝ𝑛 that

|𝑄𝜌𝛿 ∗𝜓 (𝑥) −𝜓 (𝑥) | =
����∫
𝐵𝛿 (𝑥 )

𝑄𝜌𝛿 (𝑥 − 𝑦) (𝜓 (𝑦) −𝜓 (𝑥)) 𝑑𝑦����
≤

����∫
𝐵𝛿 (𝑥 )

𝑄𝜌𝛿 (𝑥 − 𝑦)∇𝜓 (𝑥) (𝑦 − 𝑥) 𝑑𝑦
����

+
∫
𝐵𝛿 (𝑥 )

𝑄𝜌𝛿 (𝑥 − 𝑦)
����∫ 1

0

(∇𝜓 (𝑥 + 𝑡 (𝑦 − 𝑥)) − ∇𝜓 (𝑥)) (𝑦 − 𝑥) 𝑑𝑡 ���� 𝑑𝑦
≤ 𝛿2Lip(∇𝜓 )

∫
𝐵𝛿 (𝑥 )

𝑄𝜌𝛿 (𝑥 − 𝑦) 𝑑𝑦 = 𝛿2Lip(∇𝜓 ),

where we have used that ∥𝑄𝜌𝛿 ∥𝐿1 (ℝ𝑛 ) = 1, and also the radiality of 𝑄𝜌𝛿 to cancel the term in the
second line. Applying this estimate with 𝜓 = ∇𝜑 for any 𝜑 ∈ 𝐶∞

𝑐 (ℝ𝑛) proves the claim in light of
(6.9).

Part (𝑖𝑖): Since 𝑢 ∈ 𝑊 1,𝑝 (Ω), the nonlocal gradient 𝐷𝜌𝛿𝑢 is well-defined in Ω−𝛿 and coincides
with 𝑄𝜌𝛿 ∗ ∇𝑢 on this set (cf. [36, Proposition 3.5]). Let 𝑗 ∈ ℕ and choose 𝜑 𝑗 ∈ 𝐶∞

𝑐 (ℝ𝑛) such that

∥𝜑 𝑗 − 𝑢∥𝑊 1,𝑝 (Ω) ≤
1
𝑗
,



6.3. LOCALIZATION WHEN 𝛿 → 0 195

which is possible as Ω is a bounded Lipschitz domain by assumption. Additionally, we can choose
𝛿 = 𝛿 ( 𝑗) small enough in light of Part (𝑖) such that

∥𝐷𝜌𝛿𝜑 𝑗 − ∇𝜑 𝑗 ∥𝐿𝑝 (Ω;ℝ𝑛 ) ≤
1
𝑗

and ∥∇𝑢∥𝐿𝑝 (Ω\Ω−𝛿 ;ℝ𝑛 ) ≤
1
𝑗
.

The previous estimates along with (6.9) then imply

∥𝟙Ω−𝛿𝐷𝜌𝛿𝑢 − ∇𝑢∥𝐿𝑝 (Ω;ℝ𝑛 ) ≤ ∥𝐷𝜌𝛿𝑢 − 𝐷𝜌𝛿𝜑 𝑗 ∥𝐿𝑝 (Ω−𝛿 ;ℝ𝑛 ) + ∥𝐷𝜌𝛿𝜑 𝑗 − ∇𝜑 𝑗 ∥𝐿𝑝 (Ω−𝛿 ;ℝ𝑛 )
+ ∥∇𝜑 𝑗 − ∇𝑢∥𝐿𝑝 (Ω−𝛿 ;ℝ𝑛 ) + ∥∇𝑢∥𝐿𝑝 (Ω\Ω−𝛿 ;ℝ𝑛 )

≤ ∥𝑄𝜌𝛿 ∗ ∇𝑢 −𝑄𝜌𝛿 ∗ ∇𝜑 𝑗 ∥𝐿𝑝 (Ω−𝛿 ;ℝ𝑛 ) +
3
𝑗

≤ ∥𝑄𝜌𝛿 ∥𝐿1 (ℝ𝑛 ) ∥∇𝑢 − ∇𝜑 𝑗 ∥𝐿𝑝 (Ω;ℝ𝑛 ) +
3
𝑗
≤ 4
𝑗
,

where the last line is due to Young’s convolution inequality.
Part (𝑖𝑖𝑖): This follows with similar arguments as in Part (𝑖𝑖) or, alternatively, from [16, Theo-

rem C] with A = ∇. □

Remark 6.3.2. a) In view of estimate (6.25), 𝐷𝜌𝛿 converges to ∇ quadratically in 𝛿 , given that
∇2𝜑 is Lipschitz continuous. More generally, if 𝜑 is twice differentiable such that ∇2𝜑 is 𝛼-Hölder
continuous with 𝛼 ∈ (0, 1], a similar argument induces the convergence rate 𝛿1+𝛼 , while for a
differentiable 𝜑 with 𝛼-Hölder continuous gradient, convergence takes place at a rate of 𝛿𝛼 .

b) Our Γ-convergence result in Section 6.3.3 is formulated for admissible functions with pre-
scribed Dirichlet conditions in the complement of Ω. Therefore, Lemma 6.3.1 (𝑖𝑖𝑖) is sufficient for
these purposes. However, the sharper result in Part (𝑖𝑖) for bounded domains can be useful in the
future for studying vanishing-horizon limits in more general settings, such as the Neumann-type
problems considered in [141]. △

6.3.2 Compactness uniformly in 𝜹 ∈ (0, 1]

In this section, we establish a compactness result for the nonlocal gradients that hold uniformly in
the horizon parameter. The following theorem, which is also interesting in its own right (cf. (6.27)
below), serves as a technical basis by providing a comparison between the norms of the nonlocal
gradients with different horizons; this includes also the classical gradient, denoted for consistency
by 𝐷𝜌0 := ∇. Our proof relies on Fourier multiplier theory and takes inspiration from the one of
[36, Theorem 7.2] for comparing Sobolev spaces associated to different nonlocal gradients.

Theorem 6.3.3 (Comparison between scaled nonlocal gradients). Let 𝛿 > 0 and (𝛿1, 𝛿2) ∈
[𝛿, 1] × [0, 1]. Then, there exists a constant 𝐶 = 𝐶 (𝜌, 𝑛, 𝑝, 𝛿) > 0 such that

∥𝐷𝜌𝛿1𝜑 ∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) ≤ 𝐶 ∥𝐷𝜌𝛿2𝜑 ∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) for all 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛) .

Proof. Define the function𝑚𝛿1,𝛿2 : ℝ
𝑛 \ {0} → (0,∞) by

𝑚𝛿1,𝛿2 (𝜉) :=
𝑄𝜌 (𝛿1𝜉)
𝑄𝜌 (𝛿2𝜉)

,

recalling that 𝑄𝜌 is non-negative. Then, we find in view of (6.10) and (6.24) that�𝐷𝜌𝛿1𝜑 =𝑚𝛿1,𝛿2
�𝐷𝜌𝛿2𝜑.
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for every 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛); in particular, the case 𝛿2 = 0 is valid given that 𝑄𝜌 (0) = 1. It now suffices

to show with the help the Mihlin-Hörmander theorem (cf. e.g. [122, Theorem 6.2.7]) that𝑚𝛿1,𝛿2 are
𝐿𝑝-multipliers with estimates independent of 𝛿1 and 𝛿2. To this aim, we need to prove that for every
𝛼 ∈ ℕ𝑛0 with |𝛼 | ≤ 𝑛

2 + 1, ��𝜕𝛼𝑚𝛿1,𝛿2 (𝜉)
�� ≤ 𝐶 |𝜉 |−|𝛼 | for all 𝜉 ≠ 0 (6.26)

with a constant 𝐶 > 0 depending only on 𝑛, 𝜌 and 𝛿 .
We note that the second part of Lemma 6.2.6 together with the Leibniz and quotient rules for

differentiation imply

|𝜕𝛼𝑚𝛿1,𝛿2 (𝜉) | ≤ 𝐶 |𝜉 |−|𝛼 | |𝑚𝛿1,𝛿2 (𝜉) | for all 𝜉 ≠ 0

with 𝐶 = 𝐶 (𝑛) > 0. Therefore, it only remains to verify (6.26) for 𝛼 = 0, that is, we need to show
𝑚𝛿1,𝛿2 is uniformly bounded independent of 𝛿1 and 𝛿2. We prove this by distinguishing two cases.

Case 1: 𝛿1 ≥ 𝛿2. For 0 < |𝜉 | ≤ 1
𝛿2Y

with Y > 0 the parameter in the hypotheses (H0)-(H4), one
can estimate ��𝑚𝛿1,𝛿2 (𝜉)

�� = �����𝑄𝜌 (𝛿1𝜉)𝑄𝜌 (𝛿2𝜉)

����� ≤ (
min𝐵1/Y (0) 𝑄𝜌

)−1
,

considering that ∥𝑄𝜌 ∥𝐿∞ (ℝ𝑛 ) ≤ ∥𝑄𝜌 ∥𝐿1 (ℝ𝑛 ) = 1 by (6.21). On the other hand, we infer for |𝜉 | ≥ 1
𝛿2Y

from Lemma 6.2.6 that

|𝑚𝛿1,𝛿2 (𝜉) | =
�����𝑄𝜌 (𝛿1𝜉)𝑄𝜌 (𝛿2𝜉)

����� ≤ 𝐶 (
𝛿2
𝛿1

)𝑛 𝜌 (
1

𝛿1 |𝜉 |
)

𝜌
(

1
𝛿2 |𝜉 |

) = 𝐶

(
𝛿2
𝛿1

)1−𝛾 𝜌 (
1

𝛿1 |𝜉 |
) (

1
𝛿1 |𝜉 |

)𝑛+𝛾−1
𝜌
(

1
𝛿2 |𝜉 |

) (
1

𝛿2 |𝜉 |
)𝑛+𝛾−1

≤ 𝐶
(
𝛿2
𝛿1

)1−𝛾
≤ 𝐶𝛿𝛾−1,

where the second inequality uses the almost monotonicity in (H4).
Case 2: 𝛿1 ≤ 𝛿2. Similarly as in Case 1, we obtain for 0 < |𝜉 | ≤ 1

𝛿1Y
that��𝑚𝛿1,𝛿2 (𝜉)

�� = �����𝑄𝜌 (𝛿1𝜉)𝑄𝜌 (𝛿2𝜉)

����� ≤ (
min𝐵𝛿2/(𝛿1Y ) (0)

𝑄𝜌
)−1 ≤ (

min𝐵1/(𝛿Y ) (0) 𝑄𝜌
)−1
,

and for |𝜉 | ≥ 1/(𝛿1Y) by Lemma 6.2.6 that

|𝑚𝛿1,𝛿2 (𝜉) | =
�����𝑄𝜌 (𝛿1𝜉)𝑄𝜌 (𝛿2𝜉)

����� ≤ 𝐶 (
𝛿2
𝛿1

)𝑛 𝜌 (
1

𝛿1 |𝜉 |
)

𝜌
(

1
𝛿2 |𝜉 |

) ≤ 𝐶
(
𝛿2
𝛿1

)1−𝜎
≤ 𝐶𝛿𝜎−1,

with the second inequality due to (H3).
Finally, combining the two cases shows that

��𝑚𝛿1,𝛿2 (𝜉)
�� ≤ 𝐶 = 𝐶 (𝜌, 𝛿) for all 𝜉 ≠ 0, which

concludes the proof. □

Together with a density argument, the previous theorem shows that 𝐻 𝜌,𝑝,𝛿1 (ℝ𝑛) = 𝐻 𝜌,𝑝,𝛿2 (ℝ𝑛)
and 𝐻 𝜌,𝑝,𝛿1

0 (Ω) = 𝐻 𝜌,𝑝,𝛿2
0 (Ω) for all 𝛿1, 𝛿2 ∈ (0, 1] or equivalently, that

𝐻 𝜌,𝑝,𝛿 (ℝ𝑛) = 𝐻 𝜌,𝑝 (ℝ𝑛) and 𝐻
𝜌,𝑝,𝛿
0 (Ω) = 𝐻 𝜌,𝑝

0 (Ω) for all 𝛿 ∈ (0, 1]. (6.27)

In fact, by inspecting the proof of Theorem 6.3.3, it is not hard to see that (6.27) holds for all 𝛿 > 0,
which shows that our nonlocal function spaces do not depend on the horizon parameter 𝛿 . Based
on this observation, we obtain the following corollary as a consequence of (6.18).
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Corollary 6.3.4. There exists a constant 𝐶 = 𝐶 (𝜌, 𝑛,Ω, 𝑝) > 0 such that

∥𝑢∥𝐻𝜎,𝑝 (ℝ𝑛 ) ≤ 𝐶 ∥𝐷𝜌𝛿𝑢∥𝐿𝑝 (Ω𝛿 ;ℝ𝑛 ) for all 𝑢 ∈ 𝐻 𝜌,𝑝,𝛿
0 (Ω) and 𝛿 ∈ (0, 1].

Remark 6.3.5. We observe that there is another way of proving Corollary 6.3.4 that does not
pass through the stronger statement of Theorem 6.3.3. For this alternative argument, it suffices to
require that the kernel 𝜌 satisfies (H0)-(H2) and

lim inf
|𝑥 |→0

𝜌 (𝑥) |𝑥 |𝑛+𝜎−1 > 0.

Indeed, one can compare 𝜌𝛿 with the kernel from Example 6.2.5 a) for 𝑠 = 𝜎 by arguing as in
[36, Theorem 7.2] and checking that the constants are independent of 𝛿 . When 𝑝 = 2, even (H2) is
not necessary (cf. [36, Theorem 7.2]), so that also the truncated fractional gradients in Remark 6.2.8
are covered. △

In order to ensure the existence of convergent subsequences required for the forthcoming Γ-
convergence result (see Theorem 6.3.7), we proceed with the following compactness statement.

Lemma 6.3.6 (Convergent subsequences for vanishing horizon). Let (𝛿 𝑗 ) 𝑗 ⊂ (0, 1] be a se-
quence with 𝛿 𝑗 → 0 and suppose that 𝑢 𝑗 ∈ 𝐻 𝜌,𝑝,𝛿 𝑗

0 (Ω) for each 𝑗 ∈ ℕ with

sup
𝑗∈ℕ

∥𝐷𝜌𝛿𝑗𝑢 𝑗 ∥𝐿𝑝 (Ω𝛿𝑗
;ℝ𝑛 ) < ∞.

Then, there is a 𝑢 ∈𝑊 1,𝑝
0 (Ω) (extended to ℝ𝑛 as zero) such that, up to a non-relabeled subsequence,

𝑢 𝑗 → 𝑢 in 𝐿𝑝 (ℝ𝑛) and 𝐷𝜌𝛿𝑗𝑢 𝑗 ⇀ ∇𝑢 in 𝐿𝑝 (ℝ𝑛;ℝ𝑛) as 𝑗 → ∞.

Proof. By Corollary 6.3.4, the sequence (𝑢 𝑗 ) 𝑗 is bounded in 𝐻𝜎,𝑝 (ℝ𝑛). Since each 𝑢 𝑗 is supported
in Ω, we conclude from the compact embedding 𝐻𝜎,𝑝 (ℝ𝑛) ↩→↩→ 𝐿

𝑝
loc(ℝ𝑛) (cf. 6.14) that there is a

𝑢 ∈ 𝐿𝑝 (ℝ𝑛) with 𝑢 = 0 a.e. in Ω𝑐 such that, up to a non-relabeled subsequence,

𝑢 𝑗 → 𝑢 in 𝐿𝑝 (ℝ𝑛) as 𝑗 → ∞.

Moreover, up to extracting a potential further subsequence, we find that𝐷𝜌𝛿𝑗𝑢 𝑗 ⇀ 𝑉 in 𝐿𝑝 (ℝ𝑛;ℝ𝑛)
for some 𝑉 ∈ 𝐿𝑝 (ℝ𝑛;ℝ𝑛). To deduce that 𝑉 = ∇𝑢, we compute for 𝜑 ∈ 𝐶∞

𝑐 (ℝ𝑛) that∫
ℝ𝑛

𝑉 𝜑 𝑑𝑥 = lim
𝑗→∞

∫
ℝ𝑛

𝐷𝜌𝛿𝑗𝑢 𝑗 𝜑 𝑑𝑥

= − lim
𝑗→∞

∫
ℝ𝑛

𝑢 𝑗 𝐷𝜌𝛿𝑗𝜑 𝑑𝑥

= −
∫
ℝ𝑛

𝑢 ∇𝜑 𝑑𝑥,

where the last equality follows from the localization result for the nonlocal gradients in Lemma 6.3.1
(𝑖). This shows that 𝑢 ∈ 𝑊

1,𝑝
0 (Ω) (extended to ℝ𝑛 as zero) with ∇𝑢 = 𝑉 , which finishes the

proof. □
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6.3.3 𝚪-convergence 𝜹 → 0

We are now in the position to make the conjectured localization of our variational problems in the
limit 𝛿 → 0 rigorous, choosing Γ-convergence as a natural framework.

Before stating the theorem, let us collect the relevant objects. The family of vectorial energy
functionals (F𝛿 )𝛿∈ (0,1] with F𝛿 : 𝐿𝑝 (ℝ𝑛;ℝ𝑚) → ℝ∞ := ℝ ∪ {∞} for 𝛿 ∈ (0, 1] is given by

F𝛿 (𝑢) :=

∫
Ω𝛿

𝑓 (𝑥, 𝐷𝜌𝛿𝑢) 𝑑𝑥 for 𝑢 ∈ 𝐻 𝜌,𝑝,𝛿
0 (Ω;ℝ𝑚),

∞ else,
(6.28)

where 𝑓 : Ω1 × ℝ𝑚×𝑛 → ℝ is a suitable Carathéodory integrand; considering that the functions
in the domain of F𝛿 are defined on ℝ𝑛 with zero Dirichlet conditions in Ω𝑐 , we may take, without
loss of generality, the integrals over the bounded set Ω𝛿 .

As prospective limit functional, we introduce F0 : 𝐿𝑝 (ℝ𝑛;ℝ𝑚) → ℝ∞ given by

F0(𝑢) :=

∫
Ω
𝑓 (𝑥,∇𝑢) 𝑑𝑥 for 𝑢 ∈𝑊 1,𝑝

0 (Ω;ℝ𝑚),
∞ else;

(6.29)

here, functions in𝑊 1,𝑝
0 (Ω;ℝ𝑚) are identified with their extension to ℝ𝑛 as zero.

Theorem6.3.7 (Localization for vanishinghorizon via 𝚪-convergence). Let 𝑓 : Ω1×ℝ𝑚×𝑛 →
ℝ be a Carathéodory integrand such that

𝑐 |𝐴|𝑝 −𝐶 ≤ 𝑓 (𝑥,𝐴) ≤ 𝐶 (1 + |𝐴|𝑝) for a.e. 𝑥 ∈ Ω1 and all 𝐴 ∈ ℝ𝑚×𝑛

with 𝑐,𝐶 > 0. If 𝑓 (𝑥, ·) is quasiconvex for a.e. 𝑥 ∈ Ω, then the family (F𝛿 )𝛿∈ (0,1] in (6.28) Γ-converges
with respect to 𝐿𝑝 (ℝ𝑛;ℝ𝑚)-convergence to the functional F0 in (6.29) as 𝛿 → 0, that is,

Γ(𝐿𝑝)- lim
𝛿→0

F𝛿 = F0.

Additionally, (F𝛿 )𝛿 is equi-coercive with respect to convergence in 𝐿𝑝 (ℝ𝑛;ℝ𝑚).

Proof. Let (𝛿 𝑗 ) 𝑗 ⊂ (0, 1] be a sequence converging to 0 as 𝑗 → ∞.
Equi-coercivity: By the growth bound on 𝑓 from below and Corollary 6.3.4, we deduce that there

are constants 𝑐′,𝐶′ > 0 such that

F𝛿 𝑗 (𝑢) ≥ 𝑐′∥𝑢∥𝐻𝜎,𝑝 (ℝ𝑛 ) −𝐶′

for all 𝑗 ∈ ℕ and 𝑢 ∈ 𝐻 𝜌,𝑝,𝛿 𝑗
0 (Ω;ℝ𝑚). This yields the equi-coercivity, given the compact embedding

of 𝐻𝜎,𝑝 (ℝ𝑛) into 𝐿𝑝loc(ℝ𝑛), cf. (6.14).
Liminf-inequality: Let (𝑢 𝑗 ) 𝑗 ⊂ 𝐿𝑝 (ℝ𝑛;ℝ𝑚) with 𝑢 𝑗 → 𝑢 in 𝐿𝑝 (ℝ𝑛;ℝ𝑚). Assuming without loss

of generality that
lim inf
𝑗→∞

F𝛿 𝑗 (𝑢 𝑗 ) = lim
𝑗→∞

F𝛿 𝑗 (𝑢 𝑗 ) < ∞,

we have that 𝑢 𝑗 ∈ 𝐻 𝜌,𝑝,𝛿 𝑗
0 (Ω;ℝ𝑚) for each 𝑗 ∈ ℕ and

sup
𝑗∈ℕ

∥𝐷𝜌𝛿𝑗𝑢 𝑗 ∥𝐿𝑝 (Ω𝛿𝑗
;ℝ𝑚 ) < ∞,
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due to the lower bound on 𝑓 . Lemma 6.3.6 therefore yields a 𝑢 ∈𝑊 1,𝑝
0 (Ω;ℝ𝑚) (extended to ℝ𝑛 as

zero) such that 𝐷𝜌𝛿𝑗𝑢 𝑗 ⇀ ∇𝑢 in 𝐿𝑝 (ℝ𝑛;ℝ𝑚×𝑛). If we use translation operators as in Lemma 6.2.9
to define

𝑣 𝑗 := Q𝜌𝛿𝑗
𝑢 𝑗 = 𝑄𝜌𝛿𝑗 ∗ 𝑢 𝑗 for 𝑗 ∈ ℕ,

then (𝑣 𝑗 ) 𝑗 is a bounded sequence in𝑊 1,𝑝 (ℝ𝑛;ℝ𝑚) with ∇𝑣 𝑗 = 𝐷𝜌𝛿𝑗𝑢 𝑗 ⇀ ∇𝑢 in 𝐿𝑝 (ℝ𝑛;ℝ𝑚×𝑛) as
𝑗 → ∞. Consequently, it even holds that 𝑣 𝑗 ⇀ 𝑢 in𝑊 1,𝑝 (ℝ𝑛;ℝ𝑚), considering that the functions
𝑣 𝑗 are zero outside of Ω1 for each 𝑗 ∈ ℕ. A standard lower semicontinuity result for functionals
with quasiconvex integrands (cf. [75, Theorem 8.11]) then implies

lim inf
𝑗→∞

F𝛿 𝑗 (𝑢 𝑗 ) = lim inf
𝑗→∞

∫
Ω𝛿𝑗

𝑓 (𝑥, 𝐷𝜌𝛿𝑗𝑢 𝑗 ) 𝑑𝑥

≥ lim inf
𝑗→∞

∫
Ω
𝑓 (𝑥, 𝐷𝜌𝛿𝑗𝑢 𝑗 ) 𝑑𝑥 −𝐶 |Ω𝛿 𝑗 \ Ω |

= lim inf
𝑗→∞

∫
Ω
𝑓 (𝑥,∇𝑣 𝑗 ) 𝑑𝑥 ≥

∫
Ω
𝑓 (𝑥,∇𝑢) 𝑑𝑥 = F0(𝑢),

which is the desired liminf-inequality.
Recovery sequence: Without loss of generality, consider 𝑢 ∈𝑊 1,𝑝

0 (Ω;ℝ𝑚). Then, we infer from
Lemma 6.3.1 (𝑖𝑖𝑖) that 𝑢 ∈ 𝐻

𝜌,𝑝,𝛿 𝑗
0 (Ω;ℝ𝑚) for all 𝑗 ∈ ℕ with 𝐷𝜌𝛿𝑗𝑢 → ∇𝑢 in 𝐿𝑝 (ℝ𝑛;ℝ𝑚×𝑛) as

𝑗 → ∞. The upper bound on 𝑓 enables the application of Lebesgue’s dominated convergence
theorem to find

lim
𝑗→∞

F𝛿 𝑗 (𝑢) = lim
𝑗→∞

∫
Ω𝛿𝑗

𝑓 (𝑥, 𝐷𝜌𝛿𝑗𝑢) 𝑑𝑥 =
∫
Ω
𝑓 (𝑥,∇𝑢) 𝑑𝑥 = F0(𝑢) .

This shows that the constant sequence is a suitable recovery sequence. □

Remark 6.3.8. a) Under the assumptions of Theorem 6.3.7, for every 𝛿 ∈ (0, 1], the functional F𝛿
admits a minimizer according to Theorem 6.2.11. Therefore, standard properties of Γ-convergence
imply that these minimizers converge, up to subsequence, to a minimizer of F0 as 𝛿 → 0.

Referring to the literature, a closely related Γ-convergence result involving similar nonlocal
gradients in the case 𝑚 = 1 can be found in [161, Theorem 1.7]. However, the latter does not
feature the equi-coercivity required for the convergence of minimizers.

b) Since the definition of 𝐷𝜌𝛿𝑢 on Ω𝛿 only depends on the values of 𝑢 in Ω2𝛿 , the Dirichlet
condition in Ω𝑐 can be equivalently replaced by prescribing zero values in Ω2𝛿 \ Ω. We remark
that the papers [30, Theorem 6.1] and [72, Corollary 2] on finite-horizon fractional gradients use a
slightly different convention by considering the gradients on Ω and requiring Dirichlet conditions
in Ω𝛿 \Ω−𝛿 . Clearly, both settings are equivalent by a suitable renaming of the domain. The reason
for our choice is that only the setting used here is meaningful for both limit passages 𝛿 → 0 and
𝛿 → ∞.

c) Theorem 6.3.7 can readily be extended to non-zero complementary values, that is, to admis-
sible functions in the spaces 𝑔 + 𝐻 𝜌,𝑝,𝛿

0 (Ω;ℝ𝑚) for any given 𝑔 ∈ 𝑊 1,𝑝 (ℝ𝑛;ℝ𝑚). Indeed, since
𝑔 ∈ 𝐻 𝜌,𝑝,𝛿 (Ω;ℝ𝑚) for all 𝛿 > 0 with

∥𝐷𝜌𝛿𝑔∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑚×𝑛 ) ≤ ∥𝑄𝜌𝛿 ∥𝐿1 (ℝ𝑛 ) ∥∇𝑔∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑚×𝑛 ) = ∥∇𝑔∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑚×𝑛 ) ,

the argument follows through in the same manner with the domain of the Γ-limit being 𝑔 +
𝑊

1,𝑝
0 (Ω;ℝ𝑚). △
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Example 6.3.9. By applying Theorem 6.3.7 to the kernels of Example 6.2.5, we obtain the local-
ization of functionals as in (6.28) with nonlocal gradients associated to the following scaled kernels:

a) For 𝜌 as in Example 6.2.5 a), one finds that

𝜌𝛿 (𝑥) = 𝛿−𝑛
𝑤 (𝑥/𝛿)
|𝑥/𝛿 |𝑛+𝑠−1 = 𝛿𝑠−1

𝑤 (𝑥/𝛿)
|𝑥 |𝑛+𝑠−1 , 𝑥 ∈ ℝ𝑛 \ {0}.

These scaled kernels coincide (up to a constant) with finite-horizon fractional gradients 𝐷𝑠
𝛿
from

[30,31,72,141]. Theorem 6.3.7 then complements the localization result for 𝑠 ↑ 1 in [72, Theorem 7].

b) The scaled versions of the kernels 𝜌 in Example 6.2.5 b) read as

𝜌𝛿 (𝑥) = 𝛿−𝑛
𝑤 (𝑥/𝛿) log𝜅 (𝛿/|𝑥 |)

|𝑥/𝛿 |𝑛+𝑠−1 = 𝛿𝑠−1
𝑤 (𝑥/𝛿) (log(𝛿) − log( |𝑥 |))𝜅

|𝑥 |𝑛+𝑠−1 , 𝑥 ∈ ℝ𝑛 \ {0}.

c) With 𝜌 as in Example 6.2.5 c), the scaled kernels are given by

𝜌𝛿 (𝑥) = 𝛿−𝑛
𝑤 (𝑥/𝛿)

|𝑥/𝛿 |𝑛+𝑠 ( |𝑥/𝛿 | )−1 = 𝛿𝑠 ( |𝑥/𝛿 | )−1
𝑤 (𝑥/𝛿)

|𝑥 |𝑛+𝑠 ( |𝑥/𝛿 | )−1 , 𝑥 ∈ ℝ𝑛 \ {0}.

6.4 𝚪-convergence 𝜹 → ∞

We focus now on the asymptotics of the nonlocal gradient as the horizon 𝛿 diverges to infinity. As
proven below, the associated limiting object is the Riesz fractional gradient. While this is to be ex-
pected for finite-horizon fractional gradients, surprisingly, the same holds when starting from any
general nonlocal gradient within our setting. This section is structured in parallel to Section 6.3,
showing first the convergence of the nonlocal gradients to the Riesz fractional gradient, then provid-
ing a uniform compactness result, and finally, proving the Γ-convergence of the associated energy
functionals.

Let 𝜌 again be a non-negative radial kernel that satisfies (H0)-(H4) and (6.20), and assume
throughout that 𝑝 ∈ (1,∞) and Ω is a bounded Lipschitz domain. The lack of integrability of the
fractional kernel on ℝ𝑛 calls for a different scaling procedure compared with Section 6.3. Precisely,
for 𝛿 ∈ (1/Y,∞) (so that 𝜌 (1/𝛿) ≠ 0), we now define

𝜌𝛿 (𝑥) := 𝜌
(
1
𝛿

)−1
𝜌

(𝑥
𝛿

)
, (6.30)

which corresponds to (6.22) with 𝑐𝛿 := 𝜌 (1/𝛿)−1. In this way, the values of 𝜌𝛿 on the unit sphere
𝜕𝐵1(0) are normalized to 1 for any 𝛿 . In addition, we require that these kernels converge pointwise
on ℝ𝑛 \ {0} as 𝛿 → ∞, and set

𝜌∞(𝑥) := lim
𝛿→∞

𝜌𝛿 (𝑥) = lim
𝛿→∞

𝜌

(
1
𝛿

)−1
𝜌

(𝑥
𝛿

)
, 𝑥 ∈ ℝ𝑛 \ {0}. (6.31)

With the scaling (6.30), the kernel function 𝑄𝜌𝛿 and its Fourier transform satisfy

𝑄𝜌𝛿 = 𝜌

(
1
𝛿

)−1
𝑄𝜌

( ·
𝛿

)
and 𝑄𝜌𝛿 = 𝛿𝑛𝜌

(
1
𝛿

)−1
𝑄𝜌 (𝛿 · ). (6.32)
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Let us point out that our chosen scaling is, up to a constant, the only relevant one. Indeed, if
there is a sequence (𝑐𝛿 )𝛿 of positive reals such that (𝑐𝛿𝜌 (·/𝛿))𝛿 converges pointwise as 𝛿 → ∞,
then for 𝑥 ∈ 𝜕𝐵1(0),

lim
𝛿→∞

𝑐𝛿𝜌
(𝑥
𝛿

)
= lim
𝛿→∞

𝑐𝛿𝜌

(
1
𝛿

)
=: 𝑐.

Therefore, we obtain for all 𝑥 ∈ ℝ𝑛 \ {0} that

lim
𝛿→∞

𝑐𝛿𝜌
(𝑥
𝛿

)
= lim
𝛿→∞

𝑐𝛿𝜌

(
1
𝛿

)
𝜌

(
1
𝛿

)−1
𝜌

(𝑥
𝛿

)
= 𝑐𝜌∞(𝑥) .

6.4.1 Convergence of nonlocal gradients as 𝜹 → ∞

This section is about establishing that the scaled nonlocal gradients converge to the Riesz fractional
gradient as 𝛿 → ∞. We commence with some bounds on 𝜌𝛿 from (6.30) and the limit kernel 𝜌∞ that
will be used repeatedly later. Recall that Y > 0 is as in (H0)-(H4), and that 𝜎,𝛾 with 0 < 𝜎 ≤ 𝛾 < 1
are the parameters appearing in the hypotheses (H3) and (H4), respectively.

Lemma 6.4.1. There exist constants 𝐶, 𝑐 > 0 such that for every 𝛿 > 1/Y and all 𝑥 ∈ 𝐵𝛿Y (0) \ {0},

𝑐 min
{

1
|𝑥 |𝑛+𝜎−1 ,

1
|𝑥 |𝑛+𝛾−1

}
≤ 𝜌𝛿 (𝑥) ≤ 𝐶 max

{
1

|𝑥 |𝑛+𝜎−1 ,
1

|𝑥 |𝑛+𝛾−1
}
. (6.33)

In particular, it holds for all 𝑥 ∈ ℝ𝑛 \ {0} that

𝑐 min
{

1
|𝑥 |𝑛+𝜎−1 ,

1
|𝑥 |𝑛+𝛾−1

}
≤ 𝜌∞(𝑥) ≤ 𝐶 max

{
1

|𝑥 |𝑛+𝜎−1 ,
1

|𝑥 |𝑛+𝛾−1
}
.

Proof. Observe first that by (H3) and (H4), there are constants 𝑐′,𝐶′ > 0 such that

𝑐′
( 𝑡
𝑟

)𝑛+𝛾−1
𝜌 (𝑡) ≤ 𝜌 (𝑟 ) ≤ 𝐶′

( 𝑡
𝑟

)𝑛+𝜎−1
𝜌 (𝑡) (6.34)

for all 𝑡, 𝑟 ∈ (0, Y) with 𝑟 ≥ 𝑡 .
Let 𝑥 ∈ 𝐵𝛿Y (0). If |𝑥 | ≥ 1, we can apply (6.34) with the choice 𝑟 = |𝑥 |/𝛿 and 𝑡 = 1/𝛿 to find

𝑐′

|𝑥 |𝑛+𝛾−1 ≤ 𝜌

(
1
𝛿

)−1
𝜌

( |𝑥 |
𝛿

)
≤ 𝐶′

|𝑥 |𝑛+𝜎−1 .

As for the case 0 < |𝑥 | ≤ 1, we resort to (6.34) as well, but take 𝑟 = 1/𝛿 and 𝑡 = |𝑥 |/𝛿 instead, which
gives

1
𝐶′ |𝑥 |𝑛+𝜎−1 ≤ 𝜌

(
1
𝛿

)−1
𝜌

( |𝑥 |
𝛿

)
≤ 1
𝑐′ |𝑥 |𝑛+𝛾−1 .

We conclude that (6.33) holds for suitably chosen constants 𝑐,𝐶 . □

As the next lemma shows, 𝜌∞ must be a fractional kernel, no matter the specific choice of 𝜌 .
This finding is a key ingredient for proving that only Riesz fractional gradients can be obtained as
the limit of increasing horizon nonlocal gradients with the scaled sequence of kernels 𝜌𝛿 .

Lemma 6.4.2 (Limit kernel 𝝆∞ is fractional). There is an 𝑠∞ ∈ [𝜎,𝛾] such that 𝜌∞ in (6.31)
satisfies

𝜌∞(𝑥) = 𝜌𝑠∞ (𝑥) := 1
|𝑥 |𝑛+𝑠∞−1 for all 𝑥 ∈ ℝ𝑛 \ {0}.
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Proof. Our argument relies on proving that 𝜌∞ is a multiplicative function. To this aim, we consider
𝑟, 𝑡 > 0 and compute that

𝜌∞(𝑟 · 𝑡) = lim
𝛿→∞

𝜌

(
1
𝛿

)−1
𝜌

(𝑟 · 𝑡
𝛿

)
= lim
𝛿→∞

𝜌

(
1
𝛿

)−1
𝜌

( 𝑟
𝛿

)
𝜌

( 𝑟
𝛿

)−1
𝜌

(𝑟 · 𝑡
𝛿

)
= 𝜌∞(𝑟 ) lim

𝛿→∞
𝜌

(
1
𝛿/𝑟

)−1
𝜌

(
𝑡

𝛿/𝑟

)
= 𝜌∞(𝑟 )𝜌∞(𝑡) .

Since 𝜌∞ is also locally bounded away from 0 by Lemma 6.4.1, we deduce that 𝜌∞ must be a power
function (cf. [4, Chapter 3, Proposition 6]). Together with Lemma 6.4.1, it follows therefore that
𝜌∞(𝑥) = 1/|𝑥 |𝑛+𝑠∞−1 for some 𝑠∞ ∈ [𝜎,𝛾]. □

Remark 6.4.3. The parameter 𝑠∞ associated to a limit kernel 𝜌∞ can be determined directly from
𝜌 via the limit

𝑠∞ = log(𝜌∞(1/𝑒)) − 𝑛 + 1 = lim
𝛿→∞

log
(
𝜌 (1/𝛿)−1𝜌 (1/(𝑒𝛿))) − 𝑛 + 1.

△
Example 6.4.4. One observes that the kernels 𝜌 fromExample 6.2.5 satisfy (6.31), i.e., their rescaled
versions converge pointwise. We identify the limiting fractional exponent 𝑠∞ for illustration:

a) Let 𝜌 be as in Example 6.2.5 a). Then, for 𝑥 ∈ ℝ𝑛 \ {0},

𝜌∞(𝑥) = lim
𝛿→∞

𝑤 (1/𝛿)−1
𝛿𝑛+𝑠−1

𝑤 (𝑥/𝛿)
|𝑥/𝛿 |𝑛+𝑠−1 =

1
|𝑥 |𝑛+𝑠−1 = 𝜌𝑠 (𝑥),

which yields 𝑠∞ = 𝑠 .
b) For the kernel 𝜌 of Example 6.2.5 b), one obtains the same limit as in a), that is, 𝜌∞ = 𝜌𝑠 , and

hence, 𝑠∞ = 𝑠 . The detailed calculation reads

𝜌∞(𝑥) = lim
𝛿→∞

𝑤 (1/𝛿)−1 1
log𝜅 (𝛿)𝛿𝑛+𝑠−1

𝑤 (𝑥/𝛿) log𝜅 (𝛿/|𝑥 |)
|𝑥/𝛿 |𝑛+𝑠−1 =

1
|𝑥 |𝑛+𝑠−1 lim

𝛿→∞
log𝜅 (𝛿/|𝑥 |)
log𝜅 (𝛿)

=
1

|𝑥 |𝑛+𝑠−1 lim
𝛿→∞

(
log(𝛿) − log( |𝑥 |)

log(𝛿)

)𝜅
=

1
|𝑥 |𝑛+𝑠−1

for 𝑥 ∈ ℝ𝑛 \ {0}.
c) In the case of 𝜌 from Example 6.2.5 c), the limit fractional exponent becomes 𝑠∞ = 𝑠 (0), as

𝜌∞(𝑥) = lim
𝛿→∞

𝑤 (1/𝛿)−1 1
𝛿𝑛+𝑠 (1/𝛿 )−1

𝑤 (𝑥/𝛿)
|𝑥/𝛿 |𝑛+𝑠 ( |𝑥 |/𝛿 )−1

= lim
𝛿→∞

1
𝛿𝑠 (1/𝛿 )−𝑠 ( |𝑥 |/𝛿 ) |𝑥 |𝑛+𝑠 ( |𝑥 |/𝛿 )−1 =

1
|𝑥 |𝑛+𝑠 (0)−1

for 𝑥 ∈ ℝ𝑛 \ {0} shows.
In the next step, we show that the nonlocal gradients converge to the fractional gradient induced

by 𝜌∞ as 𝛿 → ∞, see Proposition 6.4.6. The proof involves the following auxiliary result, which
allows to control the integrability of the kernels during the limit passage.

Lemma 6.4.5. It holds that

𝜌𝛿 min{1, | · |−1} → 𝜌∞ min{1, | · |−1} in 𝐿1(ℝ𝑛) as 𝛿 → ∞.
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Proof. We already know the pointwise a.e. convergence by (6.31), and it follows from (6.33) that

𝟙𝐵𝛿Y (0)𝜌𝛿 min{1, | · |−1} ≤ 𝐶 min{1, | · |−1}max
{

1
| · |𝑛+𝜎−1 ,

1
| · |𝑛+𝛾−1

}
.

Since the right-hand side is integrable, Lebesgue’s dominated convergence theorem implies

𝟙𝐵𝛿Y (0)𝜌𝛿 min{1, | · |−1} → 𝜌∞ min{1, | · |−1} in 𝐿1(ℝ𝑛) as 𝛿 → ∞.

It remains to show that

𝟙𝐵𝛿Y (0)𝑐𝜌𝛿 min{1, | · |−1} → 0 in 𝐿1(ℝ𝑛) as 𝛿 → ∞. (6.35)

Considering that, in light of (H1), 𝜌 (·/𝛿) ≤ 𝐶 in 𝐵𝛿Y (0)𝑐 for some 𝐶 > 0, and 𝜌 (·/𝛿) = 0 on 𝐵𝛿 (0)𝑐
by (6.20), we find

𝟙𝐵𝛿Y (0)𝑐𝜌𝛿 ≤ 𝐶𝟙𝐵𝛿 (0)\𝐵𝛿Y (0)𝜌 (1/𝛿)−1 ≤ 𝐶𝟙𝐵𝛿 (0)\𝐵1 (0)𝜌 (1/𝛿)−1,

given that 𝛿Y > 1. This yields∫
𝐵𝛿Y/2 (0)𝑐

𝜌𝛿 (𝑥)min{1, |𝑥 |−1}𝑑𝑥 ≤ 𝐶𝜌
(
1
𝛿

)−1 ∫
𝐵𝛿 (0)\𝐵1 (0)

|𝑥 |−1 𝑑𝑥

≤
{
𝐶𝜌 (1/𝛿)−1(𝛿𝑛−1 − 1) if 𝑛 > 1,
𝐶𝜌 (1/𝛿)−1 log(𝛿) if 𝑛 = 1.

(6.36)

In either case, the expression in (6.36) converges to 0 as 𝛿 → ∞ in view of (H3), which gives rise to
(6.35) and finishes the proof. □

As a consequence, we now obtain the convergence of the nonlocal gradients to the Riesz frac-
tional gradient as 𝛿 → ∞ in the case of Sobolev functions.

Proposition 6.4.6 (Convergence to fractional gradient as 𝜹 → ∞). For any 𝑢 ∈𝑊 1,𝑝 (ℝ𝑛) it
holds that

𝐷𝜌𝛿𝑢 → 𝐷𝜌∞𝑢 = 𝐷𝑠∞𝑢 in 𝐿𝑝 (ℝ𝑛;ℝ𝑛) as 𝛿 → ∞.

Proof. In light of [92, Proposition 1] (cf. also the proof of [36, Proposition 3.5]), we deduce the
estimate

∥𝐷𝜌𝛿𝑢 − 𝐷𝜌∞𝑢∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) ≤ 𝐶 ∥𝑢∥𝑊 1,𝑝 (ℝ𝑛 )
(𝜌𝛿 − 𝜌∞)min{1, | · |−1}


𝐿1 (ℝ𝑛 ) ,

for all 𝑢 ∈𝑊 1,𝑝 (ℝ𝑛), and the statement follows via Lemma 6.4.5. □

6.4.2 Compactness uniformly in 𝜹 ∈ (1/𝜺,∞)

Next, we address the issue of compactness with the goal of deriving a counterpart of Lemma 6.3.6
in the setting of diverging horizon. This relies on the following analogue of the Poincaré-type
inequality in Corollary 6.3.4. The proof is based on the comparison of the scaled nonlocal gradients
𝐷𝜌𝛿 with a suitable finite-horizon fractional gradient.

Proposition 6.4.7. There exists a constant 𝐶 = 𝐶 (𝜌, 𝑛,Ω, 𝑝) > 0 such that

∥𝑢∥𝐻𝜎,𝑝 (ℝ𝑛 ) ≤ 𝐶 ∥𝐷𝜌𝛿𝑢∥𝐿𝑝 (Ω𝛿 ;ℝ𝑛 ) for all 𝑢 ∈ 𝐻 𝜌,𝑝,𝛿
0 (Ω) and 𝛿 ∈ (1/Y,∞).
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Proof. Consider 𝐷𝜎1 := 𝐷𝜌𝜎1 induced by the kernel function

𝜌𝜎1 =
𝑤

| · |𝑛+𝜎−1 , (6.37)

where 𝑤 ∈ 𝐶∞
𝑐 (ℝ𝑛) is a non-negative radially decreasing function with 𝑤 (0) > 0 and supp𝑤 =

𝐵1(0); note that 𝜌𝜎1 falls into the setting of Example 6.2.5 a) with 𝑠 = 𝜎 and recall that 𝜎 is the
parameter appearing in the hypothesis (H3) on 𝜌 .

Then, by (6.18) there is a constant 𝐶 > 0 such that

∥𝑢∥𝐻𝜎,𝑝 (ℝ𝑛 ) ≤ 𝐶 ∥𝐷𝜎1𝑢∥𝐿𝑝 (Ω1;ℝ𝑛 ) for all 𝑢 ∈ 𝐻 𝜌𝜎1 ,𝑝
0 (Ω) .

The remaining proof shows that there is a constant 𝐶 > 0 independent of 𝛿 such that

∥𝐷𝜎1𝜑 ∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) ≤ 𝐶 ∥𝐷𝜌𝛿𝜑 ∥𝐿𝑝 (ℝ𝑛 ;ℝ𝑛 ) for all 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛) and 𝛿 ∈ (1/Y,∞), (6.38)

from which the claim follows after a density argument.
Let us define𝑚𝛿 : ℝ𝑛 \ {0} → ℝ as

𝑚𝛿 (𝜉) :=
𝑄𝜌𝜎1 (𝜉)
𝑄𝜌𝛿 (𝜉)

,

and observe that, in light of (6.10),

𝐷𝜎1𝜑 =𝑚𝛿 �𝐷𝜌𝛿𝜑 for 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛) .

The estimate (6.38) follows then directly from Fourier multiplier theory, once 𝑚𝛿 is confirmed to
satisfy the Mihlin-Hörmander condition with uniform constants, that is,

|𝜕𝛼𝑚𝛿 (𝜉) | ≤ 𝐶 |𝜉 |−|𝛼 | (6.39)

for all 𝛼 ∈ ℕ𝑛0 with |𝛼 | ≤ 𝑛/2 + 1 and 𝐶 > 0 a constant independent of 𝛿 .
To this aim, observe that (6.16) implies for 𝜉 ≠ 0 that���𝜕𝛼𝑄𝜌𝛿 (𝜉)��� = ���𝜌 (1/𝛿)−1𝛿𝑛+|𝛼 |𝜕𝛼𝑄𝜌 (𝛿𝜉)���

≤ 𝐶𝜌 (1/𝛿)−1𝛿𝑛+|𝛼 | |𝛿𝜉 |−|𝛼 |
���𝑄𝜌 (𝛿𝜉)��� = 𝐶 |𝜉 |−|𝛼 | ���𝑄𝜌𝛿 (𝜉)��� ,

with𝐶 > 0 independent of 𝛿 . Since the same holds for𝑄𝜌𝜎1 , we deduce via the Leibniz and quotient
rule that

|𝜕𝛼𝑚𝛿 (𝜉) | ≤ 𝐶 |𝜉 |−|𝛼 | |𝑚𝛿 (𝜉) | for all 𝜉 ≠ 0.

Therefore, it remains to verify (6.39) for 𝛼 = 0, which corresponds to showing that 𝑚𝛿 is
bounded independent of 𝛿 . For simpler notation, we write ⟨𝜉⟩ :=

√︁
1 + |𝜉 |2 for 𝜉 ∈ ℝ𝑛 . Since

the estimate (6.15) in Lemma 6.2.6 along with (6.37) allows us to deduce

𝑄𝜌𝜎1 (𝜉) ≤ 𝐶 ⟨𝜉⟩𝜎−1 for all 𝜉 ∈ ℝ𝑛 ,

the proof of (6.39) for 𝛼 = 0 can be reduced to verifying that

𝑄𝜌𝛿 (𝜉) ≥ 𝐶 ⟨𝜉⟩𝜎−1 for all 𝜉 ∈ ℝ𝑛 . (6.40)
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Let us first consider |𝜉 | ≤ 1/(𝛿Y). Then, in view of (6.32),

𝑄𝜌𝛿 (𝜉) ≥ 𝜌 (1/𝛿)−1𝛿𝑛min𝐵1/Y (0) 𝑄𝜌 ≥ 𝐶 ≥ 𝐶 ⟨𝜉⟩𝜎−1, (6.41)

where𝐶 is independent of 𝛿 because 𝜌 (1/𝛿)−1𝛿𝑛 → ∞ as 𝛿 → ∞ by (H4). For the case |𝜉 | > 1/(𝛿Y),
we use Lemma 6.2.6 and Lemma 6.4.1 to infer

𝑄𝜌𝛿 (𝜉) ≥ 𝐶𝜌 (1/𝛿)−1𝛿𝑛 |𝛿𝜉 |−𝑛𝜌 (1/|𝛿𝜉 |)
≥ 𝐶 |𝜉 |−𝑛min

{ |𝜉 |𝑛+𝜎−1, |𝜉 |𝑛+𝛾−1}
= 𝐶 min

{ |𝜉 |𝜎−1, |𝜉 |𝛾−1} ≥ 𝐶 ⟨𝜉⟩𝜎−1.
(6.42)

Finally, (6.41) together with (6.42) gives (6.40), and thus, (6.39). This finishes the proof in light of
the Mihlin-Hörmander theorem (see e.g. [122, Theorem 6.2.7]). □

Remark 6.4.8. While the previous proof is built on (6.38), we mention that a statement parallel
to Theorem 6.3.3 cannot be expected to hold for an unbounded parameter range of 𝛿 . Indeed, this
is due to the fact that the singular behavior of 𝜌∞ and 𝜌𝛿 at the origin may be different, as one
can see, for instance, from the two kernels in Example 6.4.4 b); they feature a stronger and weaker
singularity than 𝜌∞, respectively. △

By combining Proposition 6.4.7 and Proposition 6.4.6, we can now deduce the following com-
pactness statement.

Lemma 6.4.9 (Convergent subsequences for diverging horizon). Let (𝛿 𝑗 ) 𝑗 ⊂ (1/Y,∞) be a
sequence with 𝛿 𝑗 → ∞ and suppose that 𝑢 𝑗 ∈ 𝐻 𝜌,𝑝,𝛿 𝑗

0 (Ω) for each 𝑗 ∈ ℕ with

sup
𝑗∈ℕ

∥𝐷𝜌𝛿𝑗𝑢 𝑗 ∥𝐿𝑝 (Ω𝛿𝑗
;ℝ𝑛 ) < ∞.

Then, there is a 𝑢 ∈ 𝐻𝑠∞,𝑝0 (Ω), such that, up to a non-relabeled subsequence,

𝑢 𝑗 → 𝑢 in 𝐿𝑝 (ℝ𝑛) and 𝐷𝜌𝛿𝑗𝑢 𝑗 ⇀ 𝐷𝑠∞𝑢 in 𝐿𝑝 (ℝ𝑛;ℝ𝑛) as 𝑗 → ∞.

Moreover, for every [ > 0 it holds that

𝐷𝜌𝛿𝑗𝑢 𝑗 → 𝐷𝑠∞𝑢 in 𝐿𝑝 ((Ω[)𝑐 ;ℝ𝑛) as 𝑗 → ∞.

Proof. We infer from Proposition 6.4.7 that (𝑢 𝑗 ) 𝑗 is a bounded sequence in 𝐻𝜎,𝑝 (ℝ𝑛). Then, the
compact embedding 𝐻𝜎,𝑝 (ℝ𝑛) ↩→↩→ 𝐿

𝑝
loc(ℝ𝑛) (see (6.14)) together with the fact that each 𝑢 𝑗 is

supported in Ω yields the existence of a 𝑢 ∈ 𝐿𝑝 (ℝ𝑛) with 𝑢 = 0 a.e. in Ω𝑐 such that, up to a
non-relabeled subsequence,

𝑢 𝑗 → 𝑢 in 𝐿𝑝 (ℝ𝑛) as 𝑗 → ∞. (6.43)

After selecting a potential further subsequence, we find that 𝐷𝜌𝛿𝑗𝑢 𝑗 ⇀ 𝑉 in 𝐿𝑝 (ℝ𝑛;ℝ𝑛) for some
𝑉 ∈ 𝐿𝑝 (ℝ𝑛;ℝ𝑛). One can compute that∫

ℝ𝑛

𝑉 𝜑 𝑑𝑥 = lim
𝑗→∞

∫
ℝ𝑛

𝐷𝜌𝛿𝑗𝑢 𝑗 𝜑 𝑑𝑥

= − lim
𝑗→∞

∫
ℝ𝑛

𝑢 𝑗 div𝜌𝛿𝑗 𝜑 𝑑𝑥 = −
∫
ℝ𝑛

𝑢 div𝑠∞ 𝜑 𝑑𝑥,
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for any 𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑛;ℝ𝑛), where the last equality employs Proposition 6.4.6 adapted to the nonlocal

divergence. This allows us conclude that 𝑉 = 𝐷𝑠∞𝑢 and 𝑢 ∈ 𝐻𝑠∞,𝑝0 (Ω).
To prove the second part of the statement, we exploit that the nonlocal gradients on (Ω[)𝑐 can

be expressed as a convolution. Precisely, let us define

𝑑𝛿 (𝑧) := −𝑧𝜌𝛿 (𝑧)|𝑧 |2 and 𝑑∞(𝑧) := −𝑧𝜌∞(𝑧)
|𝑧 |2 for 𝑧 ∈ ℝ𝑛 \ {0}.

For 𝜑 ∈ 𝐶∞
𝑐 (Ω), we can compute in view of the radiality of 𝜌 that for any 𝑥 ∈ (Ω[)𝑐 ,

𝐷𝜌𝛿𝜑 (𝑥) =
∫
ℝ𝑛

− 𝜑 (𝑦)
|𝑥 − 𝑦 |

𝑥 − 𝑦
|𝑥 − 𝑦 | 𝜌𝛿 (𝑥 − 𝑦) 𝑑𝑦 = (𝟙𝐵[ (0)𝑐𝑑𝛿 ) ∗ 𝜑 (𝑥); (6.44)

since 𝟙𝐵[ (0)𝑐𝑑𝛿 ∈ 𝐿1(ℝ𝑛), the identity (6.44) can be extended via density to all 𝑢 ∈ 𝐻 𝜌,𝑝,𝛿
0 (Ω). In the

same way, there is an analogous representation when considering the kernels 𝜌∞, that is,

𝐷𝑠∞𝑢 = 𝐷𝜌∞𝑢 = (𝟙𝐵[ (0)𝑐𝑑∞) ∗ 𝑢 on (Ω[)𝑐

for 𝑢 ∈ 𝐻𝑠∞,𝑝0 (Ω) = 𝐻 𝜌∞,𝑝
0 (Ω).

Furthermore, we observe that Lemma 6.4.5 induces the convergence

𝟙𝐵[ (0)𝑐𝑑𝛿 → 𝟙𝐵[ (0)𝑐𝑑∞ in 𝐿1(ℝ𝑛) as 𝛿 → ∞.

This allows us to conclude by Young’s convolution inequality and (6.43) that

∥𝐷𝜌𝛿𝑗𝑢 𝑗 − 𝐷𝑠∞𝑢∥𝐿𝑝 ( (Ω[ )𝑐 ;ℝ𝑛 ) = ∥(𝟙𝐵[ (0)𝑐𝑑𝛿 ) ∗ 𝑢 𝑗 − (𝟙𝐵[ (0)𝑐𝑑∞) ∗ 𝑢∥𝐿𝑝 ( (Ω[ )𝑐 ;ℝ𝑛 ) → 0 as 𝛿 → 0.

□

6.4.3 𝚪-convergence 𝜹 → ∞

Based on the technical foundations provided in the previous sections, we are now in the position
to prove the Γ-convergence for diverging horizon. We consider for 𝛿 ∈ (1/Y,∞) the functionals
F𝛿 : 𝐿𝑝 (ℝ𝑛;ℝ𝑚) → ℝ∞ := ℝ ∪ {∞} given by

F𝛿 (𝑢) :=

∫
Ω𝛿

𝑓 (𝑥, 𝐷𝜌𝛿𝑢) 𝑑𝑥 for 𝑢 ∈ 𝐻 𝜌,𝑝,𝛿
0 (Ω;ℝ𝑚),

∞ else,
(6.45)

where 𝑓 : ℝ𝑛 ×ℝ𝑚×𝑛 → ℝ is a suitable Carathéodory integrand and 𝜌𝛿 is the scaled version of the
kernel 𝜌 , cf (6.30). As made precise in Theorem 6.4.10 below, the limiting object for 𝛿 → ∞ is the
functional F∞ : 𝐿𝑝 (ℝ𝑛;ℝ𝑚) → ℝ∞,

F∞(𝑢) := F𝑠∞ (𝑢) :=

∫
ℝ𝑛

𝑓 (𝑥, 𝐷𝑠∞𝑢) 𝑑𝑥 for 𝑢 ∈ 𝐻𝑠∞,𝑝0 (Ω;ℝ𝑚),
∞ else;

(6.46)

The fractional parameter 𝑠∞ is here related to the kernel 𝜌 via lim𝛿→∞ 𝜌𝛿 = 𝜌𝑠∞ , see (6.31), Lemma
6.4.2, and also Remark 6.4.3.

Theorem 6.4.10 (𝚪-convergence for diverging horizon). Let 𝑓 : ℝ𝑛 × ℝ𝑚×𝑛 → ℝ be a
Carathéodory integrand such that

𝑐 |𝐴|𝑝 − 𝑎(𝑥) ≤ 𝑓 (𝑥,𝐴) ≤ 𝑎(𝑥) +𝐶 |𝐴|𝑝 for a.e. 𝑥 ∈ ℝ𝑛 and all 𝐴 ∈ ℝ𝑚×𝑛
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with 𝑐,𝐶 > 0 and 𝑎 ∈ 𝐿1(ℝ𝑛). If 𝑓 (𝑥, ·) is quasiconvex for a.e. 𝑥 ∈ Ω, then the family (F𝛿 )𝛿∈ (1/Y,∞) in
(6.45) Γ-converges with respect to 𝐿𝑝 (ℝ𝑛;ℝ𝑚)-convergence to the functional F∞ in (6.46) as 𝛿 → ∞,
that is,

Γ(𝐿𝑝)- lim
𝛿→∞

F𝛿 = F∞.

Additionally, the sequence (F𝛿 )𝛿 is equi-coercive with respect to convergence in 𝐿𝑝 (ℝ𝑛;ℝ𝑚).
Proof. Let (𝛿 𝑗 ) 𝑗 ⊂ (1/Y,∞) be a sequence converging to ∞ as 𝑗 → ∞.

Equi-coercivity: From Proposition 6.4.7 and the lower bound on 𝑓 , we deduce that

F𝛿 𝑗 (𝑢) ≥ 𝐶 ∥𝑢∥𝐻𝜎,𝑝 (ℝ𝑛 ) − ∥𝑎∥𝐿1 (ℝ𝑛 )

for all 𝑗 ∈ ℕ and 𝑢 ∈ 𝐻
𝜌,𝑝,𝛿 𝑗
0 (Ω;ℝ𝑚). The embedding (6.14) now immediately gives the stated

equi-coercivity.
Liminf-inequality: Consider a sequence (𝑢 𝑗 ) 𝑗 ⊂ 𝐿𝑝 (ℝ𝑛;ℝ𝑚) with 𝑢 𝑗 → 𝑢 in 𝐿𝑝 (ℝ𝑛;ℝ𝑚) satis-

fying, without loss of generality,

lim inf
𝑗→∞

F𝛿 𝑗 (𝑢 𝑗 ) = lim
𝑗→∞

F𝛿 𝑗 (𝑢 𝑗 ) < ∞.

Then, 𝑢 𝑗 ∈ 𝐻 𝜌,𝑝,𝛿 𝑗
0 (Ω;ℝ𝑚) for each 𝑗 ∈ ℕ and sup𝑗∈ℕ∥𝐷𝜌𝛿𝑗𝑢 𝑗 ∥𝐿𝑝 (Ω𝛿𝑗

;ℝ𝑚 ) < ∞, so that Lemma 6.4.9
yields that 𝑢 lies in 𝐻𝑠∞,𝑝0 (Ω;ℝ𝑚) with

𝐷𝜌𝛿𝑗𝑢 𝑗 ⇀ 𝐷𝑠∞𝑢 in 𝐿𝑝 (ℝ𝑛;ℝ𝑚×𝑛) as 𝑗 → ∞. (6.47)

Similarly to the proof of Theorem 6.3.7, we perform a translation to the classical gradient setting
in order to estimate the integral contribution over Ω. With 𝑣 𝑗 := Q𝜌𝛿𝑗

𝑢 𝑗 ∈𝑊 1,𝑝 (ℝ𝑛;ℝ𝑚) for 𝑗 ∈ ℕ,
we have that ∇𝑣 𝑗 = 𝐷𝜌𝛿𝑗𝑢 𝑗 due to Lemma 6.2.9. Moreover, there exists a 𝑣 ∈ 𝑊 1,𝑝

loc (ℝ𝑛;ℝ𝑚) with
∇𝑣 = 𝐷𝑠∞𝑢 by [140, Proposition 3.1 (𝑖)]. We therefore obtain in view of (6.47) that ∇𝑣 𝑗 ⇀ ∇𝑣 in
𝐿𝑝 (Ω;ℝ𝑚×𝑛), and (up to translation by constants) that 𝑣 𝑗 ⇀ 𝑣 in𝑊 1,𝑝 (Ω;ℝ𝑚). A standard lower
semicontinuity result for quasiconvex integrands (cf. [75, Theorem 8.11]) then yields

lim inf
𝑗→∞

∫
Ω
𝑓 (𝑥, 𝐷𝜌𝛿𝑗𝑢 𝑗 ) 𝑑𝑥 = lim inf

𝑗→∞

∫
Ω
𝑓 (𝑥,∇𝑣 𝑗 ) 𝑑𝑥

≥
∫
Ω
𝑓 (𝑥,∇𝑣) 𝑑𝑥 =

∫
Ω
𝑓 (𝑥, 𝐷𝑠∞𝑢) 𝑑𝑥 .

(6.48)

Regarding the integral contributions over Ω𝑐 , observe that for any [ > 0,

𝐷𝜌𝛿𝑗𝑢 𝑗 → 𝐷𝑠∞𝑢 in 𝐿𝑝 ((Ω[)𝑐 ;ℝ𝑛) as 𝑗 → ∞.

Together with the upper and lower bound on 𝑓 and Lebesgue’s dominated convergence theorem,
we obtain

lim inf
𝑗→∞

∫
Ω𝛿𝑗

\Ω
𝑓 (𝑥, 𝐷𝜌𝛿𝑗𝑢 𝑗 ) 𝑑𝑥 ≥ lim inf

𝑗→∞

∫
Ω𝛿𝑗

\Ω[

𝑓 (𝑥, 𝐷𝜌𝛿𝑗𝑢 𝑗 ) 𝑑𝑥 −
∫
Ω[\Ω

𝑎(𝑥) 𝑑𝑥

=
∫
ℝ𝑛\Ω[

𝑓 (𝑥, 𝐷𝑠∞𝑢) 𝑑𝑥 −
∫
Ω[\Ω

𝑎(𝑥) 𝑑𝑥

≥
∫
ℝ𝑛\Ω

𝑓 (𝑥, 𝐷𝑠∞𝑢) 𝑑𝑥 −
∫
Ω[\Ω

2𝑎(𝑥) +𝐶 |𝐷𝑠∞𝑢 |𝑝 𝑑𝑥 .
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Letting [ → 0 under consideration of |𝜕Ω | = 0 results in

lim inf
𝑗→∞

∫
Ω𝛿𝑗

\Ω
𝑓 (𝑥, 𝐷𝜌𝛿𝑗𝑢 𝑗 ) 𝑑𝑥 ≥

∫
ℝ𝑛\Ω

𝑓 (𝑥, 𝐷𝑠∞𝑢) 𝑑𝑥. (6.49)

The desired liminf-inequality follows from adding (6.48) and (6.49).
Recovery sequence: It suffices to consider 𝑢 ∈ 𝐻

𝑠∞,𝑝
0 (Ω;ℝ𝑚). Let (𝑢𝑘 )𝑘 ⊂ 𝐶∞

𝑐 (Ω;ℝ𝑚) be a
sequence such that 𝑢𝑘 → 𝑢 in 𝐻𝑠∞,𝑝0 (Ω;ℝ𝑚) as 𝑘 → ∞. From Proposition 6.4.6 and the second part
of Lemma 6.4.9, we deduce that

𝐷𝜌𝛿𝑗𝑢𝑘 → 𝐷𝑠∞𝑢𝑘 in 𝐿𝑝 (ℝ𝑛;ℝ𝑚×𝑛) as 𝑗 → ∞ for all 𝑘 ∈ ℕ.

Hence, the upper bound on 𝑓 and a twofold application of Lebesgue’s dominated convergence
theorem shows

lim
𝑘→∞

lim
𝑗→∞

∫
Ω𝛿𝑗

𝑓 (𝑥, 𝐷𝜌𝛿𝑗𝑢𝑘 ) 𝑑𝑥 = lim
𝑘→∞

∫
ℝ𝑛

𝑓 (𝑥, 𝐷𝑠∞𝑢𝑘 ) 𝑑𝑥 =
∫
ℝ𝑛

𝑓 (𝑥, 𝐷𝑠∞𝑢) 𝑑𝑥.

Finally, a recovery sequence is obtained by extracting a suitable diagonal sequence in the sense of
Attouch [18, Lemma 1.15, Proposition 1.16]. □

Remark 6.4.11. a) We find as a consequence of the Γ-convergence and equi-coercivity proven in
Theorem 6.4.10 that the minimizers of the functionals F𝛿 in (6.45), whose existence is guaranteed
by Theorem 6.2.11, converge (up to a subsequence) in 𝐿𝑝 to a minimizer of F𝑠∞ . In particular, this
result applies to all kernels from Example 6.2.5 with their limiting fractional exponents 𝑠∞ computed
in Example 6.4.4.

b) Note that Theorem 6.4.10 can be readily generalized to functionals defined on the spaces
𝑔 +𝐻 𝜌,𝑝,𝛿

0 (Ω;ℝ𝑚) with a given complementary value 𝑔 ∈𝑊 1,𝑝 (ℝ𝑛;ℝ𝑚), considering that Proposi-
tion 6.4.6 holds for all Sobolev functions in𝑊 1,𝑝 (ℝ𝑛). △



Chapter 7

Structural changes in nonlocal
denoising models arising through
bi-level parameter learning

This chapter corresponds to the published article

[82] E. Davoli, R. Ferreira, C. Kreisbeck and H. Schönberger. Structural changes in nonlocal
denoising models arising through bi-level parameter learning. Applied Mathematics and
Optimization, 88(1):Paper No. 9, 2023. https://doi.org/10.1007/s00245-023-09982-4.

7.1 Introduction

One of themost widely usedmethods to solve image restoration problems is the variational regular-
ization approach. This variational approach consists of minimizing a reconstruction functional that
decomposes into a fidelity and a regularization term, which give rise to competing effects. While
the fidelity term ensures that the reconstructed image is close to the (noisy) data, the regularization
term is designed to remove the noise by incorporating prior information on the clean image. In the
case of a simple 𝐿2-fidelity term, the reconstruction functional is given by

J (𝑢) = ∥𝑢 − 𝑢[ ∥2𝐿2 (Ω) +R(𝑢), for 𝑢 ∈ 𝐿2(Ω),

where Ω ⊂ ℝ𝑛 is the image domain, 𝑢[ ∈ 𝐿2(Ω) the noisy image, and R : 𝐿2(Ω) → [0,∞] the
regularizer.

A common choice for R is the total variation (𝑇𝑉 ) regularization proposed by Rudin, Osher,
& Fatemi [186], which penalizes sharp oscillations, but does not exclude edge discontinuities, as
they appear in most images. Since its introduction, the 𝑇𝑉 -model has inspired a variety of more
advanced regularization terms, like the infimal-convolution total variation (𝐼𝐶𝑇𝑉 ) [60], the total
generalized variation (𝑇𝐺𝑉 ) [51], and many more, cf. [42] and the references therein. Due to the
versatility of the variational formulation, regularizers of a completely different type can be used
as well. Recently, a lot of attention has been directed towards regularizers incorporating nonlocal
effects, such as those induced by difference quotients [21, 46, 53, 117] and fractional operators [12,
14,15]. Nonlocal regularizers have the advantage of not requiring the existence of (full) derivatives,
allowing to work with functions that are less regular than those in the local counterpart.

With an abundance of available choices, finding a suitable regularization term for a specific
application is paramount for obtaining accurate reconstructions. This is often done by fixing a
parameter-dependent family of regularizers and tuning the parameter in accordance with the noise
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and data. Carrying out this process via trial and error can be hard and inefficient, which led to the
development of a more structured approach in the form of bi-level optimization. We refer, e.g., to
[87, 88] (see also [62, 63, 101, 202]) and to the references therein, as well as to [95] for a detailed
overview. The idea behind bi-level optimization is to employ a supervised learning scheme based
on a set of training data consisting of noisy images and their corresponding clean versions. To
determine an optimal parameter, oneminimizes a selected cost functional which quantifies the error
with respect to the training data. Overall, this results in a nested variational problem with upper-
and lower-level optimization steps related to the cost and reconstruction functional, respectively.
Key aspects of the mathematical study of these bi-level learning schemes include establishing the
existence of solutions and deriving optimality conditions, which lay the foundation for devising
reliable numerical solution methods.

In recent years, there has been a rapid growth in the literature devoted to addressing the above
questions. To mention but a few examples, we first refer the paper [135] dealing with learning real-
valued weight parameters in front of the regularization terms for a rather general class of inverse
problems; in [13, 25], the authors optimize the fractional parameter of a regularizer depending on
the spectral fractional Laplacian; spatially dependent weights are determined through training via
other nonlocal bi-level schemes (e.g., inside the Gagliardo semi-norm [134] or in a type of fractional
gradient [90]), and in classical 𝑇𝑉 -models [64, 133, 172]; as done in [86], one can also learn the
fidelity term instead of the regularizer.

A common denominator in the above references is the presence of certain a priori compact-
ness constraints on the set of admissible parameters, such as box constraints like in [135], where
the weights are assumed to lie in some compact interval away from 0 and infinity. These condi-
tions make it possible to prove stability of the lower-level problem and obtain existence of optimal
parameters within a class of structurally equivalent regularizers. However, imposing artificial re-
strictions to the parameter range like these may lead to suboptimal results depending on the given
training data.

It is then substantial to consider removing such constraints in order to work on maximal do-
mains naturally associated with the parameters, which is also our focus in this paper. An inherent
effect of this approach is that qualitative changes in the structure of the regularizer may occur at
the edges of the domain. If optimal parameters are attained at the boundary, this indicates that the
chosen class of regularization terms is not well-suited to the training data. To exclude these degen-
erate cases, it is of interest to provide analytic conditions to guarantee that the optimal parameters
are attained in the interior of the domain, thereby preserving the structure of the regularizer. The
first work to address the aforementioned tasks is [87] by De Los Reyes, Schönlieb, & Valkonen,
where optimization is carried out for weighted sums of local regularizers of different type with
each weight factor allowed to take any value in [0,∞]. As such, their bi-level scheme is able to en-
compass multiple regularization structures at once, like 𝑇𝑉 and 𝑇𝑉 2 and their interpolation 𝑇𝐺𝑉 .
Similarly, the authors in [152] vary the weight factor in the whole range [0,∞] as well as the un-
derlying finite-dimensional norm of the total variation regularizer. We also mention [84], where
the order of a newly introduced nonlocal counterpart of the 𝑇𝐺𝑉 -regularizer is tuned, and [83],
which studies a bi-level scheme covering the cases of 𝑇𝑉 , 𝑇𝐺𝑉 2, and 𝑁𝑠𝑇𝐺𝑉 2 in a comprehensive
way.

In this paper, we introduce a unified framework to deal with parameter learning beyond struc-
tural stability in the context of bi-level optimization schemes. In contrast to the above references,
where the analysis is tailored to a specifically chosen type of parameter dependence, our regulariz-
ers can exhibit a general dependence on parameters in a topological space. Precisely, we consider
a parametrized family of regularizers R𝜆 : 𝐿2(Ω) → [0,∞] with 𝜆 ranging over a subset Λ of a
topological space 𝑋 , which is assumed to be first countable. If we focus for brevity on a single data
point (𝑢𝑐 , 𝑢[) ∈ 𝐿2(Ω)×𝐿2(Ω), with𝑢𝑐 and𝑢[ the clean and noisy images (see Section 7.2 for larger
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data sets), the bi-level optimization problem reads:

(Upper-level) Minimize I (𝜆) := inf
𝑤∈𝐾𝜆

∥𝑤 − 𝑢𝑐 ∥2𝐿2 (Ω) over 𝜆 ∈ Λ,

(Lower-level) 𝐾𝜆 := argmin
𝑢∈𝐿2 (Ω)

J𝜆 (𝑢),

where J𝜆 (𝑢) := ∥𝑢 − 𝑢[ ∥2
𝐿2 (Ω) +R𝜆 (𝑢) is the reconstruction functional.

Our approach for studying this general bi-level learning scheme relies on asymptotic tools from
the calculus of variations. We define a suitable notion of stability for the lower-level problems
that requires the family of functionals {J𝜆}𝜆∈Λ to be closed under taking Γ-limits; see [49, 80] for
a comprehensive introduction on Γ-convergence. Since Γ-convergence ensures the convergence
of sequences of minimizers, one can conclude that, in the presence of stability, the upper-level
functional I admits a minimizer (Theorem 7.2.3).

A different strategy is required to obtain the existence of solutions when stability fails. Espe-
cially relevant here is the case of real-valued parameters when box constraints are disposed of and
non-closed intervals Λ are considered; clearly, stability is then lost for the simple fact that a se-
quence of parameters can converge to the boundary of Λ. To overcome this issue, we propose a
natural extension I : Λ → [0,∞] of I , now defined on the closure of our parameter domain, and
identified via Γ-convergence of the lower-level functionals. Precisely,

(Upper-level) Minimize I (𝜆) := inf
𝑤∈𝐾𝜆

∥𝑤 − 𝑢𝑐 ∥2𝐿2 (Ω) over 𝜆 ∈ Λ,

(Lower-level) 𝐾𝜆 := argmin
𝑢∈𝐿2 (Ω)

J 𝜆 (𝑢),

where the functionals J 𝜆 : 𝐿2(Ω) → [0,∞] are characterized as 𝐿2-weak Γ-limits (if they exist) of
functionalsJ𝜆′ with 𝜆′ → 𝜆. To justify the choice of this particular extension, we derive an intrinsic
connection with relaxation theory in the calculus of variations (for an introduction, see, e.g., [75,
Chapter 9] and the references therein). Explicitly, the relaxation of the upper-level functional I is
given by its lower semicontinuous envelope (after the trivial extension to Λ by ∞),

Irlx(𝜆) := inf
{
lim inf
𝑘→∞

I (𝜆𝑘 ) : (𝜆𝑘 )𝑘 ⊂ Λ, 𝜆𝑘 → 𝜆 in Λ
}

for 𝜆 ∈ Λ.

This relaxed version of I has the desirable property that it admits a minimizer (if Λ is compact) and
minimizing sequences of I have subsequences that converge to an optimal parameter of Irlx. Our
main theoretical result (Theorem 7.2.5) shows that the extension I coincides with the relaxation
Irlx under suitable assumptions and therefore inherits the same properties (cf. Corollary 7.2.8).

Besides the generic conditions that eachR𝜆 is weakly lower semicontinuous and has non-empty
domain (see (H)), which ensure that J𝜆 possesses a minimizer, we work under two main assump-
tions:

(𝑖) The Mosco-convergence of the regularizers, i.e., Γ-convergence with respect to the strong
and weak 𝐿2-topology, and

(𝑖𝑖) the uniqueness of minimizers of J 𝜆 for 𝜆 ∈ Λ \ Λ.
We demonstrate in Example 7.2.7 that these assumptions are in fact optimal. Due to (𝑖), the Γ-limits
J 𝜆 preserve the additive decomposition into the 𝐿2-fidelity term and a regularizer, and coincide
with J𝜆 inside Λ. As a consequence of the latter, it follows that I = I in Λ, making I a true
extension of I . For the parameter values at the boundary, 𝜆 ∈ Λ \ Λ, however, the regularizers
present inJ 𝜆 can have a completely different structure from the family of regularizers {R𝜆}𝜆∈Λ that
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we initially started with. When the optimal parameter of the extended problem is attained inside
Λ, one recovers instead a solution to the original training scheme, yielding structure preservation.
For a discussion on related results in the context of optimal control problems [40, 55, 56], we refer
to the end of Section 7.2.

To demonstrate the applicability of our abstract framework, we investigate a quartet of prac-
tically relevant scenarios with families of nonlocal regularizers that induce qualitatively different
structural changes; namely, learning the optimal weight, varying the amount of nonlocality, opti-
mizing the integrability exponent, and tuning the fractional parameter. More precisely, in all these
four applications, our starting point is a non-closed real interval Λ ⊂ [−∞,∞] and we seek to de-
termine the extension I on the closed interval Λ, which admits a minimizer by the theory outlined
above. The first step is to calculate the Mosco-limits of the regularizers, which reveals the type of
structural change occurring at the boundary points. Subsequently, we study for which training sets
of clean and noisy images the optimal parameters are attained either insideΛ or at the edges. In two
cases, we determine explicit analytic conditions on the data that guarantee structure preservation
for the optimization process.

The first setting involves a rather general nonlocal regularizer R : 𝐿2(Ω) → [0,∞] multiplied
by a weight parameter 𝛼 in Λ = (0,∞). Inside the domain, we observe structural stability as
J 𝛼 = J𝛼 for all 𝛼 ∈ Λ; in contrast, the regularization disappears when 𝛼 = 0 and forces the
solutions to be constant when 𝛼 = ∞. Moreover, we derive sufficient conditions in terms of the
data that prevent the optimal parameter from being attained at the boundary points; for a single
data point (𝑢𝑐 , 𝑢[), they specify to

R(𝑢𝑐) < R(𝑢[) and ∥𝑢[ − 𝑢𝑐 ∥2𝐿2 (Ω) <
 −
∫
Ω
𝑢[ 𝑑𝑥 − 𝑢𝑐

2
𝐿2 (Ω)

,

see Theorem 7.3.2. Notice that the first of these two conditions is comparable to the one in [87,
Eq. (10)] and shows positivity of optimal weights.

Inspired by the use of different 𝐿𝑝-norms in image processing, such as in the form of quadratic,
𝑇𝑉 , and Lipschitz regularization [176, Section 4], we focus our second case on the integrability
exponent of nonlocal regularizers of double-integral type; precisely, functionals of the form

R𝑝 (𝑢) =
(

1
|Ω × Ω |

∫
Ω

∫
Ω
𝑓 𝑝 (𝑥,𝑦,𝑢 (𝑥), 𝑢 (𝑦)) 𝑑𝑥 𝑑𝑦

)1/𝑝
for 𝑝 ∈ Λ = [1,∞),

with a suitable 𝑓 : Ω × Ω ×ℝ ×ℝ → [0,∞). Possible choices for the integrand 𝑓 include bounded
functions or functions of difference-quotient type. We prove stability of the lower-level problem in
Λ, and determine the Mosco-limit for 𝑝 → ∞ via 𝐿𝑝-approximation techniques as in [61, 139]. In
particular, we show that it is given by a double-supremal functional of the form

R∞(𝑢) = ess sup(𝑥,𝑦) ∈Ω×Ω 𝑓 (𝑥,𝑦,𝑢 (𝑥), 𝑢 (𝑦)) .

In order to see how this structural change affects the image reconstruction, we highlight examples
of training data for which the supremal regularizer performs better or worse than the integral
counterparts.

As a third application, we consider two families of nonlocal regularizers {R𝛿 }𝛿∈Λ with Λ =
(0,∞), which were introduced by Aubert & Kornprobst [21] and Brezis & Nguyen in [53], respec-
tively, and are closely related to nonlocal filters frequently used in image processing. The parameter
𝛿 reflects the amount of nonlocality in the regularizer. It is known that the functionals R𝛿 tend, as
𝛿 → 0, to a multiple of the total variation in the sense of Γ-convergence. Based on these results,
we prove in both cases that the reconstruction functional of our bi-level optimization scheme turns



7.2. ESTABLISHING THE UNIFIED FRAMEWORK 213

into the classical𝑇𝑉 -denoising model when 𝛿 = 0, whereas the regularization vanishes at the other
boundary value, 𝛿 = ∞. As such, the extended bi-level schemes encode simultaneously nonlocal
and total variation regularizations. We round off the discussion by presenting some instances of
training data where the optimal parameters are attained either at the boundary or in the interior
of Λ.

Our final bi-level optimization problem features a different type of nonlocality arising from
fractional operators; to be precise, we consider, in the same spirit as in [12], the 𝐿2-norm of the
spectral fractional Laplacian as a regularizer. The parameter of interest here is the order 𝑠/2 of
the fractional Laplacian, which is taken in the fractional range 𝑠 ∈ Λ = (0, 1). At the values
𝑠 = 0 and 𝑠 = 1, we recover local models with regularizers equal to the 𝐿2-norm of the function
and its gradient, respectively. Thus, one expects the fractional model to perform better than the
two local extremes. We quantify this presumption by deriving analytic conditions in terms of the
eigenfunctions and eigenvalues of the classical Laplacian on Ω ensuring the optimal parameters to
be attained in the truly fractional regime. These conditions on the training data are established by
proving and exploiting the differentiability of the extended upper-level functional I .

For completeness, we mention that practically relevant scenarios when Λ is a topological space
include those in which the reconstruction parameters are space-dependent, and thus described by
functions. The analysis of this class of applications is left open for future investigations.

The outline of the paper is as follows. In Section 7.2, we present the general abstract bi-level
framework, and prove the results regarding the existence of optimal parameters and the two types
of extensions of bi-level optimization schemes. Sections 3-6 then deal with the four different, prac-
tically relevant applications mentioned in the previous paragraph. As a note, we point out that they
are each presented in a self-contained way, allowing the readers to move directly to the sections
that correspond best to their interests.

7.2 Establishing the unified framework

Let Ω ⊂ ℝ𝑛 be an open bounded set, and let
𝑁⋃
𝑗=1

(𝑢𝑐𝑗 , 𝑢[𝑗 ) ⊂ 𝐿2(Ω) × 𝐿2(Ω), 𝑁 ∈ ℕ,

be a set of available square-integrable training data, where each 𝑢𝑐𝑗 represents a clean image and
𝑢
[
𝑗 a distorted version thereof, which can be obtained, for instance, by applying some noise to
𝑢𝑐𝑗 . These data are collected in the vector-valued functions 𝑢𝑐 := (𝑢𝑐1, . . . , 𝑢𝑐𝑁 ) ∈ 𝐿2(Ω;ℝ𝑁 ) and
𝑢[ := (𝑢[1 , . . . , 𝑢

[
𝑁 ) ∈ 𝐿2(Ω;ℝ𝑁 ). As for notation, ∥𝑣 ∥2

𝐿2 (Ω;ℝ𝑁 ) =
∑𝑁
𝑗=1∥𝑣 𝑗 ∥2𝐿2 (Ω) stands for the

𝐿2-norm of a function 𝑣 ∈ 𝐿2(Ω;ℝ𝑁 ).
To reconstruct each damaged image, 𝑢[𝑗 , we consider denoising models that consist of a sim-

ple fidelity term and a (possibly nonlocal) regularizer; precisely, we minimize functionals J𝜆,𝑗 :
𝐿2(Ω) → [0,∞] of the form

J𝜆,𝑗 (𝑢) = ∥𝑢 − 𝑢[𝑗 ∥2𝐿2 (Ω) +R𝜆 (𝑢), 𝑢 ∈ 𝐿2(Ω), (7.1)

where the regularizer R𝜆 : 𝐿2(Ω) → [0,∞], with DomR𝜆 = {𝑣 ∈ 𝐿2(Ω) : R𝜆 (𝑢) < ∞}, is a
(possibly nonlocal) functional parametrized over 𝜆 ∈ Λ with Λ a subset of a topological space 𝑋
satisfying the first axiom of countability. Throughout the paper, we always assume that for every
𝜆 ∈ Λ, we have {

DomR𝜆 is non-empty,
R𝜆 is weakly 𝐿2-lower semicontinuous.

(H)
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Observe that the functionals J𝜆,𝑗 then have a minimizer by the direct method in the calculus of
variations.

The result of the reconstruction process, meaning the quality of the reconstructed image re-
sulting as a minimizer of (7.1), is known to depend on the choice of the regularizing term R𝜆 . Our
goal is to set up a training scheme that is able to learn how to select a “good” parameter 𝜆 within a
corresponding given family {R𝜆}𝜆∈Λ of regularizers. Here, as briefly described in the Introduction
for the single data point case (𝑁 = 1), we follow the approach introduced in [87, 88] in the spirit
of machine learning optimization schemes, where training the regularization term means to solve
the nested variational problem

(Upper-level) Minimize I (𝜆) := inf
𝑤∈𝐾𝜆

∥𝑤 − 𝑢𝑐 ∥2
𝐿2 (Ω;ℝ𝑁 ) over 𝜆 ∈ Λ,

(Lower-level) 𝐾𝜆 :=
{
𝑤 ∈ 𝐿2(Ω;ℝ𝑁 ) : 𝑤 𝑗 ∈ argmin

𝑢∈𝐿2 (Ω)
J𝜆,𝑗 (𝑢) for all 𝑗 ∈ {1, . . . , 𝑁 }

}
,

(T )

with J𝜆,𝑗 as in (7.1). Notice that 𝐾𝜆 ≠ ∅ because for all 𝑗 ∈ {1, . . . , 𝑁 }, we have
𝐾𝜆,𝑗 := argmin𝑢∈𝐿2 (Ω)J𝜆,𝑗 (𝑢) ≠ ∅ (7.2)

by Assumption (H).
To study the training scheme (T ), we start by introducing a notion of weak 𝐿2-stability for the

family {J𝜆}𝜆∈Λ, with
J𝜆 := (J𝜆,1, . . . ,J𝜆,𝑁 ) : 𝐿2(Ω) → [0,∞]𝑁 for 𝜆 ∈ Λ. (7.3)

This notion relies on the concept of Γ-convergence and is related to the notion of (weak) stability
as in [135, Definition 2.3], which is defined in terms of minimizers of the lower-level problem.

Definition 7.2.1 (Weak 𝑳2-stability). The family in (7.3) is called weakly 𝐿2-stable if for every
sequence (𝜆𝑘 )𝑘 ⊂ Λ such that (J𝜆𝑘 , 𝑗 )𝑘 Γ-converges with respect to the weak 𝐿2-topology for all 𝑗 ∈
{1, . . . , 𝑁 }, there exists 𝜆 ∈ Λ such that

Γ(𝑤-𝐿2)- lim
𝑘→∞

J𝜆𝑘 , 𝑗 = J𝜆,𝑗

for all 𝑗 ∈ {1, . . . , 𝑁 }.
Before proceeding, we briefly recall the definition and some properties of Γ-convergence in the

setting relevant to us; for more on this topic, see [49, 80] for instance.

Definition 7.2.2 (𝚪- and Mosco-convergence). Let F𝑘 : 𝐿2(Ω) → [0,∞] for 𝑘 ∈ ℕ and F :
𝐿2(Ω) → [0,∞] be functionals. The sequence (F𝑘 )𝑘 (sequentially) Γ-converges to F with respect to
the weak 𝐿2-topology, written F = Γ(𝑤-𝐿2)- lim𝑘→∞ F𝑘 , if:

• (Liminf inequality) For every sequence (𝑢𝑘 )𝑘 ⊂ 𝐿2(Ω) and 𝑢 ∈ 𝐿2(Ω) with 𝑢𝑘 ⇀ 𝑢 in 𝐿2(Ω),
it holds that

F (𝑢) ≤ lim inf
𝑘→∞

F𝑘 (𝑢𝑘 ) .

• (Limsup inequality) For every 𝑢 ∈ 𝐿2(Ω), there exists a sequence (𝑢𝑘 )𝑘 ⊂ 𝐿2(Ω) such that
𝑢𝑘 ⇀ 𝑢 in 𝐿2(Ω) and

F (𝑢) ≥ lim sup
𝑘→∞

F𝑘 (𝑢𝑘 ) .

The sequence (F𝑘 )𝑘 converges in the sense ofMosco-convergence in 𝐿2(Ω) toF , writtenF = Mosc(𝐿2)-
lim𝑘→∞ F𝑘 , if, in addition, the limsup inequality can be realised by a sequence converging strongly in
𝐿2(Ω).
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If the liminf inequality holds, then the sequence from the limsup inequality automatically sat-
isfies lim𝑘→∞ F𝑘 (𝑢𝑘 ) = F (𝑢), and is therefore often called a recovery sequence. We note that
the above sequential definition of Γ-convergence coincides with the topological definition [80,
Proposition 8.10] for equi-coercive sequences (F𝑘 )𝑘 , i.e., F𝑘 ≥ Ψ for all 𝑘 ∈ ℕ and for some
Ψ : 𝐿2(Ω) → [0,∞] with Ψ(𝑢) → ∞ as ∥𝑢∥𝐿2 (Ω) → ∞. In particular, the theory implies that
the Γ-limit F is (sequentially) 𝐿2-weakly lower semicontinuous. The Γ-convergence has the key
property of yielding the convergence of solutions (if they exist) to those of the limit problem,
which makes it a suitable notion of variational convergence. Precisely, if 𝑢𝑘 is a minimizer of
F𝑘 for all 𝑘 ∈ ℕ and 𝑢 a cluster point of the sequence (𝑢𝑘 )𝑘 , then 𝑢 is a minimizer of F and
min𝐿2 (Ω) F𝑘 = F𝑘 (𝑢𝑘 ) → F (𝑢) = min𝐿2 (Ω) F , see [80, Corollary 7.20]. Notice that the existence
of cluster points is implied by the assumption of equi-coercivity. In the special case when (F𝑘 )𝑘
is a constant sequence of functionals, say F𝑘 = G for all 𝑘 ∈ ℕ, the Γ-limit corresponds to the
relaxation of G, i.e., its 𝐿2-weakly lower semicontinuous envelope. Observe that replacing each F𝑘
by its relaxation does not affect the Γ-limit of (F𝑘 )𝑘 , see [80, Proposition 6.11].

As we discuss next, weak 𝐿2-stability provides existence of solutions to the training scheme
(T ). We note that the family of functionals {J𝜆}𝜆∈Λ as in (7.3) is equi-coercive in a componentwise
sense.

Theorem 7.2.3. Let J𝜆 : 𝐿2(Ω) → [0,∞]𝑁 be given by (7.3) for each 𝜆 ∈ Λ. If the family {J𝜆}𝜆∈Λ
is weakly 𝐿2-stable, then I in (T ) has a minimizer.

Proof. The statement follows directly from the direct method and the classical properties of Γ-
convergence.

Let (𝜆𝑘 )𝑘 ⊂ Λ be a minimizing sequence for I . Then, for each 𝑘 ∈ ℕ, there is 𝑤𝑘 ∈ 𝐾𝜆𝑘 such
that

lim
𝑘→∞

∥𝑤𝑘 − 𝑢𝑐 ∥2𝐿2 (Ω;ℝ𝑁 ) = inf
𝜆∈Λ

I (𝜆). (7.4)

In particular, (𝑤𝑘 )𝑘 is uniformly bounded in 𝐿2(Ω;ℝ𝑁 ); hence, extracting a subsequence if neces-
sary, one may assume that 𝑤𝑘 ⇀ 𝑤 in 𝐿2(Ω;ℝ𝑁 ) as 𝑘 → ∞ for some 𝑤 ∈ 𝐿2(Ω;ℝ𝑁 ). Using the
equi-coercivity, we apply the compactness result for Γ-limits [80, Corollary 8.12] to find a further
subsequence of (𝜆𝑘 )𝑘 (not relabeled) such that (J𝜆𝑘 , 𝑗 )𝑘 Γ(𝑤-𝐿2)-converges for all 𝑗 ∈ {1, ..., 𝑁 }.
Consequently, by the weak 𝐿2-stability assumption and the properties of Γ-convergence on mini-
mizing sequences, there exists �̃� ∈ Λ such that𝑤 ∈ 𝐾�̃� . Then, along with (7.4),

I (�̃�) ≤ ∥𝑤 − 𝑢𝑐 ∥2
𝐿2 (Ω;ℝ𝑁 ) ≤ lim inf

𝑘→∞
∥𝑤𝑘 − 𝑢𝑐 ∥2𝐿2 (Ω;ℝ𝑁 ) = inf

𝜆∈Λ
I (𝜆) ≤ I (�̃�),

which finishes the proof. □

Remark 7.2.4. We give a simple counterexample to illustrate that minimizers for I may not exist
in general. Take Λ = (0,∞) ⊂ ℝ, a single data point (𝑢𝑐 , 𝑢[) with 𝑢𝑐 = 𝑢[ ≠ 0, and R𝜆 (𝑢) =
𝜆∥𝑢∥2

𝐿2 (Ω) for 𝜆 ∈ Λ. Then, J𝜆 (𝑢) = ∥𝑢−𝑢[ ∥2𝐿2 (Ω)+𝜆∥𝑢∥2𝐿2 (Ω) for𝑢 ∈ 𝐿2(Ω) and𝐾𝜆 = {𝑢[/(1+𝜆)} =
{𝑢𝑐/(1 + 𝜆)}, so that

I (𝜆) =
(
𝜆

1 + 𝜆

)2
∥𝑢𝑐 ∥2𝐿2 (Ω) ,

which does not have a minimizer on Λ = (0,∞). By the previous theorem, the family must fail to
be weakly 𝐿2-stable. Indeed, Γ(𝑤-𝐿2)- lim𝜆→0 J𝜆 coincides with the pointwise limit and is equal to
∥· − 𝑢[ ∥2𝐿2 (Ω) , which is not an element of {J𝜆}𝜆∈ (0,∞) . △

Theorem 7.2.3 is useful in many situations, including the basic case when the parameter set Λ
is a compact real interval. However, weak 𝐿2-stability is not always guaranteed, as Remark 7.2.4
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illustrates. If, for instance, we have a sequence (𝜆𝑘 )𝑘 converging to a point in 𝑋 outside Λ, then
there is no reason to expect that

Γ(𝑤-𝐿2)- lim
𝑘→∞

J𝜆𝑘 , 𝑗 = J𝜆,𝑗

holds for some 𝜆 ∈ Λ.
To overcome this issue and provide a more general existence framework, we will look at a

suitable replacement of the bi-level scheme. In the following, we denote by Λ the closure of Λ and
suppose that for each 𝑗 ∈ {1, . . . , 𝑁 } and 𝜆 ∈ Λ, the Γ-limits

J 𝜆,𝑗 := Γ(𝑤-𝐿2)- lim
𝜆′→𝜆

J𝜆′, 𝑗 (7.5)

exist, where 𝜆′ takes values on an arbitrary sequence in Λ. We further set

J 𝜆 := (J 𝜆,1, . . . ,J 𝜆,𝑁 ) : Λ → [0,∞]𝑁 .

Based on these definitions, we introduce I : Λ → [0,∞] as the extension of the upper level
functional I given by

I (𝜆) := min
𝑤∈𝐾𝜆

∥𝑤 − 𝑢𝑐 ∥2
𝐿2 (Ω;ℝ𝑁 ) , (7.6)

where 𝐾𝜆,𝑗 := argmin𝑢∈𝐿2 (Ω)J 𝜆,𝑗 (𝑢) and 𝐾𝜆 := 𝐾𝜆,1 × 𝐾𝜆,2 × · · · × 𝐾𝜆,𝑁 for 𝜆 ∈ Λ. Observe that
𝐾𝜆,𝑗 is 𝐿2-weakly closed because the functional J 𝜆,𝑗 , as a Γ(𝑤-𝐿2)-limit by (7.5), is 𝐿2-weakly lower
semicontinuous. Hence, the minimum in the definition of I is actually attained. Notice that taking
constant sequences in the parameter space in (7.5) and using the weak lower semicontinuity of the
regularizers R𝜆 in (H), we conclude that J 𝜆 coincides with J𝜆 whenever 𝜆 ∈ Λ. In that sense, we
can think of {J 𝜆}𝜆∈Λ as the extension of the family {J𝜆}𝜆∈Λ to the closure of Λ.

All together, this leads to the extended bi-level problem

(Upper-level) Minimize I (𝜆) := min
𝑤∈𝐾𝜆

∥𝑤 − 𝑢𝑐 ∥2
𝐿2 (Ω;ℝ𝑁 ) over 𝜆 ∈ Λ,

(Lower-level) 𝐾𝜆 :=
{
𝑤 ∈ 𝐿2(Ω;ℝ𝑁 ) : 𝑤 𝑗 ∈ argmin

𝑢∈𝐿2 (Ω)
J 𝜆,𝑗 (𝑢) for all 𝑗 ∈ {1, . . . , 𝑁 }

}
.

(T )

The theorem below compares the extended upper level functional I with the relaxation of I
(after trivial extension toΛ by∞), that is, with its lower semicontinuous envelope Irlx : Λ → [0,∞]
given by

Irlx(𝜆) := inf
{
lim inf
𝑘→∞

I (𝜆𝑘 ) : (𝜆𝑘 )𝑘 ⊂ Λ, 𝜆𝑘 → 𝜆 in Λ
}
. (7.7)

Aswewill see, the key assumption to obtain the equality between I and Irlx is theMosco-convergence
of the family of regularizers in (7.9), which is stronger than the Γ-convergence of the reconstruction
functionals in (7.5). It even implies the Mosco-convergence

J 𝜆,𝑗 = Mosc(𝐿2)- lim
𝜆′→𝜆

J𝜆′, 𝑗

and, in this case, the limit passage can be performed additively in the fidelity and regularizing term;
thus, for all 𝑗 ∈ {1, . . . , 𝑁 }, we have

J 𝜆,𝑗 (𝑢) = ∥𝑢 − 𝑢[𝑗 ∥𝐿2 (Ω) +R𝜆 (𝑢) for 𝑢 ∈ 𝐿2(Ω). (7.8)
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Theorem 7.2.5. Consider the bi-level optimization problems (T ) and (T ), assume (7.5), and recall
the definitions in (7.6) and (7.7). Suppose in addition that

(𝑖) the Mosco-limits

R𝜆 := Mosc(𝐿2)- lim
𝜆′→𝜆

R𝜆′ (7.9)

exist for each 𝜆 ∈ Λ, with 𝜆′ taking values on sequences in Λ, and

(𝑖𝑖) 𝐾𝜆 is a singleton for every 𝜆 ∈ Λ \ Λ.
Then, the extension I of I to the closure Λ coincides with the relaxation of I , i.e., I = Irlx on Λ.

Proof. To show that I ≤ Irlx, we take 𝜆 ∈ Λ and let (𝜆𝑘 )𝑘 ⊂ Λ with 𝜆𝑘 → 𝜆 in Λ be an admissible
sequence for Irlx(𝜆) in (7.7). We may even assume that ∞ > lim inf𝑘→∞ I (𝜆𝑘 ) = lim𝑘→∞ I (𝜆𝑘 ).
Then, recalling (7.2) and fixing 𝛿 > 0, we can find𝑤𝑘 ∈ 𝐾𝜆𝑘 such that

lim
𝑘→∞

I (𝜆𝑘 ) ≥ lim inf
𝑘→∞

∥𝑤𝑘 − 𝑢𝑐 ∥2𝐿2 (Ω;ℝ𝑁 ) − 𝛿.

In particular, (𝑤𝑘 )𝑘 is uniformly bounded in 𝐿2(Ω;ℝ𝑁 ), which allows us to extract an 𝐿2-weakly
converging subsequence (not relabeled) with limit �̄� ∈ 𝐿2(Ω;ℝ𝑁 ). By the properties of Γ-conver-
gence on cluster points of minimizing sequences recalled above (see also [80, Corollary 7.20]), we
infer from (7.5) that �̄� 𝑗 ∈ argmin𝑢∈𝐿2 (Ω)J 𝜆,𝑗 (𝑢) for all 𝑗 ∈ {1, · · · , 𝑁 }; in other words, �̄� ∈ 𝐾𝜆 .
Thus,

lim
𝑘→∞

I (𝜆𝑘 ) ≥ ∥�̄� − 𝑢𝑐 ∥2
𝐿2 (Ω;ℝ𝑁 ) − 𝛿 ≥ I (𝜆) − 𝛿.

By letting 𝛿 → 0 first, and then taking the infimum over all admissible sequences for Irlx(𝜆) in (7.7),
it follows that I (𝜆) ≤ Irlx(𝜆).

To prove the reverse inequality, we start by recalling that for 𝜆 ∈ Λ, J𝜆 is weakly 𝐿2-lower
semicontinuous by Assumption (H); thus, (2.5) yields J 𝜆 = J𝜆 for 𝜆 ∈ Λ. Consequently, I (𝜆) =
I (𝜆) ≥ Irlx(𝜆) for 𝜆 ∈ Λ. We are then left to consider 𝜆 ∈ Λ \ Λ and find a sequence (𝜆𝑘 )𝑘 ⊂ Λ
converging to 𝜆 in Λ and satisfying lim inf𝑘→∞ I (𝜆𝑘 ) ≤ I (𝜆). To that end, take any (𝜆𝑘 )𝑘 ⊂ Λ
with 𝜆𝑘 → 𝜆 in Λ, and let 𝑤𝑘 ∈ 𝐾𝜆𝑘 for 𝑘 ∈ ℕ. Recalling (𝑖𝑖), denote by 𝑤𝜆 = (𝑤𝜆,1, . . . ,𝑤𝜆,𝑁 )
the unique element in 𝐾𝜆 . Then, using (7.5) and the equi-coercivity of (J𝜆)𝜆∈Λ, we obtain by the
theory of Γ-convergence (see [80, Corollary 7.24]) that (𝑤𝑘 )𝑘 converges weakly in 𝐿2(Ω;ℝ𝑁 ) to
𝑤𝜆; moreover, it holds for all 𝑗 ∈ {1, . . . , 𝑁 } that

J𝜆𝑘 , 𝑗 (𝑤𝑘,𝑗 ) → J 𝜆,𝑗 (𝑤𝜆,𝑗 ) as 𝑘 → ∞. (7.10)

The following shows that (𝑤𝑘 )𝑘 converges even strongly in 𝐿2(Ω;ℝ𝑁 ). Indeed, fixing 𝑗 ∈
{1, . . . , 𝑁 }, we infer from (7.10) alongwith theMosco-convergence of the regularizers in (𝑖) and (7.8)
that

∥𝑤𝜆,𝑗 − 𝑢[𝑗 ∥2𝐿2 (Ω) +R𝜆 (𝑤𝜆,𝑗 ) = J 𝜆,𝑗 (𝑤𝜆,𝑗 ) = lim
𝑘→∞

J𝜆𝑘 , 𝑗 (𝑤𝑘,𝑗 )

= lim
𝑘→∞

[
∥𝑤𝑘,𝑗 − 𝑢[𝑗 ∥2𝐿2 (Ω) +R𝜆𝑘 (𝑤𝑘,𝑗 )

]
≥ lim sup

𝑘→∞
∥𝑤𝑘,𝑗 − 𝑢[𝑗 ∥2𝐿2 (Ω) +R𝜆 (𝑤𝜆,𝑗 ).

Hence, ∥𝑤𝜆,𝑗 −𝑢[𝑗 ∥2𝐿2 (Ω) ≥ lim sup𝑘→∞∥𝑤𝑘,𝑗 −𝑢[𝑗 ∥2𝐿2 (Ω) , which together with the weak lower semi-
continuity of the 𝐿2-norm yields

lim
𝑘→∞

∥𝑤𝑘,𝑗 − 𝑢[𝑗 ∥2𝐿2 (Ω) = ∥𝑤𝜆,𝑗 − 𝑢[𝑗 ∥2𝐿2 (Ω) ;
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thus,𝑤𝑘 → 𝑤𝜆 strongly in 𝐿2(Ω;ℝ𝑁 ) using the combination of weak convergence and convergence
of norms by the Radon–Riesz property. With this, we finally conclude that

lim inf
𝑘→∞

I (𝜆𝑘 ) ≤ lim inf
𝑘→∞

∥𝑤𝑘 − 𝑢𝑐 ∥2𝐿2 (Ω;ℝ𝑁 ) = ∥𝑤𝜆 − 𝑢𝑐 ∥2𝐿2 (Ω;ℝ𝑁 ) = min
𝑤∈𝐾𝜆

∥𝑤 − 𝑢𝑐 ∥2
𝐿2 (Ω;ℝ𝑁 ) = I (𝜆),

finishing the proof. □

Remark 7.2.6. By inspecting the proof, it becomes clear that the estimate I ≤ Irlx holds with-
out the additional assumptions (𝑖) and (𝑖𝑖) from the previous theorem; in other words, I always
provides a lower bound for the relaxation of I . △

The identity I = Irlx may fail if either of the assumptions (𝑖) or (𝑖𝑖) in Theorem 7.2.5 is dropped
as the following example shows.

Example 7.2.7. a) To see why (𝑖) is necessary, consider Λ = (0, 1], a single data point (𝑢𝑐 , 𝑢[)
with 𝑢𝑐 = 𝑢[ = 0, and

R𝜆 =
1
𝜆
∥· − 𝑣𝜆∥2𝐿2 (Ω) with 𝑣𝜆 = 𝑣 (·/𝜆) ∈ 𝐿2(Ω)

for a given 𝑣 ∈ 𝐿∞(ℝ𝑛) with the properties that 𝑣 is (0, 1)𝑛-periodic, 𝑣 ∈ {−1, 1} almost everywhere,
and

∫
(0,1)𝑛 𝑣 𝑑𝑥 = 0. Under these specifications, the Γ-limits J 𝜆 = Γ(𝑤-𝐿2)- lim𝜆′→𝜆 J𝜆′ (cf. (7.5)

and (7.1)) exist and are given by

J 𝜆 (𝑢) =
{
∥𝑢∥2

𝐿2 (Ω) + 1
𝜆 ∥𝑢 − 𝑣𝜆∥2𝐿2 (Ω) for 𝜆 ∈ (0, 1],

|Ω | + 𝜒{0} (𝑢) for 𝜆 = 0,
(7.11)

where 𝜒𝐸 denotes the indicator function of a set 𝐸 ⊂ 𝐿2(Ω), i.e.,

𝜒𝐸 (𝑢) =
{
0 if 𝑢 ∈ 𝐸,
∞ if 𝑢 ∉ 𝐸,

for 𝑢 ∈ 𝐿2(Ω).

The non-trivial case is when 𝜆 = 0. In this case, we observe that we can take (𝑣𝜆′)𝜆′ as a
recovery sequence for 𝑢 = 0 because it converges weakly in 𝐿2(Ω) as 𝜆′ → 0 to

∫
(0,1)𝑛 𝑣 𝑑𝑥 = 0

by the Riemann–Lebesgue lemma for periodically oscillating sequences. For the liminf inequality,
let 𝑢𝜆′ ⇀ 𝑢 as 𝜆′ → 0 and suppose without loss of generality that sup𝜆′ R𝜆′ (𝑢𝜆′) < ∞. Then,
𝑢𝜆′ = 𝑣𝜆′ + 𝑟𝜆′ with 𝑟𝜆′ → 0 in 𝐿2(Ω) as 𝜆′ → 0, which implies 𝑢 = 0 and, recalling that 𝑣 ∈ {−1, 1}
almost everywhere,

lim inf
𝜆′→0

J𝜆′ (𝑢𝜆′) ≥ lim
𝜆′→0

∥𝑣𝜆′ + 𝑟𝜆′ ∥2𝐿2 (Ω) = lim
𝜆′→0

∥𝑣𝜆′ ∥2𝐿2 (Ω) = |Ω | = J 0(0),

which completes the proof of (7.11) when 𝜆 = 0.
In view of (7.11), one can now read off that 𝐾𝜆 = 𝐾𝜆 = {𝑣𝜆/(1 + 𝜆)} for 𝜆 ∈ (0, 1] and 𝐾0 = {0}.

In particular, condition (𝑖𝑖) on the uniqueness of minimizers of the extended lower-level problem
is fulfilled here. Hence,

I (𝜆) =
( 1
1 + 𝜆

)2
|Ω | (7.12)

for 𝜆 ∈ (0, 1], and

I (𝜆) =

( 1
1 + 𝜆

)2
|Ω | if 𝜆 ∈ (0, 1],

0 if 𝜆 = 0
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for 𝜆 ∈ [0, 1]. It is immediate to see from (7.12) that

I (0) = 0 < |Ω | = Irlx(0) .

Notice that this example hinges on the fact that the minimizers 𝑣𝜆/(1 + 𝜆) only converge weakly
as 𝜆 → 0, which, in view of the proof of Theorem 7.2.5, implies that the family of regularizers
{R𝜆}𝜆∈Λ does not Mosco-converge in 𝐿2(Ω) in the sense of (7.9), thus failing to satisfy (𝑖).

b) For the necessity of (𝑖𝑖), consider Λ = (0, 1], a single data point (𝑢𝑐 , 𝑢[) with 𝑢𝑐 = 0 and
∥𝑢[ ∥2

𝐿2 (Ω) = 1, and

R𝜆 (𝑢) =
{
𝜆 if 𝑢 = 0,
1 if 𝑢 ≠ 0.

While it is straightforward to check that condition (𝑖) in Theorem 7.2.5 regarding the Mosco-limits
of {R𝜆}𝜆∈Λ is satisfied with

R𝜆 (𝑢) =
{
𝜆 if 𝑢 = 0,
1 if 𝑢 ≠ 0

for 𝜆 ∈ [0, 1], which clearly coincides with R𝜆 for 𝜆 ∈ Λ = (0, 1], condition (𝑖𝑖) fails. Indeed, it
follows from (7.8) that J 𝜆 (𝑢[) = R𝜆 (𝑢[) = 1 and J 𝜆 (0) = ∥𝑢[ ∥2

𝐿2 (Ω) + 𝜆 = 1 + 𝜆 for all 𝜆 ∈ [0, 1].
Consequently, for 𝜆 ∈ (0, 1], we have J 𝜆 = J𝜆 and𝑢[ is its unique minimizer; in contrast, for 𝜆 = 0,
J 0 has two minimizers, namely 𝐾0 = {𝑢[, 0} = {𝑢[, 𝑢𝑐}. Finally, we observe that the conclusion of
Theorem 7.2.5 fails here because

I (0) = 0 and I (𝜆) = ∥𝑢𝑐 − 𝑢[ ∥2𝐿2 (Ω) = 1 for all 𝜆 ∈ (0, 1],

which yields I (0) = 0 < 1 = Irlx(0).
The following result is a direct consequence of Theorem 7.2.5 and standard properties of relax-

ation.

Corollary 7.2.8. Under the assumptions of Theorem 7.2.5 and if Λ is compact, it holds that:

(𝑖) The extension I has at least one minimizer and

min
Λ

I = inf
Λ

I .

(𝑖𝑖) Any minimizing sequence (𝜆𝑘 )𝑘 ⊂ Λ of I converges up to subsequence to a minimizer 𝜆 ∈ Λ
of I .

(𝑖𝑖𝑖) If 𝜆 ∈ Λ minimizes I , then 𝜆 is also a minimizer of I .

We conclude this section on the theoretical framework with a brief comparison with related
works on optimal control problems. By setting 𝐾 = {(𝑤, 𝜆) ∈ 𝐿2(Ω) × Λ : 𝑤 ∈ 𝐾𝜆}, the bi-level
optimization problem (T ) can be equivalently rephrased into minimizing

Î (𝑢, 𝜆) = ∥𝑢 − 𝑢𝑐 ∥2𝐿2 (Ω) + 𝜒𝐾 (𝑢, 𝜆), (𝑢, 𝜆) ∈ 𝐿2(Ω) × Λ,

as a functional of two variables; observe that

I (𝜆) = inf
𝑤∈𝐿2 (Ω)

Î (𝑤, 𝜆) .
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Similar functionals and their relaxations have been studied in the literature, including [40, 55, 56].
Especially the paper [40] by Belloni, Buttazzo, & Freddi, where the authors propose to extend the
control space to its closure and find a description of the relaxed optimal control problem, shares
many parallels with our results. Apart from some differences in the assumptions and abstract set-
up, the main reason why their results are not applicable here is the continuity condition of the cost
functional with respect to the state variable [40, Eq. (2.11)]. In our setting, this would translate into
weak continuity of the 𝐿2-norm, which is clearly false. The argument in the proof of Theorem 7.2.5
exploiting the Mosco-convergence of the regularizers (see (7.9)) is precisely what circumvents this
issue.

7.3 Learning the optimal weight of the regularization term

In this section, we study the optimization of a weight factor, often called tuning parameter, in
front of a fixed regularization term. Such tuning parameters are typically employed in practical
implementations of variational denoising models to adjust the best level of regularization. This
setting constitutes a simple, yet non-trivial, application of our general theory and therefore helps
to exemplify the abstract results from the previous section.

As above, Ω ⊂ ℝ𝑛 is a bounded open set and𝑢𝑐 ,𝑢[ ∈ 𝐿2(Ω;ℝ𝑁 ) are the given data representing
pairs of clean and noisy images. We take Λ = (0,∞) describing the range of a weight factor and,
to distinguish the various parameters throughout this paper, denote by 𝛼 an arbitrary point in
Λ = [0,∞]. For a fixed map R : 𝐿2(Ω) → [0,∞] with the properties that

(H1𝛼 ) R is convex, vanishes exactly on constant functions, and DomR is dense in 𝐿2(Ω),
(H2𝛼 ) R is lower semicontinuous on 𝐿2(Ω),

we define the weighted regularizers

R𝛼 = 𝛼R for 𝛼 ∈ (0,∞) . (7.13)

Note that (H1𝛼 ) and (H2𝛼 ) imply that the family {R𝛼 }𝛼∈ (0,∞) satisfies (H) because convexity and
lower semicontinuity yield weak lower semicontinuity, making this setting match with the frame-
work of Section 7.2.

Following the definition of the training scheme (T ), we introduce here for 𝛼 ∈ (0,∞) and
𝑗 ∈ {1, . . . , 𝑁 } the reconstruction functionals

J𝛼,𝑗 (𝑢) = ∥𝑢 − 𝑢[𝑗 ∥2𝐿2 (Ω) +R𝛼 (𝑢) for 𝑢 ∈ 𝐿2(Ω),

cf. (7.1), and consider accordingly the upper level functional I : (0,∞) → [0,∞) given by

I (𝛼) = inf
𝑤∈𝐾𝛼

∥𝑤 − 𝑢𝑐 ∥2
𝐿2 (Ω;ℝ𝑁 ) for 𝛼 ∈ (0,∞), (7.14)

with 𝐾𝛼 = 𝐾𝛼,1 × . . . × 𝐾𝛼,𝑁 and 𝐾𝛼,𝑗 = argmin𝑢∈𝐿2 (Ω) J𝛼,𝑗 (𝑢), cf. (7.2). Further, the following
set of hypotheses on the training data will play a crucial role for our main result in this section
(Theorem 7.3.2):

(H3𝛼 ) It holds that

𝑁∑︁
𝑗=1

R(𝑢𝑐𝑗 ) <
𝑁∑︁
𝑗=1

R(𝑢[𝑗 );
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(H4𝛼 ) the data 𝑢[ and 𝑢𝑐 satisfy

∥𝑢[ − 𝑢𝑐 ∥2
𝐿2 (Ω;ℝ𝑁 ) <

 −
∫
Ω
𝑢[ 𝑑𝑥 − 𝑢𝑐

2
𝐿2 (Ω;ℝ𝑁 )

.

Remark 7.3.1 (Discussion of the hypotheses (H1𝜶 )–(H4𝜶 )). a) Note that (H1𝛼 ) implies that
the set of minimizers for the reconstruction functionals, 𝐾𝛼 , has cardinality one, owing to the
convexity of R and the strict convexity of the fidelity term, considering also that J𝛼,𝑗 . ∞. In
the following, we write 𝑤 (𝛼 ) = (𝑤 (𝛼 )

1 , . . . ,𝑤 (𝛼 )
𝑁 ) ∈ 𝐿2(Ω;ℝ𝑁 ) for the single element of 𝐾𝛼 , i.e.,

𝐾𝛼 = {𝑤 (𝛼 ) }.
b) An example of a nonlocal regularizer satisfying (H1𝛼 ) and (H2𝛼 ) is

R(𝑢) :=
∫
Ω

∫
Ω
𝑎(𝑥,𝑦) 𝑔(𝑢 (𝑥) − 𝑢 (𝑦)) 𝑑𝑥 𝑑𝑦 for 𝑢 ∈ 𝐿2(Ω),

where 𝑔 : ℝ → [0,∞) is a convex function such that 𝑔−1(0) = {0} and 𝑎 : Ω × Ω → [0,∞] is a
suitable kernel ensuring that 𝐶∞

𝑐 (Ω) ⊂ DomR. As an explicit choice, one can take 𝑔(𝑡) = 𝑡𝑝 for
𝑡 ∈ ℝ and 𝑎(𝑥,𝑦) = |𝑦 − 𝑥 |−𝑛−𝑠𝑝 for 𝑥, 𝑦 ∈ Ω with some 𝑠 ∈ (0, 1) and 𝑝 ≥ 1, which corresponds to
a fractional Sobolev regularization.

c) Assumption (H3𝛼 ) asserts that the regularizer penalizes the noisy images more than the clean
ones on average. This is a natural condition because any good regularizer should reflect the prior
knowledge on the training data, favoring the clean images.

d) The second condition on the data, (H4𝛼 ), means that the noisy image lies closer to the clean
image than itsmean value, which can be considered a reasonable assumption in the case ofmoderate
noise and a non-trivial ground truth. Indeed, suppose the noise is bounded by ∥𝑢[𝑗 − 𝑢𝑐𝑗 ∥𝐿2 (Ω) ≤ 𝛿
for all 𝑗 ∈ {1, . . . , 𝑁 } and some 𝛿 > 0; then, (H4𝛼 ) is satisfied if −

∫
Ω
𝑢𝑐𝑗 𝑑𝑥 − 𝑢𝑐𝑗


𝐿2 (Ω)

> 𝛿
(
1 + |Ω |− 1

2
)

for all 𝑗 ∈ {1, ..., 𝑁 }

because  −
∫
Ω
𝑢
[
𝑗 𝑑𝑥 − 𝑢𝑐𝑗


𝐿2 (Ω)

≥
 −
∫
Ω
𝑢𝑐𝑗 𝑑𝑥 − 𝑢𝑐𝑗


𝐿2 (Ω)

−
 −
∫
Ω
(𝑢[𝑗 − 𝑢𝑐𝑗 ) 𝑑𝑥


𝐿2 (Ω)

> 𝛿
(
1 + |Ω |− 1

2
) − |Ω |− 1

2 ∥𝑢[𝑗 − 𝑢𝑐𝑗 ∥𝐿2 (Ω)
≥ 𝛿 ≥ ∥𝑢[𝑗 − 𝑢𝑐𝑗 ∥𝐿2 (Ω) ,

where the second inequality is due to Jensen’s inequality. △
Next, we prove that the assumptions (H1𝛼 )–(H4𝛼 ) on the regularization term and on the training

set give rise to optimal weight parameters that stay away from the extremal regimes, 𝛼 = 0 and
𝛼 = ∞. Thus, in this case, the bi-level parameter optimization procedure preserves the structure of
the original denoising model.

Theorem 7.3.2 (Structure preservation). Suppose that (H1𝛼 )–(H4𝛼 ) hold. Then, the learning
scheme corresponding to the minimization of I in (7.14) admits a solution 𝛼 ∈ (0,∞).

A related statement in the same spirit can be found in [87, Theorem 1], although some of the
details of the proof were not entirely clear to us. Our proof of Theorem 7.3.2 is based on a different
approach and hinges on the following two lemmas, the first of which determines the Mosco-limits
of the regularizers, and thereby provides an explicit formula of the extension I of I as introduced
in (7.6).
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Proposition 7.3.3 (Mosco-convergence of the regularizer). Let R : 𝐿2(Ω) → [0,∞] satisfy
(H1𝛼 ) and (H2𝛼 ), and let {R𝛼 }𝛼∈ (0,∞) be as in (7.13). Then,

R𝛼 := Mosc(𝐿2)- lim
𝛼 ′→𝛼

R𝛼 ′ =


R𝛼 for 𝛼 ∈ (0,∞),
0 for 𝛼 = 0,
𝜒𝐶 for 𝛼 = ∞,

(7.15)

for 𝛼 ∈ [0,∞], where 𝜒𝐶 is the indicator function of 𝐶 := {𝑢 ∈ 𝐿2(Ω) : 𝑢 is constant}.
Proof. Using standard arguments, we show that theMosco-limit of (R𝛼𝑘 )𝑘 exists for every sequence
(𝛼𝑘 )𝑘 of positive real numbers with 𝛼𝑘 → 𝛼 ∈ [0,∞], and corresponds to the right hand side of
(7.15).

Case 1: 𝛼 ∈ (0,∞). Using (H2𝛼 ) for the liminf inequality and a constant recovery sequence for
the upper bound, we conclude that the Mosco-limit of (R𝛼𝑘 )𝑘 coincides with R𝛼 .

Case 2: 𝛼 = 0. The liminf inequality is trivial. For the recovery sequence, take 𝑢 ∈ 𝐿2(Ω) and
let (𝑢𝑘 )𝑘 ⊂ DomR converge strongly to 𝑢 in 𝐿2(Ω), which is feasible due to (H1𝛼 ). By possibly
repeating certain entries of the sequence (𝑢𝑘 )𝑘 (not relabeled), one can slowdown the speed at
which R(𝑢𝑘 ) potentially blows up and assume that 𝛼𝑘R(𝑢𝑘 ) → 0 as 𝑘 → ∞. Thus,

lim
𝑘→∞

R𝛼𝑘 (𝑢𝑘 ) = lim
𝑘→∞

𝛼𝑘R(𝑢𝑘 ) = 0.

Case 3: 𝛼 = ∞. The limsup inequality follows by choosing constant recovery sequences. For the
proof of the lower bound, consider𝑢𝑘 ⇀ 𝑢 in 𝐿2(Ω) with 𝑟 := sup𝑘∈ℕ 𝛼𝑘R(𝑢𝑘 ) = sup𝑘∈ℕR𝛼𝑘 (𝑢𝑘 ) <
∞. Then, along with the weak lower semicontinuity of R (see Remark 7.3.1 a)),

R(𝑢) ≤ lim inf
𝑘→∞

R(𝑢𝑘 ) ≤ lim
𝑘→∞

𝑟

𝛼𝑘
= 0.

This shows thatR(𝑢) = 0, which implies by the assumption on the zero level set ofR in (H1𝛼 ) that
𝑢 is constant, i.e., 𝑢 ∈ 𝐶 . □

As a consequence of the previous proposition, we deduce that the extension I : Λ → [0,∞] of
I in the sense of (7.6) can be explicitly determined as

I (𝛼) =


I (𝛼) for 𝛼 ∈ (0,∞),
∥𝑢[ − 𝑢𝑐 ∥2

𝐿2 (Ω;ℝ𝑁 ) for 𝛼 = 0, −
∫
Ω
𝑢[ 𝑑𝑥 − 𝑢𝑐

2
𝐿2 (Ω;ℝ𝑁 )

for 𝛼 = ∞.
(7.16)

Indeed, a straight-forward calculation of the unique componentwise minimizer of the extended
reconstruction functionals J 𝛼 at the boundary points 𝛼 = 0 and 𝛼 = ∞ leads to

𝐾0 = {𝑢[} and 𝐾∞ =
{
−
∫
Ω
𝑢[ 𝑑𝑥

}
.

Since the assumptions (𝑖) and (𝑖𝑖) of Theorem 7.2.5 are satisfied, I coincides with the relaxation Irlx.
By Corollary 7.2.8 (𝑖), I attains its minimum at some 𝛼 ∈ [0,∞]. The degenerate cases 𝛼 ∈ {0,∞}
cannot be excluded a priori, but the next lemma shows that the minimum is attained in the interior
(0,∞) under suitable assumptions on the training data.

Lemma7.3.4. Suppose that (H1𝛼 ) and (H2𝛼 ) hold, and let𝐾𝛼 = {𝑤 (𝛼 ) }with𝑤 (𝛼 ) = (𝑤 (𝛼 )
1 , . . . ,𝑤𝛼𝑁 ) ∈

𝐿2(Ω;ℝ𝑁 ) for 𝛼 ∈ (0,∞), cf. Remark 7.3.1 a).
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(𝑖) Under the additional assumption (H3𝛼 ), there exists 𝛼 ∈ (0,∞) such that

∥𝑤 (𝛼 ) − 𝑢𝑐 ∥2
𝐿2 (Ω;ℝ𝑁 ) < ∥𝑢[ − 𝑢𝑐 ∥2

𝐿2 (Ω;ℝ𝑁 ) .

(𝑖𝑖) Under the additional assumption (H4𝛼 ), there exists 𝛼0 ∈ (0,∞) such that, for all 𝛼 ∈ (0, 𝛼0),

∥𝑤 (𝛼 ) − 𝑢𝑐 ∥2
𝐿2 (Ω;ℝ𝑁 ) <

 −
∫
Ω
𝑢[ 𝑑𝑥 − 𝑢𝑐

2
𝐿2 (Ω;ℝ𝑁 )

. (7.17)

Proof. We start by providing two useful auxiliary results about the asymptotic behavior of the
reconstruction vector𝑤 (𝛼 ) as 𝛼 tends to zero; precisely,

lim
𝛼→0

∥𝑤 (𝛼 ) − 𝑢[ ∥𝐿2 (Ω;ℝ𝑁 ) = 0 and lim
𝛼→0

R(𝑤 (𝛼 )
𝑗 ) = R(𝑢[𝑗 ) for every 𝑗 ∈ {1, . . . , 𝑁 }. (7.18)

Fix 𝑗 ∈ {1, . . . , 𝑁 } and let (𝛼𝑘 )𝑘 ⊂ (0,∞) be such that 𝛼𝑘 → 0 as 𝑘 → ∞. Take 𝑢 ∈ DomR with
∥𝑢 − 𝑢[𝑗 ∥2𝐿2 (Ω) ≤ Y for some Y > 0, which is possible by (H1𝛼 ). Then, the minimality of 𝑤 (𝛼𝑘 )

𝑗 for
J𝛼𝑘 , 𝑗 yields

∥𝑤 (𝛼𝑘 )
𝑗 − 𝑢[𝑗 ∥2𝐿2 (Ω) ≤ J𝛼𝑘 , 𝑗 (𝑤 (𝛼𝑘 )

𝑗 ) ≤ J𝛼𝑘 , 𝑗 (𝑢) = ∥𝑢 − 𝑢[𝑗 ∥2𝐿2 (Ω) + 𝛼𝑘R(𝑢) ≤ Y + 𝛼𝑘R(𝑢) .

Since R(𝑢) < ∞, we find
lim sup
𝑘→∞

∥𝑤 (𝛼𝑘 )
𝑗 − 𝑢[𝑗 ∥2𝐿2 (Ω) ≤ Y,

which proves the first part of (7.18) due to the arbitrariness of Y. Exploiting the minimality of𝑤 (𝛼 )
𝑗

for J𝛼,𝑗 again with 𝛼 ∈ (0,∞) entails

𝛼R(𝑤 (𝛼 )
𝑗 ) = R𝛼 (𝑤 (𝛼 )

𝑗 ) ≤ J𝛼,𝑗 (𝑤 (𝛼 )
𝑗 ) ≤ J𝛼,𝑗 (𝑢[𝑗 ) = R𝛼 (𝑢[𝑗 ) = 𝛼R(𝑢[𝑗 );

hence,R(𝑤 (𝛼 )
𝑗 ) ≤ R(𝑢[𝑗 ) and, together with the first part of (7.18) and the lower semicontinuity of

R by (H2𝛼 ), it follows then that

R(𝑢[𝑗 ) ≥ lim sup
𝑘→∞

R(𝑤 (𝛼𝑘 )
𝑗 ) ≥ lim inf

𝑘→∞
R(𝑤 (𝛼𝑘 )

𝑗 ) ≥ R(𝑢[𝑗 ) .

Thus, lim𝑘→∞R(𝑤 (𝛼𝑘 )
𝑗 ) = R(𝑢[𝑗 ), showing the second part of (7.18).

Regarding (𝑖), we observe that the minimality of 𝑤 (𝛼 )
𝑗 for J𝛼,𝑗 for any 𝛼 ∈ (0,∞) and 𝑗 ∈

{1, . . . , 𝑁 } imposes the necessary condition 0 ∈ 𝜕J𝛼,𝑗 (𝑤 (𝛼 )
𝑗 ) or, equivalently,

2(𝑢[𝑗 −𝑤 (𝛼 )
𝑗 ) ∈ 𝜕R𝛼 (𝑤 (𝛼 )

𝑗 ) = 𝛼𝜕R(𝑤 (𝛼 )
𝑗 ),

where 𝜕C (𝑢) ∈ 𝐿2(Ω)′ � 𝐿2(Ω) is the subdifferential of a convex function C : 𝐿2(Ω) → [0,∞] at
𝑢 ∈ 𝐿2(Ω). Then,

∥𝑢[𝑗 − 𝑢𝑐𝑗 ∥2𝐿2 (Ω) − ∥𝑤 (𝛼 )
𝑗 − 𝑢𝑐𝑗 ∥2𝐿2 (Ω) = 2⟨𝑢[𝑗 −𝑤 (𝛼 )

𝑗 ,𝑤 (𝛼 )
𝑗 − 𝑢𝑐𝑗 ⟩𝐿2 (Ω) + ∥𝑤 (𝛼 )

𝑗 − 𝑢[𝑗 ∥2𝐿2 (Ω)
≥ R𝛼 (𝑤 (𝛼 )

𝑗 ) −R𝛼 (𝑢𝑐𝑗 ) = 𝛼
(
R(𝑤 (𝛼 )

𝑗 ) −R(𝑢𝑐𝑗 )
)
,

where ⟨·, ·⟩𝐿2 (Ω) denotes the standard 𝐿2(Ω)-inner product. Summing both sides over 𝑗 ∈ {1, . . . , 𝑁 }
results in

∥𝑢[ − 𝑢𝑐 ∥2
𝐿2 (Ω;ℝ𝑁 ) − ∥𝑤 (𝛼 ) − 𝑢𝑐 ∥2

𝐿2 (Ω;ℝ𝑁 ) ≥ 𝛼
𝑁∑︁
𝑗=1

(
R(𝑤 (𝛼 )

𝑗 ) −R(𝑢𝑐𝑗 )
)
.
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By (H3𝛼 ) in combination with the second part of (7.18), there exists 𝛼0 > 0 such that∑𝑁
𝑗=1R(𝑤 (𝛼 )

𝑗 ) > ∑𝑁
𝑗=1R(𝑢𝑐𝑗 )

for all 𝛼 ∈ (0, 𝛼0), so that choosing 𝛼 ∈ (0, 𝛼0) concludes the proof of (𝑖).
To show (𝑖𝑖), we exploit the first limit in (7.18). Due to (H4𝛼 ), it follows then for any (𝛼𝑘 )𝑘 of

positive real numbers with 𝛼𝑘 → 0 as 𝑘 → ∞ that

lim sup
𝑘→∞

∥𝑤 (𝛼𝑘 ) − 𝑢𝑐 ∥𝐿2 (Ω;ℝ𝑁 ) ≤ lim sup
𝑘→∞

∥𝑤 (𝛼𝑘 ) − 𝑢[ ∥𝐿2 (Ω;ℝ𝑁 ) + ∥𝑢[ − 𝑢𝑐 ∥𝐿2 (Ω;ℝ𝑁 )

<

 −
∫
Ω
𝑢[ 𝑑𝑥 − 𝑢𝑐


𝐿2 (Ω;ℝ𝑁 )

,

which gives rise to (7.17) for all 𝑘 sufficiently large. □

Proof of Theorem 7.3.2. Since I in (7.16) attains its infimum at a point 𝛼 ∈ (0,∞) by Lemma 7.3.4,
we conclude from Corollary 7.2.8 (𝑖𝑖𝑖) that 𝛼 is also a minimizer of I . □

Let us finally remark that the assumptions (H3𝛼 ) and (H4𝛼 ) on the training data are necessary
to obtain structure preservation in the sense of Theorem 7.3.2.

Remark 7.3.5. To see that (H3𝛼 ) and (H4𝛼 ) can generally not be dropped, consider, for example, a
regularizerR : 𝐿2(Ω) → [0,∞] that satisfies (H1𝛼 ) and (H2𝛼 ) and is 2-homogeneous, i.e.,R(𝜇𝑢) =
𝜇2R(𝑢) for all 𝑢 ∈ 𝐿2(Ω) and 𝜇 ∈ ℝ. With a single, non-constant noisy image 𝑢[ ∈ 𝐿2(Ω), so that
R(𝑢[) ≠ 0, one has for any 𝛼 ∈ (0,∞) that the quadratic polynomial

𝜇 ↦→ J𝛼 (𝜇𝑢[) = (1 − 𝜇)2∥𝑢[ ∥2𝐿2 (Ω) + 𝜇2𝛼R(𝑢[),

is not minimized at 𝜇 = 0 or 𝜇 = 1 because the derivative with respect to 𝜇 does not vanish there.
Hence,

J𝛼 (𝑤 (𝛼 ) ) < J𝛼 (0) and J𝛼 (𝑤 (𝛼 ) ) < J𝛼 (𝑢[) .
As a result, it follows that

𝑤 (𝛼 ) ∉ {0, 𝑢[}.
If we now take 𝑢𝑐 = 0 and suppose additionally that 𝑢[ has zero mean value, then I (𝛼) > 0 for
all 𝛼 ∈ (0,∞), while clearly I (∞) = 0, that is, the minimum of I is only attained at the boundary
point 𝛼 = ∞. Similarly, for 𝑢𝑐 = 𝑢[ , the unique minimizer of I is 𝛼 = 0. △

7.4 Optimal integrability exponents

Here, we study the optimization of an integrability parameter, 𝑝 , for a fixed nonlocal regularizer.
Our motivation comes from the appearance of different 𝐿𝑝-norms in image processing, such as
in quadratic, 𝑇𝑉 , and Lipschitz regularization [176, Section 4]. We focus on the parameter range
Λ = [1,∞) with closure Λ = [1,∞], paying particular attention to the structural change occurring
at 𝑝 = ∞.

Let Ω ⊂ ℝ𝑛 be a bounded Lipschitz domain and consider a function 𝑓 : Ω×Ω×ℝ×ℝ → [0,∞)
that is Carathéodory, i.e., measurable in the first two and continuous with respect to the last two
variables, and that satisfies the following bounds and convexity condition:
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(H1𝑝 ) There exist𝑀,𝛿 > 0 and 𝛽 ∈ [0, 1] such that for all 𝜉, Z ∈ ℝ, we have

𝑓 (𝑥,𝑦, 𝜉, Z ) ≤ 𝑀

( |𝜉 − Z |
|𝑥 − 𝑦 |𝛽 + |𝜉 | + |Z | + 1

)
for a.e. 𝑥,𝑦 ∈ Ω,

and
𝑀−1 |𝜉 − Z |

|𝑥 − 𝑦 |𝛽 −𝑀 ≤ 𝑓 (𝑥,𝑦, 𝜉, Z ) for a.e. 𝑥,𝑦 ∈ Ω with |𝑥 − 𝑦 | < 𝛿 .

(H2𝑝 ) 𝑓 is separately convex in the second two variables, i.e., 𝑓 (𝑥,𝑦, ·, Z ) and 𝑓 (𝑥,𝑦, 𝜉, ·) are convex
for a.e. 𝑥,𝑦 ∈ Ω and every 𝜉, Z ∈ ℝ𝑛 .

In this setting, we take 𝑝 ∈ [1,∞) and consider the regularization term R𝑝 : 𝐿2(Ω) → [0,∞]
defined by

R𝑝 (𝑢) :=
(

1
|Ω × Ω |

∫
Ω

∫
Ω
𝑓 𝑝 (𝑥,𝑦,𝑢 (𝑥), 𝑢 (𝑦)) 𝑑𝑥 𝑑𝑦

)1/𝑝
. (7.19)

Remark 7.4.1. a) Since the regularizer R𝑝 is invariant under symmetrization, one can assume
without loss of generality that 𝑓 is symmetric in the sense that 𝑓 (𝑥,𝑦, 𝜉, Z ) = 𝑓 (𝑦, 𝑥, Z , 𝜉) for all
𝑥,𝑦 ∈ Ω and 𝜉, Z ∈ ℝ.

b) Let 𝑝 , 𝑞 ∈ [1,∞) with 𝑝 > 𝑞. Hölder’s inequality then yields for every 𝑢 ∈ DomR𝑝 = {𝑢 ∈
𝐿2(Ω) : R𝑝 (𝑢) < ∞} that(∫

Ω

∫
Ω
𝑓 𝑝 (𝑥,𝑦,𝑢 (𝑥), 𝑢 (𝑦)) 𝑑𝑥 𝑑𝑦

)1/𝑝
≥ |Ω × Ω |

𝑞−𝑝
𝑝𝑞

(∫
Ω

∫
Ω
𝑓 𝑞 (𝑥,𝑦,𝑢 (𝑥), 𝑢 (𝑦)) 𝑑𝑥 𝑑𝑦

)1/𝑞
,

which translates into R𝑝 (𝑢) ≥ R𝑞 (𝑢); in particular, DomR𝑝 ⊂ DomR𝑞 . △

A basic example of a symmetric Carathéodory function 𝑓 satisfying (H1𝑝 ) with 𝛽 = 0 and (H2𝑝 )
is

𝑓 (𝑥,𝑦, 𝜉, Z ) = 𝑎(𝑥 − 𝑦) |𝜉 − Z | for 𝑥 , 𝑦 ∈ Ω and 𝜉 , Z ∈ ℝ,

where 𝑎 ∈ 𝐿∞(ℝ𝑛) is an even function such that ess infℝ𝑛 𝑎 > 0. Another example of such a
function 𝑓 with 𝛽 = 1 in (H1𝑝 ) is

𝑓 (𝑥,𝑦, 𝜉, Z ) = 𝑏 |𝜉 − Z ||𝑥 − 𝑦 | for 𝑥 , 𝑦 ∈ Ω and 𝜉 , Z ∈ ℝ,

with 𝑏 > 0; note that for the 𝑝 > 𝑛 case, the corresponding regularizerR𝑝 is, up to a multiplicative
constant, the Gagliardo semi-norm of the fractional Sobolev space𝑊 1− 𝑛

𝑝
,𝑝 (Ω).

Before showing how the framework of Section 7.2 can be applied here, let us first collect and
discuss a few properties of the regularizers R𝑝 with 𝑝 ∈ [1,∞). We introduce the notation

[𝑢]𝑝,𝛽 :=
(∫

Ω

∫
Ω

|𝑢 (𝑥) − 𝑢 (𝑦) |𝑝
|𝑥 − 𝑦 |𝛽𝑝 d𝑥 d𝑦

)1/𝑝
to indicate a suitable (𝑝, 𝛽)-nonlocal seminorm. Our first lemma shows that the boundedness of
the regularizerR𝑝 is equivalent to the simultaneous boundedness of the 𝐿𝑝-norm and of the (𝑝, 𝛽)-
seminorm.
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Lemma 7.4.2. There exists a constant 𝐶 > 0, depending on 𝑛, 𝑝 , Ω,𝑀 , 𝛿 , and 𝛽 , such that

∥𝑢∥𝐿𝑝 (Ω) ≤ 𝐶
(
R𝑝 (𝑢) + ∥𝑢∥𝐿2 (Ω) + 1

)
, (7.20)

[𝑢]𝑝,𝛽 ≤ 𝐶 (
R𝑝 (𝑢) + ∥𝑢∥𝐿𝑝 (Ω) + 1

)
, (7.21)

and

R𝑝 (𝑢) ≤ 𝐶
([𝑢]𝑝,𝛽 + ∥𝑢∥𝐿𝑝 (Ω) + 1

)
(7.22)

for all 𝑢 ∈ 𝐿2(Ω), and for all 𝑝 ∈ [1,∞).
Proof. Properties (7.20) and (7.21) are direct consequences of the coercivity bound on the double-
integrand 𝑓 in (H1𝑝 ). In fact, for (7.20), we use the nonlocal Poincaré inequality in [33, Proposi-
tion 4.2], which also holds for 𝑢 ∈ 𝐿2(Ω) via a truncation argument. From the upper bound in
(H1𝑝 ), we infer (7.22). □

The next result provides a characterization of the domain of R𝑝 .

Lemma 7.4.3. For any 𝑝 ∈ [1,∞) there holds
DomR𝑝 =

{
𝑢 ∈ 𝐿𝑝 (Ω) ∩ 𝐿2(Ω) : [𝑢]𝑝,𝛽 < ∞}

. (7.23)

If, additionally, 𝛽𝑝 < 𝑛, then

DomR𝑝 = 𝐿𝑝 (Ω) ∩ 𝐿2(Ω) .
If, instead, 𝛽𝑝 > 𝑛, then

DomR𝑝 =𝑊 𝛽− 𝑛
𝑝
,𝑝 (Ω) ∩ 𝐿2(Ω) . (7.24)

Proof. By combining (7.20) and (7.21) with (7.22), we deduce (7.23). In the case 𝛽𝑝 < 𝑛, a direct
computation shows that [𝑢]𝑝,𝛽 < ∞ for all 𝑢 ∈ 𝐿𝑝 (Ω), hence we infer the statement. Property
(7.24) follows by observing that for 𝛽𝑝 > 𝑛, the quantity [𝑢]𝑝,𝛽 corresponds to the Gagliardo semi-
norm of the fractional Sobolev space𝑊 𝛽− 𝑛

𝑝
,𝑝 (Ω) (cf. e.g. [96]). □

As a consequence of Lemma 7.4.3, we deduce, in particular, that𝐶∞
𝑐 (ℝ𝑛) ⊂ DomR𝑝 , where the

functions in 𝐶∞
𝑐 (ℝ𝑛) are implicitly restricted to Ω.

The next lemma shows that any element of the domain of R𝑝 can be extended to a function
having compact support and finite (𝑝, 𝛽)-seminorm.

Lemma 7.4.4. Let 𝑝 ∈ [1,∞). For any 𝑢 ∈ DomR𝑝 , there is a 𝑢 ∈ 𝐿𝑝 (ℝ𝑛) ∩ 𝐿2(ℝ𝑛) with compact
support inside some bounded open set Ω′ with Ω ⊂ Ω′ ⊂ ℝ𝑛 satisfying 𝑢 = 𝑢 on Ω and∫

Ω′

∫
Ω′

|𝑢 (𝑥) − 𝑢 (𝑦) |𝑝
|𝑥 − 𝑦 |𝛽𝑝 d𝑥 d𝑦 < ∞. (7.25)

Proof. If 𝛽 > 𝑛
𝑝 , this follows directly from well-established extension results for fractional Sobolev

spaces on Ω to those on ℝ𝑛 (cf. [96, Theorem 5.4]), considering (7.24). If 1 ≤ 𝛽𝑝 ≤ 𝑛, the map
𝑥 ↦→ |𝑥 − 𝑦 |−𝛽𝑝 is no longer integrable at infinity. Property (7.25) follows by minor modifications
to the arguments in [96, Section 5]. □

Elements of the domain ofR𝑝 can be approximated by sequences of smooth maps with compact
support.
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Lemma 7.4.5. Let 𝑝 ∈ [1,∞). For every 𝑢 ∈ DomR𝑝 , there exists a sequence (𝑢𝑙 )𝑙 ⊂ 𝐶∞
𝑐 (ℝ𝑛) such

that 𝑢𝑙 → 𝑢 in 𝐿𝑝 (Ω) and lim𝑙→∞R𝑝 (𝑢𝑙 ) = R𝑝 (𝑢) as 𝑙 → ∞.

Proof. Let 𝑢 be an extension of 𝑢 as in Lemma 7.4.3. We define 𝑢𝑙 = 𝜑1/𝑙 ∗ 𝑢 ∈ 𝐶∞
𝑐 (ℝ𝑛) for 𝑙 ∈ ℕ

with (𝜑Y)Y>0 a family of smooth standard mollifiers satisfying 0 ≤ 𝜑Y ≤ 1 and
∫
ℝ𝑛 𝜑Y d𝑥 = 1, and

whose support lies in the ball centered at the origin and with radius Y > 0, supp𝜑Y ⊂ 𝐵Y (0) ⊂ ℝ𝑛 .
Then, 𝑢𝑙 → 𝑢 in 𝐿𝑝 (Ω) and 𝑢𝑙 → 𝑢 pointwise a.e. in Ω as 𝑙 → ∞. To show that Lebesgue’s
dominated convergence theorem can be applied, we use the upper bound in (H1𝑝 ) to derive the
following estimate for any 𝑙 ∈ ℕ:

𝑓 𝑝 (𝑥,𝑦,𝑢𝑙 (𝑥), 𝑢𝑙 (𝑦)) ≤ 4𝑝−1𝑀𝑝

( |𝑢𝑙 (𝑥) − 𝑢𝑙 (𝑦) |𝑝
|𝑥 − 𝑦 |𝛽𝑝 + |𝑢𝑙 (𝑥) |𝑝 + |𝑢𝑙 (𝑦) |𝑝 + 1

)
(7.26)

for a.e. (𝑥,𝑦) ∈ Ω × Ω. By Jensen’s inequality and Fubini’s theorem,

[𝑢𝑙 ]𝑝𝑝,𝛽 ≤
∫
𝐵1/𝑙 (0)

𝜑1/𝑙 (𝑧)
∫
Ω

∫
Ω

|𝑢 (𝑥 − 𝑧) − 𝑢 (𝑦 − 𝑧) |𝑝
|𝑥 − 𝑦 |𝛽𝑝 d𝑥 d𝑦 d𝑧

≤
∫
Ω1/𝑙

∫
Ω1/𝑙

|𝑢 (𝑥) − 𝑢 (𝑦) |𝑝
|𝑥 − 𝑦 |𝛽𝑝 d𝑥 d𝑦 < ∞,

with Ω1/𝑙 = {𝑥 ∈ ℝ𝑛 : 𝑑 (𝑥,Ω) < 1/𝑙}; thus, lim sup𝑙→∞ [𝑢𝑙 ]𝑝𝑝,𝛽 ≤ [𝑢]𝑝
𝑝,𝛽

. Conversely, the a.e. point-
wise convergence of the mollified sequence gives lim inf𝑙→∞ [𝑢𝑙 ]𝑝𝑝,𝛽 ≥ [𝑢]𝑝

𝑝,𝛽
by Fatou’s lemma.

Along with the 𝐿𝑝-convergence of (𝑢𝑙 )𝑙 , the upper bound in (7.26) is thus a converging sequence
in 𝐿1(Ω × Ω). This concludes the proof of the lemma. □

Finally, we characterize the weak lower-semicontinuity of the regularizers. We refer to [34,107,
173] for a discussion on sufficient (and necessary) conditions for the weak lower semicontinuity of
inhomogeneous double-integral functionals.

Lemma 7.4.6. For every 𝑝 ∈ [1,∞), the regularizer R𝑝 is 𝐿2-weak lower semicontinuous.

Proof. The statement is an immediate consequence of the nonnegativity of 𝑓 and (H2𝑝 ), see e.g. [174,
Theorem 2.5] or [166]. □

Remark 7.4.7. Observe that Lemmas 7.4.3 and 7.4.6 imply in particular that the hypothesis (H)
from Section 7.2 is fulfilled. △

Given a collection of noisy images 𝑢[ ∈ 𝐿2(Ω;ℝ𝑁 ) and 𝑝 ∈ [1,∞), we set, for each 𝑗 ∈
{1, · · · , 𝑁 },

J𝑝,𝑗 (𝑢) := ∥𝑢 − 𝑢[𝑗 ∥2𝐿2 (Ω) +R𝑝 (𝑢) for 𝑢 ∈ 𝐿2(Ω),

with 𝐾𝑝,𝑗 := argminJ𝑝,𝑗 ≠ ∅ since (H) is satisfied. As in (T ), we define I : [1,∞) → [0,∞) by

I (𝑝) = inf
𝑤∈𝐾𝑝

∥𝑤 − 𝑢𝑐 ∥2
𝐿2 (Ω;ℝ𝑁 ) for 𝑝 ∈ [1,∞),

where 𝐾𝑝 = 𝐾𝑝,1×𝐾𝑝,2× · · · ×𝐾𝑝,𝑁 . Next, we prove the Mosco-convergence result that will provide
us with an extension of I toΛ = [1,∞]. It is an 𝐿𝑝-approximation statement in the present nonlocal
setting, which can be obtained from a modification of the arguments by Champion, De Pascale, &
Prinari [61] in the local case, and those by Kreisbeck, Ritorto, & Zappale [139, Theorem 1.3], where
the case of homogeneous double-integrands is studied.
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Proposition 7.4.8 (Mosco-convergence of the regularizers). Let Λ = [1,∞),R𝑝 for 𝑝 ∈ [1,∞)
as in (7.19), and suppose that (H1𝑝 ) and (H2𝑝 ) are satisfied. Then, for 𝑝 ∈ Λ = [1,∞],

R𝑝 := Mosc(𝐿2)- lim
𝑝′→𝑝

R𝑝′ =

{
R𝑝 if 𝑝 ∈ [1,∞),
R∞ if 𝑝 = ∞, (7.27)

with R∞ : 𝐿2(Ω) → [0,∞] given by

R∞(𝑢) := ess sup(𝑥,𝑦) ∈Ω×Ω 𝑓 (𝑥,𝑦,𝑢 (𝑥), 𝑢 (𝑦)) .

Proof. To show (7.27), it suffices to show that for every sequence (𝑝𝑘 )𝑘 ⊂ [1,∞) converging to
𝑝 ∈ [1,∞], (7.27) holds with 𝑝′ replaced by 𝑝𝑘 . We divide the proof into two cases.

Case 1: 𝑝 ∈ [1,∞). For the recovery sequence, consider 𝑢 ∈ DomR𝑝 and take (𝑢𝑙 )𝑙 ⊂ 𝐶∞
𝑐 (ℝ)

as in Lemma 7.4.5, satisfying 𝑢𝑙 → 𝑢 in 𝐿𝑝 (Ω) and R𝑝 (𝑢𝑙 ) → R𝑝 (𝑢) as 𝑙 → ∞. In view of
Lemma 7.4.3, we know that (𝑢𝑙 )𝑙 is contained in DomR𝑝 and DomR𝑝𝑘 for all 𝑘 ∈ ℕ, and we
conclude via Lebesgue’s dominated convergence theorem that

lim
𝑘→∞

R𝑝𝑘 (𝑢𝑙 ) = R𝑝 (𝑢𝑙 )

for every 𝑙 ∈ ℕ. Hence,

lim
𝑙→∞

lim
𝑘→∞

R𝑝𝑘 (𝑢𝑙 ) = lim
𝑙→∞

R𝑝 (𝑢𝑙 ) = R𝑝 (𝑢),

so that one can find a recovery sequence by extracting an appropriate diagonal sequence.
To prove the lower bound, let 𝑢𝑘 ⇀ 𝑢 in 𝐿2(Ω) be such that lim𝑘→∞R𝑝𝑘 (𝑢𝑘 ) =

lim inf𝑘→∞R𝑝𝑘 (𝑢𝑘 ) < ∞, and fix 𝑠 ∈ (1, 𝑝) (or 𝑠 = 1 if 𝑝 = 1). Observe that 𝑝𝑘 ≥ 𝑠 for all 𝑘
sufficiently large because 𝑝𝑘 → 𝑝 for 𝑘 → ∞. Then, Remark 7.4.1 b) and the weak lower semicon-
tinuity of R𝑠 according to Lemma 7.4.6 imply that

lim
𝑘→∞

R𝑝𝑘 (𝑢𝑘 ) ≥ lim inf
𝑘→∞

R𝑠 (𝑢𝑘 ) ≥ R𝑠 (𝑢) .

If 𝑠 = 𝑝 = 1 the argument is complete, whereas in the case 𝑝 > 1, an additional application of
Fatou’s lemma shows lim inf𝑠↗𝑝 R𝑠 (𝑢) ≥ R𝑝 (𝑢), giving rise to the desired liminf inequality.

Case 2: 𝑝 = ∞. That constant sequences serve as recovery sequences results from the obser-
vation that R𝑝𝑘 (𝑢) → R∞(𝑢) as 𝑘 → ∞ for all 𝑢 ∈ DomR∞. The latter is an immediate conse-
quence of classical 𝐿𝑝-approximation, i.e., the well-known fact that lim𝑝→∞∥𝑣 ∥𝐿𝑝 (𝑉 ) = ∥𝑣 ∥𝐿∞ (𝑉 ) =
ess sup𝑥∈𝑉 |𝑣 (𝑥) | for all 𝑣 ∈ 𝐿∞(𝑉 ) with 𝑉 ⊂ ℝ𝑚 open and bounded.

To prove the lower bound, we argue via Young measure theory (see, e.g., [112,173] for a general
introduction). Let 𝑢𝑘 ⇀ 𝑢 in 𝐿2(Ω), and denote by 𝜈 = {𝜈𝑥 }𝑥∈Ω the Young measure generated by
a (non-relabeled) subsequence of (𝑢𝑘 )𝑘 . The barycenter of [𝜈𝑥 ] :=

∫
ℝ
𝜉 d𝜈𝑥 (𝜉) then coincides with

𝑢 (𝑥) for a.e. 𝑥 ∈ Ω. Without loss of generality, one can suppose that ∞ > lim inf𝑘→∞R𝑝𝑘 (𝑢𝑘 ) =
lim𝑘→∞R𝑝𝑘 (𝑢𝑘 ). Recalling Remark 7.4.1 b), we have that

lim
𝑘→∞

R𝑝𝑘 (𝑢𝑘 ) ≥ lim inf
𝑞→∞ lim inf

𝑘→∞
R𝑞 (𝑢𝑘 ) . (7.28)

On the other hand, with the nonlocal field 𝑣𝑢 associated with some 𝑢 : Ω → ℝ defined by

𝑣𝑢 (𝑥,𝑦) := (𝑢 (𝑥), 𝑢 (𝑦)) for (𝑥,𝑦) ∈ Ω × Ω,
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the statement of [173, Proposition 2.3] allows us to extract a subsequence (𝑣𝑢𝑘 )𝑘 that generates the
Young measure {𝜈𝑥 ⊗ 𝜈𝑦} (𝑥,𝑦) ∈Ω×Ω. Hence, a standard result on Young measure lower semiconti-
nuity (see e.g. [112, Section 8.1]) yields

lim inf
𝑘→∞

R𝑞 (𝑢𝑘 ) ≥
( 1
|Ω × Ω |

∫
Ω

∫
Ω

∫
ℝ

∫
ℝ

𝑓 𝑞 (𝑥,𝑦, 𝜉, Z ) d𝜈𝑥 (𝜉) d𝜈𝑦 (Z ) d𝑥 d𝑦
)1/𝑞

.

Letting 𝑞 → ∞, we use classical 𝐿𝑝-approximation results and the Jensen’s type inequality for
separately convex functions in [142, Lemma 3.5 (𝑖𝑣)] to conclude that

lim inf
𝑞→∞ lim inf

𝑘→∞
R𝑞 (𝑢𝑘 ) ≥ ess sup(𝑥,𝑦) ∈Ω×Ω

[(𝜈𝑥 ⊗ 𝜈𝑦)- ess sup(𝜉,Z ) ∈ℝ×ℝ 𝑓 (𝑥,𝑦, 𝜉, Z )
]

≥ ess sup(𝑥,𝑦) ∈Ω×Ω 𝑓 (𝑥,𝑦, [𝜈𝑥 ], [𝜈𝑦])
= ess sup(𝑥,𝑦) ∈Ω×Ω 𝑓 (𝑥,𝑦,𝑢 (𝑥), 𝑢 (𝑦)) = R∞(𝑢);

note that (𝜈𝑥 ⊗𝜈𝑦)-ess sup(𝜉,Z ) ∈ℝ×ℝ 𝑓 (𝑥,𝑦, 𝜉, Z ) = inf{𝑐 ∈ ℝ : 𝑓 (𝑥,𝑦, ·, ·) ≤ 𝑐 (𝜈𝑥 ⊗𝜈𝑦)-a.e. inℝ×ℝ}.
Finally, the lower bound follows from the previous estimate and (7.28). □

The above result implies that the reconstruction functional for 𝑝 = ∞ and 𝑗 ∈ {1, · · · , 𝑁 } is
given by

J∞, 𝑗 (𝑢) := ∥𝑢 − 𝑢[𝑗 ∥2𝐿2 (Ω) +R∞(𝑢) for 𝑢 ∈ 𝐿2(Ω).
Under the additional convexity condition on the given function 𝑓 : Ω × Ω ×ℝ𝑛 ×ℝ𝑛 → ℝ that

(H3𝑝 ) 𝑓 is (jointly) level convex in its last two variables,

where level convexity means convexity of the sub-level sets of the function, the supremal functional
R∞ also becomes level convex. In combination with the strict convexity of the fidelity term, the
reconstruction functional J∞, 𝑗 then admits a unique minimizer. Since level convexity is weaker
than convexity, we do not necessarily have that J𝑝,𝑗 for 𝑝 ∈ [1,∞) is (level) convex, and it may
have multiple minimizers.

If we suppose that 𝑓 fulfills (H1𝑝 )–(H3𝑝 ), then Theorem 7.2.5 and Proposition 7.4.8 imply that
the extension I : [1,∞] → [0,∞] is given by

I (𝑝) =
{
I (𝑝) for 𝑝 ∈ [1,∞),
∥𝑤 (∞) − 𝑢𝑐 ∥2

𝐿2 (Ω;ℝ𝑁 ) for 𝑝 = ∞,

for 𝑝 ∈ [1,∞], where𝑤 (∞) denotes the unique componentwise minimizer of J∞. In particular, the
hypothesis (𝑖𝑖) of Theorem 7.2.5 is satisfied, which shows that I is the relaxation of I and, thus,
admits a minimizer 𝑝 ∈ Λ = [1,∞].

We conclude this section with a discussion of examples when optimal values of the integrability
exponents are obtained in the interior of the original interval Λ or at its boundary, respectively. In
one case, the presence of noise causesR∞ to penalize𝑢𝑐 more than𝑢[ , whileR𝑞 for some𝑞 ∈ [1,∞)
prefers the clean image. This entails that the optimal parameter is attained in Λ = [1,∞). In the
second case instead, the reconstruction functional for 𝑝 = ∞ gives back the exact clean image and
outperforms the reconstruction functionals for other parameter values.

Example 7.4.9. a) Let 𝑓 = 𝛼 𝑓 : Ω × Ω ×ℝ𝑛 ×ℝ𝑛 → ℝ, for some 𝛼 > 0 to be specified later, be a
double-integrand satisfying (H1𝑝 ), (jointly) convex in the last two variables, and vanishing exactly
on {(𝑥,𝑦, 𝜉, 𝜉) : 𝑥,𝑦 ∈ Ω, 𝜉 ∈ ℝ}. Following (7.19), we set

R𝑝 (𝑢) = 𝛼
(

1
|Ω × Ω |

∫
Ω

∫
Ω
𝑓 𝑝 (𝑥,𝑦,𝑢 (𝑥), 𝑢 (𝑦)) d𝑥 d𝑦

)1/𝑝
=: 𝛼R̂𝑝 (𝑢)
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for 𝑢 ∈ 𝐿2(Ω) and 𝑝 ∈ [1,∞).
We further introduce the following two conditions on the given data 𝑢[, 𝑢𝑐 ∈ 𝐿2(Ω;ℝ𝑁 ):

(H4𝑝 )
∑𝑁
𝑗=1R𝑞 (𝑢𝑐𝑗 ) <

∑𝑁
𝑗=1R𝑞 (𝑢[𝑗 ) for some 𝑞 ∈ [1,∞);

(H5𝑝 )
∑𝑁
𝑗=1R∞(2𝑢[𝑗 − 𝑢𝑐𝑗 ) <

∑𝑁
𝑗=1R∞(𝑢[𝑗 ).

By applying Lemma 7.3.4 (𝑖) from the previous section withR = R̂𝑞 — the conditions (H1𝛼 ), (H2𝛼 ),
and (H3𝛼 ) are immediate to verify in view of Lemma 7.4.3, Lemma 7.4.6, and (H4𝑝 ) — we can then
deduce for small enough 𝛼 that I (𝑞) < ∥𝑢[−𝑢𝑐 ∥2

𝐿2 (Ω;ℝ𝑁 ) . On the other hand, due to (H5𝑝 ), the same
lemma can be applied to R = R̂∞ with R̂∞(𝑢) = ess sup(𝑥,𝑦) ∈Ω×Ω 𝑓 (𝑥,𝑦,𝑢 (𝑥), 𝑢 (𝑦)) for 𝑢 ∈ 𝐿2(Ω)
to find

∥𝑤 (∞) − (2𝑢[ − 𝑢𝑐)∥2
𝐿2 (Ω;ℝ𝑁 ) < ∥𝑢[ − 𝑢𝑐 ∥2

𝐿2 (Ω;ℝ𝑁 ) , (7.29)

provided 𝛼 is sufficiently small. The reverse triangle inequality then yields

I (∞) ≥
(
∥𝑤 (∞) − (2𝑢[ − 𝑢𝑐)∥2

𝐿2 (Ω;ℝ𝑁 ) − 2∥𝑢[ − 𝑢𝑐 ∥2
𝐿2 (Ω;ℝ𝑁 )

)2
> ∥𝑤 (∞) − (2𝑢[ − 𝑢𝑐)∥2

𝐿2 (Ω;ℝ𝑁 ) > ∥𝑢[ − 𝑢𝑐 ∥2
𝐿2 (Ω;ℝ𝑁 ) > I (𝑞),

where in the second and third inequality we have used (7.29). This proves that the optimal param-
eter is attained inside [1,∞), and, therefore, is also a minimizer of I .

b)We illustrate a) with a specific example. ConsiderΩ = (0, 1) and let 𝑓 (𝑥,𝑦, 𝜉, Z ) = |𝜉−Z |/|𝑥−𝑦 |
for 𝑥 , 𝑦 ∈ Ω and 𝜉 , Z ∈ ℝ𝑛 . This leads then to the difference quotient regularizers

R𝑝 (𝑢) = 𝛼
(∫ 1

0

∫ 1

0

|𝑢 (𝑥) − 𝑢 (𝑦) |𝑝
|𝑥 − 𝑦 |𝑝 𝑑𝑥 𝑑𝑦

)1/𝑝
=: 𝛼R̂𝑝 (𝑢) (7.30)

and

R∞(𝑢) = 𝛼 ess sup(𝑥,𝑦) ∈ (0,1)2
|𝑢 (𝑥) − 𝑢 (𝑦) |

|𝑥 − 𝑦 | = 𝛼Lip(𝑢), (7.31)

with Lip(𝑢) denoting the Lipschitz constant of (a representative of) 𝑢, which could be infinite.
With the sawtooth function 𝑣 : [0, 1] → ℝ defined by

𝑣 (𝑥) =

𝑥 for 0 ≤ 𝑥 ≤ 1/4,
−𝑥 + 1/2 for 1/4 < 𝑥 ≤ 3/4,
𝑥 − 1 for 3/4 < 𝑥 ≤ 1,

we take a single clean and noisy image given by

𝑢𝑐 (𝑥) =

0 for 0 < 𝑥 ≤ 1/3,
10𝑣 (3𝑥 − 1) for 1/3 < 𝑥 ≤ 2/3
0 for 2/3 < 𝑥 < 1.

and 𝑢[ (𝑥) =

𝑣 (3𝑥) for 0 < 𝑥 ≤ 1/3,
(10 − Y)𝑣 (3𝑥 − 1) for 1/3 < 𝑥 ≤ 2/3,
𝑣 (3𝑥 − 2) for 2/3 < 𝑥 < 1,

respectively, where Y > 0 is small; see Figure 7.1. We observe that𝑢𝑐 is constant near the boundaries
and only slightly steeper than 𝑢[ in the middle of the domain. Numerical calculations show that
for small Y, such as Y = 0.1, the estimate R2(𝑢𝑐) < R2(𝑢[), and hence (H4𝑝 ) with 𝑞 = 2, holds;
moreover, (H5𝑝 ) holds since the clean image has a higher Lipschitz constant than the noisy image
in the sense that

Lip(2𝑢[ − 𝑢𝑐) = 30 − 6Y < 30 − 3Y = Lip(𝑢[) .
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Figure 7.1: The graphs of the functions 𝑢𝑐 and 𝑢[ from Example 7.4.9 a) with Y = 0.1.

Therefore, we find that for 𝛼 > 0 small enough, the optimal parameter lies inside Λ = [1,∞).
c) If we work with the same regularizers as in b), there are reasonable images for which the

Lipschitz regularizer in (7.31) performs better than the other regularizers in (7.30). Let us consider
with 𝛼 > 0 chosen as in b), the images

𝑢𝑐 (𝑥) = 𝑥 − 1/2 and 𝑢[ = (1 + 6𝛼)𝑢𝑐 .
Since 𝑢[ is affine, we can show that the reconstruction with the Lipschitz regularizer is also an
affine function. Indeed, for every other function, one can find an affine function with at most the
same Lipschitz constant without increasing the distance to𝑢[ anywhere. This, in combination with
the fact that the images are odd functions with respect to 𝑥 = 1/2, shows that 𝑤 (∞) is of the form
𝑤 (∞) (𝑥) = 𝛾 (𝑥 − 1/2) = 𝛾𝑢𝑐 with 𝛾 ≥ 0. Due to the optimality of 𝑤 (∞) , the constant 𝛾 has to
minimize the quantity

∥𝛾𝑢𝑐 − 𝑢[ ∥2𝐿2 ( (0,1) ) + 𝛼Lip(𝛾𝑢𝑐) =
1
12

(𝛾 − (1 + 6𝛼))2 + 𝛼𝛾,

which yields 𝛾 = 1. Hence, 𝑤 (∞) coincides with the clean image and therefore I (∞) = 0, which
implies that 𝑝 = ∞ is the optimal parameter in this case.

7.5 Varying the amount of nonlocality

Next, we study two classes of nonlocal regularizers,R𝛿 with 𝛿 ∈ Λ := (0,∞), considered by Brezis &
Nguyen [53] and Aubert & Kornprobst [21], respectively, in the context of image processing. In both
cases, we aim at optimizing the parameter 𝛿 that encodes the amount of nonlocality in the problem.
We mention further that both families of functionals recover the classical𝑇𝑉 -reconstruction model
in the limit 𝛿 → 0, cf. [21, 53].

To set the stage for our analysis, consider training data (𝑢𝑐 , 𝑢[) ∈ 𝐿2(Ω;ℝ𝑁 ) × 𝐿2(Ω;ℝ𝑁 ) and
the reconstruction functionals J𝛿,𝑗 : 𝐿2(Ω) → [0,∞] with 𝛿 ∈ Λ and 𝑗 ∈ {1, 2, . . . , 𝑁 } given by

J𝛿,𝑗 (𝑢) = ∥𝑢 − 𝑢[𝑗 ∥2𝐿2 (Ω) +R𝛿 (𝑢) .
After showing that the sets

𝐾𝛿,𝑗 = argmin
𝑢∈𝐿2 (Ω)

J𝛿,𝑗 (𝑢). (7.32)
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are non-empty for each of the two choices of the regularizers R𝛿 , the upper-level functional from
(T ) in Section 7.2 becomes

I : (0,∞) → [0,∞), I (𝛿) = inf
𝑤∈𝐾𝛿

∥𝑤 − 𝑢𝑐 ∥2
𝐿2 (Ω;ℝ𝑁 ) (7.33)

with 𝐾𝛿 = 𝐾𝛿,1 × 𝐾𝛿,2 × · · · × 𝐾𝛿,𝑁 . In order to find its extension I defined on Λ = [0,∞], we
determine the Mosco-limits of the regularizers (cf. (7.6) and Theorem 7.2.5). This is the content of
Propositions 7.5.3 and 7.5.5 below, which provide the main results of this section.

7.5.1 Brezis & Nguyen setting

For every 𝛿 ∈ (0,∞) and 𝑢 ∈ 𝐿1(Ω), we consider the regularizers

R𝛿 (𝑢) := 𝛿
∫
Ω

∫
Ω

𝜑 ( |𝑢 (𝑥) − 𝑢 (𝑦) |/𝛿)
|𝑥 − 𝑦 |𝑛+1 d𝑥 d𝑦,

where, following [53], the function 𝜑 : [0,∞) → [0,∞) is assumed to satisfy the following hy-
potheses:

(H1𝛿 ) 𝜑 is lower semicontinuous in [0,∞) and continuous in [0,∞) except at a finite number of
points, where it admits left- and right-side limits;

(H2𝛿 ) there exists a constant 𝑎 > 0 such that 𝜑 (𝑡) ≤ min{𝑎𝑡2, 𝑎} for all 𝑡 ∈ [0,∞);
(H3𝛿 ) 𝜑 is non-decreasing;

(H4𝛿 ) it holds that 𝛾𝑛
∫ ∞

0
𝜑 (𝑡)𝑡−2 d𝑡 = 1 with 𝛾𝑛 :=

∫
𝕊𝑛−1

|𝑒 · 𝜎 | d𝜎 for any 𝑒 ∈ 𝕊𝑛−1.

Note that the assumptions on 𝜑 imply that the functional R𝛿 is never convex.

Example 7.5.1. Examples of functions 𝜑 with the properties (H1𝛿 )–(H4𝛿 ) include suitable nor-
malizations of

𝑡 ↦→
{
0 if 𝑡 ≤ 1
1 if 𝑡 > 1

, 𝑡 ↦→
{
𝑡2 if 𝑡 ≤ 1
1 if 𝑡 > 1

, 𝑡 ↦→ 1 − 𝑒−𝑡2

for 𝑡 ≥ 0, cf. [53].

To guarantee that the functionalsR𝛿 satisfy a suitable compactness property, see Theorem 7.5.2 b),
we must additionally assume that

(H5𝛿 ) 𝜑 (𝑡) > 0 for all 𝑡 > 0.

Clearly, the last two functions from Example 7.5.1 satisfy the positivity condition, while the first
one does not. In identifying the Mosco-limits R𝛿 in each of the three cases 𝛿 ∈ (0,∞), 𝛿 = 0, and
𝛿 = ∞, we make repeated use of [53, Theorems 1, 2 and 3], which we recall here for the reader’s
convenience.

Theorem 7.5.2 (cf. [53, Theorems 1–3]). Let Ω ⊂ ℝ𝑛 be a bounded and smooth domain, and let
𝜑 satisfy (H1𝛿 )–(H4𝛿 ).
a) If (𝛿𝑘 )𝑘 ⊂ (0,∞) is such that 𝛿𝑘 → 0, then the following statements hold:
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(𝑖) There exists a constant 𝐾 (𝜑) ∈ (0, 1], independent of Ω, such that (R𝛿𝑘 )𝑘 Γ-converges as
𝑘 → ∞, with respect to the 𝐿1(Ω)-topology, to R0 : 𝐿1(Ω) → [0,∞] defined for 𝑢 ∈ 𝐿1(Ω)
by

R0(𝑢) :=
{
𝐾 (𝜑) |𝐷𝑢 | (Ω) if 𝑢 ∈ 𝐵𝑉 (Ω),
∞ if 𝑢 ∈ 𝐿1(Ω) \ 𝐵𝑉 (Ω) .

(𝑖𝑖) If (𝑢𝑘 )𝑘 is a bounded sequence in 𝐿1(Ω) with sup𝑘 R𝛿𝑘 (𝑢𝑘 ) < ∞, then there exist a subse-
quence (𝑢𝑘𝑙 )𝑙 of (𝑢𝑘 )𝑘 and a function 𝑢 ∈ 𝐿1(Ω) such that lim𝑙→∞ ∥𝑢𝑘𝑙 − 𝑢∥𝐿1 (Ω) = 0.

b) Suppose that (H5𝛿 ) holds in addition to the above conditions, and let (𝑢𝑘 )𝑘 be a bounded sequence
in 𝐿1(Ω) with sup𝑘 R𝛿 (𝑢𝑘 ) < ∞ for some 𝛿 > 0. Then, there exists a subsequence (𝑢𝑘𝑙 )𝑙 of (𝑢𝑘 )𝑘 and
a function 𝑢 ∈ 𝐿1(Ω) such that lim𝑙→∞ ∥𝑢𝑘𝑙 − 𝑢∥𝐿1 (Ω) = 0.

We point out that if 𝜑 fulfills (H1𝛿 )–(H5𝛿 ), then (H) in Section 7.2 holds and the sets 𝐾𝛿,𝑗 de-
fined in (7.32) are non-empty (cf. [53, Corollary 7]). We are now in a position to characterize the
asymptotic behavior of the regularizers R𝛿 ′ as 𝛿 ′ → 𝛿 ∈ Λ = [0,∞].
Proposition 7.5.3 (Mosco-convergence of regularizers). Let Λ = (0,∞) and Ω ⊂ ℝ𝑛 be a
bounded and smooth domain. Under the assumptions (H1𝛿 )–(H5𝛿 ) on 𝜑 : [0,∞) → [0,∞), it holds
that

R𝛿 := Mosc(𝐿2)- lim
𝛿 ′→𝛿

R𝛿 ′ =


R𝛿 if 𝛿 ∈ (0,∞),
R0 if 𝛿 = 0,
0 if 𝛿 = ∞,

for 𝛿 ∈ Λ = [0,∞]. (7.34)

Proof. Considering a sequence (𝛿𝑘 )𝑘 ⊂ (0,∞) with limit 𝛿 ∈ [0,∞], one needs to verify that the
Mosco-limit of (R𝛿𝑘 )𝑘 exist and is given by the right-hand side of (7.34). We split the proof into
three cases.

Case 1: 𝛿 = 0. Let (𝑢𝑘 )𝑘 ⊂ 𝐿2(Ω) and 𝑢 ∈ 𝐿2(Ω) be such that 𝑢𝑘 ⇀ 𝑢 in 𝐿2(Ω). We aim to show
that

R0(𝑢) ≤ lim inf
𝑘→∞

R𝛿𝑘 (𝑢). (7.35)

One may thus assume without loss of generality that the limit inferior on the right-hand side of
(7.35) is finite, and, after extracting a subsequence if necessary, also

sup
𝑘

R𝛿𝑘 (𝑢𝑘 ) < ∞.

Hence, by Theorem 7.5.2 a) (𝑖𝑖), it follows that𝑢𝑘 → 𝑢 in 𝐿1(Ω), which togetherwith Theorem 7.5.2 a)
(𝑖) yields (7.35).

To complement this lower bound, we need to obtain for each 𝑢 ∈ 𝐿2(Ω) ∩ 𝐵𝑉 (Ω) a sequence
(𝑢𝑘 )𝑘 ⊂ 𝐿2(Ω) such that 𝑢𝑘 → 𝑢 in 𝐿2(Ω) and

R0(𝑢) ≥ lim sup
𝑘→∞

R𝛿𝑘 (𝑢𝑘 ). (7.36)

The idea is to suitably truncate a recovery sequence of the Γ-limit Γ(𝐿1)-lim𝑘→∞R𝛿𝑘 from Theo-
rem 7.5.2 (𝑖). For the details, fix 𝑙 ∈ ℕ and consider the truncation function, 𝑇 𝑙 : ℝ → ℝ,

𝑇 𝑙 (𝑡) :=

𝑙 if 𝑡 ≥ 𝑙,
𝑡 if − 𝑙 ≤ 𝑡 ≤ 𝑙,
−𝑙 if 𝑡 ≤ −𝑙 .
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By Theorem 7.5.2 (𝑖), there exists a sequence (𝑣𝑘 )𝑘 ⊂ 𝐿1(Ω) such that 𝑣𝑘 → 𝑢 in 𝐿1(Ω) and
lim
𝑘→∞

R𝛿𝑘 (𝑣𝑘 ) = 𝐾 (𝜑) |𝐷𝑢 | (Ω) = R0(𝑢). (7.37)

Choosing a sequence (𝑙𝑘 )𝑘 ⊂ ℝ such that 𝑙𝑘 → ∞ and 𝑙𝑘 ∥𝑣𝑘 − 𝑢∥𝐿1 (Ω) → 0 as 𝑘 → ∞, we define

𝑢𝑘 := 𝑇 𝑙𝑘 ◦ 𝑣𝑘 ∈ 𝐿∞(Ω) for all 𝑘 ∈ ℕ.

Then, an application of Hölder’s inequality shows that

∥𝑢𝑘 − 𝑢∥𝐿2 (Ω) ≤ ∥𝑢𝑘 −𝑇 𝑙𝑘 ◦ 𝑢∥𝐿2 (Ω) + ∥𝑇 𝑙𝑘 ◦ 𝑢 − 𝑢∥𝐿2 (Ω)

≤ (
2𝑙𝑘 ∥𝑣𝑘 − 𝑢∥𝐿1 (Ω)

)1/2 + ∥𝑇 𝑙𝑘 ◦ 𝑢 − 𝑢∥𝐿2 (Ω) → 0,

as 𝑘 → ∞. Therefore, 𝑢𝑘 → 𝑢 in 𝐿2(Ω) and, in view of the monotonicity of 𝜑 in (H3𝛿 ), we conclude
that

lim sup
𝑘→∞

R𝛿𝑘 (𝑢𝑘 ) = lim sup
𝑘→∞

𝛿𝑘

∫
Ω

∫
Ω

𝜑 (𝛿−1
𝑘

|𝑇 𝑙𝑘 (𝑣𝑘 (𝑥)) −𝑇 𝑙𝑘 (𝑣𝑘 (𝑦)) |)
|𝑥 − 𝑦 |𝑛+1 𝑑𝑥 𝑑𝑦

≤ lim
𝑘→∞

𝛿𝑘

∫
Ω

∫
Ω

𝜑 (𝛿−1
𝑘

|𝑣𝑘 (𝑥) − 𝑣𝑘 (𝑦) |)
|𝑥 − 𝑦 |𝑛+1 𝑑𝑥 𝑑𝑦 = lim

𝑘→∞
R𝛿𝑘 (𝑣𝑘 ),

which implies (7.36) by (7.37).
Case 2: 𝛿 ∈ (0,∞). Consider a sequence (𝑢𝑘 )𝑘 ⊂ 𝐿2(Ω) and 𝑢 ∈ 𝐿2(Ω) such that 𝑢𝑘 ⇀ 𝑢 in

𝐿2(Ω) and
sup
𝑘

R𝛿𝑘 (𝑢𝑘 ) < ∞.

We start by observing that there exist 𝛿 > 0 and 𝐾 ∈ ℕ such that for all 𝑘 ≥ 𝐾 , we have
𝛿/2 ≤ 𝛿𝑘 ≤ 𝛿 . Hence, the previous estimate and (H3𝛿 ) yield

sup
𝑘≥𝐾

R𝛿 (𝑢𝑘 ) = sup
𝑘≥𝐾

(
𝛿

∫
Ω

∫
Ω

𝜑 (𝛿−1 |𝑢𝑘 (𝑥) − 𝑢𝑘 (𝑦) |)
|𝑥 − 𝑦 |𝑛+1 𝑑𝑥 𝑑𝑦

)
≤ 2 sup

𝑘
R𝛿𝑘 (𝑢𝑘 ) < ∞.

Consequently, in view of Theorem 7.5.2 b), we may further assume that

𝑢𝑘 → 𝑢 in 𝐿1(Ω) and 𝑢𝑘 (𝑥) → 𝑢 (𝑥) for a.e. 𝑥 ∈ Ω. (7.38)

Using Fatou’s lemma first, and then (7.38) together with the lower semicontinuity of 𝜑 on [0,∞),
we get

lim inf
𝑘→∞

R𝛿𝑘 (𝑢𝑘 ) = lim inf
𝑘→∞

𝛿𝑘

∫
Ω

∫
Ω

𝜑 (𝛿−1
𝑘

|𝑢𝑘 (𝑥) − 𝑢𝑘 (𝑦) |)
|𝑥 − 𝑦 |𝑛+1 𝑑𝑥 𝑑𝑦

≥ 𝛿

∫
Ω

∫
Ω
lim inf
𝑘→∞

𝜑 (𝛿−1
𝑘

|𝑢𝑘 (𝑥) − 𝑢𝑘 (𝑦) |)
|𝑥 − 𝑦 |𝑛+1 𝑑𝑥 𝑑𝑦

≥ 𝛿

∫
Ω

∫
Ω

𝜑 (𝛿−1 |𝑢 (𝑥) − 𝑢 (𝑦) |)
|𝑥 − 𝑦 |𝑛+1 𝑑𝑥 𝑑𝑦 = R𝛿 (𝑢),

which proves the liminf inequality.
For the recovery sequence, fix 𝑢 ∈ 𝐿2(Ω) and take 𝑢𝑘 = 𝛿𝑘

𝛿 𝑢 for 𝑘 ∈ ℕ. Then, 𝑢𝑘 → 𝑢 in 𝐿2(Ω)
as 𝑘 → ∞ and

lim
𝑘→∞

R𝛿𝑘 (𝑢𝑘 ) = lim
𝑘→∞

𝛿𝑘
𝛿
R𝛿 (𝑢) = R𝛿 (𝑢),
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as desired.
Case 3: 𝛿 = ∞. The lower bound follows immediately by the non-negativity of R𝛿𝑘 for 𝑘 ∈ ℕ.

As a recovery sequence for 𝑢 ∈ 𝐿2(Ω), take a sequence (𝑢𝑘 )𝑘 ⊂ 𝐿2(Ω) such that 𝑢𝑘 → 𝑢 in 𝐿2(Ω)
and Lip(𝑢𝑘 ) ≤ 𝛿1/4𝑘

, which is possible since 𝛿𝑘 → ∞ as 𝑘 → ∞. Then, using (H2𝛿 ),

R𝛿𝑘 (𝑢𝑘 ) = 𝛿𝑘
∫
Ω

∫
Ω

𝜑 (𝛿−1
𝑘

|𝑢𝑘 (𝑥) − 𝑢𝑘 (𝑦) |)
|𝑥 − 𝑦 |𝑛+1 𝑑𝑥 𝑑𝑦

≤ 𝑎Lip(𝑢𝑘 )
2

𝛿𝑘

∫
Ω

∫
Ω

1
|𝑥 − 𝑦 |𝑛−1 𝑑𝑥 𝑑𝑦 ≤ 𝑎𝛿−1/2

𝑘

∫
Ω

∫
Ω

1
|𝑥 − 𝑦 |𝑛−1 𝑑𝑥 𝑑𝑦.

Hence, R𝛿𝑘 (𝑢𝑘 ) → 0 as 𝑘 → ∞, which concludes the proof. □

7.5.2 Aubert & Kornprobst setting

Let Ω ⊂ ℝ𝑛 be a bounded Lipschitz domain. We fix a nonnegative function 𝜌 : [0,∞) → [0,∞)
satisfying

(H6𝛿 ) 𝜌 is non-increasing and
∫
ℝ𝑛

𝜌 ( |𝑥 |) d𝑥 = 1,

and consider the regularizers given for 𝛿 ∈ Λ = (0,∞) and 𝑢 ∈ 𝐿2(Ω) by

R𝛿 (𝑢) =
1
𝛿𝑛

∫
Ω

∫
Ω

|𝑢 (𝑥) − 𝑢 (𝑦) |
|𝑥 − 𝑦 | 𝜌

( |𝑥 − 𝑦 |
𝛿

)
d𝑥 d𝑦. (7.39)

Remark 7.5.4. a) As 𝜌 is non-increasing, we have for all 0 < 𝛿 < 𝛿 and 𝑥,𝑦 ∈ Ω that 𝜌 ( |𝑥−𝑦 |/𝛿) ≤
𝜌 ( |𝑥 − 𝑦 |/𝛿); consequently,

R𝛿 (𝑢) ≤
𝛿𝑛

𝛿𝑛
R𝛿 (𝑢)

for all 𝑢 ∈ 𝐿2(Ω).
b) Note that the assumption (H) from Section 7.2 is satisfied here; in particular,R𝛿 is 𝐿2-weakly

lower semicontinuous. Indeed, as the dependence of the integrand on 𝑢 is convex, it is enough to
prove strong lower semicontinuity in 𝐿2(Ω). This is in turn a simple consequence of Fatou’s lemma.

c) In this set-up, the sets 𝐾𝛿,𝑗 in (7.32) consist of a single element 𝑤 (𝛿 )
𝑗 ∈ 𝐿2(Ω) in light of the

strict convexity of the fidelity term and convexity of R𝛿 . The upper-level functional from (7.33)
then becomes

I : (0,∞) → [0,∞), I (𝛿) = ∥𝑤 (𝛿 ) − 𝑢𝑐 ∥2
𝐿2 (Ω;ℝ𝑁 ) .

△
The nonlocal functionals in (7.39) have been applied to problems in imaging in [21], providing

a derivative-free alternative to popular local models. The localization behavior of these functionals
as 𝛿 → 0 is well-studied, originally by Bourgain, Brezis, & Mironescu [47] and later extended to the
𝐵𝑉 -case in [81, 178]. Using these results, we show that, as 𝛿 → 0, the reconstruction functional in
our bi-level scheme turns into the𝑇𝑉 -reconstruction functional, see Proposition 7.5.5 below. More-
over, in order to get structural stability inside the domain Λ, we exploit the monotonicity properties
of the functionalR𝛿 , cf. Remark 7.5.4 a). Lastly, as 𝛿 → ∞, we observe that the regularization term
vanishes.
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Proposition 7.5.5 (Mosco-convergence of the regularizers). Let Λ = (0,∞), Ω ⊂ ℝ𝑛 be a
bounded Lipschitz domain and assume that (H6𝛿 ) holds. Then,

R𝛿 := Mosc(𝐿2)- lim
𝛿 ′→𝛿

R𝛿 ′ =


R𝛿 if 𝛿 ∈ (0,∞),
R0 if 𝛿 = 0,
0 if 𝛿 = ∞,

for 𝛿 ∈ Λ = [0,∞], (7.40)

where

R0 : 𝐿2(Ω) → [0,∞], R0(𝑢) =
{
𝜅𝑛 |𝐷𝑢 | (Ω), if 𝑢 ∈ 𝐵𝑉 (Ω),
∞ if 𝑢 ∈ 𝐿2(Ω) \ 𝐵𝑉 (Ω), (7.41)

with 𝜅𝑛 = −
∫
𝕊𝑛−1

|𝑒 · 𝜎 | d𝜎 for any 𝑒 ∈ 𝕊𝑛−1.

Proof. Given (𝛿𝑘 )𝑘 ⊂ (0,∞) with limit 𝛿 ∈ [0,∞], the arguments below, subdivided into three
different regimes, show that the Mosco-limit of (R𝛿𝑘 )𝑘 exists and is equal to the right-hand side of
(7.40).

Case 1: 𝛿 = 0. For the lower bound, take a sequence 𝑢𝑘 ⇀ 𝑢 in 𝐿2(Ω) and assume without loss
of generality that

sup
𝑘

R𝛿𝑘 (𝑢𝑘 ) < ∞.

By [47, Theorem 4], (𝑢𝑘 )𝑘 is relatively compact in 𝐿1(Ω), so that 𝑢𝑘 → 𝑢 in 𝐿1(Ω). We now use the
Γ-liminf result with respect to the 𝐿1(Ω)-convergence in [178, Corollary 8], to deduce that

R0(𝑢) ≤ lim inf
𝑘→∞

R𝛿𝑘 (𝑢𝑘 ),

as desired. For the recovery sequence, we may suppose that 𝑢 ∈ 𝐿2(Ω) ∩ 𝐵𝑉 (Ω). Then, it follows
from [178, Corollary 1] that

lim
𝑘→∞

1
𝛿𝑛
𝑘

∫
Ω

∫
Ω

|𝑢 (𝑥) − 𝑢 (𝑦) |
|𝑥 − 𝑦 | 𝜌

( |𝑥 − 𝑦 |
𝛿𝑘

)
d𝑥 d𝑦 = 𝜅𝑛 |𝐷𝑢 | (Ω),

showing that the constant sequence 𝑢𝑘 = 𝑢 for all 𝑘 ∈ ℕ provides a recovery sequence.
Case 2: 𝛿 ∈ (0,∞). For the liminf inequality, take a sequence (𝑢𝑘 )𝑘 converging weakly to 𝑢 in

𝐿2(Ω). If 𝛿 ∈ (0, 𝛿), then 𝛿𝑘 > 𝛿 for all 𝑘 ∈ ℕ large enough. Hence, it follows from Remark 7.5.4 a)
that

lim inf
𝑘→∞

R𝛿𝑘 (𝑢𝑘 ) ≥ lim inf
𝑘→∞

𝛿𝑛

𝛿𝑛
𝑘

R𝛿 (𝑢𝑘 ) ≥
𝛿𝑛

𝛿𝑛
R𝛿 (𝑢),

where the last inequality uses the weak lower semicontinuity of R𝛿 , cf. Remark 7.5.4 b). Letting
𝛿 ↗ 𝛿 and using the monotone convergence theorem gives

lim inf
𝑘→∞

R𝛿𝑘 (𝑢𝑘 ) ≥ R𝛿 (𝑢) .

For the limsup inequality, consider 𝑢 ∈ 𝐿2(Ω) with R𝛿 (𝑢) < ∞. Since 𝜌 is non-increasing by
(H6𝛿 ), we may extend 𝑢 to a function 𝑢 ∈ 𝐿2(ℝ𝑛) by reflection across the boundary of the Lipschitz
domain Ω such that ∫

ℝ𝑛

∫
ℝ𝑛

|𝑢 (𝑥) − 𝑢 (𝑦) |
|𝑥 − 𝑦 | 𝜌

( |𝑥 − 𝑦 |
𝛿

)
d𝑥 d𝑦 < ∞,



7.5. VARYING THE AMOUNT OF NONLOCALITY 237

cf. [47, Proof of Theorem 4]. With (𝜑Y)Y a family of smooth standard mollifiers, the sequence 𝑢𝑙 :=
𝜑1/𝑙 ∗𝑢 for 𝑙 ∈ ℕ converges to 𝑢 in 𝐿2(Ω) as 𝑙 → ∞, and we may argue similarly to the proof of the
smooth approximation property (𝑖𝑣) in Section 7.4 to conclude that

lim
𝑙→∞

R𝛿 (𝑢𝑙 ) = R𝛿 (𝑢) .

With 𝜌𝛿 := 𝛿−𝑛𝜌 ( |·|/𝛿) and for a fixed 𝑙 ∈ ℕ, we find that

|R𝛿 (𝑢𝑙 ) −R𝛿𝑘 (𝑢𝑙 ) | ≤
∫
Ω

∫
Ω

|𝑢𝑙 (𝑥) − 𝑢𝑙 (𝑦) |
|𝑥 − 𝑦 | |𝜌𝛿 (𝑥 − 𝑦) − 𝜌𝛿𝑘 (𝑥 − 𝑦) | d𝑥 d𝑦

≤ Lip(𝑢𝑙 ) |Ω |∥𝜌𝛿 − 𝜌𝛿𝑘 ∥𝐿1 (ℝ𝑛 ) ,

where Lip(𝑢𝑙 ) is the Lipschitz constant of 𝑢𝑙 . We have 𝜌𝛿𝑘 → 𝜌𝛿 in 𝐿1(ℝ𝑛) as 𝑘 → ∞ by a standard
argument approximating 𝜌 with smooth functions. Hence, we obtain

lim
𝑘→∞

R𝛿𝑘 (𝑢𝑙 ) = R𝛿 (𝑢𝑙 ),

and, letting 𝑙 → ∞, results in
lim
𝑙→∞

lim
𝑘→∞

R𝛿𝑘 (𝑢𝑙 ) = R𝛿 (𝑢) .
The limsup inequality now follows by extracting an appropriate diagonal sequence.

Case 3: 𝛿 = ∞. The only nontrivial case is the limsup inequality, for which we take a sequence
(𝑢𝑙 )𝑙 ⊂ 𝐶∞

𝑐 (ℝ𝑛) that converges to 𝑢 in 𝐿2(Ω). Then, with 𝑅 larger than the diameter of Ω, one
obtains for every 𝑙 ∈ ℕ that

R𝛿𝑘 (𝑢𝑙 ) =
1
𝛿𝑛
𝑘

∫
Ω

∫
Ω

|𝑢𝑙 (𝑥) − 𝑢𝑙 (𝑦) |
|𝑥 − 𝑦 | 𝜌

( |𝑥 − 𝑦 |
𝛿𝑘

)
d𝑥 d𝑦

≤ Lip(𝑢𝑙 )
∫
Ω

∫
Ω/𝛿𝑘

𝜌

(���𝑧 − 𝑦

𝛿𝑘

���) d𝑧 d𝑦 ≤ Lip(𝑢𝑙 )
∫
Ω

∫
𝐵 𝑅
𝛿𝑘

(0)
𝜌 ( |𝑤 |) d𝑤 d𝑦.

As 𝑘 → ∞, the last quantity goes to zero since 𝜌 ( |·|) ∈ 𝐿1(ℝ𝑛). Therefore, we deduce that
lim
𝑘→∞

R𝛿𝑘 (𝑢𝑙 ) = 0,

and conclude again with a diagonal argument. □

7.5.3 Conclusions and examples

In both the Brezis & Nguyen and the Aubert & Kornprobst settings, we now find that the extension
I : [0,∞] → [0,∞] is given by

I (𝛿) =

I (𝛿) if 𝛿 ∈ (0,∞),
∥𝑤 (0) − 𝑢𝑐 ∥2

𝐿2 (Ω;ℝ𝑁 ) if 𝛿 = 0,

∥𝑢[ − 𝑢𝑐 ∥2
𝐿2 (Ω;ℝ𝑁 ) if 𝛿 = ∞,

where 𝑤 (0)
𝑗 for 𝑗 ∈ {1, . . . , 𝑁 } is the unique minimizer of the 𝑇𝑉 -reconstruction functional J 0, 𝑗

(with different weight factors in the two cases). In particular, we deduce from Theorem 7.2.5 and
Corollary 7.2.8 that I is the relaxation of I and that these extended upper-level functionals I admit
minimizers 𝛿 ∈ [0,∞]. To get an intuition about when this optimal parameter is attained at the
boundary or in the interior of Λ, we present the following examples.
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Example 7.5.6. a) For both settings analyzed in this section, it is clear that if the noisy and clean
image coincide, 𝑢𝑐 ≡ 𝑢[ , then the reconstruction model with parameter 𝛿 = ∞ gives the exact clean
image back. Hence, in this case the optimal parameter is attained at the boundary point 𝛿 = ∞.

b) Next, we illustrate the case when the optimal parameter is attained at the boundary point
𝛿 = 0. Consider the Aubert & Kornprobst setting in Subsection 7.5.2 and let Ω = (−1, 1), 𝑁 = 1,
𝑢𝑐 = 0, and𝑢[ (𝑥) = 𝜅𝑛𝑥 for 𝑥 ∈ (−1, 1). The reconstruction of𝑢[ with the total variation regularizer
R0 in (7.41) is of the form

𝑤 (0) = max{\1,min{\2, 𝑢[}} for some \1, \2 ∈ ℝ.

To see this, we observe that J 0(�̃�) ≤ J 0(𝑢) for any 𝑢 ∈ 𝐵𝑉 (−1, 1) with
�̃� = max{𝑢−,min{𝑢+, 𝑢[}},

where 𝑢− := ess inf𝑥∈ (−1,1)𝑢 (𝑥) and 𝑢+ := ess sup𝑥∈ (−1,1) 𝑢 (𝑥). Indeed, the map �̃� has at most the
same total variation as 𝑢 and does not increase the distance to 𝑢[ anywhere. Next, since 𝑢[ is an
odd function, the same should hold for the minimizer, meaning that −\1 = \2 =: \ ∈ [0, 𝜅𝑛]. We
can now determine the value of \ by optimizing the quantity J 0(𝑤 (0) ) in \ . This boils down to
minimizing

2
3
𝜅2𝑛

(
1 − \

𝜅𝑛

)3
+ 2𝜅𝑛\,

and yields \ = 0. Hence, the reconstruction model for 𝛿 = 0 yields the exact clean image, so that
I (0) = 0. The same conclusions can be drawn for the Brezis & Nguyen setting by replacing 𝜅𝑛 in
the example above with 𝐾 (𝜑).

c) Let us finally address the case when I becomes minimal inside Λ = (0,∞). We work once
again with the Aubert & Kornprobst model from Subsection 7.5.2, and assume in addition to (H6𝛿 )
that the function 𝜌 is equal to 1 in a neighborhood of zero. We consider the following conditions
on the pair of data points (𝑢𝑐 , 𝑢[) ∈ 𝐿2(Ω;ℝ𝑁 ) × 𝐿2(Ω;ℝ𝑁 ):

(H7𝛿 ) ∥𝑢[ − 𝑢𝑐 ∥2
𝐿2 (Ω;ℝ𝑁 ) < ∥𝑤 (0) − 𝑢𝑐 ∥2

𝐿2 (Ω;ℝ𝑁 ) ;

(H8𝛿 )
∑𝑁
𝑗=1 R̃(𝑢𝑐𝑗 ) <

∑𝑁
𝑗=1 R̃(𝑢[𝑗 );

here,𝑤 (0) is the componentwise minimizer of the 𝑇𝑉 -reconstruction functional J 0 and we set

R̃(𝑢) :=
∫
Ω

∫
Ω

|𝑢 (𝑥) − 𝑢 (𝑦) |
|𝑥 − 𝑦 | d𝑥 d𝑦 for 𝑢 ∈ 𝐿2(Ω). (7.42)

The two hypotheses above can be realized, for example, by taking 𝑢[ = (1 + Y)𝑢𝑐 for some small
Y > 0 and𝑤 (0) ≠ 𝑢𝑐 .

Notice that (H7𝛿 ) immediately rules out 𝛿 = 0 as an optimal candidate, since the reconstruction
at 𝛿 = ∞ is better. On the other hand, 𝜌 is supposed to be equal to 1 near the zero, so that we infer
for large enough 𝛿 that

R𝛿 (𝑢) =
1
𝛿𝑛

∫
Ω

∫
Ω

|𝑢 (𝑥) − 𝑢 (𝑦) |
|𝑥 − 𝑦 | d𝑥 d𝑦 =

1
𝛿𝑛

R̃(𝑢) (7.43)

for all 𝑢 ∈ 𝐿2(Ω). Since, for large 𝛿 , the dependence of the regularizer on 𝛿 is of the same type as
the weight case from Section 7.3, we may apply Lemma 7.3.4 (𝑖) in view of (H8𝛿 ). This yields, for
all 𝛿 large enough, that

∥𝑢𝑐 −𝑤 (𝛿 ) ∥2
𝐿2 (Ω;ℝ𝑁 ) < ∥𝑢𝑐 − 𝑢[ ∥2

𝐿2 (Ω;ℝ𝑁 ) ,
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with 𝑤 (𝛿 ) the minimizer of J𝛿 . This shows that the optimal parameter is not attained at 𝛿 = ∞
either and, as a result, needs to be attained inside Λ = (0,∞). Hence, the optimal regularizer lies
within the class we started with.

The same conclusions can be drawn for the Brezis & Nguyen case described in Subsection 7.5.1
if we assume that 𝜑 (𝑡) = 𝑐𝑡𝑟 for small 𝑡 with 𝑐 > 0 and 𝑟 ≥ 2. One may take, for instance, the
normalized version of the second function in Example 7.5.1. We then suppose that the pair of data
points (𝑢𝑐 , 𝑢[) satisfies (H7𝛿 ) and (H8𝛿 ), but now instead of (7.42), take

R̃(𝑢) := 𝑐
∫
Ω

∫
Ω

|𝑢 (𝑥) − 𝑢 (𝑦) |𝑟
|𝑥 − 𝑦 |𝑛+1 d𝑥 d𝑦 for 𝑢 ∈ 𝐿2(Ω).

We observe with 𝑙 = ∥𝑢[ ∥𝐿∞ (Ω;ℝ𝑁 ) (which we assume to be finite) and 𝑇 𝑙 the truncation as in
the proof of Proposition 7.5.3 that

J𝛿 (𝑇 𝑙 ◦ 𝑢) ≤ J𝛿 (𝑢)
for all 𝑢 ∈ 𝐿2(Ω) and 𝛿 ∈ (0,∞). Therefore, we may restrict our analysis to functions 𝑢 ∈ 𝐿2(Ω)
with |𝑢 (𝑥) − 𝑢 (𝑦) | ≤ 2𝑙 for all 𝑥,𝑦 ∈ Ω. By additionally considering 𝛿 large enough, we now find

𝜑

( |𝑢 (𝑥) − 𝑢 (𝑦) |
𝛿

)
= 𝑐

|𝑢 (𝑥) − 𝑢 (𝑦) |𝑟
𝛿𝑟

;

hence,
R𝛿 (𝑢) =

𝑐

𝛿𝑟−1

∫
Ω

∫
Ω

|𝑢 (𝑥) − 𝑢 (𝑦) |𝑟
|𝑥 − 𝑦 |𝑛+1 d𝑥 d𝑦 =

1
𝛿𝑟−1

R̃(𝑢)

in analogy to (7.43).

7.6 Tuning the fractional parameter

This final section revolves around regularization via the 𝐿2-norm of the spectral fractional Laplacian
of order 𝑠/2, with 𝑠 in the parameter range Λ = (0, 1). Our aim here is twofold. First, we determine
the Mosco-limits of the regularizers, which allows us to conclude in view of the general theory
in Section 7.2 that the extended bi-level problem recovers local models at the boundary points of
Λ = [0, 1]. Second, we provide analytic conditions ensuring that the optimal parameter lies in the
interior of (0, 1), and illustrate them with an explicit example.

The motivation behind the fractional Laplacian as a regularizer comes from [12], where the
authors show that replacing the total variation in the classical ROF model [186] with a spectral
fractional Laplacian can lead to comparable reconstruction results with a much smaller computa-
tional cost, if the order is chosen correctly. An abstract optimization of the fractional parameter for
the spectral fractional Laplacian has already been undertaken in [25], although we remark that a
convex penalization term is added there to themodel to ensure that the optimal fractional parameter
lies inside (0, 1).

We beginwith the problem set-up. LetΩ ⊂ ℝ𝑛 be a bounded Lipschitz domain and let (𝜓𝑚)𝑚∈ℕ ⊂
𝐻 1
0 (Ω) be a sequence of eigenfunctions associated with the Laplace operator (−Δ) forming an or-

thonormal basis of 𝐿2(Ω). With the corresponding eigenvalues 0 < 𝜆1 ≤ 𝜆2 ≤ 𝜆3 ≤ · · · ↗ ∞, it
holds for every𝑚 ∈ ℕ that {

(−Δ)𝜓𝑚 = 𝜆𝑚𝜓𝑚 in Ω,

𝜓𝑚 = 0 on 𝜕Ω.
(7.44)

Denoting the projection of any 𝑢 ∈ 𝐿2(Ω) onto the𝑚th eigenfunction𝜓𝑚 by

𝑢𝑚 := ⟨𝑢,𝜓𝑚⟩𝐿2 (Ω) ,
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we have the representation 𝑢 =
∑∞
𝑚=1𝑢𝑚𝜓𝑚 .

With this at hand, one can define for 𝑠 ∈ (0, 1) the fractional Sobolev spaces

ℍ𝑠 (Ω) :=
{
𝑢 =

∞∑︁
𝑚=1

𝑢𝑚𝜓𝑚 ∈ 𝐿2(Ω) :
∞∑︁
𝑚=1

𝜆𝑠𝑚𝑢
2
𝑚 < ∞

}
,

endowed with the inner product

⟨𝑢, 𝑣⟩ℍ𝑠 (Ω) :=
∞∑︁
𝑚=1

𝜆𝑠𝑚𝑢𝑚𝑣𝑚 .

It holds that ℍ𝑠 (Ω) is a Hilbert space for every 𝑠 ∈ (0, 1); for more details on these spaces, we refer,
e.g., to [58, 171]. In view of (7.44), the so-called spectral fractional Laplacian of order 𝑠/2 (with
Dirichlet boundary conditions) on these spaces is defined as

(−Δ𝐷 )𝑠/2 : ℍ𝑠 (Ω) → 𝐿2(Ω), (−Δ𝐷 )𝑠/2𝑢 =
∞∑︁
𝑚=1

𝜆𝑠/2𝑚 𝑢𝑚𝜓𝑚 .

For 𝑠 ∈ (0, 1), we consider the regularizer

R𝑠 : 𝐿2(Ω) → [0,∞], R𝑠 (𝑢) =
{
𝜇∥(−Δ𝐷 )𝑠/2𝑢∥2𝐿2 (Ω) for 𝑢 ∈ ℍ𝑠 (Ω),
∞ otherwise,

(7.45)

with some 𝜇 > 0. At the end of this section (see Remark 7.6.4), the weight parameter 𝜇 will be
used to exhibit examples where structure preservation holds. The regularizers R𝑠 coincide with
𝜇∥·∥2

ℍ𝑠 (Ω) on ℍ𝑠 (Ω), and are 𝐿2-weakly lower semicontinuous because 𝑢𝑘 ⇀ 𝑢 in 𝐿2(Ω) yields

lim inf
𝑘→∞

R𝑠 (𝑢𝑘 ) = lim inf
𝑘→∞

𝜇
∞∑︁
𝑚=1

𝜆𝑠𝑚 (̂𝑢𝑘 )
2
𝑚 ≥ 𝜇

∞∑︁
𝑚=1

𝜆𝑠𝑚𝑢
2
𝑚 = R𝑠 (𝑢)

by a discrete version of Fatou’s lemma. Therefore, the hypotheses in (H) from Section 7.2 are
satisfied.

Next, we determine the Mosco-limits of the regularizers, and thereby, provide the basis for
extending the upper-level functional according to Section 7.2.

Proposition 7.6.1 (Mosco-convergence of the regularizers). Let Λ := (0, 1) and R𝑠 for each
𝑠 ∈ Λ be given by (7.45). Then, for 𝑢 ∈ 𝐿2(Ω) and 𝑠 ∈ Λ = [0, 1],

R𝑠 (𝑢) = Mosc(𝐿2)- lim
𝑠′→𝑠

R𝑠′ (𝑢) =

R𝑠 (𝑢) if 𝑠 ∈ (0, 1),
𝜇∥𝑢∥2

𝐿2 (Ω) if 𝑠 = 0,

𝜇∥∇𝑢∥2
𝐿2 (Ω) + 𝜒𝐻 1

0 (Ω) (𝑢) if 𝑠 = 1.
(7.46)

Proof. Let us observe up front that for all 𝑢 ∈ 𝐿2(Ω),

∥𝑢∥2𝐿2 (Ω) =
∞∑︁
𝑚=1

𝑢2𝑚 and ∥∇𝑢∥2𝐿2 (Ω) + 𝜒𝐻 1
0 (Ω) (𝑢) =

∞∑︁
𝑚=1

𝜆𝑚𝑢
2
𝑚 ; (7.47)

indeed, the first formula is simply Parseval’s identity, while the second one is a consequence of
∇𝑢 =

∑∞
𝑚=1𝑢𝑚∇𝜓𝑚 for 𝑢 ∈ 𝐻 1

0 (Ω) and the orthogonality in 𝐿2(Ω;ℝ𝑛) of the gradients (∇𝜓𝑚)𝑚
with

∥∇𝜓𝑚 ∥2𝐿2 (Ω;ℝ𝑛 ) = −
∫
Ω
𝜓𝑚 Δ𝜓𝑚 d𝑥 =

∫
Ω
𝜆𝑚𝜓

2
𝑚 d𝑥 = 𝜆𝑚 .
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Fixing a sequence (𝑠𝑘 )𝑘 ⊂ (0, 1) with limit 𝑠 ∈ [0, 1], we want to prove now that theMosco-limit
of (R𝑠𝑘 )𝑘 exists and is given by the right-hand side of (7.46).

Step 1: The liminf-inequality. Let 𝑢𝑘 ⇀ 𝑢 in 𝐿2(Ω), and assume without loss of generality that
lim inf𝑘→∞R𝑠𝑘 (𝑢𝑘 ) < ∞. Then, since (̂𝑢𝑘 )𝑚 → 𝑢𝑚 for each𝑚 ∈ ℕ as 𝑘 → ∞, it follows from a
discrete version of Fatou’s lemma that

∞ > lim inf
𝑘→∞

R𝑠𝑘 (𝑢𝑘 ) = lim inf
𝑘→∞

𝜇
∞∑︁
𝑚=1

𝜆𝑠𝑘𝑚 (̂𝑢𝑘 )
2
𝑚 ≥ 𝜇

∞∑︁
𝑚=1

𝜆𝑠𝑚𝑢
2
𝑚 .

In light of (7.47) for the cases 𝑠 ∈ {0, 1}, the last quantity equals the regularizer on the right hand
side of (7.46) in all the three regimes. This finishes the proof of the lower bound.

Step 2: Construction of a recovery sequence. We first consider the 𝑢 ∈ 𝐻 1
0 (Ω) case. By the

regularity of 𝑢 and Lebesgue’s dominated converge theorem (applied to the counting measure) and
by considering the constant recovery sequence 𝑢𝑘 = 𝑢, we get

lim
𝑘→∞

R𝑠𝑘 (𝑢𝑘 ) = lim
𝑘→∞

R𝑠𝑘 (𝑢) = lim
𝑘→∞

𝜇
∞∑︁
𝑚=1

𝜆𝑠𝑘𝑚𝑢
2
𝑚 = 𝜇

∞∑︁
𝑚=1

𝜆𝑠𝑚𝑢
2
𝑚 = R𝑠 (𝑢),

which concludes the proof for 𝑢 ∈ 𝐻 1
0 (Ω).

In the general case where 𝑢 ∈ ℍ𝑠 (Ω), we consider the sequence (𝑢𝑙 )𝑙 ⊂ 𝐻 1
0 (Ω) defined by

𝑢𝑙 :=
∑𝑙
𝑚=1𝑢𝑚𝜓𝑚 for every 𝑙 ∈ ℕ. Then, by construction, 𝑢𝑙 → 𝑢 strongly in 𝐿2(Ω) and

lim
𝑙→∞

∞∑︁
𝑚=1

𝜆𝑠𝑚 (̂𝑢𝑙 )
2
𝑚 = lim

𝑙→∞

𝑙∑︁
𝑚=1

𝜆𝑠𝑚𝑢
2
𝑚 =

∞∑︁
𝑚=1

𝜆𝑠𝑚𝑢
2
𝑚 .

The existence of a recovery sequence follows then by classical diagonalization arguments, using
the previous case. □

Given clean and noisy images,𝑢𝑐 ,𝑢[ ∈ 𝐿2(Ω;ℝ𝑁 ), we work with the reconstruction functionals
J𝑠,𝑗 : 𝐿2(ℝ𝑛) → [0,∞], J𝑠,𝑗 (𝑢) = ∥𝑢 − 𝑢[𝑗 ∥2𝐿2 (Ω) +R𝑠 (𝑢)

for 𝑠 ∈ (0, 1) and 𝑗 ∈ {1, . . . , 𝑁 }. Recalling (T ) and (T ), we obtain as a consequence of Proposi-
tion 7.6.1 that the extension of the upper-level functional I to Λ is given by

I : [0, 1] → [0,∞], I (𝑠) = ∥𝑤 (𝑠 ) − 𝑢𝑐 ∥2
𝐿2 (Ω;ℝ𝑁 ) ;

here,𝑤 (𝑠 ) = (𝑤 (𝑠 )
1 , . . . ,𝑤 (𝑠 )

𝑁 ) with𝑤 (𝑠 )
𝑗 the unique minimizer of the strictly convex functional

J 𝑠,𝑗 (𝑢) = ∥𝑢 − 𝑢[𝑗 ∥2𝐿2 (Ω) +R𝑠 (𝑢) =
∞∑︁
𝑚=1

(𝑢𝑚 − (̂𝑢[𝑗 )𝑚)
2 + 𝜇𝜆𝑠𝑚𝑢2𝑚 . (7.48)

By Theorem 7.2.5, I is then the relaxation of I and has a minimizer in Λ = [0, 1].
We now continue by exhibiting conditions under which the minimum of I is attained inside

(0, 1). This is based on a direct approach, observing that the components of𝑤 (𝑠 ) can be determined
explicitly by minimizing the entries of the sum in (7.48) individually. This gives the representation

𝑤 (𝑠 )
𝑗 =

∞∑︁
𝑚=1

1
1 + 𝜇𝜆𝑠𝑚

(̂𝑢[𝑗 )𝑚𝜓𝑚 for 𝑗 ∈ {1, . . . , 𝑁 }. (7.49)

The following lemma investigates how 𝑤 (𝑠 ) varies with 𝑠 . In the 𝑠 > 0 case, this lemma is es-
sentially contained in [25, Theorem 2] (i.e., in a slightly different setting with periodic instead of
Dirichlet boundary conditions). The proof below contains some additional details for the reader’s
convenience.
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Lemma7.6.2. Assume that𝑢[ ∈ ℍY (Ω;ℝ𝑁 ) for some Y ∈ (0, 1). Then, themap [0, 1] ↦→ 𝐿2(Ω;ℝ𝑁 ),
𝑠 ↦→ 𝑤 (𝑠 ) is Fréchet-differentiable with derivative

𝜕𝑠𝑤
(𝑠 ) = −

∞∑︁
𝑚=1

𝜇 log(𝜆𝑚)𝜆𝑠𝑚
(1 + 𝜇𝜆𝑠𝑚)2

𝑢[𝑚𝜓𝑚 . (7.50)

Proof. For 𝑗 ∈ {1, . . . , 𝑁 }, we set

𝑣 𝑗 := −
∞∑︁
𝑚=1

𝜇 log(𝜆𝑚)𝜆𝑠𝑚
(1 + 𝜇𝜆𝑠𝑚)2

(̂𝑢[𝑗 )𝑚𝜓𝑚,

which is a well-defined element of 𝐿2(Ω) for all 𝑠 ∈ [0, 1] because 𝑢[𝑗 ∈ ℍY (Ω). Since

𝑤
(𝛽 )
𝑗 −𝑤 (𝑠 )

𝑗

𝑡 − 𝑠 =
∞∑︁
𝑚=1

1
𝑡 − 𝑠

(
1

1 + 𝜇𝜆𝑡𝑚
− 1
1 + 𝜇𝜆𝑠𝑚

)
(̂𝑢[𝑗 )𝑚𝜓𝑚, 𝑠, 𝑡 ∈ [0, 1],

in view of (7.49), we can apply the mean value theorem to obtain, for each 𝑚 ∈ ℕ, a value 𝛾 in
between 𝑠 and 𝑡 such that���� 1

𝑡 − 𝑠

(
1

1 + 𝜇𝜆𝑡𝑚
− 1
1 + 𝜇𝜆𝑠𝑚

)���� ≤ ����𝜇 log(𝜆𝑚)𝜆𝛾𝑚(1 + 𝜇𝜆𝛾𝑚)2
���� ≤ |log(𝜆𝑚) |.

Exploiting once again that 𝑢[𝑗 ∈ ℍY (Ω) gives𝑤 (𝛽 )
𝑗 −𝑤 (𝑠 )

𝑗

𝑡 − 𝑠 − 𝑣 𝑗
2
𝐿2 (Ω)

=
∞∑︁
𝑚=1

���� 1
𝑡 − 𝑠

(
1

1 + 𝜇𝜆𝑡𝑚
− 1
1 + 𝜇𝜆𝑠𝑚

)
+ 𝜇 log(𝜆𝑚)𝜆

𝑠
𝑚

(1 + 𝜇𝜆𝑠𝑚)2
����2 (̂𝑢[𝑗 )2𝑚

≤
∞∑︁
𝑚=1

|log(𝜆𝑚) |2 (̂𝑢[𝑗 )
2

𝑚
< ∞.

In particular, we may take the limit 𝑡 → 𝑠 on the left-hand side of the preceding estimate and
interchange with the sum to show the claim. □

It follows as a consequence of Lemma 7.6.2 that the upper level function I : [0, 1] → [0,∞] is
differentiable with derivative

I′(𝑠) = 2
〈
𝜕𝑠𝑤

(𝑠 ) ,𝑤 (𝑠 ) − 𝑢𝑐〉
𝐿2 (Ω;ℝ𝑁 )

for 𝑠 ∈ [0, 1]; at the boundary points 𝑠 = 0 and 𝑠 = 1, I′(𝑠) stands for the one-sided derivative.
Plugging in the identities (7.50) and (7.49) in the inner product and using that the family (𝜓𝑚)𝑚 is
orthonormal yields

I′(𝑠) = −2
𝑁∑︁
𝑗=1

∞∑︁
𝑚=1

𝜇 log(𝜆𝑚)𝜆𝑠𝑚
(1 + 𝜇𝜆𝑠𝑚)2

(̂𝑢[𝑗 )𝑚
(

1
1 + 𝜇𝜆𝑠𝑚

(̂𝑢[𝑗 )𝑚 − (̂𝑢𝑐𝑗 )𝑚
)
, (7.51)

for 𝑠 ∈ [0, 1]. Observe that the simple conditions

I′(0) < 0 and I′(1) > 0,

imply that I does not attain its minimizer at 𝑠 = 0 or at 𝑠 = 1, respectively. After taking 𝑠 = 0 and
𝑠 = 1 in (7.51) and simplifying, these requirements can be written as follows:
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(H1𝑠 )
𝑁∑︁
𝑗=1

∞∑︁
𝑚=1

log(𝜆𝑚) (̂𝑢[𝑗 )𝑚
(
(̂𝑢[𝑗 )𝑚 − (1 + 𝜇) (̂𝑢𝑐𝑗 )𝑚

)
> 0;

(H2𝑠 )
𝑁∑︁
𝑗=1

∞∑︁
𝑚=1

log(𝜆𝑚)𝜆𝑚
(1 + 𝜇𝜆𝑚)3 (̂𝑢

[
𝑗 )𝑚

(
(̂𝑢[𝑗 )𝑚 − (1 + 𝜇𝜆𝑚) (̂𝑢𝑐𝑗 )𝑚

)
< 0.

Since (H1𝑠 ) guarantees that the minimizer of I is not 𝑠 = 0 and (H2𝑠 ) ensures the minimizer to be
different from 𝑠 = 1, Corollary 7.2.8 (𝑖𝑖𝑖) yields the following result.
Corollary 7.6.3. Suppose that 𝑢[ ∈ ℍY (Ω;ℝ𝑁 ) for some Y ∈ (0, 1), and that assumptions (H1𝑠 ) and
(H2𝑠 ) are satisfied. Then, I admits a minimizer 𝑠 ∈ (0, 1).

We close this section with an interpretation of the conditions (H1𝑠 ) and (H2𝑠 ), and a specific
example in which they are both satisfied.

Remark 7.6.4. a) Suppose that 𝑁 = 1. Decomposing the noisy image into the sum of the clean
image and the noise, i.e., 𝑢[ = 𝑢𝑐 + [, turns (H1𝑠 ) and (H2𝑠 ) into

∞∑︁
𝑚=1

log(𝜆𝑚)
(
−𝜇𝑢𝑐2𝑚 + (1 − 𝜇)𝑢𝑐𝑚[̂𝑚 + [̂2𝑚

)
> 0,

∞∑︁
𝑚=1

log(𝜆𝑚)𝜆𝑚
(1 + 𝜇𝜆𝑚)3

(
−𝜇𝜆𝑚𝑢𝑐2𝑚 + (1 − 𝜇𝜆𝑚)𝑢𝑐𝑚[̂𝑚 + [̂2𝑚

)
< 0.

(7.52)

If we assume that the noise has mostly high frequencies and that the clean image has mostly mod-
erate frequencies, then the mixed terms in (7.52) will be small. The first condition is then close
to

−𝜇
∞∑︁
𝑚=1

log(𝜆𝑚)𝑢𝑐2𝑚 +
∞∑︁
𝑚=1

log(𝜆𝑚)[̂2𝑚 > 0,

which holds for sufficiently small 𝜇. Similarly, for sufficiently large 𝜇, the second condition is
satisfied. As we analyse in b) below, there are instances where we can find a range for 𝜇 that
implies both conditions.

b) In the case where Ω = (0, 𝜋)2, by indexing the eigenfunctions via𝑚 = (𝑚1,𝑚2) ∈ ℕ2, we find

𝜓𝑚 (𝑥) = sin(𝑚1𝑥1) sin(𝑚2𝑥2)

with corresponding eigenvalues 𝜆𝑚 = 𝑚2
1 +𝑚2

2. By choosing 𝑢𝑐 = 𝜓 (1,1) as the clean image and
[ = 1

10𝜓 (10,10) as the noise, the condition (7.52) turns into
−100 𝜇 log(2) + log(200) > 0,

−𝜇 4 log(2)
(1 + 2𝜇)3 +

2 log(200)
(1 + 200𝜇)3 < 0,

which is satisfied for
0.0236 ≈ 𝜇− < 𝜇 < 𝜇+ ≈ 0.0764.

On the other hand, when 𝜇 = 0.023, then 𝑠 = 1 is optimal, while the optimal solution for 𝜇 = 0.11 is
𝑠 = 0. This can be seen numerically as for these values of 𝜇, the derivative I′ is either negative or
positive on [0, 1], respectively. △
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