Positivity (2023) 27:3 oge o
https://doi.org/10.1007/511117-022-00957-3 POSItIVIty

®

Check for
updates

On the compounding of higher order monotonic
pseudo-Boolean functions

Paul Ressel’

Received: 24 June 2021 / Accepted: 29 December 2021
© The Author(s) 2022

Abstract

Compounding submodular monotone (i.e. 2-alternating) set functions on a finite set
preserves this property, as shown in 2010. A natural generalization to k-alternating
functions was presented in 2018, however hardly readable because of page long for-
mulas. We give an easier proof of a more general result, exploiting known properties
of higher order monotonic functions.
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1 Introduction

Let V be a finite non-empty set. A function ¢ : P(V) —> R on P(V), the set of all
subsets of V, i.e. a socalled pseudo-Boolean function, is submodular if

P(AU{v}) —¢(A) = ¢(B U {v}) — ¢(B) D

forall A € B and all v € V\B. And ¢ is increasing if ¢(A) < ¢(B) whenever
A C B C V. Condition (1) has in many applications the interpretation that the
marginal effect expressed by ¢ decreases for larger subsets (the property of “diminish-
ing returns”). It is not surprising that submodular increasing functions are modelling
many situations, both technical and social, for example the influence in social net-
works. In this connection an interesting aggregation problem had been posed in [1]:
does “local” submodularity imply the corresponding property “globally”? This was
confirmed 10 years later in [2]. Now, in another “language”, an increasing submod-
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ular function ¢ on P (V) is “2-alternating” on {0, 1}V = P(V), and it seems natural
to consider the more general case of “k-alternating” functions. For example, ¢ is 3-
alternating if, in addition to being increasing and submodular, the difference between
the left and right hand side in (1) is further diminished if one more element is added.
This idea is suggested in the recent work [3], whose central mathematical result (Theo-
rem 4) however is given a very complicated and hardly readable proof, with page-long
formulas. We shall give a much more transparent proof, based on existing theorems
about higher order monotonic functions. Our result is also considerably more general.

Notations
N={1,2,3,...},Ngo={0,1,2,...,}, Ry = [0, 00[, P(V) = set of all subsets

of V,
la(x) := {é’i;ﬁ L [dl=1{1,2,...,d}ford e N, 15 := (1,1,...,1) e N¢
|n| := Z?:l n; forn € Ng, || := cardinality of a finite set «.
These two uses of the same symbol can hardly be mixed up; in fact, fora = 1, €
{0, 1} we have |a| = |«].

(f x g)(x,y) := (f(x), g(y)) for mappings f, g,
(f,8)x) = (f(x), g(x)) for mappings f, g with the same domain
(o, t) :={ylo € y C t}aset-interval where (usually) o C t
(0,0) = {0} is a special case
AUB, | j A for disjoint unions, d.f. = distribution function (of some measure),
xOQy:= (x1y1,x2y2,...)and x Vy = (x1 V y1, x2 V y2,...) for two vectors x, y
of equal dimension.

2 Multivariate higher order monotonicity

Letly, ..., I; € Rbenon-degenerateintervals, I := I} x---xIg,andletf : I — R
be any function. Fors € I, h € Rf{_ such that also s + & € I put

(Enf)(s) == f(s+h)

and Ay := Ej, — Eg, 1.e. (Ap f)(s) :== f(s+h)— f(s), and V), := —Ay,.

Since {E}} is commutative (where defined), so are {Aj} and {V;}. In particular,
with ey, ..., eq denoting the standard unit vectors in Rd, Apieys -+ - s Dpye, cOmmute.
As usual Agf = f = V}?f.For n=ny,...,ng) € Ng and h € Ri we put

Aj =AY, A2 W

hieg " hpey " * hgeq
and similarly V. The multinomial theorem gives
pf) =Y (=p- "”( )f(S+q ©h). )
0<g=<n
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Note that A;l" # Ap ford > 1and h # 0. Also, A} = 0if h; = 0 < n; for some
i<d.

Definition f : I —> Ris called
(1) m-increasing (“n-1") if

(AY f)(s) =0

foralls e I, h eRf{_,p €N, 0# p<msuchthats+pOhel
(ii) m-decreasing (“n-]”) if instead

(Vi f) () =0

(iii) n-alternating (“n-4”) if instead

(Vi f) ) <o0.
It is easy to see that, using the notation (f(—-))(s) := f(—s),

fisn-| onl < f(—)isn-1? on —1I
fisn-3 onl < —f(—)isn-1 on —1I.

Forn € {0, 1}¢ the I ; considered here need not be intervals, just non-empty subsets
of R, or even R. Right-continuous bounded non-negative 1, - 1 functions on I are
precisely the distribution functions (“‘d.f.s”) of finite measures on 1 (closure in Ed), see
[4] Theorem 7, a result which will be used later on. Functions which are 1;-1 ({, ¢)

are also called fully d-increasing (-decreasing, -alternating), and this notion will now
be extended:

Definition Let Iy, ..., I; C R be any non-empty subsets, [ := I} X --- X Iz, 1
k <d.Then f : I — Ris fully k-increasing (“1; - 1) iff

IA

(Af f)(s) >0 foreach 0 < p <1y with |p| <k

and for each s e]andheRi suchthats +pOh e l.

If instead (Vfl’f)(s) > Owecall f fully k-decreasing (“1; - ") and if(Vfl’f)(s)
0, f is by definition fully k-alternating (“1; - 3”).

For the important special case where I; = {0,1} Vj < d, i.e. for (“pseudo-
Boolean™) functions on {0, l}d, it is sometimes useful to identify {0, 1}‘1 with
P(d]) = {ala C [d]}. Since A} = 0 and AY = id = A, only AP with
h = p € {0, 1}4\{0} have to be considered. It is then reasonable to use the sim-
plified notation

IA
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Ay = A% for a =14 € {0, 1}9\{0}
(complemented by Ay = id).
We write likewise Ey := E,. Both A, f and E,, f have the domain {y C [d]]y C
a}, and for y C af
(Aa () = (Ey Al ()W) = (A Ey)(f))B).
Clearly Ay o Ag = Agup for disjoint r, B. Note that

A NB) =fl@)— Y f+ D, fOF-+ D rm).

y<a yCa
lyl=lel-1 ly|=lal-2
The following identity (for xq, ..., xs € R)
d
[]x= ]‘[[(x, -D+1=> J]x-D (H = 1)
i=1 aCld]iea [}

holds of course also within the commutative algebra generated by {E(;|i € [d]}, and
leads to

Z Ay = HE{z} = E,
aCld]

ie. to Zag[d](Aaf)(@) = f([d])

Slightly more general, and of importance later on, for 8 C y C [d]

Yo Da=24p Y Aa=2gEng (3)

ae(B,y) aCy\p

We mention that fully k-alternating pseudo-Boolean functions are called “AD — k”
in [3].
3 Multilinear polynomials

Any (pseudo-Boolean) function f : {0, 1} —> R has an extension f to a socalled
multilinear polynomial

[ =" flx*d-n*, xeR? “)

aCld]

where we use the abbreviations x* := [];, xi, x” := 1 and 1 := 1,. “Multilinear”
means here that no variable appears in a power > 1 in f; f is therefore an affine
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function of each variable x;. Note that f (1g) = f(@)V o C [d], so f is uniquely
determined; or in other words, each multilinear polynomial is the extension of its
restriction to {0, l}d , where we freely identify « C [d] with 1, € {0, l}d LIt s
immediate that f > 0 ifff | [0, 119 > 0.

Let for ¥ # B C [d] the partial derivative of fwrtoxi,i€Bbedff (every other
partial derivative of f is obviously 0). Then for any p € [d]

PN = D At - xlhei)

acld\{p}

by an application of the product role, i.e. 97} f is multilinear in x; for i € [d]\{p}.
By iteration we obtain for any ¥ # S C [d]

PN = Y (ApNH @1 —x)ldNewD )
aCld\B

including finally
@ f)(x) = (A1 /)#),  a constant.
That is, 8# f is the multilinear extension of Ag f on {0, l}ﬁc.

Now (5) implies ~
®° F0) = (AgH @), B < Id], (©6)

and in the likewise “canonical” representation
f)y =) cax®
aC[d]

we have obviously ¢, = (9% f )(0). Combining this with (6) we get
F) =) (Aa ) @B)x*. (7
o
We’ll need later on the following result:
Lemma1 For f : {0, 1} — R and its multilinear extension f we have
fislp-1<= fis1g-1 on|O0, 1.

Proof f is a polynomial, in particular C*°. Therefore f is 1x - 1 (on [0, 11%) if and
only if

@ Hx)=0 VBl <k, Vxelo, 1]
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which, as we just saw, is equivalent with
(Agf)@) =0 V|B| <k, Ya C B°,

the defining property of f being 1 - 1. O

Example 1 For d = 3,k = 2 consider f : P([3]) — R given by f(«) := || V 1.
Then

Fx) =14 x1x2 + x1x3 + X2x3 — X1 %23
and

O F)(x) = x2 4+ x3 — x2x3 et
O i) =1 - x3 ete.

are all non-negative on [0, 11%: however
8{1’2’3}f =1,

showing f to be 15 - 1, but not 13 - 1. Slightly more general, f(«) := || V 1 is for
anyd >3 1, -1 and not 13 - 1: we have

d d
for=>"x+]]a-x,
i=1 i=1

whence
@) =1-[]a-xo,
0£i
@9 fy(x) = 1‘[ (1 —xp) for i # j,
O, ]
and

3 f(0) =—1 for |a| =3.

4 A combinatorial intermezzo

The following Lemma (of combinatorial nature) will play a crucial role in the proof
of the main result. We shall use set-intervals in P([d]) of the form

(o,7):={ylo Sy}
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including as a special case singletons

Note that (o, t) # @ iff o C 7, and that
(o1, T1) N {02, 72) = (01 U o2, T1 N T2).

Lemma2 Let k,d €e Nk < d, and x1,...,x4 € R¥. For non-empty o, B C [d]
define

o~ B < maxx; = maxx; (€ Rk).
icea iep
Then {y C [d] | |y| = k} is the disjoint union of set-intervals (o, t;) with |o;| =
k,o; C tjand o ~ tj for each j.
Proof For k = 1 we may assume x; < xp < --- < xy, and then
{y cldll Iyl =1} =({d}, [dDU{d — 1}, [d = 1D U --- U({2}, [2]) U ({{1})
has the required properties.

For k > 2 and d = k + 1 choose o C [d] of size k such that « ~ [d] (which is
evidently possible for any d > k). Then

ly cldl ]Iyl =k} = (e, [d) U U aea ([d1\{a}).
We now proceed by induction and suppose the result to be true for some d > 3 and

eachk <d.Letxy,...,x441 € R¥ be given, k > 2. It is no restriction to assume
k < d and

Xd+1(k) = max x; (k).

By assumption,

ly cldl vyl =kt =U; &,y
is the disjoint union of set-intervals, with §; € n; C [d], |§;| = k and &; ~ n; for

each j.Lety; := (x;(1),...,xi(k—1)) € R¥~1 be the projectionof x;,i = 1,...,d.
Making use once more of the induction hypothesis we have

ycldll lyl=zk—=1} = Up (ap, Bp)

with ap € B, C [d],|ap| = k — 1, =~ B, for all p, where « ~ B means
max y; = max y; (€ RF=1),
iea ieB
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We now put
opi=oa,U{d+ 1}, Ep =BpUld+1},

then |@,| =k, @, C ,Ep Cld+1],ande, ~ El,, since for £ < k

max x; ({) = (r,nax Xi (€)> V Xxq41(6)

i€ap

= (max y,-(é)) V xq11(6)

i€
- (max i (@) V xg41(0)
i€Bp

= max x; (£)
i€B,

and

max x; (k) = xg+1(k) = max x; (k).
i€a, le,ﬁp

For any j and p we have
(& mj) N (@p, Bp) = (5 Uy, m; NB,) =0

sinced +1 €a),, butd +1 ¢ n;.
For p # g likewise

(aps Bp) N (aqa Bq) = @

because otherwise ap U oy € B, N By, contradicting the choice of «,, B,.
So, finally

ycld+ Uyl =kt =U;E.n)0Up@p. By

is a partition into disjoint set-intervals as claimed. O

5 The main result
In [3], Theorem 4 the following is shown: let f : {0, l}d —> [0,1] and g1, ..., &4 :

{0, 1}* — [0, 1] be all fully k-alternating (“1x - $”), then also their “compounding”
h: {0, 1}F — R, defined by

h(x) := Z f@ e [Ta-gie)

ica jeac
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has this property. The proof there is based on the multilinear extensions of f, {g;} and
h, but it is hardly readable, with formulas longer than a page. Since the result is true
(see below), I believe their proof is, too, although I didn’t check it in detail—by lack
of patience.

We will prove a more general result, allowing g1, . . ., g4 to be any 1; - $ functions

on an arbitrary product subset of Rk. Only f has to remain a pseudo-Boolean function.
We shall first deal with 1 - 1 functions (generalizing increasing supermodular func-
tions), and then deduce from it the statement about 1; - $ functions in a straightforward
way.

We shall need the following approximation result.

Lemma3 Let A = Ay X --- x Ay be a product of non-empty subsets A; C R, and
let g : A —> [0, 1] be 1y - 1 and such that sup g(A) = 1. Then there is a net (gq)
of distribution functions of probability measures with finite support contained in A,
which converges pointwise to g.

Proof Let aj C A; be finite and non-empty, 1 < j <k, and o := o) X -+ X 0;
we may assume the «; so large that g(maxa) > 0. The restriction g | o is 1 - 1,
(automatically right-continuous on «(!)), and so there exists by [4], Theorem 7 a
finite measure v, on « with d.f. g | @. We have vy (@) = g(maxa) > 0, hence
Me = Vg/g(maxa) is a probability measure on «, which is extended trivially to a
probability measure on A, with 1y (A\a) := 0. By g4 : A —> [0, 1] we denote the
d.f. of this extended .

In order to see that g, converges pointwise to g, let 0 < ¢ < 1/2 and some (finite,
non-empty) product set g € A be given. Choose o 2 g (a product set, too) so large,
such that g(max«) > 1 — €. Then for any a € «

1—
|ga(a) — g(a)| = _s@ _ g(a)| = g(a) - 1~ g(maxa)
g(max o) g(max o)
< g(a)—— < 2.
1—e¢

Noting that the family of finite product sets in A is upwards filtering, the proof is
complete. O

Theorem 1 Letk,deN,kgd,(Z);éAjg@forjzl,...,k,AzzAl><~-~><Ak.

Letgi : A —> [0, 11 fori = 1,....,d and f : {0,1}¥ — R be given. Define
h:A— Rby

h(x):= Y fl]]a@ [0 -g@l

aC[d] iea jeac
Then, if g1, ...84 and f are all 1} -1, so is h.

Proof With f as the multilinear extension of f, and g = (g1,...,84) : A —>
[0, 119, we have h = f o g, and by Lemma 1 f is also 1 -1 on [0, 1]%.
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We first consider the case that g; is the d.f. of some one-point measure ¢,,, where
a; € A. Then

& = lig;,00ina

and for @ # o C [d]

l—[ 8i = l[maxai,oo]ﬂAa
LEQ

ica

and then by (7)

fog=> (Au)® []a
aC[d]

ica

D (A @) - maxicy ar.00lnA-

acld]

For k = d we have (Aq f)(¥) > 0 for each & C [d], implying directly that f o g
is 1; - 1, too. For k < d we apply Lemma 2, i.e.

ly cldll lyl =k} = U, loj, 7))

is a disjoint union of set intervals, where 0; C t;,0; ~ 1; and |o;| = k for each j.
Remember that ¢ ~ T means max x; = max x; (in R¥). Since by (3)
o T

3 BB = (Mg 0 Ecyo )(HB) = (Ao, (T\0}) = 0

a€(o},Tj)

(because of |oj| = k), we get

Fog= 3" (Aaf)® - lmaxs.coina

acld]
lo|<k

+ § (Aajf)(fj\aj) : 1[maxx,-,oo]ﬁA
X 9
J

which is 1; - 1.

In the next step we let g1 be the d.f. of some probability measure with finite support
in A, say > j_ Aegq , withag > 0,3 ,1¢ =l and a;j ¢ € A. Since f is affine as a
function of x1,

fog=Z)~zf0(gl,z,g2,-~-,gd)
¢
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is again 14 - 1. This procedure is then repeated for g2, g3, . .., g4, showing our result
to be true if each g; is the d.f. of some probability measure with finite support in A.
Invoking Lemma 3 we may extend the validity to 14 - 1 functions gy, ..., g4 for
which ¢; := sup g;(A) = 1 for each i, making use also of the continuity of f .
In general we have ¢; € [0, 1], where we may assume ¢; > 0 for each i. Then
px) = f (c ® x) is still multilinear and 14 - 1, so that

po(gi/ct,...ga/ca) = [og
is 1 - 1, thereby finishing our proof. O

Theorem 1 deals with fully k-increasing functions, generalizing the case k = 2 of
increasing super-modular functions. In [3] fully k-alternating functions are dealt with,
for which we offer the following general result:

Theorem 2 [f in the situation of Theorem the functions gy, ..., gq and f are 1 - ¢,
then so is h.

Proof We make use of the very close direct connection between n - 4 and n - § functions
in full generality — see [5], Remark (d):

p:A— Risn-$ < —¢(—)isn-1t on — A
< c—¢(—)isn-? on —A VceR

where in our situation (i.e.n; € {0,1}V;) A= ]_[]j‘: | A with arbitrary non-empty
subsets A; C R. We apply thisto g1, ..., ggand to f :

g1,...,8 A —[0,1]are 1;-¢ and f:{O,l}d —> [0,1] is 1;-¢
— 1—gi(—):—A—[0,1] is 14 -1 Vi
and 1 — f(—=): {=1,0} — [0, 1] is 1 -1,

where the last statement is equivalent with 1 — f(1; — -) being 1 - 1 on {0, 1}¢. By
Theorem 1

1= fAa—Aa—g(=))=1— fog(—)is Ix-1,
or, equivalently, f o gis 1 -¢. O

Remark 1 In [3] the functions g; may be defined on {0, 1}( for £ > k. This is of course
only superficially more general, since by the very definition, being fully k-increasing
or alternating, only k variables are considered simultaneously.

Remark2 For k = d the polynomial f has but non-negative coefficients (cf. (7)
above), hence not only fo(gl,...,ga)is1y-1, buteven fo(gy x---x gq) is 1,-1
on A?. For k < d this cannot be expected: take k = 1,d = 2, f : {0,1}> — R
defined by £(0,0) = 0, f(1,0) = f(0,1) = 1 = f(1,1). Then f (and f) is
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increasing, but not 1, - 1, we have f(xl,xz) = x1 + x2 — x1x2. For increasing
functions g1, g» : [0, 1] —> [0, 1] the composed, map f o (g1, g&2) = g1+ 82— 8182
is still increasing, however the bivariate

(f o (g1 x 82))(s, 1) = g1(s) + g2(t) — g1(s)ga(t)

is not in general 1; - 9, for ex. in the case g1 = g» = id, with (fo (g1 x g2))(s,t) =
s+t —st.

Example 2 In Example 1 we considered the case k = 2,d = 3 and f(«) := |a| V 1,
with

F(x) = 1+ x12x0 + x1x3 + X203 — X1 X2X3

fand f are 15 -1.
If now g1, g2, g3 are 15 -1, with values in [0, 1], then by Theorem 1

fo(g1,8,8)=1+g182+ 8183+ 8283 — 818283

is also 15 - 1, hence a distribution function in case g1, g2, g3 are of this type. Proving
this directly, say for differentiable g;, should be possible, but is certainly cumbersome.

Example 3 Again k = 2,d = 3. Let f : P([3]) — R be given by f(¥) =
0, f{ih =2 (G = 1,23), f{i,j}) =4 (@ # j)and f([3]) = 5. Then f is
easily seen to be 15 - ¢, but not 13 - $. Here

F(x) =2(x1 + x2 + x3) — x1x2%3,

and for increasing submodular g1, g2, g3 with values in [0, 1] also f o (g1, 82, 83)1s
again increasing and submodular by Theorem 2.

Remark 3 A natural question is to know which (univariate) functions ¢ “operate”
on fully k-increasing (resp. alternating) functions, i.e. have the property that ¢ o f
is 1 - 1 () whenever f is 1;- 1 (¢), supposing of course ¢ o f to be defined.
The answer is provided by Theorem 12 in [6], later (in [5], p. 250) called Monotone
Composition Theorem: if pisk-1 ($) and fis1x -1 ($) thenalso g o fis 1x -1 (3).
For a pseudo-Boolean function f on {0, 1}¢ we saw in Lemma 1 that f is 14 - 1 iff f
is (on [0, 1]¢), and this is likewise true for fully k-alternating f. Hence for k-1 ($) ¢
alsogo f,po f and (p o f)™~ are 1; -1 ($), the latter two being different in general.
In Example 3 above, with ¢(¢) := 4/t (k-4 Yk € N), we have

(V)7 (x) = V2(x1 4 x2 4 x3) — 2(v/2 — D) (x1x2 + x1x3 + x2%3)
+(3\/§ + \/_ — 6) x1x2x3,

which is 15 - on [0, 173, as is also \/ f(x).
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Note that ¢ : Ry —> Ry is 2- ¢ iff ¢ is increasing and concave. And ¢ is
k-¢ Vk e Niffitis a socalled Bernstein function.

Remark4 When lookmg at Theorem 1| one might believe that perhaps each 1; - 1
function on [0, 1]¢ has the property shown there for multilinear polynomials f arising
from a 1; - 1 pseudo-Boolean function f. This is not the case:

Let againk = 2,d =3 and a := (%, % %); the d.f. ¢ of g, (on [0, 1]3) is given
by ¢ = 14,1}, itis (even) 15 - 1. Let further g1 = g» = g3 be the d.f. of the uniform
distribution of [0, 1]%, i.e. gi(s, 1) = st. Then ¢ o (g1, g2, g3) = 14 with

{ i)
A:=1{(s,1) €[0,1] Istzz

and this function is not 1; - 1 because

11
(.0
AT =-1.
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