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we suggest a general setting relating localization and uncertainty and prove, within
this context, an uncertainty principle for Cantor sets in Bergman spaces on the unit

gﬁzgﬁgﬁ{:y principle disk, where the Cantor set is defined as a union of annuli that are equidistributed
Bergman spaces in the hyperbolic measure. The result can be written in terms of analytic Cauchy
Wavelets wavelets. As in the case of the STFT considered by Knutsen, our result consists
Cantor set of a two-sided bound for the norm of a localization operator involving the fractal

dimension log 2/ log 3 in the exponent. As in the STFT case and in Dyatlov’s fractal
uncertainty principle, the (hyperbolic) measure of the dilated iterates of the Cantor
set in the disk tends to infinity, while the corresponding norm of the localization

operator tends to zero.
© 2022 The Author(s). Published by Elsevier Inc. This is an open access article
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction
1.1. Fractal uncertainty principles for the Fourier transform

The uncertainty principle is a collection of statements in harmonic analysis, each of them quantifying
in some form the fundamental duality between a function f and its Fourier transform F f, which prevents

* The authors were supported by the Austrian Science Fund (FWF) via the project (P31225-N32).
* Corresponding author.

E-mail addresses: abreuluisdaniel@gmail.com (L.D. Abreu), mouayn@gmail.com (Z. Mouayn), felix.voigtlaender@ku.de
(F. Voigtlaender).

https://doi.org/10.1016/j.jmaa.2022.126699
0022-247X/© 2022 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.jmaa.2022.126699
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2022.126699&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:abreuluisdaniel@gmail.com
mailto:mouayn@gmail.com
mailto:felix.voigtlaender@ku.de
https://doi.org/10.1016/j.jmaa.2022.126699
http://creativecommons.org/licenses/by/4.0/

2 L.D. Abreu et al. / J. Math. Anal. Appl. 519 (2023) 126699

both representations from being “simultaneously concentrated in small sets” [25]. Let us consider the Fourier
transform F : L?(R) — L?(R) given by

FHE) = Fl©) = (2m) 172 / e f(x)de for fe L'(R)NIA(R),

R

and the h-dilated Fourier transform Fj, : L?(R) — L?(R)

Fnf(€) =h7Y2 Ff(hTEE).

Several mathematical manifestations of the uncertainty principle consist of bounds on the norm of the
operator which concentrates the energy of f in a set X and the energy of F f in a set Y. Following Dyatlov’s
definition in [9], one can resort to the h-dilated Fourier transform, and declare a pair of real h-dependent
sets X C R and Y C R to satisfy an uncertainty principle with exponent g > 0 if, as h — 0,

[1xFuly|,, = O(R) =0, (1.1)

where the operator T = 1xFply acts via Tf = 1x - Fp[ly f] with 1x denoting the indicator function of
the set X. For instance, if X,Y = [0, h] then the Holder inequality, combined with the estimate ||, f||pe <
h=Y2||f||+ gives the uncertainty principle

[1xFuly|,, = Oh?) —o0. (1.2)
Given R > 0, set h = R~2. Then
HlX]:leHOP = Hlx/\/ﬁle/\/EHOp = [1rxFlry |,y - (1.3)

Now, (1.2) becomes an uncertainty principle for the Fourier transform and the dilated sets RX and RY: as
R — o0,

||1Rx.7:13y||0p = O(R_l) — 0.

Moreover, as R — oo, (1.1) becomes
[ Futylloy = Ly iFlyva, = IMaxFLayl, = OR™) = 0.

We want to emphasize the following aspect of the fractal uncertainty principle [9,8,7]: it covers situations
where RX and RY are close to having a fractal structure (they depend on R and approach fractals when
R — 00), where their volume approaches co as R — 0o, but nevertheless RX and RY satisfy an uncertainty
principle (their operator norm decays like O(R~?) for some 3 > 0). This can roughly be described by saying
that no function can be localized close to a fractal set in both time and frequency.

For illustration and motivation, consider the dilated real Cantor set C'(R;R) C [0, R] defined as

C(R;R) = ﬁ Cn(R;R) = ﬁ RC,,

n=1

where C), is the n-th step in the iterative construction of the Cantor set, where C),;; is obtained from C,,
by noting that C), is a finite union of intervals, from each of which one removes the middle third to obtain
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Ch41; for instance, Cy = [0,1], C; = [0, %] U [%, 1], etc. The set C, (R; R) thus consists of 2™ disjoint intervals
I, ; C [0, R], each with measure vol(I,, ;) = 37" R. Taking n such that vol(I, ;) < 1/R, then 3"/2 < R and

In 2

VOl(Cn<R;R)) = 2” VOl(InJ) R 1+21n$ — 00,

as R — oo. Using this volume bound and Hélder’s inequality as in (1.2), leads to

In 2

chn(R;R)J:lCn(R;R)H < RIS L o0,

op ™~

therefore not enough to assure that X = Y = C(R; R) satisfy an uncertainty principle according to Dyatlov’s
definition (see also Equation (1.3)). However, from Example 2.6 and Theorems 2.12 and 2.13 in [9] it follows
that there exists an exponent 3 > 0 such that, as R — oo, (1.1) holds for RX, RY = C,,(R;R) and h = R~2.
Since R = 3"/2, as n — oo, also R — oo and Equation (1.3) implies that

e, rr Fle, mmll,, = OB™) = 0. (1.4)
1.2. Uncertainty and localization

The time-frequency localization operator of the previous paragraph suggests a construction in a general
Lebesgue space L?(A) (with A being a metric measure space). If L2(A) has a reproducing kernel K (z,w) (for
a subspace of L2(A)), one can define a localization/Toeplitz operator Po mapping the function f € L?(A)
to a smooth function Pof € L?(A) essentially concentrated in a bounded region  C A. The operator Py is
explicitly defined as

(Paf)(w /f K (z,w)dp(z).

In this context, we say that Q = Q(R) (R > 0) satisfies an uncertainty principle if, as R — oo,
IPall,, = O(R™?)  for some 3> 0.

As in the previous paragraph, one can look for bounds of [|Pol|,,, when €2 is a fractal set. In [18], the case of
the Fock space setting has been considered, in the equivalent formulation provided by the short-time-Fourier
transform [12, Chapter 3]. For the analogy with our results, it will be convenient to rephrase the results in
the Fock space. This corresponds to the choice of the measure du(z) = e dz on A = C (where dz is
Lebesgue measure), of the kernel

K(z,w) = Kpock(z,w) = ™%
and of Q C C as the n-th iterate C,,(R; C) of the planar Cantor set, i.e.,

Co(R;C) :={z € C: |2]® € Co(R%R)}. (1.5)

The set C,,(R; C) is a disjoint union of 2" annuli I¢

w.j» €ach of measure VOI(IEJ- (R?) == 2 oo that for each

3n
annulus we consider a 1/3" part of the initial disk with area 7 R%. For this measure to be well distributed

among [0, 7R?], one takes vol(IC j(R?)) =1/(n R?), yielding (7 R?)? < 3" and

vol(Cp(R; C)) =< R™2H415 5 oo,
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as R — oco. Moreover, as R — 00, it is proven in [18, Corollary 4.1] that

In 2

HPC”(R;(C)HOP = R72+21n3 — 0.

Thus, in the Fock case, the measure of the dilates of the iterated Cantor set tends to oo, while the norm of
the operator tends to zero.

Small operator norms facilitate recovery in signal analysis problems [2]. The operator norm of Py for the
Fock case discussed above is maximized when € is a disk [23], while there exist sets 2 with infinite Lebesgue
measure such that the operator norm of P is arbitrarily small [10]. In the wavelet case, the operator norm
is maximized when the localization domain is a pseudohyperbolic disk [24].

We will show in this paper that, in the case of the disk, we have a similar situation: one can define a
Cantor set in the disk, whose hyperbolic measure tends to infinity, and an associated Toeplitz operator,
whose operator norm tends to zero.

Our contributions are organized as follows: A disk version of the Cantor set is considered in the next
section. In the same section, the main result on the fractal uncertainty principle on Bergman spaces is stated
and translated to the language of analytic wavelets. More details and proofs are given in the following two
sections, with the most technical estimates delegated to the last section of the paper.

2. Fractal uncertainty principles for the Bergman space

In this paper, we consider the reproducing kernel of the weighted analytic Bergman space associated to
the measure dA,(z) = 2a (1 — |2|?)2*71dA(z) on the disk D = {z € C: |2| < 1}, where a € (0,00) and
where dA(z) = %, with dz denoting the planar Lebesgue measure. As shown in [13, Pages 4 and 5|, this
reproducing kernel is explicitly given by

o 1 — o o
IC]D(Z7w) = (1 . Zw)2o‘+1 = ngoen(z)en(w)ﬂ (21)
where
r 1+2 1
e3(2) = A", and == w12 L g gt

Fn+1I'(1+20) 2«
Given this reproducing kernel, we consider the associated localization operator

FEmNw = [ 1) K5l widAa(2), 22
Cn(R;D)

where the fractal localization region is now the following disk version of the iterates of the Cantor set

|2

1—|z[?

Cn(R;D) := {z eD : € On(R;R)} . (2.3)

We will show (see Proposition 3.1) that C,(R;D) is a disjoint union of 2" annuli Dén) (0, R), each of
hyperbolic measure up (Dén)(()7 R)) = 3%. Here, the hyperbolic measure pp is given by

up (M) := /(1 —[2]*)7?dA(z) for M C D Borel measurable, (2.4)
M

so that the hyperbolic measure of the disk D(0,r) = {w € C: |w| < r} with r € [0,1) is given by
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,),.2
(D) = [ (1= ) 2dAG) =2 / el (25)

T 12
D(0,r) 0

Thus, as in the previous examples, for this measure to be well distributed among [0, R] we take n such
that up (Dén)(O7 R)) = 1/R, leading to 3" < R? and to R21m3 = 2" so that

p(Cn(R;D)) = R- (%) = R?m5 1 5 o0,

as R,n — co. So far, everything is perfectly tuned with our model Fourier and time-frequency/Fock cases.
However, the analogue of the conditions (1.4) only holds in the asymptotic case. The bounds on the non-
asymptotic case depend on the size of R.

Theorem 2.1. Given o € (0,00), there are constants 0 < C; < Cy < 0o (which only depend on «) such that
the operator norm of the time-scale localization operator Pé )(R D) satisfies for allm € N and R € (0, 00)
the estimate

(2)" R, if0<R<1 (2)"R, if0<R<1,
@) BB, 1< R <[P <O ()" RIEL 1< R<s
1, if R> 3" 1, if R> 3™

Furthermore, if R is chosen so that R < 3", then

)
|28,

2 2 In 2
Z) =Rms !0,
-(5)

as R — oo.

We note that the term

In2
0 =0c(RR) = 3

appearing in the exponent of R~1*13 is the Hausdorff dimension of the Cantor set. The uncertainty
principles in [9] consider more general fractal sets and the results are obtained in terms of their Hausdorff
dimensions. See [19,20] for new developments in this direction in the planar case. As in the joint time-
frequency case, following the suggestion in the comments after [18, Corollary 4.1], where the bound R~229
is obtained for the planar Cantor set, this opens interesting problems, if one considers more general fractal
sets and seeks bounds of the associated Toeplitz operator in terms of the Hausdorff dimension of the sets.

2.1. Fractal uncertainty principle for analytic wavelets

In this section we outline how our result can be written in terms of analytic wavelets. We will use the
basic notation for #2(C™), the Hardy space in the upper half plane C*, as the space of analytic functions
f:CT — C such that

sup / |f(z +is)|?dz < oo.

0<s<o0
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To simplify the computations it is often convenient to use the equivalent definition (since the Paley-Wiener
theorem (see [6] or [27, Theorem 19.2]) shows up to canonical identifications that F(H?(CT)) = L?(0, c0))

H( ={f e L*R): (Ff)(& =0 for almost all £ <0} .

The wavelet transform of a function f € H?(C*) with mother wavelet ¢» € H?(C¥), such that its admissi-
bility constant Cyy = 27 - ||]:1/JHi2(R+ 4~ 1ap) 18 finite, is defined as

Wy f(2) ::/f(t)s*%w(s—l(t—x /f OV (s€)e™de, z=mz+ise CT. (2.6)
0

R

The analytic wavelets are the functions 9§ defined via their Fourier transforms by

(FY§)(€) = €% -e7 - 1(000)(€), E€R.
As proven recently in [14], W, f(2) leads to analytic (Bergman) phase spaces only for this special choice of
¥ (up to a phase factor). Nevertheless, it is customary to refer to Wy, f(z) as the analytic wavelet transform,
due to the discard of negative frequencies. We will write

dut(z) = (Imz) % dz,

where dz is the Lebesgue measure on CT. The orthogonality relations for the wavelet transform

/ W, fr(2)Wy, fo(2)dp (2) = 21 - (Fibr, Fiha) pams p-1a) - (f1s f2d oz (o) (2.7)
Cc+

are valid for all fi, fo € H3(C*) and all admissible 91,19 € H?(CT); see [4, Proposition 2.4.1]. Then,
setting ¢y = 19 = and f; = f2 in (2.7), gives

/"nv¢f@n2du+<@::cm-nfniac+p
(C+

showing that the continuous wavelet transform provides an (up to a constant factor) isometric inclusion
Wy : H2(CT)— L*(CT,u™).

Writing z = = + is and setting ¥ = ¥9 =9 and fo = 7(z)1, where
[w(2(t) =575 (s (¢~ 2),

in (2.7), then for every f € H?(C™), one has

Wof (= /Ww‘ (W), m(2Wydut (w), =€ C*.

Thus, the range of the wavelet transform

Wy = {F e L*(C*,u") : F=Wyf, f e H3(CH)}
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is a closed subspace of L2(C*, u™), with reproducing kernel

[ (V1)

Il
Cy

ol 0) = 5 () m(@ecr) = 5 Wotlw™2), and ky(z,2) =

v Cy
Here, the multiplication (and inversion) on C™ is not the usual multiplication inherited from C, but stems
from identifying CT = R x (0,00) with the az + b group, so that (z + is)(y + iv) = © + sy + isv.
For z = x4+ is,w = y + iv € CT, the kernel kwga(z, w) is given by’

2a+1
1 9 1 220y VIm z Imw
]%3“ (Z7 w) = 2o Ww%”‘woa(w : Z) = . : —Z(Z — w) . (28>

This is a multiple of the reproducing kernel of the Bergman space

Aty :={ f: CT — C holomorphic : / 1f(2)]*  Tm(2)?*'dz < 00
Cc+

Therefore, (Im-)=*~/2 W20 : H2(CT) — A2*~1(C*) is an (up to a constant factor) isometric inclusion.
Moreover, A2¢~1(C™) is conformally equivalent to the Bergman space A2*~1(D) on the unit disk under the
transformation

Z—1

+ _
zeC |—>§(z)—z+i

€ D;

see [6]. It follows that Péa)( RD) Can be unitarily mapped to (a constant multiple of) the operator

(Pecamonw) = [ 1) Tl (2.9)
£ (Cn(R;D))

Thus, Theorem 2.1 is equivalent to an uncertainty principle for wavelet representations on the Cantor set
of CT defined by ¢~1(C,(R;D)). The analyzing wavelets 1)3* are the only ones leading to an analytic
structure [14]. Considering more general classes of analyzing wavelets, as those leading to a polyanalytic
decomposition in [29,1,15], or the slightly different ones connected to Maass forms and hyperbolic Landau
levels [22,21], may be a natural extension of the problem we have considered here. The Toeplitz operator
(2.9) has been first considered by Daubechies and Paul [3] for n = 0, i.e., for Cy(R;D) The approach based
on double orthogonality that we use is due to Seip [28] and provides some insight on why the approach
using circular symmetric sets in the plane and in the disk considerably simplifies the problem. With square
time-frequency regions, as required by the Fourier transform approach of Dyatlov, one has no access to
explicit eigenvalue formulas. The general eigenvalue problem of Gabor and wavelet localization operators
has been considered in [5].

1 To see this, first note that j0°° 2" te % dg = @ for all s, z € C with Re s, Re z > 0; this can be seen by keeping z fixed and ver-

ifying the identity for s € (0, 00); this is enough, since both sides of the identity are holomorphic functions. Combining this formula
with the definition of wg” and the right-hand side of Equation (2.6) easily implies Wza wg" (x+1is) = szt fo"c g2aem(Fs—ia)e ge
s%+a%. Furthermore, directly from the definition of Cy and of 1/}[2)0‘, we see Cyza = 27 f0°° 520‘&725% = 72T (2a).
From this, Equation (2.8) follows easily.
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3. The Cantor set
3.1. The Cantor set in the line

The usual Cantor set C C [0,1] is defined as C =, C,, where each of the sets C), is a finite union of
closed intervals which are iteratively constructed by the usual operation of “removing the middle third” of
each of the intervals; see e.g. [26, Section 2.44]. For instance,

CO:[()?lL Cl:[O’%]U[%7]‘]ﬂ and 02:[Ové}u[%a%]u[gvg]u[%al]

Now, given R > 0, we consider the dilated real Cantor set C(R;R) = R-C C [0, R]. Therefore, we have

C(R;R) = ﬁ Cn(;R),

n=1
where
. . : _ S a; —-n S a;
Co(RiR):=R-C, with Co= [ |} o5, 37"+ 5. (3.1)
ac{0,2}n | j=1 Jj=

To simplify the notation, let Q™ := {0,2}" and for a = (ay,...,a,) € Q™ define

b= =Y 2,

j=1

so that

Co= W I with = [ 37 e (3.2)
a€{0,2}"

For analyzing the size of the endpoints b,, it is convenient to introduce for a € Q™ \ {0} the order of its
index as

we :=min{l € {1,...,n}: a; # 0},
which gives rise to the restricted index sets

Q%’)::{aEQ(”)\{O} : wa:m} for me{l,...,n}.

It is straightforward to verify that ) = {0}m™=1 x {2} x {0,2}"~™, and hence

#Qn) — gn—m (3.3)
We will frequently use the estimate
2 = Y _J<i§: = VYaeQ®W (3.4)
am = ‘ ]=m3 - =0 3 " .
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8.2. The Cantor set in the plane

The key properties of the Cantor-type set defined in the complex plane in [18] will be preserved in the
construction of the next subsection (modulo the required adaptations to the disk). First, since C,,(R%;R)
is a disjoint union of 2" intervals, the set C,,(R;C) from (1.5) is a disjoint union of 2" annuli. Furthermore,
the condition |z|2 € C,,(R?;R) is chosen since it ensures that all of the 2" annuli have the same Lebesgue
measure.

3.3. The Cantor set in the disk

Our goal is to define the n-th iterate of the Cantor-type set in the disk such that it is a union of 2™
disjoint annuli with the same hyperbolic measure, where we saw in Equation (2.5) that

2

up (D(0,7)) = ﬁ for D(0,r)={weC:|w|<r}andrel01).

This suggests defining the n-th Cantor set as the set of all w € D such that ¢(|w|) € C,(R;R), where

2

p: [0,1) = [0,00), r—=(r)= 1i—r2
More explicitly, as in (2.3), we define
|w|®
Cn(R;D) := {w eD: = jwp € Cn(R;R)}.

We next show that this construction indeed yields a set C,,(R; D) that behaves similarly to the set C,,(R; C)
from [18] discussed in Sections 3.2 and 1.2. For a € Q") let us write

D™ (0, R) := {w eD : o(uw]) € R.I§">} with I = [by, 37 + b,] as in (3.2). (3.5)
Proposition 3.1. The n-th disk Cantor set C,,(R;D) is a disjoint union of 2™ annuli:

Co(R;D)= | D{M(0,R)  with  D{M(0,R) as in (3.5).
acQn)

Each annulus has hyperbolic measure pp (D,(l") (0,R)) = £. Therefore,

i (CamD) = (3) 1

Proof. Recall the definition (2.4) of the hyperbolic measure up. Next, given an arbitrary measurable function
F :[0,00) — [0, 00], introduce polar coordinates, set s = 72 and then t = 7= to yield

]D/F (%ﬂ;) dup (z) = 20/1F (1 iz) ’ _rrz)z dr
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Since C, (R R) = ¥, cqm R-I{"), where the intervals I = [ba, 37" +b,y] C [0, 00) have length |L(ln)| =3",
then

Ca(RiD)= | DMOR) = [H {weD:p ' (R-ba) <|w[ <o '(R-(37" +ba))}
acQ(n) acN(n)

is a disjoint union of 2™ annuli, each of which has pp-measure

o (DE0.R)) = [ Ly (121 = |2) diin (2

D
T R

- / Ly (@ di= o1 D
0

4. Localization to the Cantor set in the disk

In this section, we study the spectral properties of the time-scale localization operators
Péi)(R;D) for Re€ (0,00), n €N, and a € (0,00),

as defined in (2.2).
4.1. Eigenvalues of the Cantor-type localization operator

Proposition 4.1. Let a, R € (0,00) and n € N. Then the eigenvalues of the operator P((;M)(R,D) introduced in
Equation (2.2) are given by

Ae = MY (Cu(R; D)) = /gk(t;a) lo, () (t)dt  for k€ Ny,
0

where gi(-; ) : (0,00) = (0,00) is given by

t

k
1—+t> (1 4 t) "2, (4.1)

gr(tia) = [B(k+1,20)] 7" <

Proof. Observe that the orthogonality of the basis functions ef(z) = JVARZ* in the reproducing kernel
expansion (2.1) holds for any radial measure p(|z])dA(z), with u : [0,00) — [0, 00) satisfying fol wu(r)dr < oo.
This follows from the following calculation, for k # £:

2m

1
//(rew)k(re_w)z,uﬂrew|)rd9dr
0 0

1

3| -

/ 20 |2])dA(z) =
D
2

rk+é+1u(r)/ei‘9("_m)d9dr =0.
0

™

Il
o

Thus, we can set

_ o 2 2
u(lz) = 2a- (1= |2)** " 1o, Dy (2) = 2a - (1= |2[*)** e, (rr) (1 |— ||z|2>
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and combine (2.1) with the orthogonality of the ef(z) with respect to u(|z|)dA(z) to obtain’

[P ey ()] () = [ e (VB0 m(aDdA ) = | [ legtz

p(lz))dA(z) | e (w).
D

Thus, ef is an eigenfunction of P C ( RD) with eigenvalue

MY (Co(B; D)) = / e (2)[2 u(|2])dA(z)
D

a— < 2
=20k / |28 (1 —|2)?)2 L. lc, (rRiR) (71 |_ ||Z|2> dA(z)
D

1
T‘ —

Using the substitutions s = r? and ¢ =

== = ;1 — 1, we finally see

S

1
o s a—
)\é )(Cn(R,D)) = 2a'yk/1cn(R;R) (1 — > . sk . (]_ — 3)2 1d8
0

k
t —(2a
2204’)%/10"(3;]1{)(1‘,)' <—1+t> . (1—|—t) (2o+1) gy
0

oo

~ [1cuma® - aulto)dr. o

0

Remark 4.2. We observe that the function gi(-;«) is the density function of the Beta prime distribution
B'(k + 1,2a) with form parameters k + 1 and 2«; see [17, Equation (25.79)]. In particular, this implies

/gk(t;a) dt =1
0

and the following probabilistic interpretation of the eigenvalues

(4.2)

MU Cu(R; D)) =E (1o, (rpr) (X)) if X ~ B'(k + 1,20).

Recalling the definition of gx(-;

«) and applying [11, Section 3.197.8] (with p =
A=—

=k+1 a=1,
(k+ 14 2«) and u = y) shows that the cumulative distribution function of 3

1,
B (k 17 2a) is given by

4 1+k
0

2 Here, we use that the series for K5 (-, w) given in (2.1) is a power series which is convergent on D and thus converges locally
on D. Since the measure p has compact support in D (since C,,(R;D) C D is compact), this allows to interchange the series with
the integral.



12 L.D. Abreu et al. / J. Math. Anal. Appl. 519 (2023) 126699

in terms of the ordinary hypergeometric function 2Fj(a,b,c;z) = E;io ((;?g(g)bjj 2zJ. When n = 0, then
1CO(R;R) = 1[0,R] and thus

(@) R1+k

A (Co(R; D)) = Py (k+ 14 20,14k k+ 2 —R).

(14+k)-B(1+k,2a)
4.2. Upper bounding the eigenvalues

The upper bounds for the eigenvalues depend on the following pointwise estimate for the density functions
9x (- ;). The details of the proof are in Section 5.

Lemma 4.3. For each a € (0,00), there is a constant C = C(«) > 0 satisfying
gr(r;a) <C-(14z)7t Vz € (0,00) and k € Ny.
In this section, we prove the following upper bound for the eigenvalues )\,(ca)(C’n(R; D)):

Proposition 4.4. For each a € (0,00), there is a constant C = C(«) > 0 satisfying

(2/3)" - R, if0<R<1,
A, (R;D)) < CQ (2/3)" - R-B3, if 1< R< 3,
1, if R > 3"

for allk € No, n € N, and R € (0,00).

Proof. First of all, recall from Equation (4.2) that each gx(-; ) is a probability density function on (0, c0),
so that

M(Cr(R; D)) = / gr(y; @) dy < /gk(y;a) dy =1.
Cn(R;R) 0

This establishes the desired estimate in case of R > 3™. Next, recall that the Lebesgue measure A\(Cy,(R;R))
of the Cantor set C),(R;R) is A(Cy,(R;R)) = (2/3)" - R. Furthermore, Lemma 4.3 yields a constant C' =
C(a) > 0 satisfying gr(z;0) < C - (1+ )"t < C for all z € (0,00) and k € Ny. Therefore,

ANOCuRD) = [ gulura)dy < € NCu(RiR) = O 2/3)" - R
Cn(R;R)

This proves the desired estimate for the case that 0 < R < 1. Finally, let us consider the case 1 < R < 3™.
Due to this assumption on R, there is t € {0,...,n — 1} such that

|
3t < R< 3! and hence n—R—1<t§—.
In3 In3

Using the representation (3.1) of the Cantor set C,,(R;R) and Q) \ {0} = 4 Q0 we see

m=1

R/3" R-(ba+3"")

MUCo (R D)) = /gk(y;a)derZ > / gk (y; @) dy.

0 m=14eql®  Rb,
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First, note as a consequence of gi(z;a) < C-(1+z)~! < C that fOR/Sn gk(y; ) dy < C%. Next, note that if
a € Q. then (3.4) implies b, > 2/3™ > 37™ and R-b, > 3'~™. This implies for y € [R by, R+ (bs +3™")]
that

(149t <4371 <37+ where x, := max{0,z},

and hence
R-(ba+37") R(bg+37")
R
gr(y;)dy < C / (1+y)tdy<C-— .37+
R-b, R-b,

Recalling, from (3.3) that #QS,?) =2""™_ we conclude

. Re(bat3™) .
>y / ge(y;e)dy < C-(2/3)" - R-270 Y 2tmmgm(tmmls,
m=laeql) R, m=1

Introducing the new summation index ¢ =t — m, we see that

-1

Z2t mg— tm+<22€ €+226+i(2/3)ﬂl+1i2

LeZ {=—00 =0 3

Furthermore, since ¢t > M — 1, we have 27t < 2.2 InR/In3 _ 9. p=In2/In3 By combining the estimates

that we collected, we ﬁnally conclude that

A (€ (R; D)) < cgﬁn +8C - (2/3)" - R'" 3.

It remains to observe that R/3" < (2/3)" - R*~1x3 , which easily follows from the condition R < 3". O
4.3. Lower bounding the first eigenvalue

In this subsection we prove that the eigenvalue )\(()a)(C’n(R; D)) of P(a) fulfills a lower bound which

Crn(R;D)
matches the upper bound from Proposition 4.4.

Proposition 4.5. For each a € (0,00), there is a constant C' = C(«) > 0 satisfying

(2/3)™ - R, if0<R<1,
N (Ca(B D) 2 C 1 (2/3)" RIES, if1<R <3,
1, if R>3"

for alln € N and R € (0, 00).

Proof. In case of R > 3", we have C,(R;R) D [0, R/3"] D [0, 1], and hence

1
YUte /% a)dy = Ci(a) >
0
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since go(-; ) is a positive continuous function. Likewise, if 0 < R < 1, then C,(R;R) C [0,1]. Since the
continuous, positive function go(-;a) is lower bounded on the compact set [0,1] (say, go(z; ) > Cq for
z € [0,1] with C2 = Ca(a) > 0), we thus see

N (C(R: D)) = / goly: ) dy > C / Ldy=Cy- (2/3)" R,
Cn(R;R) Cr(R;R)

proving the desired bound for the case 0 < R < 1. Finally, consider the case 1 < R < 3™. For brevity, define

Cs := [B(1,2a)]~'. Choose ¢ € {0,...,n — 1} such that 3" < R < 3", whence BE — 1 <¢ < B8 Using

the representation (3.1) of the Cantor set, and observing that Qgi)l C QM since t+1 € {1,...,n}, it follows
that

R-(ba437")
)‘(()a)(cn(R;D)) > Cs Z (1 4 5)~ (129 gy,

aeQ{™  Rb,
Now, note that if a € ng_)l and y < R- (b, + 37™), then Equation (3.4) shows that
Yy<R-(bg+3 ") <R-(3-37¢+D) 1377 <4Rr.37+) <4

whence (1 4 y)~(1+20) > 5-(1+20) —. 0, Next, recall from Equation (3.3) that #Qgi)l = 2"=t=1 Overall,
we thus see as desired that

e

A (Co(RiD)) > C5C4 - 2”‘t‘13£n 5 (2/3)" R 27t
> 03204 (2/3)" 275 R= 03204 (2/3)" RRE. O
4.4. Proof of Theorem 2.1
Since sz)(R;D) : L?(dA,) — L*(dA,) is self-adjoint, with Péj)(R;D) = 0 on the orthogonal complement

of span{ef: k € Ng}, we see by combining Propositions 4.1, 4.4 and 4.5 that

(3)" R, ifo<R<1 (23)" R, if0<R<I,
i@ RBE 1<R<3 < Hpgj)(R,D)H <G {2y RS if1<R<3 (4.3)
o),
1 if R> 3" 1, if R> 3",

The condition 3" < R? implies (for R — oo) that 1 < R =< 3"/? < 3". The same condition also implies

In2

that Rms =< 2"/2_ and thus R2m3 =< 27, This implies for R — oo that
(2/3)" - R\ w3 < (2/3)"/% < R~
and the result follows from (4.3). O
5. Proof of Lemma 4.3
Recall that the goal is to prove that there exists a constant C' = C'(a)) > 0 satisfying

gr(z;a) < C-(1+2)7 ! V€ (0,00) and k € Ny,
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where the function

k
x
. =[B(k+1.2 -1 (1 —(142a)
i) = [B(k+ 120 () -+ o)
was defined in Equation (4.1).
The proof will be given in three steps. All implied constants will either be absolute constants or constants
that only depend on «.

Step 1 (Estimating the Beta function): By definition, the Beta function can be written in terms of the
L(z)T'(y)
[(z+y)
[16]) shows that the Gamma function satisfies

Gamma function as B(x,y) = for x,y > 0. Furthermore, a precise form of Stirling’s formula (see

D(z) = /27 /x- (z/e)* - @) for >0 where 0< p(x)<(12z)7!
and therefore
D(z) <z~ Y2. (x/e)® Va>1,
which is the only case that we will need. Indeed, using this estimate, we see for k > 1 that

L T(k+1+2a)
B+ 1,200 = o T+ 1)

o V1/(k+1+2a)- (IH—lT+2(1)k+l+2a
= r(ga).\/m_(kei)kﬂ

S E4+142a\% Ly 20 kol
~“VE+14+2a e k+1

()
< (k+1+2a
e

2c
) < k** since k > 1.

Here, the step marked with (x) used the well-known fact that (1 + %)* = e® for all z € R, and thus
— 00

(1+ ,f—fl)k“ < 1, with the implied constant only depending on «.
We remark that the estimate for the Beta function that we derived in this step is probably well-known.
We nevertheless decided to give the relatively easy proof since we could not locate a handy reference.

Step 2 (Estimating k>* - y*): Let y € (0,1) be fixed, and define
f: [0,00) = [0,00), 2.yt
Then f is differentiable on (0, 00) with derivative
() = 2at®* 1yt 4 2% In(y) ' = 271 - ' (2a + t1n(y)).

From this, it follows that if we define ty := —lf]_“y = ln(%% € (0,00), then f/(t) > 0 for ¢ € (0,tp) and

f'(t) <0 for t € (tg,00). Hence, f has a global maximum in ¢t = ¢(, showing that

2a 20
ooy = 10 < fl0) = (i) v = (i) e S/

for all ¢t € [0,00) and y € (0,1).
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Step 3 (Completing the proof): If we apply the estimate from the preceding step for t = k and y = H% €
(0,1) (where = € (0,00)), then we see that

20 ol ’ 1+a]7 —1y1—2a
ko Ttz < |In . =[In(1+27")] Va € (0,00).

Now, for > 1 note that 1 + 2z~ ! < 2, and hence

1
In(1+27% = / t_ldt2§x_1

from which we see—because of > 0—that
[In(1 + J;_l)]_zo‘ < Q2. gla < 92a, (1+ I)Qa.
Likewise, if 0 < x < 1 then In(1 4+ 2~1) > In(2) and hence
[In(1+271)]72% < [In(2)] 72> < [In(2)] 72 - (1 + z)%.

All in all, we have thus shown that

k
kza.(lj—x) < (14 x)% Va €[0,00) and k € Ny.

Combining this with the estimate from Step 1, we see for k > 1 that

s \F
gk (z;0) = [B(k + 1,2a)]—1 . (1 +x) (1 +x)—(1+2a)

k
< k2o (liw) Q422204+ <A 4a)h

Finally, in case of k = 0, we see directly from the definition of the Beta function that

1

1
1
B(k+1,2a) = B(1,2a) = /(1 — )2t = /320‘_1 ds = 5,
(0%
0 0

and hence

go(w; @) =20+ (1+2)"0F) <20 (1+42)7",
sincel+z>1land 1+2a>1. O
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