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Abstract

The center of interest in this work are variational problems with integral function-
als depending on nonlocal gradients with finite horizon that correspond to truncated
versions of the Riesz fractional gradient. We contribute several new aspects to both
the existence theory of these problems and the study of their asymptotic behavior.
Our overall proof strategy builds on finding suitable translation operators that allow
to switch between the three types of gradients: classical, fractional, and nonlocal.
These provide useful technical tools for transferring results from one setting to the
other. Based on this approach, we show that quasiconvexity, which is the natural con-
vexity notion in the classical calculus of variations, gives a necessary and sufficient
condition for the weak lower semicontinuity of the nonlocal functionals as well. As a
consequence of a general I”-convergence statement, we obtain relaxation and homoge-
nization results. The analysis of the limiting behavior for varying fractional parameters
yields, in particular, a rigorous localization with a classical local limit model.
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1 Introduction

Nonlocality has long been a recurring theme in the calculus of variations, appearing
in various facets and applications. When modeling phenomena in nature and technol-
ogy, nonlocal operators, whose values result from integrating over a neighborhood,
have become a popular alternative to differential operators. A main advantage of this
derivative-free approach is that it allows functions to be less regular and, therefore,
makes it possible to capture discontinuity effects, and also long-range interactions are
naturally included. In the context of mechanics, this is exploited in peridynamic mod-
eling [30, 38] or to cover fracture and cavitation of deformed elastic materials [4, 7].
From the analytical viewpoint, dealing with nonlocality brings along new mathemati-
cal challenges, since it is intrinsically opposed to the standard techniques for classical
variational problems. And yet, local and nonlocal problems can be closely intertwined:
while localization causes nonlocal features to vanish [8, 30, 31], they can, on the other
hand, arise from local ones e.g., through limit processes such as homogenization and
disrete-to-continuum passages [9, 12].

In a recent series of works, different authors have studied problems involving inte-
gral functionals that depend instead of usual gradients on fractional-order ones through
the Riesz fractional gradients [4, 27, 36, 37]. Even though the latter had appeared in
the literature before [26], Shieh & Spector brought it back into the spotlight in [36,
37] and discussed properties of the associated fractional Sobolev spaces, which are
equivalent to the Bessel potential spaces, see also [4, 15, 16, 27]. In contrast to the
standard fractional Sobolev spaces defined via Gagliardo semi-norms, these spaces
have a distributional character, and are, therefore, particularly well-suited for varia-
tional problems. Another asset is that the Riesz fractional gradient enjoys a unique
combination of desirable homogeneity and invariance properties as shown by Silhavy
in [41], which makes it the natural choice of a fractional derivative among operators
with infinite interaction range. Motivated by mechanical models of hyperelastic mate-
rials, which call for operators on bounded domains with finite interaction, Bellido,
Cueto & Mora-Corral [6] recently proposed to consider nonlocal operators that result
from the Riesz fractional gradient by truncation with a suitable cut-off function. This
is the same setting we are adopting in the following.

Overall, this paper deals with variational integrals in the truncated framework of
[6], for which we contribute new insights into the existence theory of minimizers as
well as their asymptotic analysis. More precisely, the set-up is as follows: Let £2 C R”
be a bounded open set, s € (0, 1) the fractional-order parameter, 6 > 0 the horizon,
which stipulates the maximal length scale of the interaction distance between points,
and 25 = £2 4+ B(0, §) the nonlocal closure of £2.

We consider functionals of the form

f(u):f f(x,u(x),Dgu(x))dx, (1.1)
2

where the integrand function f : £2 x R” x R™*" — R is Carathéodory with
standard p-growth and p-coercivity for some 1 < p < oo and Dju is the truncated
Riesz fractional gradient (see (1.3) below) for functions u in a suitable linear subspace
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of L?(£2s; R™). This function space, which is called H 5:2-3(£2; R™) and introduced
in Definition 2, is defined in analogy to the classical Sobolev spaces by requiring
that the nonlocal gradient is p-integrable. In addition, we assume volumetric-type
boundary conditions by prescribing complementary values in a tubular neighborhood
or collar of radius 26 around £2; in the basic case of zero complementary values, we
write Hg’p"s(_Q; R™) for the set of functions admissible for (1.1).

It remains to specify the nonlocal gradient D5u. With G, a general nonlocal gradient
with kernel p, that is,

gpuu):/ ul) Zu) X7V vy ay, (1.2)
o Jx =yl x =yl

whenever the integral exists for a function u : R” — R, we first recall that the Riesz
fractional gradient is defined as the nonlocal gradient with the Riesz potential kernel
Ii_g, 1e.,

s .
D’u ghﬂ,u with Il—s X m

To introduce the truncated version, let us consider a certain smooth, radial cut-off
function ws : R” — [0, co) supported in a ball of radius § around the origin. Then,

Dgu:gpgu with ,Og o wsli—g. (1.3)

Throughout the paper, we refer to D§ simply as nonlocal gradient to keep the terminol-
ogy short. For more details on these definitions of nonlocal and fractional gradients,
we refer the reader to Section 2.2. Alternative choices for the kernel function in (1.2)
can be found in the literature, for example, kernels defined on half-balls [25, 28], and
variable horizon kernels [19, 39, 40].

Our methodology for proving the results about the functionals (1.1) builds sub-
stantially on their relation with classical functionals with a dependence on the usual
gradient, namely

V> / f(x,v(x), Vu(x))dx, (1.4)
2
and also the relation with the fractional variational integrals

u S, u(x), Du(x))dx (1.5)
RI‘[

provides useful insights. To set a foundation for a comparison of F with (1.4) and (1.5),
we discuss the connection between the three differential operators

classical gradient V, fractional gradient D, nonlocal gradient D3,
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Vo wveWLP(R?)

D3u  u € HSPO(R™) Diu— D*u= VRj xu D%u we H>P (R")

Fig. 1 Illustration of the relations between classical, fractional, and nonlocal gradients, which enable the
transfer of results between the corresponding settings. T When 1 1—s * u is well-defined

and the associated Sobolev-type function spaces
WEPR™), HYP(RY), HPOR"),

respectively; for an illustrative overview, see Figure 1.
Fractional vs. classical: For smooth compactly supported functions ¢ € C2°(R"),
it is by now well-known that

D¢ =V(I_ *¢) and Vg=D'(—A)T ¢, (1.6)

where I1_; is the Riesz potential and (—A)% is the fractional Laplacian of order
1 — s, see e.g., [36, 41]. In [27, Proposition 3.1], two of the authors extended these
identities to the setting of Sobolev and fractional Sobolev functions, showing that for
any u € H*P(R"), there exists a v € W]i)’cp (R™) such that Vv = D*u, and for every
u € HSP(R"), one can find a v € WHP(R") with Du = V. The latter follows
immediately from the observation that (=M)1=5/2 . whr(R") — HSP(R") is a
bounded linear operator. This way, one can translate from the fractional gradient to
the classical one and vice-versa, up to a gap related to an issue of local integrability.
For a similar statement in the space of fractional BV -functions, we refer to [16,
Lemma 3.28].

Nonlocal vs. classical: Providing analogous translation formulas between the non-
local and classical setting is one of the major steps in the analysis of this paper. The
fact that Dju is defined over a bounded domain brings about some technical compli-
cations compared with D¥u; for instance, as opposed to D*u, the operator Dju is no
longer homogeneous and it does not enjoy a semigroup property, which the fractional
one inherits from its relationship with the Riesz potential. The foundations for finding
a suitable replacement for the generalization of (1.6), were laid by Bellido, Cueto &
Mora-Corral [6] (see also [7]). They identified an integrable finite-horizon counterpart
of the Riesz potential kernel, called Q3, which provides one of the directions of the
translation mechanism for smooth functions. For the other direction, we heuristically
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invert the convolution with QfS in Fourier space, i.e., we consider the operator

~ \2
4
Ps(ﬂ = | =
6 <Q§)

for any Schwartz function ¢. This operator can be considered as an analogue of the
fractional Laplacian of order (1 — 5)/2 in the nonlocal framework. Another way of
interpreting Pj ¢ is as the convolution of the gradient of ¢ with the kernel from the
nonlocal fundamental theorem of calculus in [6, Theorem 4.5], see Remark 4d)

Here, we prove that the convolution with Qf and P§ can both be extended to
the Sobolev spaces in such a way that they are each other’s inverses. This gives a
perfect isomorphism between H*7-%(R") and W7 (R") with the property that for
any u € H*P*(R") and v € WP (R")

Diu=V(Q5*u) and Vv = DjPjv, (1.7)

see Theorem 2 and the discussion thereafter. It is noteworthy that in the fractional case
there is no such isomorphism, since the Riesz potential is only locally integrable as
opposed to Q3.

Fractional vs. nonlocal: A comparison between the kernels Qf and I1_,, where
Rj denotes their difference, gives us a basic and direct way for switching between the
fractional and nonlocal setting. Indeed, we show in Section 2.5, that

Diu = D°u+ VR§ xu, (1.8)

forall u € H*P3(R") = H*P(R"), where VRS € L'(R") N C®(R").

Having the translation mechanism of (1.7) and (1.8) at hand paves the way for shift-
ing results between the three variational settings. Note, however, that not all results can
be directly carried over, since boundary conditions are not preserved in the translation
procedure and problems involving both the function and its nonlocal gradient require
additional techniques. Here, we list and discuss the main contributions of this paper
to the existence and asymptotic analysis of the functionals F in (1.1):

(1) Characterization of weak lower semicontinuity of F . One of the crucial steps to
conclude the existence of minimizers of integral functionals, like F or those in (1.4)
or (1.5), via the direct method, is to establish weak lower semicontinuity. A well-
known fundamental result from the vectorial calculus of variations with roots in the
1950s states that, for the functionals (1.4), quasiconvexity (in the sense of Morrey)
regarding the third variable of f is necessary and sufficient for weak lower semicon-
tinuity in WLP(2; R™), see [1, 29, 32, 33]. In the fractional setting (1.5), the efforts
are more recent. After convexity [36] and polyconvexity [4] had been identified as
sufficient conditions for weak lower semicontinuity in Hé P82 R™), the problem of
characterization was solved in [27, Theorem 1.1]. Interestingly, the correct condition
on f is the same as in the local case, namely quasiconvexity.
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We complement the picture in Theorem 5, by proving that, altogether, quasicon-
vexity is the intrinsic convexity notion in all three situations. In fact,

F is weakly lower semicontinuous in H'” 9 (§2; R™) if and only if (19)
f(x, z,-) is quasiconvex for a.e. x € £2_g and all z € R™; '

note that, due to a boundary layer effect, which yields even strong L”-convergence of
weakly convergent sequences in HS G (£2; R™), quasiconvexity is not required in the
collar. Moreover, we introduce a nonlocal notion of quasiconvexity defined through
testing with nonlocal gradients that turns out to be equivalent with quasiconvexity,
cf. Remark 8.

The proof of (1.9) exploits the parallels between the nonlocal and fractional gradient
in their relation to the standard one (cf. (1.7) and (1.6)) by using similar arguments
and techniques as in [27]. An alternative proof strategy that reduces (1.9) directly to
the statement of [27, Theorem 1.1] via (1.8) is also possible, as we demonstrate under
simplified assumptions.

(2) Variational convergence, homogenization and relaxation. Considering sequences
of nonlocal functionals {F;}jen as in (1.1) with specific integrand functions fj, we
study their asymptotic behavior as j — o0. The intention of finding a versatile method
that makes I"-convergence (see [13, 18]) accessible to a number of cases and applica-
tions motivates the statement of Theorem 6. If we denote the counterparts of F ¢, with
dependence on classical gradients defined on W7 (£2_5: R™) by Ty, it says that the
convergence of {Z¢;}jen to a I'-limit Zy as j — oo along with the pointwise con-
vergence of the integrals over the collar, L? (£25; R"*") 2 V — f-Q\Q—S filx,V)ydx
yields

- lim ]:f_/ =Fro;

J—>00

note that all I"-limits are taken with respect to the strong L”-topology.

To demonstrate how this observation can help to carry various I'-convergence
results in the literature from the local to the nonlocal setting, we choose homoge-
nization theory as a specific case. Indeed, Corollary 3 shows that the fundamental
I'-limit of [11, 34], where the homogenized functional is again of integral form with
integrand determined by a multi-cell formula, gives rise to a new homogenization
limit for problems involving nonlocal gradients. As an immediate consequence of this
homogenization, one can obtain relaxation of nonlocal functions F, that is, a repre-
sentation for their lower semicontinuous envelopes. In the case of a homogeneous
integrand f, the latter arises from the quasiconvexification of f on £2_s, while f
remains unchanged in 2 \ §£2_s, see Corollary 4.

(3) Asymptotics for varying fractional order and localization. It is a natural question
to investigate the dependence of our nonlocal variational problems, in particular, their
minimizers and minima, on the fractional order s € (0, 1); for an analogous study for
functionals of the type (1.5), see [5]. To this end, we take functionals as in (1.1), with
f independent of the second variable and quasiconvex in the third one, and highlight
the dependence of s with a subscript index JF;. The functional F] can be defined in
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the same way with Dgu := Vu the classical gradient and Fy, after extension of the
definition in (1.3) to s = 0, lives on L?(£25; R™).
The main result in this context is Theorem 6, which says the following:

The sequence {Fs}s I'-converges to Fy ass — s' € [0, 1];

since sequential compactness of bounded-energy sequences holds strongly in
LP(£2; R™) when s’ € (0, 1] and weakly in L?(£2; R™) if s’ = 0, it is natural to
state the I"-convergence results regarding the strong and weak topology, respectively,
see Lemma 9. We point out that the limit s — 1 provides a localization statement,
and as such, establishes another interesting connection between classical local and
nonlocal theories.

The proof of the above-mentioned compactness for bounded-energy sequences in
nonlocal spaces of different order involves, besides the continuous dependence of the
nonlocal gradient Dgu on s (see Lemma 7), also a new technical tool that is worth
mentioning in its own right. This is the nonlocal Poincaré inequality with a constant
independent of the fractional order presented in Theorem 4; we refer to recent progress
on nonlocal Poincaré-type inequalities, for example, in problems involving radial
kernels [6, 20] or asymmetric and inhomogeneous kernels [23, 25]. The difficulty in
establishing a parameter-independent bound is the fact that the kernel in the nonlocal
fundamental theorem of calculus from [6, Theorem 4.5] is implicitly defined via a
Fourier transform, which makes it hard to isolate the dependence on s in the proof
of the Poincaré inequality from [6, Theorem 6.2]. Instead, we utilize a fine analysis
of the decay of the Fourier transform of Qf, an application of the Mihlin-H6rmander
multiplier theorem and an extension of the nonlocal fundamental theorem to the case
s = 0 (see Proposition 2) to prove the Poincaré inequality with an s-independent
constant.

Note that besides the above localization result for s — 1, a different type of
localization could be obtained in the limit of vanishing horizon, i.e., for § — O.
Indeed, such a I'-convergence statement for integral functionals depending on a class
of closely related nonlocal gradients is already proven in [31], yielding a classical local
model in the limit. However, it remains an interesting open problem for the future to
prove the required equi-compactness in order to deduce the convergence of minimizers.
For readers interested in localization results in the context of other nonlocal variational
problems, there is a broad literature available; we refer e.g. to [2, 8, 10], which discuss
double-integrals that depend on difference quotients, convolution-type integrals, and
functionals arising from models in peridynamics, respectively.

This manuscript is organized as follows. We begin in Section 2 with notations and
a detailed introduction to our set-up and nonlocal calculus. Moreover, we collect and
establish the relevant technical tools, especially, the connections between classical,
nonlocal and fractional gradients along with the corresponding translation keys. Sec-
tion 3 deals then with the asymptotics of the nonlocal gradient, and we derive as a
main application a Poincaré inequality with a constant uniform in s, which opens
the way for compactness results for sequences in nonlocal spaces of different order.
The variational results for the nonlocal integral functionals are proven from Section 4
onwards, based on the comparison with the classical and fractional setting. First, we
prove the characterization of weak lower semicontinuity in terms of quasiconvexity of
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the integrand and state an existence statement for minimizers of F (see Corollary 2)
based on it. In Section 5, we then provide a general I"-convergence result, from which
homogenization and relaxation can be deduced as corollaries. Finally, we prove the
convergence of minimizers of the functionals {F}, for the limit s — s" € [0, 1] in
Section 6, showing, in particular, the localization to a classical local limit as s — 1.

2 Preliminaries and technical tools

The aim of this section is to introduce the notation and several important definitions
and tools regarding the nonlocal gradient and Sobolev spaces.

2.1 Notation
2.1.1 General notation

Unless mentioned otherwise, s € (0, 1) and Y = (0, 1)" C R". We use R, to denote
R U {o0}. We write |x| = (X1, xiz)l/2 for the Euclidean norm of a vector x =
(x1, -+, xy) € R" and similarly, |A| for the Frobenius norm of a matrix A € R™*",
The ball centered at x € R" and with radius p > 0 is denoted by B(x, p) = {y €
R"™ : |x — y| < p} and the distance between x € R" and a set E C R” is written as
d(x, E). For an open set £2 C R" and § > 0, we write §25 for its nonlocal closure,
that is,

25 =2+ B0,8) ={x eR" : d(x, 2) < §}.

The complement of a set E C R” is indicated by E€ := R" \ E and its closure by E.
The Eotation E € F for sets E, F C R" means that E is compactly contained in F',
i.e.,, E C F and E is compact. Let

1 f e E,
lg)=1{ % xeR",
0 otherwise,

be the indicator function of a set E C R”.

Let U C R” be an open set. The notation CS°(U) symbolizes the smooth functions
¢ : U — R with compact support in U C R". Our convention is that functions in
C2°(U) are identified with their trivial extension to R” by zero. Further, by C*°(R"),
Co(R") and S(R") we denote the space of smooth functions, continuous functions
vanishing at infinity and Schwartz functions on R", respectively. We utilize multi-
index notation, in particular, we write 0% for the partial derivative with respect to a
multi-index o € Nj.

ByLip, (R"), werefer to all the functions ¢ : R” — R thatare Lipschitz continuous
and bounded on R" and we write Lip(y) for the Lipschitz constant of .

The Lebesgue measure of U C R” is written |U| and the convolution of two
functions u, v : R” — R is denoted by u * v. If one of the functions is vector-valued,
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the convolution should be understood componentwise. We use the common notation
for Lebesgue- and Sobolev-spaces, that is, L?(U) for p € [1, o0o] is the space of
p-real-valued integrable functions on U with the norm

1/p
”u”LP(U) — <L|M(X)| dx) 1fp € [1, o0), ue L[)(U)

esssup,cylu(x)| if p = oo,

Moreover, W!-» (U) for p € [1,00] consists of all L”-functions on U with p-
integrable weak derivatives, endowed with the norm

lullwrr@wy = lullr@w) + IVullLe;re:

here Vu stands for the weak gradient of u.
The functions that lie locally in L? and W'? are denoted by Lf;c(R”) and

Wllo’cp (R™). Besides, WO1 "7 (U) stands for those functions in W17 (U) with zero bound-

ary value in the sense of the trace and W;’m (Y) indicates the Y -periodic functions in
W 1,00 (Rn ).

In general, the spaces defined above can be extended componentwise to vector-
valued functions. The target space is explicitly mentioned in the notation, like, for
example, L”(U; R™). Whenever convenient, we identify a function on a subset of
R" with its trivial extension by zero. Finally, we use C to denote a generic constant,
which may change from one estimate to the next without further mention. If we wish
to indicate the dependence of C on certain quantities, we add them in brackets.

2.1.2 Riesz potential and Fourier transform

We recall the definition of Riesz potential. Given 0 < s < n, the Riesz potential kernel
I; :R"\ {0} -> Ris

L(x) =y, (2.1)

|)C |n—s ’
where

22 (%)
Vs = 5
n,s F(%)

with I denoting the Gamma function. For notational convenience, we also define
I : R\ {0} > Ras

1
hi(x) = ——log(lx[) 2.2
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when n = 1. The Riesz potential of a locally integrable function f is given via

convolution as
1 f)
Iy f(x) = / oAy,
n,s JR? |X - y|

whenever the integral exists for a.e. x € R".

Since we will also deal with the use of the Fourier transform, we clarify here the
notation we are going to use. For f € L!(R"), we define the Fourier transform of f
as

) = / PGy e 2TV gy £ € R
Rn

Notice that this definition can also be used in the Schwartz space S(R”; C), where it
defines an isomorphism. By continuity and duality extensions, it also defines isomor-
phism on the spaces L?(R"; C) and in the space of tempered distributions S’(R"; C).
Moreover, the inverse Fourier transform is denoted by fV and corresponds with
X = f(—x). Notable references in Fourier analysis are [21, 24].

2.2 Nonlocal calculus and function spaces

In this section, we present the definition of the nonlocal gradient used throughout this
paper, introduce the naturally associated function spaces, and collect several auxiliary
results. A delicate issue is the choice of suitable boundary values, which is addressed
below in Section 2.3.

In what follows, let § > Oand ws : R" — [0, 00) be a non-negative cut-off function
satisfying these hypotheses:

(H1) w;s is radial, i.e., there is a wg : R — [0, co) such that ws(x) = wg(|x|) for
x € R";

(H2) ws is smooth and compactly supported in B(0, §), i.e., ws € C°(B(0, 6));

(H3) there is a constant by € (0, 1) such that ws = 1 on B(0, bgd);

(H4) ws is radially decreasing, that is, ws(x) > ws(y) if |x| < |y|.

In accordance with [6, Definition 3.1], we define the nonlocal gradient and divergence
for smooth functions as follows: For s € [0, 1), the nonlocal gradient of ¢ € C*°(R")
is given by

Dip(x) = Cn,s/ p0) = ey) x =y whlx =) dy forx e R", (2.3)

re X =yl |x—yllx—yrtsT]

and the nonlocal divergence of ¥ € C*°(R"; R") is

v —y@) x—y wslx—y)

n
o =yl =yl k=1 @ forre Ry

divi ¥ (x) = cn s
2.4)
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with the scaling constant

r (Vl+§+l)

2 (1)

Cn,s =

Note that the integral in (2.3) is absolutely convergent given that ¢ is in particular
locally Lipschitz continuous and ws(-)/|-|""*~! e L!(R") with compact support.
Moreover, the above definitions show that supp(D5¢) C supp(¢) + B(0, ) and
Proposition 1 below establishes Djp € C*°(R"; R"). Analogous observations hold
for the nonlocal divergence.

Remark 1 a) Due to the radial symmetry of ws from (H1), an equivalent way of
expressing Di¢ for ¢ € C*°(R") is as

D3g(x) = lim e(y)dij(x —y)dy forx e R", 2.5)
rl0 B(x,r)¢
with
B0 = —cp 2D e R (0 2.6
s (x __C”’S|x|n+s+l orx € R" \ {0}. .6)

When x ¢ supp(e), this allows us to write D3 (x) = (dj * ¢)(x).
b) It is straightforward to check for the nonlocal gradient that it is translation and
rotation invariant, i.e.,

Dj(¢(- + b)) = Djg(- +b) and Dj(p(R-) = R 'Djp(R")

forall ¢ € C*(R"), b € R" and R € O(n). The rotation invariance relies on the
radiality of ws. If, in addition, ws(-/A) = w;s(:) for all A > 0, then Dj is also
positively s-homogeneous in the sense that

Di(p(r ) = 2° D300 -)

forall ¢ € C°(R") and A > 0.

To put this observation in context, we remark that gilhavy in [41] identified the
Riesz fractional gradient as the unique fractional derivative operator that is suitably
continuous, rotation and translation invariant and s-homogeneous. Hence, one can
view Dj as a nonlocal derivative operator with finite interaction range that enjoys the
same desirable properties.

As recently shown in [6], the nonlocal gradient can be written as the convolution of
a certain integrable kernel with the classical gradient. To formulate this result, which is
in analogy to the representation of the Riesz fractional gradient as the Riesz potential
of the usual gradient, we first introduce for s € [0, 1) the kernel

5 —
05 iR\ {0} > R, Q}(x) = cns / ws(t) 2.7)
\

x| th+s
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Proposition 1 Let s € [0, 1). It holds for every ¢ € C*°(R") that
Dip = Q3 * Vo € C(R").

In particular, when ¢ € S(R") then Dy € S(R"; R").

Proof The statement for ¢ € C°(R") and s € (0, 1) is exactly [6, Proposition 4.3],
and the case s = 0 is proven analogously. Since any ¢ € C°°(R") locally coincides
with a smooth function with compact support, the same holds for such functions.
Finally, since Q3 € L'(R™), the statement for Schwartz functions follows. m]

Remark 2 (Properties of Q3) For easier referencing, we list here a few relevant prop-
erties of Q3 fors € [0, 1) that will be used later in the paper. The details for s € (0, 1)
can be found in [6, Lemma 4.2, Propositions 5.2 and 5.5], and the same arguments
extend also to the case s = 0.

(a) The kernel Qf lies in LY(R") with supp(Q3) C B(0, 8) and is radially decreasing.
(b) Since Q7§ has compact support, its Fourier transform is analytic and thus smooth.
Moreover, Q§ is bounded, radial, and strictly positive.

The nonlocal gradient and divergence as defined in (2.3) and (2.4) act as dual
operators in the sense of integration by parts. While several versions of nonlocal
integration by parts for related fractional or nonlocal operators have been studied in
the literature [16, 31, 41], we employ here the following formula, stated for smooth
functions.

Lemma1 (Nonlocal integration by parts formula) Let s € [0, 1) and suppose that
@ € C(R") and € C°(R™; R"). Then,

/Dggo-lpdx:—/ divy ¢ dx.
R” R”

Proof According to Proposition 1, it holds that D¢ = Q3% * Vo = V(Q5 * ¢) €
CZ°(R™; R") and similarly, div§ ¢ = Q§*divy € C2°(R"). Hence, we may calculate

/Dg¢;.1//dx:/RV(Q§*<p).1/,dx:—/R(Qfs*¢)diV1/fdx
:—/ go(Qg*dile)dx:—/ @ divy ¥ dx;
R~ R

the second identity is due to classical integration by parts, while the third one follows
via Fubini’s theorem. O

In light of this integration by parts formula, the definition in (2.3) can be extended
to a broader class of functions using a distributional approach. We will work with
functions defined on an open set 2 C R". As nonlocal boundary of this set, we
choose a volumetric type as is common in nonlocal models, considering a tubular
neighborhood or collar of radius § > 0 around £2. Precisely, £2s = §2 + B(0, §) is the
nonlocal closure of §2 and 25 \ 2 plays the role of nonlocal boundary.

@ Springer



A variational theory for integral functionals involving...

Definition 1 (Weak nonlocal gradient) Let s € [0,1), § > 0, 2 C R” open and
u € L (£25). We say that v € L] (£2;R") is the weak nonlocal gradient of u,
written as v = Dju, if

/ v.l/jdxz—/ udivyy dx  forall y € C2X(£2; R").
2 25
Remark 3 1In the case s = 0, it holds for each ¢ € C*°(R") by (2.5) that

Dgw(x) = lim (p(y)dg(x —y)dy forx e R",
rl0 B(x,r)¢

with dg as in (2.6). The theory of singular integrals (see e.g., [24, Theorem 5.4.1])
implies that Dg can be uniquely extended to a continuous linear operator from L? (R")
to L7 (R"; R") when p € (1, 00); indeed, one can easily verify that dé) satisfies the
size and cancellation conditions [24, Eq. (5.4.1) and (5.4.3)], while the Hormander
condition [24, Eq. (5.4.2)] follows from the stronger property

c
0
IVds| < T

which holds due to Vws = 0 in B(0, byé).
We therefore find for each u € L7 (£25) (after extension to R” by zero) that Dgu €
LP(£2; R") and

0
IDsullpr(2.rny < CllullLr2s)

with C > 0 a constant independent of u#. Note that via a density argument, Dgu
coincides with the weak nonlocal gradient from Definition 1.

In analogy with the definition of the standard and fractional Sobolev spaces, it is
now quite natural to consider the space of L?-functions whose weak nonlocal gradient
is also an LP-function. Our default choice for the integrability parameters throughout
the manuscript is p € (1, co). Especially when dealing with compactness results,
weak convergence, and the coercivity of functionals, the reflexivity of the nonlocal
Sobolev spaces is essential. For the sake of generality, however, we introduce the
following spaces for the full range of integrability exponents p € [1, oo] and extend
results to the cases p = 1 and p = oo whenever this is possible at moderate technical
expense.

Definition 2 (Nonlocal Sobolev spaces) Let s € [0, 1), p € [1, o0] and £2 C R” be
open. We define the nonlocal Sobolev space H*7*(£2) as

HSP3(2) := {u € LP(25) : Dju € LP(2; R")},
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equipped with the norm

p s || P P
Il sy = (Nl gy + [ D52 i)

The corresponding spaces of vector-valued functions H*-7-%(£2; R™) are defined com-
ponentwise.

In parallel with the classical Sobolev spaces, H*7-3(£2) is a Banach space and,
when p € (1, 00), also reflexive. Moreover, a sequence {u}jen C H* P9 (2) con-
verges weakly to u in H*?%(£2) for p € (1, o0) if and only if uj—u in LP(£25)
and Dju;—Dju in LP(£2;R") as j — oo. In view of Remark 3, it holds that
HOP3(Q) = LP(R2s) for p € (1, 00) with an equivalent norm. Additionally, we
set

HPIRY) := WHP(RY) with Du := Vu foru € H"P¥(R"), (2.8)

which provides a consistent notation for the range of fractional orders s € [0, 1].

When we consider the whole space, i.e., £2 = R, and s € (0, 1), then by Lemma 5
the nonlocal Sobolev spaces of Definition 2 correspond to the fractional Sobolev spaces
H*P(R") consisting of L”-functions with weak fractional gradient in L”, which are
known to be equivalent to the Bessel potential spaces for p € (1, 0o) [15, 16, 27, 36];
in formulas,

H*PY(R") = H"P(R").

We point out that for s € (0,1) and p € [1, 00), the Definition 2 is different
from how nonlocal Sobolev spaces are introduced in [6, Definition 3.3], where the
authors use the closure of C2°(R") functions under the norm in (2). However, both
definitions are equivalent for Lipschitz domains as the following density result shows.
It corresponds to a nonlocal version of the Meyers-Serrin theorem for classical Sobolev
spaces, and the proof, which is based on approximate extension, can be found in the
Appendix in Section 9.

Theorem 1 Lets € [0, 1), p € [1, 00) and let 2 C R" be a bounded Lipschitz domain
or 2 = R". Then, for every u € H*P3(82), there exists a sequence {pjljen C
C°(R") that converges (when restricted to $2s) to u in HSP3(02).

An important ingredient for the analysis of the nonlocal gradient are suitable ver-
sions of the fundamental theorem of calculus (FTC). For the case s € (0, 1), this has
been proven in [6, Proposition 4.4]. Now we generalize it to s = 0 as well, which is
needed to obtain a nonlocal Poincaré inequality independent of the fractional param-
eter. The proof takes inspiration from the arguments in [6, Appendix].

Proposition 2 (Nonlocal FTC for s = 0) There is a function Ws € L°°(R"; R") such
that every ¢ € S(R") can be expressed as

¢ = —RDJ¢ + Ws * DY,
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whereﬁ(é )= % denotes the Riesz transform of v € S(R"; R") and W; * Dggo

is the sum of the componentwise convolutions of Wy and Dggo.

Proof Consider the tempered distribution Zs € S'(R"; C"), given by

| it i
Zs,n) =1 _— d¢ f S(R™M).
(Zs.m) rlféfg(o,ry<|§| 2n|é|2Q§(s)>”@) £ forme SE

We may decompose Z; into the sum of another tempered distribution Y5 € S'(R"; C")
given by

(Ys, ) = lim 10,1)() 5

—i
0 JB(0,r)e 2 |E 2 QES)(O) n&)dé forne S(R")

and the locally integrable function X5 € L (R": Cm),

loc

§ > iéz AOI —Aol +£ 1p0.1)(%)
2r|g1= \ Q5(0)  Q5(8) £l

LI PR S G
€] 28100 ) PO

The inverse Fourier transform of Ys corresponds to a bounded function; for the case
n > 2, this is because Ys agrees with an integrable function, whereas for the case
n = 1 this follows from [6, Lemma A.1b)]. Moreover, we can show that X is
actually integrable. For the first term this follows from the fact that Qg is smooth and
strictly positive, cf. Remark 2. For the second term, we use (8.3) to write for [£] > 1

| L 1 _ 2mEIRDE)
- A0y 20Ey 205’
27 [£109(8) L+ 27 |E|RYE) 1+ 27IEIRY(E)

which is integrable by Lemma 11. We conclude that X also has a bounded inverse
Fourier transform.
All in all, we conclude that there is a Ws € L°°(R"; R") such that

VVT;:Z(;.

Note that Wy takes values in R” as (Zs, n(—-)) = (Zs, n) for n € S(R™). Finally,
using Proposition 1 for the Fourier transform of Dggp, we have for ¢, n € S(R") and

Y = —RDJ¢ + Ws x DYy € S'(R") that
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<w,n>—fn 2| - Dp(&)n(E) dé + (2 DY, )

— 1 T Do,

- 1rlilng(o,r)f migrQlE YOO

— —i§ 30 P _/ A

_lrw /B(Or)‘ 27 E1209(5) Qs E2mispEmE) dt = Rn‘p@)”@)d‘f’

which proves ¢ = ¢ € S(R") after taking the inverse Fourier transform. O

2.3 Complementary-value spaces

Our study of variational problems involving the nonlocal gradient is carried out on
affine subspaces of H*P-%(£2) satisfying a complementary-value condition. For £2 C
R" open and bounded, let

R2_s={xe€8 :dx,08) > 6}

Whenever we work with the complementary-value spaces throughout the paper, we
assume implicitly that § > 0 is small enough so that £2_; is non-empty, that is,
0 < 6 < max,eq d(x, 082); for an illustration of 2 and its inner and outer collar, see
Figure 2. We define for s € [0, 1) and p € [1, 00),

HSP3(82)

Hy P (2) = CX(82-5) 2.9)
and for g € H*P%(£2) the complementary-value space

Hy"(2) = g + Hy " ($2).
In a similar vain, we set

et 2) = Cra ", (2.10)

which will be used to study the asymptotics s — 1.

In order to avoid confusion, we clarify that the notation used in this document for
Hy’ o 8([2) slightly differs from the one used in [6, 7], where the same spaces were
denoted by Hy"*(2_s).

When £2_; is a Lipschitz domain, these affine subspaces comprise exactly those
functions in H%P ’5(.{2) that have prescribed values in £25 \ £2_s. Indeed, for the case
s = 1, it is well-known that

Hy”'(2) = {ue W'P(25) 1 u=0ae.in 25\ 25},

whereas the case s € [0, 1) is treated in the next statement, which we prove in the
Appendix in Section 9.
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Fig.2 Tllustration of the set £2
with its nonlocal closure £2g, its
nonlocal boundary £2; \ £2, and
the collar 25 \ £2_s of thickness
268, where complementary values
are prescribed

Proposition3 Let s € [0,1), p € [1,00) and 2 C R" be open and bounded such
that §2_s is a Lipschitz domain. Then,

HYPY(Q2) = {u e HYPA(Q) - u=gae in 2\ 2_s).

It may be surprising at first glance that we prescribe values in a collar of width 26
around the boundary of £2, yet, this choice leads to a natural treatment of the nonlocal
variational problems in this paper, as can be seen for instance from the Poincaré
inequality in [6, Theorem 6.2] and the Euler-Lagrange equations in [6, Theorem 8.2].

For a discussion of relevant properties and useful results on these function spaces,
like Poincaré inequalities and compact embeddings, we refer to [6, 7]. Apart from
those, there is the following Leibniz rule from [7, Lemma 3.2 and 3.3], which we will
use among other things to enforce complementary-values via cut-off procedures.

Lemma 2 (Nonlocal Leibniz rule) Let s € [0,1), 8 > 0, p € [1,00], and 2 C R"
open. Ifu € H*P9(2) and x € CX(R"), then yu € H*P*(2) with

Di(xu) = xD3u + K, (u),

where K, : LP(25) — L?(82; R") is the bounded linear operator given by

K, ()(x) = ¢ / x(x)—x(y) x—y
X — Cn,s

ws(x —y)dy forx e §2,
B(x,8) [x — y|"+s |x — |

and there is a C > 0 such that

1Ky @) llLr(2:rry < CLip(GO) lullLr(2s)-

Proof The statement for u € C°(R") with s € (0, 1) and the bound for K, follow
immediately from [7, Lemma 3.2 and 3.3] (the arguments remain valid for unbounded
sets). We can extendittou € H*P-%(£2) viaa distributional argument as in Lemma 12.
The case s = 0 can be proven analogously. O
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In a similar spirit, one obtains with a slight abuse of notation that

divi(xu) = x diviu + K, (uT) (2.11)

foru € HP%(2;R") and x € C2°(R™); here ¢ T indicates the transpose of a vector
¢ eR™

As a consequence of the Leibniz rule above, we can prove that in complementary-
value spaces, weak convergence of nonlocal gradients improves to strong convergence
in the strip where the values are prescribed. The following result shows natural parallels
with [27, Lemma 2.12] in the context of Riesz fractional gradients.

Lemma 3 (Strong convergence in the collar) Let s € (0,1), p € (1,00), £2 C R"
open and bounded, O C §2 open with 2_s5 € O, and g € H*P%(82). If{uj}jen C

Hgs’p’s(.Q) converges weakly to u in H*P*($2), then
Dsu; — Dsu in LY (2 \ O;R").

Proof Due to linearity, it suffices to prove the statement for the special case u = 0
and g = 0. Let us consider therefore a sequence {u}jen C H(‘;’p’a(.Q) with u;—0in
HSP8(£2). With x € C2°(0) a cut-off function with y = 1 on §2_s, we obtain that
uj = xujfor j e Nand u; — 0in L?(§2s) as a consequence of [6, Theorem 7.3].
Hence, by Lemma 2,

| DsujllLr2\o.rny = D3 (xuj)llLr@\0:R"
< IDs(xuj) — xDsujllLr(2;rn = 1K, Wj)llLr2;rn — 0,

as j — oo, exploiting the continuity of K, : L?(§25) — LP(§2; R"). O
2.4 Connection between nonlocal and classical Sobolev spaces

One of the key tools for our analysis is the following proposition, which allows us
to switch between nonlocal and classical gradients and is the technical basis for an
effective translation mechanism. It is the counterpart of [27, Proposition 3.1], where

fractional gradients and their relation with classical ones are analyzed.
We first introduce the operator

Pl SR — SRY), ¢ > (i) , (2.12)

which is well-defined since 1/ @g is a smooth function with polynomially bounded
derivatives (cf. Remark 2 and [6, Eq. (29)]). Moreover, as a consequence of the Fourier
representation,

P03 x @) = 05 % (Pjp) = ¢ forallp € SR"), (2.13)
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which implies, in particular, that D3(P3¢) = V(Qj3 * (P5¢)) = V. We now extend
these properties to the Sobolev spaces.

Theorem 2 (Translating between nonlocal and classical gradients) Let s € (0, 1),
p € [1, o0] and 2 C R" be open. The following two statements hold:

(i) The operator Qf : HSP3(2) > WhP(2), u — Q3 * u is bounded and if
u e HSP3(2), then v = Qju satisfies Vv = Dju on 2.

(ii) The operator Py in (2.12) can be extended to a bounded linear operator from
WLP(R™) to HS P9 (R") such that P§ = (Q3)7 !, i.e.,

PiQsu=u foru e H*P°(R") and QPiv =v forve W'P(R");

in particular, if v € WP (R"), then u = Psv satisfies Dsu = Vv on R".

Proof Part (i): Letu € HSP(£2), then v = Qju € LP(£2) since Q3 € L'(R"). For
every ¢ € C2°(82; R"), we find that

/vdiwpdx:/ u (Q3 * div ) dx
2 25

=/ udivggodxz—/ Dsu - ¢ dx,
25 2

where the first identity uses Fubini’s theorem, the second one follows from Proposi-
tion 1, and the third one is simply the definition of the weak nonlocal gradient. This
proves v € WhP(2) with Vv = D3u on £2. The boundedness of Qj follows from
Young’s convolution inequality.

Part (ii): Since Py§ is the inverse of the mapping QF on S(R") (cf. (2.13)), it
is sufficient to prove that Q‘§ is boundedly invertible. Indeed, we can then find the
suitable extension by setting Py := (Qfs)’] . Since Q7 is bounded by part (i), we only
need to prove bijectivity to deduce the statement via Banach’s isomorphism theorem.

Step 1: Injectivity. Suppose that Qsu = Qf *u = 0 foru € H*P-3(R™). Then,
D3ju = V(Q3 *u) = 0, and in particular,

/ udivipdx =0 forall p € CZ°(R"; R");

by density, this also holds for all ¢ € S(R"; R"). By taking any ¢ € C°(R"; R")
and setting ¢ = Py € S(R"; R"), we obtain

O:/ udivf;godx:/ udiv‘g’Pngxzf udiv iy dx.
n ]R)l Rn

Hence, u is constant. Together with Qf * u = 0, this shows that u = 0 and proves the
injectivity of Q.
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Step 2: Surjectivity. Take v € WHP(R") and x € C °(IR"™) an even function with
x = 1 on B(0, 1). Define the functions ¢1, ¢» € S(R") by

\
\Y X 1 1—s
pr=—x" ad == +U0-x)|= —127-] ;
(Qfs 05

here, ¢ € S(R™) since

1 —2m - ' RS
— — 27 %

0; 03

|]7S_

in B0, 1)

in view of (8.3), and ﬁg agrees with a Schwartz function on B(0, 1)¢ by (8.4). Note
also that ¢; and ¢, are real-valued and even, since the same holds for their Fourier

transforms. Because (—A)% may be extended to a bounded linear operator from
WP (R") to HSP(R") (cf. [27, Proposition 3.1 (ii)]) and H*?(R") = H*P(R")
by Lemma 2.15 and Remark 5, we can define

Los Ls $,P,8 (on
w:=(—A)Zv+@ x(—A) 2 v+@*xve H PR,

Using Fubini’s theorem and the duality for the fractional Laplacian (see e.g., [27,
Eq. (3.6)]), we find for ¢ € C°(R"; R")

/ wdivy @ dx
- / ((=A)' T divi g + (—A) T (g1 % div @) + @2 * div} @) dx

=/ vdivepdx,

where the last inequality follows from
(a7 divy g+ ()T (g1 2 divy @) + g2 2 divs o) ©
= (127"~ + & 761 ©) + 32(9)) Qy(©)2iE - §(E)
= 2mig - (&) = divp(s).

We conclude that D{w = Vv, which means that Q3w — v = ¢ for some ¢ € R; if
p < 00, then ¢ = 0 since both Qjw and v lie in L7 (R"). Therefore, we obtain

C
Qs w——] =0,
s 1051 L1 ey

which shows the surjectivity of Qf and finishes the proof. O
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Remark4 a) Note that the proof of the fractional version of (i) in [27, Proposi-

b)

)

d)

e)

tion 3.1 (i)] has to deal with a technical difficulty that the Riesz kernel I1_; is
not integrable as opposed to QF. Therefore, the convolution of 71 with an LP-
function for large p is not always well-defined, whereas Q3 can be convolved
with any L?-function. In particular, there is also no perfect identification between
HSP(R") and WP (R") that turns fractional gradients into classical gradients as
for the nonlocal case in part (ii) above.

Regarding part (ii), when p < oo then the extension of P can also be seen as
the unique extension via density. Moreover, if §2 is a Lipschitz domain, then any
v € WHP(£2) can be extended to a function in WP (R"), after which we can
apply the result to find a u € H*?%(£2) with D3u = Vv on £2.

The proof of the surjectivity in part (ii) shows that P{v corresponds, up to a
constant, to

1—s 1—s
()2 v+@r*x(—A) 2 v+ ¢ *xv,

forv e wh-r (R™); when p < oo, then the correspondence is even an identity,
given that there are no non-zero constants in L? (R").

As a particular consequence of this observation, along with the fact that the convo-
lution with a periodic function remains periodic, we observe that both Q5 and Py

preserve periodicity. Precisely, if ¥ denotes the unit cube (0, 1)”, and W;’OO(Y)
and H;’OO"S(Y) comprise all Y -periodic functions in W-*°(R") and H*-°%(R"),
respectively, then there is a bijection between the gradients of W;’oo (Y)-functions
and the nonlocal gradients of H; 00,8 (Y)-functions.

For ¢ € S(R™), it holds that

Psp(x) = / Vi(x —y)-Ve(y)dy forx eR", (2.14)
Rn

where Vi € C*°(IR"\{0}) is the kernel from the nonlocal version of the fundamen-
tal theorem of calculus [6, Theorem 4.5]. Indeed, this follows directly from the
formula for the Fourier transform of V' in [6, Theorem 5.9]. The representation
in (2.14) extends naturally to functions in W7 (R") with compact support, given
that Vi is locally integrable.

The translation procedure of Theorem 2 allows us to give an alternative proof for
the nonlocal Poincaré inequality in [6, Theorem 6.2]. Since Q5 maps Hg P ’E(Q)

into WO1 "P(£2), we infer from the classical Poincaré inequality that

lullLr) = 1P Qsullr(2) < Clle;MllWOl.p(Q)

< CIVQsullrre:ry = CllDsullLr2:rn,

forany u € Hg’p’a(.Q) with a constant C > 0 depending on s, §, p, and 2.

We conclude this section with a compactness result that will be used below in the

proof of Theorem 5.
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Lemma4 Lets € (0,1), p € (1, 00) and 2 C R" be open and bounded. If {v;}jen C
WP (R™) is a bounded sequence, then {Psv;}jen (when restricted to §25) is relatively
compact in LP(§25).

Proof Let x € C°(R") with x = 1 on £25 and set R > 0 such that supp(x) C
B(0, R—4). Since {Pjv,}; is bounded in H* P (R™) by Theorem 2 (ii), the sequence

{X(P3v)}jen is bounded in Hy"°(B(0, R)) by Lemma 2. The relative compactness
of {x (Pjv;)}jenin L?(B(0, R)) now follows from [6, Theorem 7.3] and since x = 1
on £25, the statement follows. O

2.5 Connection between nonlocal and fractional gradients

After the comparison of the nonlocal gradients with classical weak gradients, let us
now discuss their connection with the Riesz fractional gradient. We start by recalling
that the nonlocal gradient is a truncated version of the latter.

In the following, let p € [1,00) and s € (0, 1). The upcoming lemma presents
the equivalence between the nonlocal and fractional Sobolev spaces H*”(R") and
H*P%(R") and also a version with prescribed complementary values. To recall the
definition of the fractional and nonlocal complementary-value spaces, we have for
§£2 C R” open and bounded that Hé P (§2) comprises all functions u € H*?(R") such

that u = 0 a.e. in £2¢ and Hg’p"s(.Q) is given as in (2.9). We mention that one of the
inclusions was already provided by [6, Proposition 3.5]. For the sake of the reader, we
show here a complete proof.

Lemma5 It holds that

HSP(R") = HPO(R") (2.15)
with equivalent norms, and

Dsu = D*u+ VR3 xu (2.16)

for all u € HSP(R") = HSPS[R") with VR; € C®@R" R") N LYR"; R") as
in (8.1). Moreover, for 2 C R" open and bounded with §2_;s Lipschitz, it holds that

s \D,8
Hy(R2-5) = Hy"* (82),

with equivalent norms, and (2.16) holds for u € Hé’p(.Q_(;) = Hg’p’s(.Q) on 2.
Proof Let ¢ € C°(R"). Since by (8.2)

Djp — D'¢ = VRj x ¢,
we obtain the estimates

D°llLr@nrey < | Ds@llLr@nirey + IVRS N L1 gnirey @l Lr )
= Cllell gs.p.s mny
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and

I Ds@llLe®nirny < ID*@llLr@e;re) + |V RS || L1 ey @1 L2 ()
< Cllollas.r®m
with a constant C > 0. In light of the density of CZ°(R") in H*-7(R") and HSP3 (R™)

(see [27, Theorem 2.7] and Theorem 1), the identity (2.15) and (2.16) follow via
approximation. For the case of a bounded domain, we note that

Hy " (2) = {u € HYP(2) : w=0ae.in 25\ 2-5)

since §2_s is Lipschitz (cf. Proposition 3). Observe also that for any u € Hg’p"s(.Q)
its extension i to R” by zero lies in H* 7% (R") with

litll L wry + 1 D3itll Lo e rey = llullLe(2y + I D3ullLr(@:rny,

since Djis is simply the extension of Dju by zero. Hence, we may identify
HYPY(2) = {u e HYPPR") : u=0ae.in (2_5)),

after which the equality with H*7(£2_s) becomes obvious given (2.15). O

Remark 5 We mention that it also holds that
HS,OO(RH) — HS,OO,(S(RVI)’

with equivalent norms and Dju = D*u + VR x u for u € H*>°°(R"). This can be
proven via a distributional approach instead of utilizing density as above.

As already indicated in the introduction, Lemma 2.5 opens up a new proof strat-
egy for some of the results in this paper. Instead of exploiting well-known result for
problems involving classical gradients, one can resort to established findings in the
fractional setting. We illustrate this approach below by presenting an alternative proof
for the characterization of lower semicontinuity in Section 4, which follows as a corol-
lary of [27, Theorems 4.1 and 4.5]. An analogous reasoning could also be used, for
instance, to deduce the relaxation below in Corollary 4 from [27, Theorem 1.2]. Note
that the transfer of results between the nonlocal and fractional set-up also works in the
reverse direction, giving rise to analogues of the general I"-convergence statement in
Theorem 6 and homogenization result of Corollary 3.

3 Asymptotics of the nonlocal gradient and applications

Our next goal is to study the localization of the nonlocal gradient as s — 1, and
more generally, to understand how the nonlocal gradient depends on the fractional
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parameter s. In particular, the findings in this section serve as necessary preparations
for proving the I"-convergence of nonlocal integral functionals in Section 6.

We start by investigating the s-dependence of the convolution kernel Q5 from (2.7)
and its Fourier transform.
Lemma6 Lete > 0and R > 0.
(i) The map [0, 1) — L'(R"), s > Q3 is continuous with
(ii) The map [0,1) — C(B(0, R)), s — @g is continuous with Q; — 1 uniformly

on B(O,R)ass — 1.

Proof As for (i), we calculate first that for s € [0, 1),

Wa(r)
10301y = f
" 0 D e 4

= cus10B(O, 1)|/ f wﬁis) p"Vdrdp

= ¢ 5|0B(0, 1)|/ wflirs) " Vdpdr (3.2)

[0B(0, 1)] / u)(ggr) J

= Cn,s

8 —
ws(r)
= Cp.s Wp dr,
0

rS

where w, denotes the volume of the unit ball in R". Since s +— ¢, is continu-
ous on [0, 1), cf. [5, Lemma 2.4], it follows via Lebesgue’s dominated convergence
that ||Q§||L1(Rn) depends continuously on s. Now, if {s;}jen C [0, 1) is a sequence
converging to s € [0, 1), we can apply once again Lebesgue’s dominated conver-
gence theorem to find that Qa — Q3 pointwise a.e. as j — o0. Together with
11mJ_>OQ||Q(3 I wey = 11Q5llL1wny as shown above, this implies Qa — Q3 in
L'(R") for j — oo.

To see the first convergence in (3.1), we observe that 1g(,p05) < ws < 1p(,s)
by (H3) and (H4), which gives

(3.3)

1—s rs 11—y’

1—s s 1—s
(bod) 5/ ws(r) dr < 4
0

and exploit ¢, s/(1 —s) — 1/w, as s — 1 according to [5, Lemma 2.4]. The
localization of Qf for s — 1 follows from a calculation similar to (3.2) and (3.3),
integrating instead over B(e, §) and using that ¢, /(1 — s) stays bounded as s — 1.
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The first part of (ii) can be deduced from the continuity of the map in (i) in
combination with the fact that the Fourier transform is a bounded linear operator from
L'(R") to Co(R"; C).

Due to (3.1), the kernel Q3 behaves like a mollifier, satisfying

lim|| Q5 * ¢ — ¢llLo@n) =0 (3.4)
s—1

forall ¢ € Lip, (R"), where this convergence is uniform on bounded sets of Lip, (R").
Indeed,

105 * ¢ — @llLo®n
< 1(1B0.0 Q) * ¢ — ¢l + 1031113 0.00 el >
< eLip@) 1 O5ll L1 (B(0.))
+ (1= 1051150.00| +10512180.00) 91l

for any € > 0. Considering now ¢ (x) = e~ 2MEX for £ € B(0, R), we have
@ | Loorn:c) + Lip(pg) < 1+ 27|§] <1+ 27 R,
so that by (3.4),

lim 03(&) = }i_r>r11(Q§ * @) (0) = ¢ (0) =1,

uniformly for £ € B(0, R). O

The next lemma addresses the continuous dependence of the nonlocal gradient
and divergence on the fractional parameter in the case of smooth test functions with
compact support. Recall the notation Dgu = Vu.

Lemma7 Lets € [0, 1] and {sj}jen C [0, 1] a sequence converging to s. Then, it
holds for every ¢ € C°(R") and € C°(R"; R") that

Dj¢ — Di¢ and divy ¢ — divjy
uniformly on R" as j — oo.

Proof 1Tt suffices to focus on proving the convergence of the nonlocal gradient; the
argument for the divergence is an immediate consequence. If s < 1, we conclude
from Proposition 1, Young’s convolution inequality, and Lemma 6 (7) that

s ; Sj .
I1D5'¢ — Dspllromnrny < 105 — Q5ll L1 @n) V@l Lo @r;rry — 0 as j — oo.

The case s = 1 follows immediately from (3.4), since V¢ € Lip,(R") allows us to
conclude that
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lim ||D} ¢ — Vol o@urn = lim [QF * Vo — Vol| Loz = 0.
J—>00 j—00

O

Our approach to extending the previous results for smooth functions in a suitable
way to nonlocal Sobolev spaces, relies on the following estimate (see Corollary 1
below),

| DsullLr@n;rry < ClIDjull L ®e;rr)
forallu e C°(R")and0 <s <7 <1, (3.5)

with a constant C > 0 depending only on n, p, §. If t = 1, (3.5) simply follows from
Young’s convolution inequality

| DyullLe®erey < [1Q5l 1 ey Vil Lo @rirey < Cl Vel e @e;rrys (3.6)

where we have exploited that || Q|| 1(g» is bounded by C uniformly in s as a con-
sequence of Lemma 6. If + = s, one can obviously take the constant to be 1. For the
other cases, we build on Fourier multiplier theory (see e.g., [24, Chapter 5]) and show
via the Mihlin-Hormander theorem that the maps

03(8)
04()

m; :R" > R, & 3.7

are L”-multipliers with uniformly bounded norms. This requires control on the decay
behavior of m; and its derivatives. The idea for deriving suitable bounds for large fre-
quencies is to compare Q3 with the well-known Riesz potential kernel 11 _ (cf. (2.1))
and exploit the decay of the difference of their Fourier transforms uniformly in s (see
Lemma 11).

Lemma8 The map m} : R" — R from (3.7) with0 < s <t < 1is an L?-multiplier
for every p € (1, 0o) with multiplier norm independent of the parameters s, t.

Proof According to the Mihlin-Hérmander multiplier theorem, see e.g., [24, The-
orem 6.2.7], the statement follows immediately once these estimates have been
established: There exists a constant C > 0 depending only on n and § such that
for every a € Ng with |o| <n/2+1landevery0 <s <t < 1,

g1 [8%mi ()] < ¢ forall& e R". (3.8)

The proof is split in two parts, where we distinguish bounds for large and small

frequencies. Note that in the following all the constants C, ¢ > 0 are independent of
S, .

Step 1: Bounds away from zero. In this step, we show that there is some R > 1 such

that (3.8) holds for all |£] > R. Since

038) = 2”17 L R3(6)  for|g| > 1
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for any s € [0, 1) by (8.3), we can express mj on B(0, 1)¢ as

my(E) = = g = 2E[7C 4+ (©) 3.9)
§

L

Q

with

— 2|~ RL(E) + RY(E)
27E|~0-D + Ri(E)

ri (§) ==

Given t > s, it is clear that
3*(127g| ) < ClgIT for g] > 1. (3.10)

Along with (8.4), one can estimate the denominator of r; and find some R > 1 such
that for all £ € R" with |£] > R,

27g|~17D £ Ris) > 2mg ™! —clg| 72 > Clg| L (3.11)

If one takes the «ath derivative of r; on B(0, R)¢, the quotient rule gives rise to a
quotient whose denominator results from raising the denominator of r; to the power
2/l and whose numerator is a product of RS, I/{’; and their derivatives with terms
bounded independently of s, 7. We therefore obtain in view of (3.11), and again (8.4),
that

1% &) < Cle| 2" < clg7l for &) > R. (3.12)

The combination of (3.9), (3.10) and (3.12) then yields (3.8) on B(0, R)“.

Step 2: Local bounds. To show that (3.8) holds for |§| < R, we observe first that,
as a consequence of Lemma 6 (ii) and the non-negativity of Qg (cf. Remark 2), there
is a constant ¢ > 0 such that

056 > ¢

forall& € B(0, R) and all s € [0, 1). Moreover, for any g € N with |8] <n/2 +1,
the estimate

(=278 )P Qfl L1 gy < CI Q3N L1 )8! < €8P,
where the last inequality follows in view of Lemma 6 (i), implies
02058)| < sl < ¢ foralls e R" and s € [0, 1).

@ Springer



J. Cueto et al.

To conclude, we use again the quotient rule to obtain

=~ Jee]
a“(Qf‘(s))‘sR C_c forgl <R

&1 [0%m; &)] = |5/ A0 o

O

‘We now obtain the next corollary based on the previous lemma; recall the definitions
of H"P9(R") and H,""* (2) in (2.8) and (2.10).

Corollary1 Let 0 < s <t < land p € (1,00). Ifu € H"PSR"), then u e
HSP3(R™) and there is a constant C > 0 depending only on n, § and p such that

| Djullr®e:rey < Cl|DjullLr@e:rr. (3.13)
If 2 C R" is open and bounded and u € H(t)’p’a(.Q), thenu € Hg’p’g(.Q) with

I DjullLr(@:rn < CllDsullLr2:rm.

Proof The case t = 1 is covered by (3.6). For the other cases, we deduce from the
previous lemma that the map

~ \V
M : SR";R") - LP(R", R, v (m0) = (%ﬁ)
b

can be extended to a bounded linear operator on L” (R"; R") with
M vllLe ey < CllvllLege;re (3.14)

for all v € LP(R"; R"), where C > 0 is a constant independent of s, ¢. For ¢ €
C°(R™), we also observe using Proposition 1 that

As
2
Nt

8

Vv
o~ —~ A~ \4 o
M; Djp = M} (Qf * Vo) = ( ng¢> = (ngp) = Djg.

Withu € H'-P-3(R"), one can take an approximating sequence {¢ i}jen C CPRY)
with ¢; — u in H"P 3(R™) and infer from the continuity of the operator M; that
Dip; = M;!Dip; — M;Diu in L”(R"). This shows that u € H*79(R") with
Dju = M} Dju € L?(R"). The bound (3.13) follows now from (3.14).

Finally, the statement for u € Hé’p ’5(9) follows by extending u to R” by zero,
noting that then the nonlocal gradient of u is zero in £2°¢. O

Remark 6 a) We note that this approach does not extend to p = 1, since the Mihlin-
Hormander theorem is not valid in this case. Moreover, this approach does not
apply to u € H"P%(£2) because it requires functions to be defined on all of R”
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for the Fourier transform techniques. In fact, there is no obvious way of how to
extend functions in H"-7-%(£2), as they can be ill-behaved in the strip £25 \ £2.

b) An inequality of the type (3.13) does not hold for the fractional gradient, which
can be seen from the homogeneity property. Indeed, for u € C°(R") and 0 <
s <t <1, we may define for A > 0O the function u; := A"/”_[u(k -). Then, we
can calculate that for x € R”

D'uy(x) = APD'u(rx) and D uy(x) = AP~ DSy (rx).

This gives ||D'uy|lpr@e:rry = ||Dtu||Lp(Rn;Rn), whereas || DSu; ||Lr@merry =
A== DSul|pgn.rn). Letting A — 0 shows that (3.13) cannot hold for the
fractional gradient.

As a consequence, we derive the following generalization of the convergence result
Lemma 7 to the nonlocal Sobolev setting.

Theorem 3 Let p € (1, 00) and let {sj}jen C [0, 1] be a sequence converging to
s €[0, 1] withs = SUP e - Then, it holds for every u € H*P3(R") that

D;ju — Dju in LP(R";R") as j — oo.
If 2 C R" is open and bounded and u € Hg’p’s(.Q), then
D;ju — Dju in LP($2;R") as j — 0.

Proof Take € > 0and e € CZ°(R") such that ||u — @c|| yi.p.s gy < €, cf. Theorem 1.
Then, due to Corollary 1,

IDy (4 — @)l Loy < Ce forall j €N and | Dju — ge)llLonin) < Ce.

If we choose j large enough so that || D5¢e — D;j @ellLr@®nr:rry < €, which is possible
by Lemma 7, we obtain

S S
|Dsu — D' ullpp@n:rry < [1D5(u — @)l Lr@®eRny + | Ds@e — Dy @ellLr e 7

+ 1Dy (u — @)l Lr gy
< (2C + 1)e,

and letting ¢ — 0 yields the desired convergence. The case u € Hé P '5(.(2) follows
again via extension. O

Remark 7 For the particular case of localization to the classical gradient, i.e., when
sj — las j — oo, the convergence Dg'iu — Vuin LP(£2; R") with u € WH-P(£2s)
holds without imposing complementary values. Indeed, by Proposition 1 and Lemma 6,
we can bound || Djull r(@;r7)y < ClIVullpr(2s;r) uniformly in s, and then, a similar
argument to that of the proof of Theorem 3 applies.
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As another consequence of (3.13), we establish a nonlocal Poincaré inequality with
aconstant independent of the fractional order s. The proof builds on two pillars, namely
the estimate of Corollary 1, which says that it is enough to prove the inequality for
s = 0, and in order to achieve the latter, a version of the fundamental theorem of
calculus for the case s = 0 from Proposition 2.

Theorem 4 (Nonlocal Poincaré inequality with uniform constants in s) Let s € [0, 1],
p € (1,00) and 2 C R" be open and bounded. Then, there exists a constant C >
depending only on $2, § and p such that for all u € Hg’p’g(.Q),

lullLr 2y < ClIDsullLr(2:rn- (3.15)
Proof Given Corollary 1, it suffices to prove (3.15) for s = 0. Moreover, we may

assume by density (cf. (2.9)) that u € C2°(§2_s). Proposition 2 together with the fact
that supp(Dgu) C 2 then implies

0 0
lullzr2) = IRDsullLr@ey + [$21[|Ws || Loo s mry | Dsuell Lp (2; R
0
< C||DsullLr(2;Rrnm),
where the second inequality uses the L”-boundedness of the Riesz transform. O
Finally, we present a compactness statement for sequences that are bounded in
nonlocal spaces of different order. It will be used later in the proof of the I"-convergence

result in Section 6.

Lemma 9 (Weak compactness of sequences in varying order nonlocal spaces) Let
p € (1,00)and §2 C R" be open and bounded with §2_s a Lipschitz domain. Consider
any sequence {s;}jen C [0, 1] converging to s € [0,1] and u; € ng’p‘a(Q) for
Jj € Nwith

§i
sup ||D5"uj||Lp(_Q;Rn) < Q.
jeN

Then, up to a non-relabeled subsequence, u;—u in L?($25) withu € Hg’p’a(.Q) and
as j — 0o,

D;juj—\Dgu in LP(£2; R") and D;juj(x) — Dju(x)
fora.e. x € 2\ 2_s. Additionally, if s > O then also u; — u in LP(82s).

Proof In view of the Poincaré inequality of Theorem 4, we observe that

S,
sup [lujllLr(2) < Csup [[Dg ujllLr(2:rn < 0.
jeN jeN
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Therefore, we can extract a subsequence of {u} ey (non-relabeled) and find u €
L?(25) and V € L?(£2; R") such that

uj—u in LP(25) and Dy u;—V in LP(2;R")

as j — oo. Note that u = 0 in £2; \ §2_s, since the same holds for the functions .
To show that u € Hg’p’é(.Q) and V = Dju, take ¢ € CZ°(£2; R") and observe that

/ V-pdx = lim Dg'fuj~<pdx
2

Vinde sl ¥l

. .8 .
= — lim ujdivy pdx = —/ udivi g dx,
J=0 J 25 £25

where the last equality results from the weak convergence u j—u in L?(£25) and the
uniform convergence div';j ¢ — div§e by Lemma 7. Hence, u € H*? 3(£2) with
Dju =V, and Proposition 3 implies u € Hg’p”s(.Q), since u = 0 a.e. in 25 \ 2_;
and £2_; is Lipschitz.

It remains to prove the pointwise convergence of the nonlocal gradients outside
of £2_;s. To this end, we observe in view of Remark 1 that for any ¢ € [0, 1] and
ve HyP(Q),

(3.16)

Div(e) = {(dg *0)() ifre 0D,
iftr =1,

forae.x € 2\ £2_5; note that |082_s5| = 0, so that this set may be ignored. If s # 1,
it holds for any € > 0 that d — dj uniformly on B (0)“ as j — oo. Consequently,

lim D;juj (x) = lim / uj(y)dg" (x —y)dy
=00 J =0 J02 s

- f u()d3(x — y) dy = Dju(x)
2_s

fora.e. x € 2\ £2_5. In the case s = 1, we have dgj — 0 uniformly on B.(0)¢ as
J — o0 due to the convergence ¢, 5; — 0. The same argument then yields the desired
pointwise convergence in light of (3.16).

Finally,if s > 0, one may assume withoutloss of generality thats := inf jey s; > 0.

We can then exploit the continuous embeddings ng P ’5(.{2) — Hé’p ’8(9) forj e N
with uniform constants, which follow in light of Corollary 1, to deduce that u j—u in
HY p 5(!2) Then, u; — u in L?(£25) by the compactness result in [6, Theorem 6.1

and 7.3]. O
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4 Weak lower semicontinuity and existence theory

This section is devoted to characterizing the weak lower semicontinuity of integral
functionals depending on the nonlocal gradient, that is, functionals of the form

f(u)=/ f(x,u(x), Dju(x))dx forueHg’p’a(.Q;]Rm), 4.1)
2

where s € (0, 1), p € (1,00), £ C R" is open and bounded, g € H5 P8 (92, R™),
and f : 2 x R™ x R™*" — R is a suitable integrand with p-growth. Using the
connection between the nonlocal gradient and the classical gradient from Theorem 2,
we can employ a translation procedure along the lines of [27] to conclude that the
weak lower semicontinuity of F is equivalent to the quasiconvexity of f in its third
argument. In fact, the quasiconvexity is only required in £2_g, which is due to the
strong convergence of the nonlocal gradient in £2s \ §2_s from Lemma 3.

Theorem 5 (Characterization of weak lower semicontinuity) Let s € (0,1), p €
(1,00), 2 C R” be open and bounded with |02_s| = 0 and g € H*P*(£2; R™).
Further, let f : 2 x R™ x R"™*" — R be a Carathéodory function satisfying

—C(1+zI” + A7) < f(x,2,4) < C(1+ |27 + A7)
fora.e x € 2 and all (z, A) € R™ x R™*" with C > Q0 and q € [1, p).
Then, F from (4.1) is weakly lower semicontinuous on H;’p ’5(9; R™) if and only
if

f(x,z,-) is quasiconvex for a.e. x € 2_s and all z € R™, “4.2)

i.e., it holds for a.e. x € 2_s and all z € R™ with Y = (0, 1)" that
Feezd) < [ foz A+ Voo dy
Y

forall g € Wy ™ (Y; R™) and A € R,

Proof The proof follows the lines of [27, Theorem 4.1 and 4.5], we detail the differ-
ences for the reader’s convenience.

Step 1: Sufficiency. Assuming (4.2), let {u;}jen C H;’p’a(.Q; R™) be a sequence
that converges weakly to u in Hy'”*(22; R™). We divide the proof by splitting the

integral functional F and considering separately the integral contributions over §2_s
and 2 \ £2_;.
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Since u; — wu in LP(£25;R™) by [6, Theorem 7.3] and Qju;—Qju in
WP (§2; R™) by Theorem 2 (i), we conclude

fx,u, Dju)dx = fe,u, VOsu) dx
2_5 2_s

< lim inf [l uj, VQsuj)dx 4.3)

j—o0 2_s

= lim inf f(x,uj, Dsuj)dx,
j—o00 2_s

where the inequality is due to the quasiconvexity and p-growth of f, with the exact
argument of [27, Theorem 4.1] involving Young measures. Note that this requires the
negative part of the sequence {f (-, uj, VQju;)}jen to be equi-integrable, which is
guaranteed by the lower bound on f.

Secondly, for the integral on £2 \ §£2_s, we invoke from Lemma 3 the convergence

Djuj — Dsu € LP(£2\ O; R™*")

forany O 5 £2_s . Hence, a well-known strong lower semicontinuity result (e.g., [22,
Theorem 6.49]) yields

f(x,u, Dyu)dx <liminf f(x,uj, Djuj)dx.
2\0 j—o Javo

Letting O | $2_s implies, using once again the equi-integrability of the negative part
{f(,uj, Dju;)}jen and the assumption |0§2_5| = 0, that

/ f(x,u, Dju)dx fliminf/ f(x,uj, Djuj)dx. 4.4)
2\2_5 2\2_5

j—o00

The sufficiency now follows from adding (4.3) and (4.4).

Step 2: Necessity. Analogously to the proof of [27, Theorem 4.5], we may assume
without loss of generality that g = 0. In order to prove the stated quasiconvexity of
f, let us fix (xq, 20, Ag) € £2_5 x R™ x R™*" Using Lemma 10, we may select a
@0 € C2°(§2_s; R™) such that

@o(xo) =z0 and  Djseo(xg) = Ao. 4.5)

Consider any ¢ € Wol’oo(Y ; R™) and assume that xg + Y € £2_g; the latter can
be done without loss of generality in light of the scaling and translation invariances
related to the definition of quasiconvexity, see e.g., [17, Proposition 5.11]. If we fix
p € (0, 1) and periodically extend ¢ to R”, we can define the sequence {gaf }jen C
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WL (R"; R™) by

. (x = x0)

P 8.90(] ) forx € Y, :=xo + (0, p)",
p;(x) =417 o
0

e R".
otherwise,

As this is a periodically oscillating sequence that converges to zero essentially uni-
formly, we find that ¢ —0in W17 (R"; R™) as j — oo.

Take a cut-off function x € C°(£2_s; [0, 1]) with x = 1 on xp + ¥ and define the
sequence {uj}jeN C Hé’p’a(.Q; R™) given by

uj = g0+ xPi¢f,

which converges weakly to ¢g in Hy'” % (£2; R™) in light of the continuity of Pj in
Theorem 2 (ii). In particular, we have u; — ¢ in L?(§2s; R™) by [6, Theorem 7.3].
Moreover, it holds by the Leibniz rule in Lemma 2 and the fact that D{P§ (pf = thf
that

Djuj = Dipo + x V¢ + Ky (Ps¢?).

Observe that K, (chpf) — 0in LP(£2; R™*") as j — oo due to the boundedness of
K, and that waf = V(pf on £2 since gof is zero outside Y.

Finally, we exploit the weak lower semicontinuity of 7 on Hg P (£2; R™) to derive

/f(x,<p0,D§g00)dx§1iminf/ f(x,uj, Dsuj)dx
Q j—=oo Jo

?y)dx

= liminf/ f(x,uj, Digo+ wf + Ky (Ps9;
Yy

J—>00

[ feus Dy K (P dn
2\y,

< liminf/ f(x. g0 Digo + Vol) dx
Yy

j—o00
+/ f(x, 90, Do) dx,
2\,

where the last inequality uses [27, Lemma 4.10] to remove all the terms that converge
strongly to zero. In view of the p-growth of f, the integral over £2 \ Y, is finite, so
that subtracting it from both sides gives

f(x, 90, Dypo) dx < liminf/ f(x, 90, Djgo + V') dx.
Y, j=o Jy, /

Because ¢p and Dj¢q are continuous and satisfy (4.5), the rest of the proof follows
by mimicking Steps 2-4 of [27, Theorem 4.5]. O
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The following lemma was used in the previous proof and shows that one can con-
struct smooth functions with compact support whose nonlocal gradient has a desired
value at a point. The proof is omitted here, as it is nearly identical to [27, Lemma 4.3],
given that ws is radial by (H1).

Lemma 10 Let s € (0, 1) and let 2 C R" be open and bounded. For any xo € §2_s,
z € R" and A € R™*", there exists a ¢ € C2°(§2_s; R™) such that ¢(xo) = z and
Djp(xo) = A.

With the perspective of Section 2.5, there is an alternative approach to proving
Theorem 5 that passes through the characterization of weak lower semicontinuity of
functionals depending on Riesz fractional gradients from [27]. For simplicity, we take
g = 0 and drop the dependence on x and z in f.

Proof (Alternative proof of Theorem 5) Step 1: Sufficiency. Let {uj}jen C

Hos‘p’a(.Q;Rm) converge weakly in Hg’p’a(.Q;]R’") to the limit function u €

HS P ’8(.{2; R™). As a quasiconvex function, f : R™*" — R is also rank-one convex
and hence, locally Lipschitz continuous in the sense that

|f(A) — f(B)] < C(A+|A”"" +|BIP"1)A—B| forall A, B € R"™*"

with a constant C > 0, cf. e.g., [17, Proposition 2.32].
Consider the auxiliary function

h(x, A) = 1o (x) f(A+ (VR} % u)(x)) forx € R" and A € R"*",

which is Carathéodory, quasiconvex in the second variable, and satisfies the growth
bound

|hu(x, A)] = C(1+ AP + (VRS )(0)|7) < C(1+ AP + lull]p g 5m))

with the last step using the boundedness of V R3. By the local Lipschitz continuity of
f, we also find

‘/ f(Dgu,)dx—/ hu(x,DSuj)dx‘
Q Rr
S C(l + ||Dglxlj||Lp(_Q;]Rm><n)

+ lujllLr2s:rmy + il e c2srmy) luj — wll L (@5:mmy — 0

as j — oc. Since uj—u in Hy'"(£2_s; R™) by Lemma 5 and h,, fulfills the require-
ments of [27, Theorem 4.1], the desired lower semicontinuity results from

liminf F(u;) = liminf/ f(Dsu;)dx = liminf/ hy(x, D*uj)dx
j—o00 j—oo Jo j— n

o]

Z[ hu(x,DSu)dxzf f(Dsu)dx = F(u).
n 2
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Step 2: Necessity. Suppose F is weakly lower semicontinuous on Hy'”* (2; R™).
Fix (xg, Ag) € £2_s x R™*" and using Lemma 10, letp € CZ°(£2_s; R™) be such that
Dg @(x0) = Ag. A similar reasoning as in Step 1 shows for any sequence {u};en C
Hos‘p(.Q_g; R™) converging weakly in Hg’p(ﬂ_g; R™) to ¢ and with {D°u};en p-
equi-integrable that

liminf/ hy(x, D'uj)dx Zliminf/ f(Dsuj)dx 2/ hy(x, D*)dx,
n J—>00 0 Rn

J—>00

where the first inequality uses the p-equi-integrability of {D*u} ey and the strong
convergence VRy xu; — VRS *x @ in LP(£2; R™*") to apply a well-known freezing
lemma (see e.g., [27, Lemma 4.10]). The proof of [27, Theorem 4.5] then yields for
allv e Wy ™ (Y; R™),

hy (0, Ag) < f hy (0, Ao + V) dy.
Y

If we further suppose that supp(¢) C B(xo, bod), which is possible by Lemma 10, then
(VR % ¢)(x9) = 0 since VR; = 0in B(0, byd), see (8.1). Therefore, the inequality
turns into

f(Ap) < /Yf(Ao + Vu) dy,

as desired. O

Let us briefly comment on the role of quasiconvexity in Theorem 5, especially in
relation with a new generalized convexity notion that can be considered natural in our
nonlocal setting. For simplicity, we assume that f is constant in the x- and z-variables.

Remark 8 (Dj-quasiconvexity) Let f : R"*" — R be a measurable function. We call
f Dj-quasiconvex if for every A € R™*",

f(A)gfyf(AJngw(y))dy forally € HY ™2 (Y;R™),  (4.6)

whenever the integral on the left-hand side exists.

Under consideration of Remark 4c¢) and by using the characterization of quasi-
convexity with periodic test functions (see e.g., [17, Proposition 5.13]), it follows
immediately that Dj-quasiconvexity is equivalent to the usual quasiconvexity. An
analogous result for fractional instead of nonlocal gradients was established in [27],
by showing equivalence of quasiconvexity with a-quasiconvexity, where o = s.

In fact, opposed to the fractional case, one can show here that for continuous
f : R™" — R, the periodic test functions in (4.6) can equivalently be replaced by
test functions in the complementary-value space HS ’00’8(9; R™) for any open and
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bounded £2 C R". The resulting generalized convexity notion defined by

1 i
f(A) < il F(A+ Dy (y)dy forally € H(;’oo"s(.Q; R™) and A € R™*"

4.7)

is indeed equivalent to quasiconvexity as well. To see this, we observe first that qua-
siconvexity implies (4.7) since it holds for any ¢ € HS ’00‘5(52; R™) that

¢ = Q€ W)™ (2; R™) with Vo = D}y,

cf. Remark 4. Conversely, for any given ¢ € W(;’OO(Y ; R™), one can consider the
sequence {V/;}jeN given by

8
vj = x P3¢} € Hy™ (2:R™),

where p € (0, 1) is fixed and go and the cut-off function x are as in Step 2 of the
proof of Theorem 5. Then, w1th similar arguments and the compact embedding of

0”)8({2, R™) into L*°(£2s; R™) for p > n/s, see [6, Theorem 7.3], we obtain
D3y — V(p;) — 0in L>®(£2; R™*") as j — oo. Using the continuity of f and (4.7)
then implies

1 1
f(A) < 11m — f(A—i—Dgwj(y)) y = hm — f(A+V<p;’(y))dy

0o |£2] oo |§2]
|Yp| |9|—|Yp|
= A+V dy + 22120 ropy,
2] Yf( + Vo) dy + o f(A)

which shows the quasiconvexity of f.

With the previous findings at hand, the following existence result is now a simple
consequence of the direct method.

Corollary 2 Lets € (0, 1), p € (1, 00), £2 C R" be open and bounded with |052_g| =
0and g € H>P9(82). Suppose that f : 2 x R™ x R™" — R is a Carathéodory
function satisfying

clAlP = C < f(x,z, A) < C(1 + |z|” + |AIP)
for a.e. x € 2 and all (z, A) € R™ x R™ " with constants ¢,C > 0. If A —
f(x,z, A) is quasiconvex for a.e. x € §2_5 and all z € R™, then F as in (4.1) admits
a minimizer in Hg’p”s(.Q; R™).
Proof If {u;}jen C Hg’p’é(ﬂ; R™) is a minimizing sequence for F, we find by the

coercivity bound on f that {Dju ;} jcw is abounded sequence in L7 (§2; R™*"). By the
nonlocal Poincaré inequality in [6, Theorem 6.2], it follows that {u} jen is a bounded

@ Springer



J. Cueto et al.

sequence in Hg’p ’5(.{2; R™), so that, up to a non-relabeled subsequence, u j—u in
H;"P"S(Q; R™) for some u € Hg’p”s(.Q; R™). Together with Theorem 5, this shows
that u is a minimizer of F over Hgs‘p’(s(.Q; R™). O

5 Homogenization and relaxation

In the next step, we aim to prove new relaxation and homogenization results for our
nonlocal functionals. Both will follow as corollaries of a more general, abstract state-
ment about the I"-convergence of integral functionals with dependence on nonlocal
gradients, which is of independent interest. Our approach relies on the connection
between the nonlocal and classical gradient, as established in Section 2.4, in order to
reduce the problem to a standard setting.

Throughout the section, let s € (0, 1), p € (1, 00) and £2 C R" be an open and
bounded set with |0£2_s] = 0, and g € H*P3(£2; R™). Further, we assume that
the readers are familiar with the basics of I"-convergence, and refer to [13, 18] for a
comprehensive introduction.

Let us start with some necessary notations in preparation for the announced abstract
I'-convergence result. For any Carathéodory integrand f : £ x R™*" — R with
standard p-growth and p-coercivity, i.e., there are constants C, ¢ > 0 such that

clAIP = C < f(x, A) < C(IAI” + 1) (5.1
for a.e. x € £2 and all A € R™*", we define the three integral functionals Z; :

LP(£2_5;R™) — Reo, Ty 0 LP(2\ 2_5;R™") — Rand Fr : LP(£25; R™) —
Ry as

f(x,Vv)dx forve WHP(Q2_s; R™),
If(v) = 25

00 otherwise,

Jf(V)=/ Sfx, V)dx,
2\2_5
and

Fr = fgf(x,Dgu)dx foru € HYP(2; R™),

00 otherwise,

respectively.

Theorem 6 (General I'-convergence result) Suppose f;, foo 1 £2 x R™" — R for
Jj € N are Carathéodory integrands satisfying (5.1) uniformly in j and

| fj(x, A) = fj(x, B)] < M(1+ [A]"~" 4 |B|P~")|A - B| (5.2)
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forae x € 2, all A,B € R™" and all j € N with a constant M > 0. If the
sequence {Iy;}jen converges to Ly in the sense of I'-convergence regarding the
strong topology in LP (£2_5; R™) as j — 00, in short,

I'(L?)- lim Ifj =1y, (5.3)
and
jfj — Jr,, pointwise, 5.4)
then
I(L?)- lim ffj =Fros (5.5)
J—>00

that is, {Fy;} jen I'-converges with respect to the strong topology in L (§25; R™) to
Froas j— oo.

Moreover, every sequence {uj} jen C LP(£25; R™) with uniformly bounded energy
sup; F;(uj) < 00 has a converging subsequence in LP(2s; R™).

Proof By adding a constant, we may assume without loss of generality that f; for
Jj € N and fu are non-negative. Further, we observe upfront that due to (5.2), the
functionals J 7 for j € Narelocally Lipschitz on L? (§2\ £2_s; R™*") with a uniform
Lipschitz constant. The pointwise convergence Jy; — Jy, in (5.4) is therefore
equivalent to locally uniform convergence; in particular, it holds for any sequence
Vi — Vin LP(£2 \ £2_s; R™*") that

Jim T, (V) = T (V). (5.6)

The rest of the proof is split into the usual steps, proving first compactness to obtain
the add-on and then, the liminf-inequality and a complementary upper bound via the
existence of recovery sequences, which in combination yields (5.5).

Step 1: Compactness. In view of the lower bound in (5.1), this is an immediate
consequence of the Poincaré inequality and compactness result in H; P (£2; R™) (cf.
[6, Theorem 6.1 and 7.3]).

Step 2: Liminf-inequality. Let {u;}jey C LP(£2s5; R™) be a convergent sequence
for j — oo with limit u € LP(£2s; R™). Suppose without loss of generality that
liminf ;00 Fp,(u;) = limj o0 Fy;(uj) < oo. It follows then from the coercivity

bound in (5.1) that {u} jeny C Hg’p’S(Q; R™) is bounded and thus,
wi—u in Hy PP (2; R™).

By Theorem 2 (i), it holds that Q5u j— Qsu in wLP(£2; R™) with VQju = Dsu and
VQju; = Dju;j for j € N. Hence, the liminf-inequality from the I"-convergence of
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{Z7,}jen in (5.3) yields

foolx, Dy dx = Ty (Qlu) < liminf Ty, (Qu )
25 e (5.7)

= lim inf fi(x, Dsu;)dx.

j—o00 2_s

Additionally, for any O € R" open with £2_5 € O, it holds according to Lemma 3
that 1o\ Dju; — 1o\oDsu in LP(£2 \ £2_s; R™>"). We then find in view of (5.6)
and the non-negativity of the functions f; that

Jre(lg\oDsu) = JILH;O Jf; (Lavo Dsuj)

§1i_minfjfj(D§uj)+/ fi(x,0)dx.
j—>00 0\

2_s

Dueto 0 < fj(-,0) < Cforall j € Nand [d£2_5] = 0, one may let O tend to £2_s
to conclude

/ foo(x, Dyu)dx = T, (Dsu) < liminf Jy,(Dyu )
2\02_5 ' j—oo ’

=1iminff fj(x, Djuj)dx.
2\2_s

Jj—>00
Finally, combining this with (5.7) yields the desired liminf-inequality

liminf Fy, (u;) = Fp, ().
Jj—00

Step 3: Limsup-inequality. Take u € Hg'p"s([); R™) with Ff_(u) < oo and define
v=Qu e Wbr(£2; R™), which satisfies Vv = D3u on £2 by Theorem 2 (i). We
need to construct a recovery sequence (u;); C Hg P ’8(.{2; R™) that converges to u
weakly in L?(£2; R™) and satisfies

lim sup Fy; (u;) < Fp,, (). (5.8)

j—o00

Tothisend, lete > Obe fixed. The upper bound from the I"-convergence of {Z ¢, } jeN
to Zy,, in combination with an argument to enforce boundary conditions as in [18,
Proof of Theorem 21.1] allows us to find a sequence {v;} jen C Whr(2_s; R™) with
the properties that v; = v in £2_5 \ U, for all j € N with some open Us € £,
vj — vin LP(£2_s; R™), and

lim sup fi(x, Vvj)dx < foo(x, VV)dx + € < o0. 5.9)

jooo JE2_s -5
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As a consequence of (5.9) together with the coercivity bound in (5.1) and Poincaré’s
inequality, the sequence {v;};en converges not only in L”, but also weakly in whr,
that is,

vj —v—=0 in WhP(Q2_s5; R™). (5.10)

After extending {v; — v} en by zero to a sequence in wLr(@R"; R™), we conclude
from Theorem 2 (i7) that

iij:=Pi(v; —v) € H*P(2; R™)
satisfies D3ii; = V(vj—v) on £2. Hence, under consideration of (5.10) and Lemma 4,
iij — 0in LP(2;R™) and @i;—0in H*P°(2; R™) (5.11)

as j — oo. Considering a cut-off function x € C2°(£2_s) with x = 1 on U, we
define

wj=u+ xiij € Hy" (2;R™) for j € N.
Then, by the Leibniz rule in Lemma 2,
Djuj = Dju + xDjiij + K, (ii;) = Vv + xV(v; —v) + K, (ii})

for every j € N; note that, in particular, Dju; = Vv; + K, (ii;) on U,, while
D3uj = Dju + K, (ii;) on £2 \ Ue since V(v; — v) is zero there. As j — oo, we
have in view of (5.11) that

uj — uwin LP(2;R™) and K, (ii;) — 0in LP(£2; R™*"). (5.12)

To show (5.8), we split up the functionals F £ into three integrals over U, £2\ £2_s,
and £2_; \ U, and study their asymptotic behavior for j — oo separately. First, since
the local Lipschitz condition (5.2) in combination with Holder’s inequality, (5.10),
and the second convergence in (5.12) shows

lim | fi(x, Vv + Ky (@@;)) — fi(x,Vvj)|dx =0,

j= Ju,
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we can use (5.9) to infer

lim sup/ fj(x, Dsu;)dx = lim sup fi(x, Vv + K, (it;))dx
Ue

j—0 j—oo JU.

= lim sup fi(x, Vv;)dx
oo VU (5.13)
=< foo(x, Vv)dx + €
£2_5

= foo(x, D3u) dx + €.
25

Second, Dju; = Dsu + K, (ii;) — Dju in LP(2 \ £2_5; R"™>") along with (5.6)
implies

lim fj(x, Dyuj)dx = lim Jy,(Dju;)
—00 —00
e ’ (5.14)
2\2_5
For the third integral expression, we find with the upper bound in (5.1) that
limsup/ fi(x, Dsu;)dx
j—oo J2_5\Ue
< limsup C (|| Dju + K (i )| r@_p\ve) + 1925 \ Uel) (5.15)

Jj—o0

= C(IIDjullLr(2_s\v.) + 192=5 \ Ucl).
Summing (5.13), (5.14) and (5.15) finally gives

limsup Fy, (u;) < Fp, () + C(|Dsulle@_s\v.) + 12— \ Uel) + €.

j—o00

Letting U¢ 1 $£2_s and € |, O finishes the proof of (5.8) after choosing an appropriate
diagonal sequence. O

As indicated before, the above theorem enables us to carry over well-known results
on variational convergence for standard integral-functionals to our nonlocal setting.
One example we wish to highlight here lies within the variational theory of homoge-
nization. Given the classical findings in [11, 34], we can derive the I"-limit of nonlocal
functionals with periodic oscillations in the space variable as an immediate conse-
quence of Theorem 6. It turns out that the homogenized integrand complies with the
same (multi-)cell formula as in the classical case when integrating over §2, while in
the strip where complementary-values are prescribed, an averaging of the integrand
in the fast variable occurs.
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Corollary 3 (Homogenization) Let Y = (0, 1)" and let f : R" x R™" — R be
a Carathéodory integrand that is Y -periodic in its first argument and satisfies for
ae.y € R"andall A, B € R™*" that

clAIP = C < f(y, A) < C(AIP + 1)
and

If (v, A) — f(y, B) < M(1 + |A|P~' +|B|P~1)|A - B| (5.16)

with constants ¢, C, M > 0. Further, let the functionals F¢, Fhom : L? (825; R™) —
Reo with € > 0 be defined as

X 5,p,8
f(—,DW) dx foru e H, (£2; R™),
Feu) = /.q e’ ¢
o0 otherwise,

and

From(Dju) dx +/ F(Djwy dx foru € HY"* (2 R™),
Fhom ) = § Ja2_; 2\2_5

00 otherwise,

where f = fy f(y, -)dy and fuom is the classical homogenized integrand given for
A € R™" by

1
fhom(A) = lim — inf {/ fO, A+ Vu(y))dy : ve W,;’OO(kY; R'")} .
' k—o00 k" ky
(5.17)
Then, the convergence
€—>
holds, along with the corresponding compactness in LP (§25; R™).

Proof Let {€;} jen be a sequence with €; — 0 as j — oo and set

fi(x, A) = f(;j,A) forj e N

and  foo(x, A) = Lo_;(x) from(A) + Lava_; (x) f(A),
for x € £2 and A € R™*", To conclude the statement from Theorem 6, it suffices

to verify the two convergence conditions (5.3) and (5.4) for these specific choices of
fj and fs. Indeed, (5.3) follows from a classical homogenization result, see e.g.,
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[14, Theorem 2.1]. For (5.4), we note that since 7, ¥ is locally Lipschitz on L? (£ \
£2_s; R™*™) with a constant uniform in j by (5.16), it is enough to prove the pointwise
convergence on a dense set, for example on C(£2; R™ M) For V € C(£2; R™*"), the
convergence

lim J7,(V) = lim f(i, V) dx = f F(Vydx = Jp, (V)
j—oo 2\2_s 2\2_s

Jj—o0 €j

follows from the fact that (y, x) — f(y, V(x)) is an admissible two-scale integrand
(cf. [3, Corollary 5.4]). O

As a special case of the homogenization result when the integrand does not depend
on y, we derive a relaxation result for functionals F : LP(£2;s; R™) — Ry of the
form

/ f(Dwydx ifu e Hy"*(2; R™),
2

Fu) = (5.18)

o0 otherwise.

Recall that the relaxation of F with respect to L”-convergence is given by
F*(u) = inf {lim inf F(uj) : uj — win LP($2s; R’")} ,
Jj—00

which corresponds to the I'-limit of the sequence constantly equal to F (cf. [18,
Remark 4.5]). Besides, itis easy to verify in this case that the multi-cell homogenization
formula in (5.17) reduces to the quasiconvex envelope

FIA) = inf{/ f(A+Vv(y)dy : ve WJ*OO(Y; R’”)}’ A e R™*",
Y

The following statement is now an immediate consequence of Corollary 3.

Corollary 4 (Relaxation) Let f : R™*" — R be continuous and satisfy forall A, B €
Rm Xn

c|AlP = C = f(A) =C(AI"+1)
and
|f(A) = f(B)] < M+ AP~ +|B|P"H]A — B
with constants ¢, C, M > 0. Then, the relaxation of F in (5.18) is given by

el / FE(D3u) dx +/ f(Dsu)ydx ifue Hg’p’a(ﬂ; R™),
Fu) =1/ 2\2-s

o0 otherwise.
(5.19)
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Remark 9 Note that the three I'-convergence statements in this section can be
rephrased equivalently for functionals defined on H;’p ’6(9; R™), if the latter is
endowed with the weak topology (cf. e.g., [18, Proposition 8.16]).

6 -convergence for varying fractional parameter

Finally, we study the asymptotic behavior of the nonlocal integral functionals in (6.1)
as the fractional parameter s varies. Of particular interest is the critical regime s — 1,
which leads to localization, meaning a local limit functional, as we prove below.
The set-up in this section is similar to the previous one. Let s € [0, 1], p € (1, c0)
and let £2 C R” be open and bounded such that §£2_s is a Lipschitz domain. Further,
let f: £ x R™" — R be a Carathéodory function with (uniform) p-growth and
p-coercivity in the second variable, i.e., there are constants ¢, C > 0 such that

c|AIP —=C < f(x,A) <C(1+|A|’) forae. x € 2 andall A € R™*",

We define the functionals F; : L?(£25; R™) — Ry as

/Qf(x,Dgu)dx foru € Hy"*(2; R™),

Fs(u) = 6.1)

00 otherwise.

Recalling that D; is defined to coincide with the classical weak gradient, i.e., Dslu =

Vu, and the identification of Hol‘p‘s(.Q; R™) in (2.10), we have for s = 1 the local
integral functional,

Fi(u) =/ f(x,Vu)dx foru e Wol’p(.Q(s; R™) withu = 0 a.e. in 25 \ £2_s,
2

and F| = oo otherwise in L7 (£25; R™).

The next theorem establishes the variational convergence of the functionals {F;}.
The proof combines the preparations and tools from the earlier sections, such as the
compactness result in Lemma 9 and the translation mechanism between nonlocal and
local gradients of Theorem 2.

Theorem 7 (I"-limits for s — s" € [0, 1]) Let Fs for s € [0, 1] be as in (6.1) with
the additional property that f(x, -) is quasiconvex for a.e. x € §2_s. Then, the family
{Fs)s converges for s — s’ to Fy in the sense of I -convergence, both regarding the
weak and strong topology in LP (§2s; R™), that is,

F(Lp)_ hm/ fs = jES/ = F(w_LP)_ lim .7:5- (62)

s—>s’

Sequential compactness of sequences with uniformly bounded energy holds with
respect to the strong topology in LP (2s; R™) if s’ € (0, 1] and the weak topology in
LP(2;R™) ifs' = 0.
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Proof Let {s;};en C [0, 1] be a sequence converging to s €[0,1]as j — oo.

Step 1: Compactness. Let {uj}jen C LP(£25;R™) with supjen Fi; (uj) < o0o.
This implies u; € ng ’p's(.Q; R™) for all j € N and by the coercivity bound on f,
also

Sup||D§’uj ||L1’(Q;R’”><") < OQ.
jeN

We can therefore use Lemma 9 to deduce the strong and weak sequential compactness
of the sequence {u;}; in L?(£2s; R™) when s” € (0, 1] and s" = 0, respectively.

Step 2: Liminf-inequality for weakly converging sequences. Let u € LP(§25; R™)
and {u;}jen C LP(82s; R™) with u;j—u in LP(£25; R™). Assuming without loss of
generality that

liminf F5; (uj) = lim Fj; (uj) < 00
j—o00 j—o0o

yieldsu; € ng’p'a(.Q; R™) for j € N and by the coercivity bound on f, also

S
sup||D3’ uj ||Lp(_Q;Rmxn) < Q.
jeN

Hence, Lemma 9 applies, which shows that u € Hg,‘p’s(.Q; R™) and as j — oo

Sj

DYu;j—Dju in LP(2;R") and Dju; — Dju ae.in 2\ 2_5. (6.3)

Defining

0% su ifs’ #1,
u ifs' =1,

Sj .
i if s # 1,
vj = Qs *uj ?sj# forjeN and v=
uj ifs; =

we conclude from Theorem 2 (i) that {v;} jeny C Whr(2; R™)andv € WP (£2; R™)
with

Vuj = Djujon 2 forj €N and Vv =Djuon. (6.4)
Moreover, as Supte[o’l)”Qg”Ll(Rn) < o0 by Lemma 6, the sequence {v;};en is
bounded in W7 (£2; R™). In account of (6.3) and (6.4), one can find a non-relabeled

subsequence with v;—uv in wlp (£2; R™), after a suitable choice of translations. The
quasiconvexity (in £2_s) and p-growth of f then allow us to invoke a well-known
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weak lower semicontinuity result (cf. e.g., [17, Theorem 8.11]) to infer

f(x, Dglu) dx = f(x,Vv)dx
£2_s 2_s

< liminf f(x, Vuj)dx (6.5)

Jj—o00 2_s

= lim inf f(x, Dy'u;)dx.

j—o00 2_s

On the other hand, in view of the pointwise convergence from (6.3) and the fact
that f is Carathéodory and bounded from below by a constant, we may use Fatou’s
lemma to deduce

lim inf/ fx, Dy uj)dx z/ f(x, D§ u)dx. (6.6)
2\2_5 2\2_5

j—o00
Summing (6.5) and (6.6) shows

liminf Fy; (u;) = Fy (),
s

]

as desired.

Step 3: Strongly converging recovery sequences. Our construction relies on the
uniform convergence of the nonlocal gradients in Lemma 7. The rest follows then via
a standard density and diagonalization argument.

!
To be precise, let us consider u € Hg P "S(.Q; R™), otherwise the limsup-inequality

is immediate due to Fy (z) = oo. By the definition of Hg/’p"s(Q; R™), there is a
sequence {uyjreny C C2°(£2_5; R™) with

. !
up — u in HS P93 (2; R™) as k — oo.

For each k € N, Lemma 7 shows D;juk — Dg/uk in LP(£2; R™ ™) as j — o0,
and we conclude from Lebesgue’s dominated convergence theorem combined with
the growth bound on f that

lim 7, () = lim f fx, Dy up) dx = f £, DY w) dx = Foup).

Since Dg/uk — Dg,u in LP(£2; R™*") as k — 00, an analogous reasoning gives
limy_, oo Fy (ux) = Fy(u). Altogether, we have that uy — u in LP(£25; R™) and

lim lim F, (ur) = Fy ().

k—00 j—00

Extracting a suitable diagonal sequence {uk;};eN via Attouch’s lemma finishes the
proof. O
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Remark 10 a) We remark that the two I"-convergence statements in (6.2) are equiv-
alent to the L”-Mosco-convergence of the family {F}, to Fy.

b) Note that one cannot expect strong L”-compactness for {F;}s as s — 0, consid-
ering that H%-P-9(§2; R™) = L?(£25; R™) with equivalent norms (cf. Remark 3).

¢) Throughout this paper, we work with the sequential definition of I"-limits, which
may differ in general from the topological definition for non-metric spaces.
However, the equi-coerciveness of the family {F;}; in L?(£25; R™) (in fact,
Fsu) > clullpres:rmy — C for all u € LP(£25; R™) due to Theorem 4) and
the metrizability of the weak L”-topology on norm bounded sets guarantee that
the sequential I"(w-L?)-limit coincides with the topological one, see e.g., [18,
Proposition 8.10].

d) Itis not hard to see that an analogous statement to Theorem 7 holds also for more
general complementary values other than zero, e.g., for g € H"7%(2; R™).

e) Under the additional assumptions required in the relaxation result of Corollary 4,
we can prove I"-convergence for {Fy}; as s — s’ € (0, 1] also in the case when
f is ahomogeneous integrand that is not necessarily quasiconvex. Indeed, by first
relaxing the functionals (cf. [18, Proposition 6.11]), we find

s’

[(LP)- lim Fy; = ['(LP)- lim Fre' = Frel;
s—s' s—s’

here, J”-'Srel is given by the relaxation formula (5.19) for s € (0, 1), which extends
also to the case s = 1 because of classical relaxation theory.

7 Conclusion

One of the key ingredients in the direct method of calculus of variations for proving
the existence of minimizers is weak lower semicontinuity. This paper shows that
quasiconvexity, the classical convexity notion in vectorial variational calculus, also
characterizes weak lower semicontinuity of integral functionals depending on finite-
horizon fractional gradients Dy (Theorem 5). As a consequence, we could establish
an existence theory for this general class of nonlinear and nonlocal energy functionals
(Corollary 2).

The technical foundation for our new findings lies in suitable translation operators
that allow switching between nonlocal and classical gradients, as well as fractional
ones, as stated in Theorem 2. This result has interest on its own and can be useful
in various problems involving nonlocal gradients. However, this does not imply that
the nonlocal framework automatically inherits every result from the local case; in
particular, this translation technique does not preserve boundary conditions.

As an application, we derive a general statement about variational convergence,
which allows us to carry over established I"-convergence results from the local to
the nonlocal setting. We illustrate the flexibility of this method with the example of
homogenization and relaxation (Corollaries 3 and 4). In both cases, the integrand of
the limit functional shows the same form in the classical case, i.e., a multi-cell formula
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for the homogenized integrand and a quasiconvex envelope for the relaxed one, except
for the collar region.

Finally, we considered the asymptotics for varying fractional order, proving the
continuity of the energy functional with respect to s, Theorem 7. Besides the translation
mechanism, the crucial ingredient for the proof is the Poincaré inequality independent
of s (Theorem 4), which is proven using Fourier methods. As a particular case, we
obtained a localization result when s goes to 1, recovering a classical limit problem.
An alternative localization of interest for future work is to study the limit of vanishing
horizon § — 0 under the assumption of a normalized kernel.
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8 Appendix: Comparison with the Riesz potential kernel

To provide the technical basis for quantitative comparisons between the convolution
kernel that can be used to represent the nonlocal gradient and the Riesz potential
kernel, which plays the analogous role for the Riesz fractional gradient, we collect
here several useful properties about the quantity

Rg = Q; =1l

with s € [0, 1).
Recalling the definitions of QF and /1 in (2.7) and (2.1), (2.2), respectively, we
can represent Rj as
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 ws(t) — 1
Cn,sfl —at(ni_s dt ifn+s—1>0,
X

R (x) =

 ws(t 1
cm/ wét()dt+;10g(|x|) ifn=1lands=0
|

x|

for x € R" \ {0}; note that ¢,, s = ’;f%l and c1 0 = % As a consequence,
n,l—s

X
VR;(X) = Cn’s(l — w(;(x))W for x € Rn, (81)

foralln > 1 and s € [0, 1). Observe that VR € L'(R™: R") N C®(R"*; R") for
s €(0,1)and

Dip — D*¢ = V((Q5 — I1—s) *¢) = VRy x ¢ forall ¢ € C°(R"). (8.2)

Since 1 — wj is zero near the origin by (H3), Rj is constant near the origin.
The Fourier transform of R§ for any s € [0, 1) satisfies

Ry(§) = 05() — for €] > 1; (8.3)

|27.[%-|1—s

if n+s5 —1 > 0, this follows directly from the well-known formula for /I\l_s (seee.g.,
[24, Theorem 2.4.6]), and also the case n = 1 and s = 0 is standard; one can argue via
the fact that the distributional derivative of —% log(|-|) corresponds to the distribution

n = lim wdx forn € S(R),

rl0 (=r,r)c X

whose Fourier transform equals isgn (see e.g., [24, Eq. (5.1.12)]); note that in this case
k\g is only a tempered distribution on R”, but for convenience we view it as a function
outside B(0, 1).

The following auxiliary result establishes estimates on the decay behavior of the
Fourier transform of R and its derivatives.

Lemma 11l Lets € [0,1) and let B, w € Ng be multi-indices. Then, there exists a
constant C > (0 independent of s such that

|§|Iﬁ|’awﬁg(g)| <C forall || > 1. (3.4)

Proof Throughout the proof, we use C to denote possibly different constants that do
not depend on s; note in particular, that we may ignore the constant ¢, g, since it is
bounded for s € [0, 1). Additionally, we may restrict to the case |8| > |w| + 2 since
|§l > 1.

We observe first that by the boundedness of the Fourier transform from L' (R”; C)
to Co(R"; C) in combination with standard properties of the interaction between the
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Fourier transform with derivatives (see e.g., [24, Proposition 2.3.22 (8)-(9)]), the claim
follows as soon as
|97 (=278 Y RS) | 11 n.ey < € < 00, (8.5)
is established. The argument, which is detailed below, relies on repeated use of the
Leibniz rule and exploits the representation (8.1).
Lety,y’,y”, v € Njj in the following be multi-indices not exceeding the order of
B. A straightforward calculation shows that

’ X C
a7 <
|x|n+s+l - |x|n+x+|y/|

for x € R" \ {0}, and we have due to (H2) and (H3) that 3" ws = 0 outside of the
annulus As := B(0, 8) \ B(0, byd) if y” # 0. Hence,

” / X C
97 ws(x)d” <|x|n+s+l)' = (bo(g)n+s+|y’\ Tas(x)

< C((od) "I 1) 14, (x) < Cly, ().

This allows us to infer in view of (8.1), the Leibniz rule, and again (H3), that

07 Ry (x)| < C(|1 - wa(x)|W + ]lA(s(x))

8.6
<c 1B(0,hys) (X) 1 ®0)
= € ezt a0

for y # 0. Moreover, if |7]| < |w|, we have
|87 (—2mix)®| < Clx|l“I= 1, (8.7)

and 07 (—2mix)® = 0 for |t| > |w|.
Another application of Leibniz’ rule together with (8.6) and (8.7) finally yields for
x € R"\ {0} that

18(0,50)¢
198 ((—2min)” R (0)| < € (Mﬂf’% + 14, (x)) .

It follows now via integration and under consideration of s + |8| — |w| — 1 > 1 that

. (boa)—S—LBH"wH'l >
P (=21 VR 1 gy C | + 8"
|97 (¢ R 11 @) <s+|ﬁ|—|w|—1

< C((bo®) P +1 45"),

which gives (8.5). O
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9 Appendix: Proof of density results

This part of the appendix is devoted to proving the density result stated in Theorem 1.
We begin with a lemma on the Leibniz rule for the distributionally defined spaces
H$P-3(£2). It serves as a technical tool for proving the approximate extension and
retraction results stated afterwards.

Lemma12 Lets € [0, 1), p € [1, 00) and 2 C R”" be open and bounded. Further, let

u € HSP%(2), identified with its extension by zero, and x € CPM@RM. If2 CR"is
an open and bounded set such that

(£2'\ £2) Nsupp(x) = 2, (CRY)

then xu € H>P%($2').

Proof Clearly, xyu € L ($2§). To determine the weak nonlocal gradient, we calculate
for any ¢ € C2°(£2’; R") that

// u(divf;(xgp) - K, ((pT)) dx

125

:—/ Dguo(xgp)dx—/ uk, (p7)dx
fod 24

/ (xu)divi ¢ dx
£2%

= —/ xDju -9+ K, (u)-pdx.
Q/

Indeed, the first line exploits the Leibniz rule for the nonlocal divergence in (2.11),
while the second line follows directly from the formula defining the weak nonlocal
gradient, which is valid here since x ¢ € C°(§2; R") in light of the assumption (9.1).
For the third equality, we have used Fubini’s theorem and the boundedness of K :
LP(§25) — LP(£2'; R") according to Lemma 2.

The calculation above shows that D (xu) = x Dju + K, (1) on £2’, and hence,
ue H"P4(82). u]

The next auxiliary results will be useful in the proofs of Theorem 1 and Proposition 3

to generate room for mollification arguments. The techniques are similar to the proof
of [35, Theorem 3.9].

Lemma 13 (Approximate extension and retraction) Let s € [0, 1), p € [1, 00), and
let 2 C R" be an open and bounded set.

(i) If 2 is Lipschitz, then for any € > 0 and u € H>P*(82) there exists 2' > 2 and
ue € HSP3(2') such that

||M — uE”H‘Y*p‘B(Q) < €.
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(ii) If §2_s is Lipschitz, then for any € > 0 and u € Hé’p’a(.@) there exists ue €
HS””‘S(Q) with supp(ue) € 2_s and

||l/l — Ue ||Hs.p,5(9) < €.

Proof (i) Given that the boundary of £2 is locally the graph of a Lipschitz function,

we can find a partition of unity xo, x1, ..., xnN+1 C CZ°(R") and translation vectors
{1y ..., Cnv € R” such that
N+1
Yoxi=1lon2s xo€C (), xn+1 € CI(R°)
i=0
and
(supp(xi) N 2) + r¢; € € fori=1,...,N. 9.2)

for all A > 0 small enough. For these A, we define

N
Uy i= Xou + XN+1u + Z Tag (Xiut)

i=1

where 7, (v) := v(- — ¢) denotes translation by { € R" of a function v : R" — R.
Note that by construction, v;, € H*?%(£2) according to Lemma 12.

Next, we exploit continuity of the translation operator on L? and the translation
invariance of the nonlocal gradient to find A > 0 such that u. := v;_ satisfies

p

”M — Ue ”Hx.p,é(_Q)

N
<Y it = T Qa1 oy + D5 (Xit6) = Ty DY XN .y < €7

i=1
Finally, if 2’ 5 £2 is chosen such that
(supp(x;) N 2°) + Aet; € (2))¢ fori =1,...,N and supp(xyi1) € (£22))°,

where the first condition is achievable in view of (9.2), Lemma 12 implies that even
ue € HSP%(£2'), as desired.

(ii) A similar argument to that in (i) applies here as well, with the main difference
in the choice of the partition of unity, which is now considered for §£2_;s and translated
inwards instead of outwards as in (9.2). O

With these tools at hand, one can now deduce the alternative characterizations for
H*P9(2) and Hg’p’a(ﬂ) from Sections 2.2 and 2.3, respectively.
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Proof of Theorem 1 Case 1: £2 = R”". Via a mollification argument we may suppose
thatu € C®(R") N H*P*(R"). Take x € C°(R") with x = 1 on B(0, 1) and define
xj = x(-/j) for j € N. We then find that {) ju} jen C CZR"), x;u — uin LP(R")
and

| Dsu — Dy (xju)ll Lr®e;Rm)
< (1 = x;) Dsull rwr;ry + CLip(x ) el Lr ey — O

as j — oo, where we have used Lemma 2 and the fact that Lip( ;) < Lip(x)/j.

Case 2: §2 a bounded Lipshitz domain. Lemma 13 (i) implies for every j € N that
thereisu; € H ‘“1”5({2}) with some appropriately chosen £2 & .Q; such that

1

||M - Mj”Hs,p,&(Q) < Z (93)

We are now in the position to use a standard mollification procedure on u ;, identified
with its extension to R” by zero, with mollifying radius smaller than d (952, 8[2;.) to
finda ¢; € C°(R") with

1
i — i $,p, ) 94
||MJ §0]||H PS(Q) < —2]. 9.4

so that the result follows from (9.3) and (9.4) along with the triangle inequality. O

Proof of Proposition 3 Without loss of generality, consider g = 0. Utilizing a similar

strategy as above, one can apply Lemma 13 (ii) and suitably mollify the resulting

function u, € Hg P ’5(.(2) with support compactly contained in £2_s. O
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