W) Check for updates

Received: 8 September 2021 Revised: 6 July 2022 Accepted: 12 July 2022

DOI: 10.1002/zamm.202100418

ORIGINAL PAPER ZAMM_

On the interplay of anisotropy and geometry for polycrystals
in single-slip crystal plasticity

Dominik Engl' | Carolin Kreisbeck”

IMathematical Institute, Utrecht

University, Utrecht, The Netherlands In this paper, we investigate a variational polycrystalline model in finite crystal
2Mathematisch-Geographische Fakultt, plasticity with one active slip system and rigid elasticity. The task is to determine
Katholische Universitit inner and outer bounds on the domain of the constrained macroscopic elasto-

Eichstitt-Ingolstadt, Eichstitt, German . . . .
8 Y plastic energy density, or equivalently, the affine boundary values of a related

Correspondence inhomogeneous differential inclusion problem. A geometry-independent Taylor
Carolin Kreisbeck, inner bound, which we calculate directly, follows from considering constant-
Mathematisch-Geographische Fakultit,
Katholische Universitit
Eichstitt-Ingolstadt, Ostenstrafie 28, 85072 and convex integration results. On the other hand, we deduce outer bounds from
Eichstitt, Germany.

Email: carolin.kreisbeck@ku.de

strain solutions to a relaxed problem in combination with well-known relaxation

a rank-one compatibility condition between the affine boundary data and the
microscopic strain at the boundary grains. While there are examples of polycrys-

Present address tals for which the two above-mentioned bounds coincide, we present an explicit
Dominik Engl,
Mathematisch-Geographische Fakultit,
Katholische Universitit
Eichstitt-Ingolstadt, Ostenstrafie 28, 85072
Eichstitt, Germany.

construction to prove that the Taylor bound is nonoptimal in general.

Funding information

Universiteit Utrecht, Grant/Award
Number: Westerdijk Fellowship; Dutch
Research Council (NWO), Grant/Award
Number: TOP2.17.01

1 | INTRODUCTION

Most elastoplastic solids are polycrystalline, meaning that they consist of rotated copies of single crystals, called grains,
which form patterns on a mesoscopic length scale in between the micro- and the macroscopic one. The grain structures
impose restrictions on still finer substructures and highly influence the effective material response of the solid. In this
paper, we contribute to the analysis of the attainable macroscopic strains of polycrystals, focusing on a model of crys-
tal plasticity with one active slip-system and rigid elasticity. The overall goal is to obtain a deeper understanding of
boundary interaction, global compatibility, and the interplay between slip mechanisms and texture in a geometrically
nonlinear setting.

Our approach originates in the time-discrete variational framework introduced in Refs. [15, 37, 42] for modeling rate-
independent processes arising in single-crystal finite plasticity. The first relaxation results for such problems, facilitating
the description of the effective material behavior by minimizing out microstructural effects, go back to Conti and Theil
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[16, 22]. They determine the quasiconvexification of the elastoplastic energy density for the first time-incremental problem
under the assumptions of one single slip system and elastically rigid behavior. As shown in Conti et al. [19], the relaxed
energies of Conti [16] result via approximation by I'-convergence from models with elastic energy in the limit of diverging
elastic constants. For more recent work on relaxation in models with two or more slip systems, we refer to Refs. [18, 20,
45]; see also Refs. [1, 2] for related studies in the context of strain-gradient plasticity.

Compared with the single-crystal case, the analysis of polycrystals holds additional challenges related to the geometry
and orientation of the different grains, as well as to the compatibility of microstructures across grain boundaries; in the
context of linear and nonlinear elasticity, the latter has been studied in Refs. [11, 12] and [6, 7], respectively. The description
of polycrystal geometry in Ref. [6] by Ball and Carstensen in combination with the modeling of Refs. [16, 22] constitutes
the basis for our framework of polycrystalline finite crystal plasticity with one active slip system under the assumption
of elastically nonlinear but rigid behavior; the detailed setup is given in Section 1.1. Let us remark that the stress is not
well-defined in this elastically rigid strain-based setting; for an analysis of a stress-based formulation of polycrystal perfect
plasticity, see Kohn and Little [31]. Mathematically, the macroscopically attainable strains can be described via a specific
inhomogeneous nonlinear differential inclusion subject to affine boundary conditions, similar to the approaches in poly-
crystalline shape-memory materials [12, 32], where stress-free strains are studied based on elastic energy minimization.
The general theory of differential inclusions (or multivalued differential equations) has been an active field of research
over the last decades with strong methods and results, which are especially rich in the homogeneous case, see, for example,
Refs. [39, 46, 47] and the references therein. In the inhomogeneous case, where the target sets feature spatial dependence,
we refer to Miiller and Sychev [40] for the existence of Lipschitz solutions, and to Mandallena and Sychev [36] for a
recent generalization of the latter in the context of Sobolev solutions. The techniques of Koumatos et al. [33] allow, among
others, the construction of Sobolev functions with prescribed Jacobians under a so-called uniform tight containedness
assumption. However, there is—to the best of our knowledge—currently no available abstract methodology that is able
to accommodate the particular setting of this paper—even though, considering related homogeneous inclusions does
provide some partial insight.

This work addresses different aspects related to the solvability of inhomogeneous differential inclusions used to describe
the macroscopic deformation behavior of elastoplastic solids. We first identify a simple geometry-independent sufficient
condition by combining a new characterization of globally affine solutions to a relaxed version of the problem with well-
known relaxation and convex integration results [22, 41]. On the other hand, necessary conditions are due to compatibility
constraints following from a generalized Hadamard jump condition [4, 30] applied to the boundary grains. While the
sufficient and necessary conditions turn out to provide a characterization for specific polycrystals, we show that they do not
coincide in general though. The argument is based on an explicit construction of finitely piecewise affine maps that satisfy
fixed boundary conditions and incompressibility, and is as such known to be a delicate issue. Here, we take the geometric
setup of the rotated-square construction in Refs. [21, 43] as inspiration for a suitable sheared-square construction. A more
detailed overview of our findings is given in Section 1.2.

1.1 | Setup of the problem

In the following, we describe our two-dimensional model for single-slip polycrystal plasticity. Starting from the theory
of finite plasticity for single-crystalline structures (cf. [15, 37, 38, 42]), we adopt a geometrically nonlinear model for the
deformation behavior of an elastoplastic body where the deformation gradient

Vu =F = FyFy 11)
is split multiplicatively into an elastic part F and a plastic one Fy, as proposed in Refs. [34, 35]. For recent discussions
about this decomposition and possible alternative modeling approaches, see Refs. [17, 24, 25]. With Equation (1.1) at hand,

the elastoplastic energy is given in terms of the condensed energy density

W(F) = FEIITI{IIT I(Wel(Fel) + Wpl(Fpl) + DiSS(Fpl)), (1.2)

where W is the elastic energy contribution, W, represents the plastic potential, and Diss encodes dissipative effects. We
invoke a setting of rigid elasticity, meaning that the elastic parts F,; are contained in the set of rotations SO(2) almost
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FIGURE 1 A visualization of a polycrystal (Q, R,), where the green and orange domains are boundary and interior grains, respectively;

the arrows indicate the orientation of the slip directions R,.e; and the black dots at the boundary highlight the boundary dual points

everywhere and do not contribute to the energy, that is,

0 ifF, €S0(2),
Wel(Fe1>={ ¢ (13)
co otherwise.

As the plastic strain in the context of single-slip crystal plasticity is a simple shear along one active slip system, determined
by aslip direction s € S! and slip-plane normal m = s*, one has that F, ol = 1d +ys ® m,wherey € R quantifies the plastic
slip, and Equation (1.2) becomes

p

2 _ 5 = p :

W(F) — (lle 1)2 |7’| lfF € MS’ F c RZXZ’ (14)
1) otherwise,

for p > 1, cf. [16, 22]. Here, the choices p = 1 and p = 2 model dissipation and linear hardening, respectively, and
M, :={F € R>? : detF =1,|Fs| = 1} 1.5)

we often use the short notation M := M,,.

In our polycrystalline setting, the active slip direction within the body is location-dependent and determined by the
orientations of the individual grains. To be more precise, let us first give a definition of the term “polycrystal,” which is
based on Ball and Carstensen [6, Section 2] and tailored to our crystal plasticity model, see Figure 1 for illustration. We say
that a pair (Q, R,) with a reference configuration Q C R? and a texture R,, : Q — SO(2) is a (two-dimensional) polycrystal
if these conditions are satisfied:

* Qisabounded Lipschitz domain and has a partition (up to a set of measure zero) into N € N regular bounded Lipschitz

domains Q,, ..., Qy C Q, called the grains of (Q, R,.), that is,

N
Q =int U ﬁk and int ﬁk =Q forallk € {1,...,N}, (1.6)
k=1

where 6 and int (-) denote the closure and interior of a set;
* R, : Q- SO(2)is constant on each Q for k € {1, ..., N} with

Ry, #*R if H'(0Q, NdQy) > 0forallk #1 €{1,...,N}, 1.7)

g,

where H! is the one-dimensional Hausdorff-measure; otherwise, two grains can be merged into one. The image of R,
is denoted by R..(Q).
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With the default choice of the slip direction e; on unrotated grains of the polycrystal (Q, R,.), each grain Q; can be viewed
as a single crystal with slip direction R,|, e;. The set of attainable microscopic strains on Q, is then given by

1y

Mg, ¢ = MRI 1.8)

+lg *lay
Note that polycrystals with exactly two grains differ intrinsically from single-crystals with two active slip systems subject
to latent hardening, as studied in Refs. [20, 45]. This is because the slip directions are tied to the grain structure and may
not be chosen arbitrarily at any point within the occupied region.

We distinguish between interior and boundary grains: the boundary of an interior grain Q is contained in the boundary
of others, that is, dQ C |, 4k 0Q; all remaining grains are called boundary grains. Furthermore, we introduce the points
on dQ where at least two boundary grains meet as the boundary dual points of (Q, R,.), in formulas,

U oo néenaq. (1.9)
1<k<I<N
With v the outer unit normal of Q, we set
A(Q,R,) :={x € 0Q : v(x) exists and x is not a boundary dual point of (Q, R,)}. (1.10)

A variational approach to the deformation behavior of a polycrystal (Q, R,) requires the inhomogeneous microscopic
energy density

P
2

2 : T
W(x,F) = {(lFR*(x)ezl D2 HFEMRX),  cq Fer?e, (1.11)

I otherwise,

which results from rotated versions of the corresponding density in the single-crystalline case (1.4). Following the work
by Bhattacharya and Kohn [12], we define the macroscopic energy density via averages of the microscopic one and
optimization over all possible microstructures forming within the grains, that is,

1
War)(F) = inf — / W(x,Vu)dx, F e R>*?, (1.12)
n uewleq:r2) [Q] Q
u=Fx on Q)

In this article, our goal is to characterize (inner and outer bounds on) the domain of W q, ), which involves a deeper
understanding of the inhomogeneous partial differential inclusion

Vu(x) € MRI(x) forae.x€Q, P
u(x) = Fx for x € 0Q, M
where u € W (Q;R?) is the unknown and F € R**?; in fact, W(q r ) is finite exactly on
Fu(Q,R,) :={F € R?2 : there exists a solution u € Wh*(Q; R?) to (P )}, 1.13)

considering Equations (1.11) and (1.12). We point out that the special linear group of degree two constitutes a trivial outer
bound

Fu(Q,R,) CSI(2) :={F € R>? : detF = 1} (1.14)

for any polycrystal (Q, R,,). This follows from the observations that the solutions to (P,,) are locally volume-preserving
and that the determinant is a null Lagrangian.
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In the case that (Q, R,) is a single-crystal, that is, the texture R, is constant on all of Q, the set of attainable macroscopic
strains has been identified via a relaxation-type argument in Conti and Theil [22] as F,,(Q, R,.) = N, with s = R.e; and

N, :={F € R®>2 : detF = 1,|Fs| < 1} = MY = MY = M, (1.15)

where MY° (MPC, M™) is the quasiconvex (polyconvex, rank-one convex) hull of M, see Equation (2.3) for the defini-

tions; we set N 1= W, ¢,- The proof technique of Conti and Theil [22] exploits—besides classical results on homogeneous

partial differential inclusions with Lipschitz solutions (e.g., Miiller [39], Theorem 4.10])—the seminal work by Miiller

and SvVerak [41], which in turn extends Gromov’s theory [28, 29] of convex integration and its applications. This relaxation

result in the single-crystal case motivates to study also the relaxed inclusion problem

Vu(x) € NRI(x) forae. x€Q, )
u(x) = Fx for x € 9Q, N

with unknown u € Wh®(Q; R?) and F € R?*?, to gain insight into the structure of F,,(Q, R,.).

The fact that (P,) and (P,) are nonconvex inhomogeneous differential inclusion problems whose target set is
unbounded makes them nonstandard. In particular, the results of Refs. [33, 36, 40] are not applicable and, naturally,
the classical theory of homogeneous inclusions is limited in providing useful new insight. Given that the solvability of
(P ) and (P ) depends fundamentally on the interaction between the shape, size, and orientation of the grains, which
makes the analysis many-faceted.

1.2 | Overview of the main results

Throughout this paper, let (Q, R,.) be a polycrystal. To analyze the set of attainable macroscopic strains F,,(Q, R,.), we
identify inner and outer bounds, and show that they coincide under suitable conditions on the texture.

Two geometry-independent inner bounds are tied to the assumption of constant strain, which can be traced back to the
early works by Taylor [48] and Bishop and Hill [14]. Precisely, we consider the sets of globally affine solutions to (P ,,) and
(P ), given by the finite intersections

Tu®(Q) 1= [| MRI@)  and  Ty(R.(Q) := (] NRI); (L16)

XEQ xeQ

notice that these sets are independent of the size and shape of the grains and only take the orientation of the slip systems
into account. Based on the work on single-crystal plasticity by Conti and Theil [22] (see also Proposition 3), it holds that

TiR.(Q)) C Ty (R.(Q)) C Fp(Q,R). (1.17)
We refer to 7,(R,(Q)) and T, (R,.(Q)) as the Taylor bound for the differential inclusions (P ,) and (P /), in analogy to the
terminology in Bhattacharya and Kohn [12, Section 2.4] and Kohn and Niethammer [32, Proposition 2.1] on polycrystalline
shape-memory materials.
Our first main result shows that 7/(R,(Q)) depends, in fact, on at most three specific orientations of the polycrystal.
Proposition 1 (Characterization of the Taylor bound for (P,/)). Suppose that R, attains the values
Rg,...,Rg, for0=0, <..<0y <mwithN >2 (1.18)

on the grains of (Q, R,,), and let Oy 1 = 7. Then,

Ty(R.(Q)) = N nNR; NNR; o (1.19)

wheren € {1, ..., N} is uniquely determined by the relation 6,, < g <641
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Considering that polycrystals generally consist of large number of grains with different orientations, this result sim-
plifies the computation of this bound considerably, facilitating even an explicit analytical representation as discussed in
Remark 2 (e). In particular, we identify necessary and sufficient conditions on the slip directions such that 7/(R,(Q)) is
trivial, that is, identical to the set of rotations SO(2), see Corollary 1.

A key ingredient for deriving outer bounds on the attainable macroscopic strains is the generalization of the classical
Hadamard jump condition [8] formulated in Theorem 3. This tool puts us in the position to derive an outer bound on
F i (Q,R,) by analyzing the rank-one compatibility between the macroscopic and microscopic strains at the boundary
grains of the polycrystal. In particular, if the outer unit normal of Q is, in a point, perpendicular to the slip orientation s;
of the associated boundary grain Q;, then F,,(Q, R,.) is contained in N,. The following statement is a simplified version
of Proposition 5 below.

Proposition 2. Let Q4, ..., Qy; with M € N be the boundary grains of (Q,R,) and letJ C {1, ..., M} be the set of all indices i
such that there exists x; € dQ; N 9(Q, R,) with v(x;) - R, |, e; = 0. Then,

Fu(Q,R,) C ﬂ NR|g,- (1.20)

ieJ

Observe that the outer bound in Equation (1.20) has the same overall structure as the aforementioned inner bound
Ty (Q; R,) and can thus be simplified and expressed in the same way, cf. Proposition 1. In particular, Proposition 2 allows
us to conclude for examples of polycrystals with sufficient symmetry and selected bicrystals (see Examples 4 and 5) that
the attainable macroscopic strains coincide with the globally affine solutions of (P /), that is, F,,(Q, R,.) = T (R,.(Q)).

The Taylor bound for (P ), however, is not always optimal, meaning that the second inclusion in Equation (1.17) is strict
in general. To see this, we employ a geometric setup similar to the construction in Refs. [21, 43] and design a polycrystal
together with a continuous and finitely piecewise affine solution to the relaxed problem (P 5-) with boundary values outside
of the Taylor bound, which then gives rise to a Lipschitz solution to (P,,) via Proposition 3.

This article is outlined as follows. A few preliminaries and mathematical tools for the analysis of the inclusions (P,,) and
(P ) and the corresponding sets M, and N are collected in Section 2. The focus of Section 3 is the characterization and
discussion of the inner Taylor bounds. Outer bounds resulting from rank-one compatibility conditions at the boundary
grains are derived in Section 4 and illustrated by a few examples. Finally, we address the question of optimality of the
Taylor bound for (P /), proving in Section 5 that this is not the case in general.

2 | PRELIMINARIES
2.1 | Notation

Throughout this paper, we use the following notation. The standard basis vectors in R? are denoted by e;,e,, and S! =
{x € R? : |x| = 1} is the one-dimensional unit sphere with respect to the Euclidean norm. We write a - b for the standard
scalar product of two vectors a,b € R2, and define their tensor product a ® b as (a ® b); = a;b j for i, j € {1,2}. The
space of real 2 X 2 matrices is equipped with the Frobenius norm | - |. Moreover, SI(2) consists of all matrices in R**? with
determinant equal to one, and SO(2) denotes the set of rotations in R2%X2: we write

Ro = cos@ —sinf
97 \sin6 cos6

> € S0(2) 2.1
for a rotation by an angle 6 € R, and define a* = Rz a for any a € R?. For x € R%,v € S!,and r > 0, let
2

Bl (x,r)={y €B(x,r) : (y—x)-v>0} and B, (x,r)={y €B(x,r): (y—x)-v <0} 2.2)

where B(x, r) C R? is the open ball with center x € R? and radius r > 0. If not specified otherwise, the two-dimensional
Lebesgue-measure of a measurable set U C R? is denoted by |U].
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The product and sum of two sets 7, G C R2X2 are interpreted in the sense of Minkowski, thatis, FG = {FG : F € F,G €
Gland F+G={F+G : F € F,G € G}. We work with the following definitions of (finite) generalized convex hulls: If
F c R?*2 then

Fi 1= {F € R®? : h(F) < sup h(G) for all h : R*? — R quasiconvex}, (2.3)
GeF

is the quasiconvex hull of 7, and F is called quasiconvex if ¥ = F9°; the polyconvex and rank-one convex hulls 7P¢ and
F'¢ as well as polyconvexity and rank-one convexity of F are introduced analogously. More details on the generalized
notions of convexity for sets can be found in, for example, Dacorogna [23, Chapter 7].

For a set U C R?, we define the indicator function 1 as 1(x) = 1 for x € U and 1;(x) = 0 otherwise. Throughout,
we adopt the standard notation for Lebesgue spaces, Sobolev spaces, spaces of functions of bounded variation, and spaces
of continuously differentiable functions; particularly, L*(U; R2), Wh®(U; R2), BV ,.(U; R¥?), and C}(U; R?) for open
U cR2

2.2 | Technical tools and auxiliary results
We begin with the following connection between the differential inclusion problem (P,,) and its relaxed version (P /).

Proposition 3. If there is a continuous, finitely piecewise affine solution to the relaxed problem (P /), then there exists a
Lipschitz solution to (P ) with the same boundary values.

This result is based on the analysis in the paper [22] by Conti and Theil on a model in single-crystal plasticity with
one active slip system. More precisely, it follows from Conti and Theil [22, Theorem 4] applied to the intersections of the
individual grains with the affine components of the solution to (P /), along with Conti and Theil [22, Lemma 2], which
again relies on the convex integration theory by Miiller and Sverék [41, Theorem 1.3].

As a consequence of Proposition 3, one obtains an inner bound on F (€, R,.) by identifying globally affine solutions to
(P ), cf. (1.16) and Section 3.

The subsequent auxiliaries on rank-one connectedness with the sets Ny are used in Section 4 in the context of
outer bounds resulting from the rank-one compatibility at the boundary grains. Considering that SI1(2) is a trivial outer
bound for all polycrystals, it suffices to restrict the discussion to this class of matrices. We first introduce the following
terminology.

Definition 1 (v-compatibility). Let v € S!, A € R?*?, and B c R>2. We call A v-compatible with 3, if A is rank-one
connected to B C R**? along linear interfaces with normal v, that is, if there exists a € R2suchthata® v € B— A, or
equivalently, if Av' € By,

The next lemma gives a simple condition for the rank-one connectedness between a given element in SI(2) and V. Our
calculations are based on the observation that, for any s € S1, the set N consists of matrices of the form

R(ﬁs®s+%sl®sL+ys®sL) (2.4)

with R € SO(2), B € (0,1] and y € R; notice that Ny = N, ST = N'ST with S = (s|s) € SO(2). Moreover, we remark
that any element in the larger set SI(2) is characterized by Equation (2.4) if one allows for arbitrary § > 0.

Lemma 1. Lets,v € S with s - v # 0. Further, let F € SI(2), which is assumed to be represented as in Equation (2.4) with
R €S50(2), B > 0, and y € R. Then the following statements are equivalent:

(i) F isv-compatible with N;
(ii) F is v-compatible with M;
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(iii) it holds that

2

L
<SS‘VV6+)/> +%21. (2.5)

Proof. We start with a useful general equivalence: any two matrices G, G € SI(2) of the form (2.4) with R = Id, R € SO(2),
B,B > 0,7,7 € R, respectively, satisfy

Gvl =Gyt (2.6)
if and only if
Ssevt _
B~ +7=Ns,y(B.7)Rs, 2.7)
1 _
E = Rs* - Ny, (B, 1), (2.8)
with
s-vt 1
N;»(B,y) = < P +7>S+ 75 (2.9

this follows simply via scalar multiplication of Equation (2.6) with Rs and Rs*.

To show the implication (i) = (iii), let F be as in the statement and assume without restriction that R = Id. Suppose
that there exists F € N of the form (2.4) with § € (0,1], 7 € R, and R € SO(2) such that Equations (2.7) and (2.8) hold.
Estimating the right-hand side of Equation (2.8) yields

2

1
vv B+ 7) + % (2.10)

S.
S.

1< % < |Ns,v(ﬁ’7/)|2 = <

which is the desired inequality (2.5).

As for (iii) = (ii), assume that Equation (2.5) is fulfilled and take § = 1. It remains to find # € R and R € SO(2) such
that Equations (2.7) and (2.8) are satisfied. For R, it is enough to determine Rs*, which follows from considering solutions
testto

1=¢§-N,(B,7) (2.11)

these exist since [N, (8,7)| > 1 due to Equation (2.5). Therefore, Equation (2.8) is true and 7 is uniquely determined by
R, 8 and Equation (2.7). Since the implication (ii) = (i) is trivial, the statement is proven. O

The next remark addresses the case of s--compatibility with the sets A and M.
Remark 1. Lets € S' and F € SI(2).
(a) Basic geometric arguments show:

F is s*-compatible with N if and only if F € N;

F is s*-compatible with M, if and only if F € M.

Observe in particular, that the equivalence (i) < (ii) in Lemma 1 is not valid in this case.
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(b) Let D C S! be dense in S'. It holds that F is s*-compatible with N if and only if F is v-compatible with N for all
v € D. Indeed, assuming that +s* ¢ D, that is a consequence of (i) < (iii) in Lemma 1 since

te (tB+y) + L 51 onadense subset of R (212)

B~
if and only if |[Fs| = 8 < 1, which is equivalent to the s*-compatibility of F with N due to a).

The last auxiliary result follows from a slight modification of the first step in the proof of Conti et al. [20], Theorem
1.1], according to which the generalized convex hulls of M,, U M., coincide with SI(2). Instead of the two orthogonal slip
directions e; and e,, we consider here two linearly independent orientations s, s’. Alternatively, the next proposition can
be seen as a consequence of the sharper result Schubert [45, Lemma 4.17], where the lamination convex hull of Mg U M
is identified as SI(2), using first-order laminates. For the reader’s convenience, we include the simpler proof based on the
strategy in Conti et al. [20].

Proposition 4. Lets,s’ € S' with s’ # +s. Then,
(MU Mg)© = (MzU Mg)I€ = (Mg U Mg)P° = SI(2). (2.13)

Proof. In light of

(N U N = (ME UM = (M;UMyg)' C (MU Mg)P° CSI2), (2.14)
cf. (1.15), it suffices to prove that SI(2) C (N U Ny ). To this end, we show that any F € SI(2) can be expressed as a convex
combination of rank-one connected matrices F, F_ € N U Ny, and exploit that the lamination convex hull is contained
in the rank-one convex hull [23, Theorems 7.17 and 7.28].

Suppose without loss of generality that F € SI(2) \ (N U Ny ) and consider the rank-one line

t—F,=FId+t(s +s) ® (s — 5")), (2.15)

along which the determinant is constant by construction; also, assume that Fs - Fs’ < 0, otherwise switch the roles of
s+ §' and s — §’ in the rank-one line. Then it holds that

|F(s +s")|> = |Fs|? + 2Fs - Fs' + |Fs'|> < |F(s — 5')|?, (2.16)
with equality if and only if Fs - Fs’ = 0. If the latter is satisfied, the estimate
det(Fs|Fs') = detF det(s|s’) = det(s|s’) < 1, (2.17)
implies that min{|Fs|, |Fs’|} < 1. However, this contradicts F € SI(2) \ (N U Ny ), which is why we take |F(s + s")| <
|F(s — s")| in the following.
The quadratic function
p:R->R, t+|F(s—=5)?—|F(s+s)? (2.18)
then satisfies (0) < 0and ¢”" > 0 pointwise. The latter is a direct consequence of |F;(s + s")| = |F(s + s')| forevery t € R,
utilizing that (s + s’) - (s — s’) = 0. Hence, there existt_ < 0and ¢, > Owith ¢(t,) =0,sothat F_ :=F, andF, := Fy,

satisfy |F, (s + s")| = |F.(s — s')|. Exactly as before, one concludes that min{|F, s|, |[F,s'|} < 1, and thus, F, € N, U Ny,
as desired. O

The previous result is used in Section 4 to explain why considering boundary dual points, cf. (1.9), does not add any
nontrivial contributions to outer bounds emerging from rank-one compatibility at the boundary grains.
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3 | AGEOMETRY-INDEPENDENT INNER BOUND

In this section, we identify and characterize inner bounds on F,,(Q, R,.) in terms of the globally affine solutions to (P )
and (P ). Note that such solutions merely take the occurring slip directions, but not the geometry of the grains, that is,
their size and shape, into account. The expressions to be determined are the Taylor bounds 7,(R,.(Q)) and T (R.(2))
given by the finite intersections in Equation (1.16), which, in light of Proposition 3, satisfy the relation

TMmR.(Q)) C Ty (R(Q)) C Fpi(QR,). (ERY)

First, we prove Proposition 1, showing that 7,/(R,(Q)) depends on at most three slip orientations, no matter the number
of grains of the polycrystal (Q, R,.); the same statement is valid for 7,(R,(Q)), see Remark 2(f) below.

Proof of Proposition 1. We first establish an explicit expression of the intersection N'N N Rg with 6 € (0, 7). In light
of Equation (2.4) for s = ey, it holds that F € N if and only if F = S(Belléez + ye;) for some S € SO(2),8 € (0,1], and

y € R. In order to characterize 8 and y such that FRy € N, we observe that det(FRg) = det F = 1 and that the constraint
|[FRgeq| < 1 can be rewritten as

. . 1 .
0> |FRge;|> —1 = y?sin” 0 + 2yB cosBsin 6 + 2 sin” 6 + B2 cos? 6 — 1. (3.2)

As the right-hand side is quadratic in y with positive leading coefficient, it suffices to determine its zeroes to solve the
inequality (3.2). In doing so, we find that

N N NR] =SO2)p(Ag) (3.3)
with 3 : (0,1] X R - N given by (8,7) — (Belléez + yeq) and

Ao ={(B.7) €R? : B [sin6,1],y € T(6,B)}, (3.4)

where
I'©,8) =[r-6,8),7+6,)] cR withy,(6,B) = =B cotd + 4/(sin6)2 — 2 (3.5

for 6 € (0, 7) and 8 € [sin 6, 1]. Moreover, note that (1,0) € Ag for any 6 € (0, 7) and that

Ag ={(1,0)} ifandonlyif 6= % (3.6)

In light of Equation (3.3) and the injectivity of ¢, one immediately obtains through iteration that

Tyv(R.(Q)=Nn NR;CZ N..N NRgN = S0(2)%(Ag, N ... N Ag,), (3.7

recalling that 6; = 0.

In the following, we discuss the casesn = N,n = 1, and n ¢ {1, N} separately.

Step I: The case n = N. The essence of this step is the observation that the sets Ag, fori = 1,..., N are strictly decreasing
nested sets, that is,

Ng, 2 - 2 Agys (3.8)

=

the representation (3.7) then simplifies to 7(R,.(Q) = N NN RQTN, which results in Equation (1.19), given that N'RL =

N, cf. also Remark 2 (¢). Since the sine function is strictly increasing in (0, %), it suffices for Equation (3.8) to prove that

I'6,8) ¢ T(B,B) foranyb,b e (0, %) with8 <6 and g € [sin6,1]. 3.9
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To this end, we show that gy, (6, 8) < 0 and dgy_(6,8) > O forall & € (0, %) and 8 € (sin6, 1), cf. (3.5); thecase § = 1
is treated separately below. A direct calculation yields that

367+(6,8) = 9 (B cot& + /(sin€)2 — 62

=L |pg——C8 = L <\//32 —sin’6 1cos6>, (3.10)
sin” 0 \/1-p3"2 sin” 6 sinze\/l—ﬁ—zsin26

where the first factor is clearly positive; the second factor is strictly increasing in § on (sin 6, 1] with boundary values

/ Fcosb if 8 = sin 6,
52— sin? 6 F cos 6 = {+ cos if § = sin 311

cos@ Fcosb iff =1,

which implies the desired monotonicity of y (6, 8) and y_(6, 5) in 6.
For 8 = 1, we compute that

6.1 {[—2cot9,0] if6 € (0,), a1

[0,—2cot8] iffe [%,71),

from which Equation (3.9) follows immediately in that case.
Step 2: The case n = 1. Now, let % <6, < ... < Oy. In this case, formula (3.7) reduces to T+ (R.(Q) = N NN Rgz since

the chain of inclusions in Equation (3.8) is reversed. The latter is due to the monotonicity of the sine function in [%, ), as

well as the symmetry of the upper and lower bounds in Equation (3.5) around % in the sense that
Ve T
7:G+6,8) = =25 -6,8) (3.13)
for 6 € (0, %) and 3 € [sin(% — 0),1]. Precisely, combining Equation (3.13) with the arguments of Step 1 yields that
I'©®,8) ¢ T@é,B) forany6,6e (%,7{) with @ < 8 and § € [sin6,1]. (3.14)

Step 3: The case n & {1, N}. Applying the conclusion of Step 1 to N N..NN Rg and the results of Step 2 to N' N
NRg, , N...0n NRg, gives

ThR(Q)=NNNR; N..0NR; NNR; n..nNR; =NnNR, NNR] |, (3.15)
2 n n+1 N n n+1

as stated. O
Remark 2. Let (Q, R,) be as in Proposition 1and n € {1, ..., N} with 6,, < % <6,41-

(a) Observe that SO(2) C Ty (R,(Q)) for any polycrystal (Q, R,.). Therefore, we call the Taylor bound 7, (R,.(Q)) trivial if
Ty (R.(Q) = SO(2).

(b) The Taylor bound 7,/ (R.(Q)) is polyconvex as the intersection of polyconvex hulls, and it is compact whenever (Q, R,.)
is not a single-crystal. One way to see this is via the representation formula (3.3)—(3.5), where 7 (R, (Q)) is expressed
as the image of a compact set under a continuous map.

(c) If 6, < % (or 6 > %) for all k € {2,..., N}, then only two values of R,, precisely Ry, and Rg, (or Rg, and Ry,), are
sufficient for characterizing the Taylor bound, which follows directly from Steps 1 and 2 in the proof of Proposition 1.
This observation is in agreement with Equation (1.19) since N’ Rgl =N =NRL = NRY

6N+1‘
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FIGURE 2 Dependence of the Taylor bound on exactly three slip directions (marked in red); here, n = 4 and
Tx({Rg,» > Ro, ) = Tyr({Rg,, Ry, Ro. D)

-2 cot(6s)

-2 cot(6s)

-2 cot(62)

FIGURE 3 Illustration of sets A, for some choices of 6. Here, the blue, red, and green areas describe Ag,, Ag,, and Ay, with

6, =

(d)

(e)

)

T 2r 9T .
—,0; = =, and 6, = —, respectivel
1037 10’ AT P y

Proposition 1 shows that the Taylor bound depends on at most three different slip orientations. Indeed, it involves the
slip direction s = e;, corresponding to 6; = 0, and at most two others that are closest to e,, see Figure 2. For a more
general setting without the restriction 8; = 0, we refer to Remark 3.

Let F € N be represented by F = S(Belléez + ye;) with S € SO(2), 8 € (0,1], and y € R. As a consequence of the

previous proof, one can extract the following useful equivalence for explicit calculations: in fact, F € T (R,.(Q)) if
and only if

B,7) € A, N g, (3.16)

or equivalently,

B € [max{sin6,,sin6,,,,},1]and y € T'(6,,, B) N (6,41, ), 3.17)

see also Equations (3.4) and (3.5). The sets Ag for 6 € (0, ) (as well es their intersections) can be illustrated as in
Figure 3; in particular, this figure depicts both the properties that Az, , emerges from Az_, for6 € (0, %) via reflection

2 2
(see the green and blue areas), as well as the nested structure in Equation (3.8) (see red and blue).
Regarding the Taylor bound for the unrelaxed problem (P,,), we find that 7,,(R,.(Q)) is compact for any nontrivial
polycrystal and that

Tm(R.(Q) = SO(2) (3.18)
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ifand only if n ¢ {1, N}. It is evident from the calculations in the proof of Proposition 1 that
MNMR] = S0y ({1}xT(1,6)) (3.19)

for any 6 € (0, ), where I'(1,0) is given in Equation (3.12). The identity (3.19) can be visualized by considering the
“right boundary” Ag N ({1} X R) of Ag in Figure 3.

Based on Proposition 1, we now provide a necessary and sufficient condition on the orientations of a polycrystal (Q, R,.)
such that T (R, (Q)) is trivial.

Corollary 1 (Trivial Taylor bound). Let (Q, R,.) be as in Proposition 1. Then, the Taylor bound T, (R..(Q)) is trivial, that is,
Ty (R.(Q)) = SO(2), if and only if there exists n € {1,...,N — 1} such that

% € [6,,0001] and 6., —6, < % (3:20)
Proof. Step 1: Sufficiency. If 6,, = % for some n € {2,...,N — 1}, then any F € T (R,(Q)) satisfies
detF =1, |Fe;|<1, |Fey|=|FRge|<1. (3.21)
Therefore, F must be a rotation. Indeed, we estimate
1 =detF = (Fe;)* - (Fe,) < |Fe,||Fe,| <1, (3.22)

which implies that |Fe; | = |Fe,| = 1; in combination with det F = 1, this implies F € SO(2). The same arguments can be
used to treat the case 8,1 = % forsomen € {1,...,N — 1}.
It remains to show the claim for the case when 0 < 6,, < % <6, 56, + % < rmforn €{2,..,N — 1}. We apply Propo-
sition 1 twice, once to (Q,R,) and then again to another polycrystal (Q,R,) with R,(Q) = {Rs,,Rg,,Rs R@ . 7} to
)

n+1’

conclude that

TyR(Q)=NNNRy NNR; =NnNRy NNR; nNRD - =Ty(R(Q). (3.23)

2
The right-hand side is trivial since N° Rg nN Rg . =N NNRL )Rg = SO(2), which yields the statement.
n nt3 3 n
Step 2: Necessity. Arguing by contraposition, assume first that either 6, < % or O > % for all k € {2, ..., N}. These two
scenarios correspond exactly to those of Steps 1 and 2 in the proof of Proposition 1, where it is shown that

Ty (R.(Q) =SOQ)p(Ag,) or Ty (R.(Q)) =SOR)p(Ag,), (3.24)

respectively, cf. (3.4). Since the sets Ag, and Ag, contain strictly more elements than (1,0) due to 6,,0y # % and since 3
is injective with (8, y) € SO(2) exactly for (5,y) = (1,0), it follows that SO(2) € T (R..(Q)).
Now it remains to address the case when there exists a k € {2, ..., N — 1} such that 6, ., — 6, > %, or equivalently,

T

T
0<6 =<6
<k<2 k+2

<Oy <. (3.25)

To show that Ty (R,(Q)) = SO(2)(Ag, N Ag,,,) is strictly larger than the set of rotations, we show that there exists a
B € [max{sin 6, sin 6y}, 1) such that

L6k, B) NT(6ycv1,8) # 0, (3.26)
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see Equation (3.5) for the definition of the intervals I'(8, 8) and the associated boundary points y..(6, §). This implies that
Ag, N Ag,,, 21{(1,0)}, and hence, SO(2) ¢ Ty (R.(Q)) by the same arguments as above, as desired.
Finally, in order to verify Equation (3.26), we observe first that

V+Bk+1,8) 2 7-(61, B) (3.27)

for any § € [max{sin 6, sin 6,1}, 1]; indeed, by the properties of the cotangent, the left-hand side is always non-negative
and the right-hand side is non-positive, as 6;, € (0, %) and 6, € (%, 1) due to Equation (3.25). On the other hand, let

d(B) :=7+k:B) = 7-(Bic41, B) for § € [maxisin 6, sin Oy}, 1]. (3.28)

From Equation (3.12), one obtains immediately that d(1) = 0, and d’(1) < 0 follows from the calculation

d
d'(1) = d_5|ﬁ=1(7+(9k’5) = 7—(Bk+1,B)) = —cot O + tan O + cot Oy 41 — tan Oy,
= (cos B 41 cos Oy + sin Oy, sinGy) ! — !
h e k krl K\ sin Ok41 €080 €coSO,qSinby

_ _ SN — ) cosOr 41 — 1)

, 3.29
Sin 61 sin Oy cos 8,1 cos O (3.29)

under consideration of Equation (3.25). One can, therefore, find a 8 € [max{sin 6, sin 6;.,,}, 1) with d(8) > 0, that is,

Y+ 6k: B) > 7 (611, B)- (3.30)

Consequently, the combination of Equation (3.30) with Equation (3.27) gives that the intersection in Equation (3.26) is in
fact trivial, which finishes the proof of the necessity. O

Remark 3. We continue with two brief comments on the assumption that (Q, R,.) is a polycrystal as in Proposition 1.

(a) Note that considering only orientations induced by rotations with angles in [0, 7) (see Equation (1.18)) is no real
restriction, considering that plastic glide along the slip system is not unidirected. Formally, we have that N° Rg =N R6T+7r
for any 6 € [0, ), and analogously, for M in place of .

(b) The postulate in Equation (1.18) that the image R,(Q) contains the identity matrix can be made without loss of
generality. If R,(Q) = {Rg,, ..., Rg, } for angles 6, < ... < 6y with 6y —6; < 7, but not necessarily 6; = 0, it is not hard to
see that the results on the Taylor bounds in the case 6; = 0 carry over to this more general setting. Indeed, with the new
texture R, on Q given by R, = R*Rgl, we observe that R,(Q) = {Rg, _,, ..., Rg, s, } and

TyR(Q) = | NR.(X)T = [| MR, RL(x) = <ﬂ NRL (x)>Rel = Ty (R.(Q)Re,; (3.31)

xeQ xeQ xX€Q

and the same for M instead of V.

To illustrate the findings of this section, we discuss implications for random polycrystals with uniformly distributed
orientations. In particular, when the number of grains diverges, then it turns out that the Taylor bound for (P ) is trivial
almost surely. For an analysis of random polycrystals in the context of shape-memory alloys, see, for example, Bhattacharya
and Suquet [13].

Example 1 (Randomized polycrystals). Let (QF, RX) for each k € N be a polycrystal with at most (k + 1) grains. In this
example, the image RX(Q¥) is supposed to consist of the identity matrix Id and k rotations Rg,, ..., Rg, with uniformly
distributed angles 64, ... 6, € (0, 7); note that we do not impose any ordering of these angles.
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The basic observation for our analysis is that 7y (RX(Q¥)) = SO(2) if (61, ..., 6x) € (0, 7)¥ lies in

T 1= {(el, 8 € O, : (i, NRY NN = so<2)}. (3:32)

With the help of Corollary 1 and the elementary calculations in Lemma A.1, we conclude that

k+1
() =1 - T (3.33)

where y; 1= ik/lk and 4y, is the k-dimensional Lebesgue measure. Hence, u; (7;) — 1ask — oo. This means that a myriad
V4
of grains with uniformly distributed slip directions renders the Taylor bound almost surely trivial.

We conclude this subsection with a comparison of the Taylor bounds and another geometry-independent inner approx-
imation resulting from attainable affine boundary values of a canonically associated homogeneous problem, see (H ;)
below. The basis of this discussion is the combination of our previous results on 7,,(R.(€)) and 7, (R.(Q)) with the
well-established theory of homogeneous inclusions.

Remark 4 (Alternative inner bound via a homogeneous inclusion). Instead of characterizing globally affine solutions to

(P ) or (P) as done to obtain the Taylor bounds, we now consider Lipschitz solutions to the homogeneous differential
inclusion

Vu e [ MRI(x) = T (R.(Q)) ae.inQ,
xeQ (HM)
u=Fx on 0Q,

where u € W°(Q;R?) is the unknown and F € R>*2, Then, the set

H(R,(Q)) :={F € R¥? : there exists a solution u € W®(Q; R?) to (H ()}, (3.34)
constitutes a geometry-independent inner bound for F,,(Q, R..), which, however, does not improve 7,/ (R..(Q)) if (Q,R,)
has more than one grain. According to a classical result on differential inclusions as stated, for example, in Miiller [39,
Theorem 4.10] (applicable in view of the compactness of 7,(R..(Q)) by Remark 2 (f)) one has that

H(R,(Q) € Ta(R.(Q)NY C TRV C Ty (R.(Q)PF = Ty (R.(Q)), (3.35)

with the last identity due to Remark 2 (b). The inclusion H(R..(Q)) C Ty (R,.()) is in general even strict. For example, if
R.(Q) ={Id,Rx,Rsx}, then T),(R,.(Q)) is trivial by Remark 2 (f) so that H(R,(Q)) = SO(2), while T (R,.(Q)) 2 SO(2) by
6 6

Corollary 1.

4 | OUTER BOUNDS RESULTING FROM BOUNDARY GRAINS

4.1 | Generalized Hadamard jump conditions

By the classical Hadamard jump condition, the gradients of any continuous and finitely piecewise affine function u :
R? — R? need to be suitably rank-one connected. More precisely, if the sets {Vu = A} and {Vu = B} for matrices A,B €
R?*2 are separated by a line with a normal v € S, then there exists some a € R? such that

A—-B=aQ®v. (4.1)

Following-up the seminal paper by Ball and James [8], this fundamental result has seen several further generalizations
over the years. For instance, in the case of Lipschitz maps, rank-one compatibility conditions between the polyconvex
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hulls of the sets of essential gradients (i.e., the smallest closed set containing all gradients up to a set of measure zero)
on different sides of an interface are established in Refs. [4, 30]. The authors of Refs. [9, 10] show under additional regu-
larity assumptions, namely continuous differentiability up to the interfacial boundary or locally bounded variation of the
gradients, that the (approximate) gradients along the interface are rank-one connected pointwise (almost everywhere).
Recently, the Hadamard jump condition was investigated in the context of moving interfaces in Della Porta [26]; we also
refer to this paper for a more detailed overview of the history of the problem.

The following result is a slight reformulation of Ref. [30, Corollary 4] by Iwaniec, Verchota, and Vogel in the terminology
of Definition 1, which has been suitably adapted to the needs of this paper using the translation- and rotation-invariance
of the polyconvex hull of a set B C R?*? in the sense that (BR)P® = BP°R and (B + A)P° = BP¢ + A for any A € R>*? and
any R € SO(2).

Theorem 2 (Generalized Hadamard jump condition for planar interfaces). Let B C R?*? be closed, A € R>*?, andv € S'.
Ifu € Wh*(B(0,1); R?) satisfies
VueB aeinBl(0,1),
v(0.1) (4.2)
Vu=A ae inB,;(0,1),

then A is v-compatible with BP°.

The next theorem can be seen in turn as a special case of the work by Ball and Carstensen [4], often cited in the literature,
for example, in Refs. [5, 7, 9, 10]. However, to the best of our knowledge, the reference [4] has not yet been published, which
is why we include here a detailed proof for the reader’s convenience. The overall strategy [3] combines a blow-up argument
with Theorem 2.

Theorem 3 (Generalized Hadamard jump condition for curved interfaces). Let U C R? be a bounded Lipschitz domain such
thatU =U, u U, for two disjoint Lipschitz domains U,, U, C U with interface T := dU; N dU, N U. Further, let B C R?*?
be a closed set, A € R?*?, and suppose that x, € T is a point where the outer unit normal v(x,) of U, exists. If there is a
functionu € Wh*(U; R?) with

{Vu €EB aeinl,, (4.3)
Vu=A aeinUj,
then A is v(x,)-compatible with J3PC.
Proof. For ¢ > 0 sufficiently small, consider
v, : B(0,1) > R?, v.(x)= %(u(xo +ex) — u(xp)), (4.4)

observing that Vv, = Vu(xy+¢-) and v,(0) =0. Since u € W-®(U;R?), the sequence (v,), is bounded in
W(B(0,1); R?). Consequently, there exists a compact set K C R?*? such that Vv, € K a.e.in B(0, 1), and one can extract
a subsequence of (v, ), (not relabeled) such that

v, = in Wh(B(0,1); R?) (4.5)

with v € WH*(B(0, 1); R?). With the transformation ¥, : B(xy,¢) — B(0,1), x — lx - X,), one has by assumption that
€
Vv, € BNnK a.e.in ¢.(U; N B(xy,¢€)) and Vv, = A a.e. in ¢.(U, N B(x, €)). Next, we prove that

dist(Vv, BNK) - 0 in measure on B;r(x())(o, 1),

(4.6)
|[Vu, — Al - 0 in measure on BV(XO)(O, 1)
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FIGURE 4 Anillustration of the interface I' in a neighborhood of x,,, where the orange area depicts the set S,

as ¢ = 0. With S, := (U, AB;(xO)(xO,E)) N B(xy,€) = (U, /A Bt (x0,€)) N B(xy,¢), where /\ denotes the symmetric

v(xo)
difference between two sets (see Figure 4), the convergences in Equation (4.6) follow immediately from

[¥:(S;)] > 0 ase — 0. 4.7

To see the latter, recall that the interface I is locally the graph of a Lipschitz function and the unit outer normal v(x,) of
U, exists, so that

' N B(xg,€) = {xo — tv(xp)* + g(t)v(xy) : t € (—¢,€)} N B(x, €) (4.8)

with g : (—¢,¢) —» R Lipschitz continuous satisfying g(0) = 0 and g’(0) = 0. Then,

[$e(So)| = (det Vibo) [Se| <e72 [ |g(t)| dt < sup

— te(—¢.€)

t
@'—m ase — 0, (4.9)

implying Equation (4.7).

The remaining proof uses classical arguments from Young measure theory, see, for example, Refs. [27, 39, 44] for general
introductions. If {i, }ycp(0,1) is the gradient Young measure generated by a (nonrelabeled) subsequence of (Vu,),, we infer
along with Equation (4.6),

suppu, C BNK forae. x € B;r(xO)(O, 1),
(4.10)

supp u, ={A} forae.x€B 0,1),

7:(xo)(

and it holds for the barycenters of u, that /RM M du, (M) = Vu(x) for a.e. x € B(0, 1) in view of Equation (4.5). Since the
quasiconvex hull (3N K)9° consists of the barycenters of homogeneous gradient Young measures with support in BN K,
and u, is a homogeneous gradient Young measure itself for almost every x, it follows from Equation (4.10) that

qc i +
{ Vv e (BNK) a.e.in Bv(xO)(O, 1), (411)

Vv=A a.e.in B;(x())(o, 1).
Finally, the statement follows from Theorem 2, according to which A is v(x,)-compatible with ((3 N K)4°)P°¢ C BPC,
noting in particular that (3 N K)9° is compact as the quasiconvex hull of a compact set. O
4.2 | Application to polycrystals

We now apply the results from Section 4.1 on rank-one compatibility along curved interfaces to the boundary grains of
the polycrystal (Q, R,.). Therefore, in light of Equation (1.14), let us introduce the set
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Tf/(Q, R,) :={F € SI(2) : F is v(x)-compatible with N'RI (x) for every x € 3(Q,R,)}, (4.12)

with v the outer unit normal of Q and 9(Q, R,,) as in Equation (1.10); the texture R, is canonically extended to dQ except
in the boundary dual points, cf. (1.9). Applying Theorem 3 locally around every x € d(£, R,.) yields the outer bound

Fau(Q,R,) C THQ,R,), (4.13)

considering that (MR (x))P® = (Mg, (x)e,)’° = Ng,(x)e, = NRL(X).

Notice that requiring the rank-one connectedness at boundary dual points does not improve the outer bound (4.12).
Suppose that x € 9Q is a boundary dual point where exactly two neighboring grains, say Q; and Q;, meet. If v(x) exists,
then Theorem 3 along with Proposition 4 and Equation (1.7) shows that any element of ¥, ,(Q, R,.) is v(x)-compatible with

pc
(MR£ U MR! |Ql> = SI(2), (4.14)

lo,
which is a trivial statement since S1(2) is already an outer bound for all polycrystals. In case that more than two grains
meet in x, the argument is analogous.

A (possibly) larger outer bound on the set of attainable macroscopic strains of the polycrystal is TAL/(Q, R.), which we
define as in Equation (4.12), but with

9, (Q,R,) ={x €3(,R,) : v(x)-R.(x)e; =0} (4.15)

in place of 3(Q, R,,). It is easier to characterize than Tf[(Q, R,) in practice since it accounts for rank-one compatibility only
at specific boundary points where an orthogonality condition between the outer unit normal and the slip orientations is
satisfied. Even though the inclusion

0 L
T (Q,R,) CT5(Q,R,) (4.16)

is in general strict, as shown in Example 5 (a), it is possible to provide a sufficient geometric condition on the polycrystal
that ensures the equality. The next statement, a refinement of Proposition 2 and a direct consequence of Remark 1, gives
more insight into the relation between these outer bounds and N'RY.

Proposition 5. Let Qq,..., Qs for M € N be the boundary grains of the polycrystal (Q,R.) and let J ={i € {1,...,M} :
9. (Q,R.)NOQ; # B}

(a) IfJ =11, ..., M}, then it holds that Tf/(Q,R*) = TAL/(Q,R*).
(b) IfJ # 0, then

TH(QR,) = ﬂNRQQi. (4.17)

ieJ

() IfTuJ #@Bwith]' ={i € {1,..,M} : {xv(x) : x € d(Q,R,) N 3Q;} = S'}, then

T2(Q,R,) C N NRI,. (4.18)

ieJuy’

While J selects the boundary crystals Q; whose outer unit normal v to Q is orthogonal to the associated slip direction at
some point, the index setJ’ identifies strongly curved boundary grains, where the image of +v is dense in S*. In Example 5,
the combination of both these index sets enables a full characterization of F,(Q, R,.).

Remark 5 (Higher regularity of gradients). Let us comment on how requiring higher regularity for the solutions to (P ,,)
affects the rank-one compatibility conditions at the boundary grains, and thus, the corresponding outer bounds for the
effective strains. The answer depends on the geometry of the boundary grains of the polycrystal.
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To be precise, let Q be a C'-domain and suppose that for F € F,,(Q, R,) there is a solution u € Cl(ﬁ; R?) to (P ). It
then follows from Ball and Koumatos [9, Theorem 3.2] that F lies in

Tf/l(Q,R*) :={F € SI(2) : F is v(x)-compatible with MR (x) for every x € 3(Q,R,)}. (4.19)

If 8,(Q,R,) =@, one observes that Tf/l(Q,R*) = Tj\a/(Q,R*) due to (i) © (ii) in Lemma 1, meaning that the added
regularity does not sharpen the outer bound in this case.

On the other hand, if there exists x € 3, (Q, R,), Remark 1 implies that F € MR (x), instead of merely F € N'RI (x).
A comparison of Remark 2 (f) and Corollary 1, therefore, underlines that the polycrystal behaves more rigidly under the
assumption of higher regularity.

Another natural outer bound for F,,(Q, R,) can be derived dropping the gradient structure in the differential inclusion
in (P,,); for an analogous approach in the context of polycrystalline shape-memory alloys, see also Bhattacharya and
Kohn [12, p. 125]. Yet, it turns out that this bound is trivial due to the unboundedness of M, and hence, unfit to improve
ij(g, R,)and 7 :(Q,R.).

Remark 6. Let us consider the inclusion problem

{U(x) € MRI(x) fora.e. x € Q, €10

[, U() dx = F|Q|,

with the unknown U € L®(Q; R?*?) and F € R?*?, which arises from (P,,) in disregard of the gradient structure. We
observe that

Crm(Q,R,) = {F € R¥? : there exists a solution U € L®(Q; R¥?) to (C () } (4.20)

constitutes an outer bound of 7,,(Q, R,.), given that (C ) clearly admits a larger class of solutions than (P,,). However,
under the assumption that (Q, R,.) is not a single crystal, it holds that

Cul ) =87 (4.21)
This follows from
< 1< N 1|
R = 37 2o M = Y o n (MR ) Q,R 4.22
; |Q| MR*lgiel ; |Q| (M 3k |Ql) C CM( y *), ( )

where (-)°° denotes the convex hull and Q, ..., Qy C Qwith N > 2 are the grains of Q. The first identity in Equation (4.22)
relies on the simple fact that MS® = {F € R?*? : |Fs| < 1} for any s € S!, while the last inclusion is based on standard
convexity arguments; essentially, it suffices to employ Carathéodory’s theorem in combination with a suitable refinement
of the partition given by the grains.

In the following, we present examples of polycrystals for which the set of attainable macroscopic strains F,,(Q, R,) can
be fully characterized with the help of the previous concepts. The analysis of polycrystalline structures with a symmetric
material response and their rigidity is followed up by a brief discussion of selected bicrystals.

Example 4 (Polycrystals with sufficient symmetry). In analogy to Refs. [12, 32], we say that (Q, R,.) has sufficient symmetry
if there exists R € SO(2) \ {+ Id} such thatF € F,,(Q,R,)ifand onlyif R’ FR € F,,(Q, R,), or equivalently, due to RM =
M,

Fu(QR,) = F(Q,R)RT. (4.23)
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A)

(a)

(b)

FIGURE 5 A visualization of the polycrystal (Q, R,) with Q = B(0,1) and
I{‘< =1Id ]]QlU93 + RZ HQZUQ4

Q

B) FIGURE 6 Illustration of a polycrystal as in (A)
with s = e, and s’ = Rzey, and (B) with s = e,, s’ = Rzey,

and6 =2
9

Let Qq, ..., Qy for M € N be the boundary grains of (Q, R,) and let J,J’ C {1, ..., M} be as in Proposition 5. If there is
i € JUJ’, then Equation (4.18) in combination with Equation (4.23) and Lemma A.2 yields that

Fu(Q,R,) C ﬂ NRZ|Qi(RT)k = <ﬂ N(Rk)T>RI|Qi = SO(2). (4.24)
k=0 k=0

Since SO(2) is a trivial inner bound, the polycrystal is fully rigid in the sense that (P ) can only be solved with affine
boundary values in SO(2).

In view of the geometry-independence of the Taylor bound, the arguments above also show that 7/ (R,(Q2)) = SO(2)
for any polycrystal (Q, R,) with sufficient symmetry, even if J UJ" = @.

A special class of polycrystals with sufficient symmetry is given as follows. Under the assumption that Q has center
of mass in the origin, that is, / o X dx = 0, suppose that there exists a rotation R € SO(2) \ {+1d} such that

RQO=0Q and R.(x)=RTR.(Rx) forae xeQ, (4.25)

where RQ = {Rx : x € Q}. A simple transformation argument shows that Equation (4.23) is indeed satisfied. Figure 5
depicts an easy example of a polycrystal that fulfills Equation (4.25) with R = Rx; here, J = {1, 2, 3, 4}, which implies
2

full rigidity.

Example 5 (Bicrystals). Let Q = B(0, 1) and fix slip directions s, s’ € S! with s # +s'.

(@)

Consider (Q, R,.) with

s inQq =Bf(0,1),
Rey=<" 1 (%) (4.26)
s inQ,= BeZ(O, 1),

see Figure 6A. Recalling the definitions (1.16) and (4.12), Proposition 3 and Proposition 5 (c) imply that

Ny NNy = Tir(R(Q) C Fq(Q,R,) C TH(QR,) = Nyn Ny, (4.27)
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which determines the attainable macroscopic strains of the polycrystal. If s = e,, then 9, (Q, R,.) consists of only a
single point in 4Q, N 4(Q, R,) and

— _ 70
Ti(Q, R.) =Ny 2 Nyn Ny = T2(Q,R). (4.28)

(b) As asecond example, let (Q, R,.) be given by

(4.29)

R s inQ; ={x € B(0,1) : x, > —sinb},
e =
. s inQ,={xe€B0,1) : x, <—sinb},

for 6 € (0, %), see Figure 6B. In this case, Proposition 5 gives rise to the characterization of 7 ,,(Q, R,) for s’ = R,e;

with |p| < % — 6, namely,

Fum(Q,R,) = NN Ny. (4.30)

5 | ON THE NONOPTIMALITY OF THE TAYLOR BOUND

We discuss in Example 5 several instances of polycrystals whose Taylor bound is optimal. Moreover, Example 4 demon-
strates that polycrystals with sufficient symmetry are fully rigid under suitable assumptions. These results naturally raise
the question of whether the Taylor bound is generally optimal. The next proposition provides a negative answer to this
issue via the construction of a specific polycrystal. Our geometric setup is mainly inspired by the rotated-square approach
discussed in Refs. [21, 43] in the context of stress-free martensitic inclusions in the theory of shape-memory alloys.

Proposition 6. There exists a polycrystal (Q, R,.) such that T (R.(Q)) € Fy(Q,R,).

Proof. Let us start with a brief overview of our strategy for finding an explicit example of a polycrystal with nonoptimal
Taylor bound. To keep the arguments simple, we aim for a polycrystal (Q, R,.) with the two orthogonal slip directions e;
and e,, which guarantees a trivial Taylor bound according to Corollary 1, that is, 7 (R.(Q)) = SO(2). Necessarily, our
task is then to determine an F € F,,(Q, R,.) \ SO(2). As a first step, we construct a finitely piecewise affine solution to the
homogeneous partial differential inclusion

(5.1)

Voe N, UN,, ae.inQ,
v=Fx on 0Q

for a suitable F ¢ SO(2). The nonempty connected components of the sets {Vv € N, } and {Vv € N, } are chosen as the
polycrystalline grains (Q;);, whose orientations are set accordingly to be e; and e,; on {Vv € SO(2)}, one may select either
of these two orientations. This procedure provides a finitely piecewise affine solution to (P /). In the final step, we apply
Proposition 3 to obtain a Lipschitz solution to (P ) with the same affine boundary condition.

Now, let Q C R? be the square with corners (0, 0), (1, 3), (4, 2), (3, —1). Observe that the specific choice of Q yields that
the outer unit normal dQ never attains the values e; or e, so that Ti(Q, R,) = SI(2). Similarly to Refs. [21, 43], we subdivide
Q into eight triangles T4, ..., Tg and a square S, which represent the pieces where the solution v to the homogeneous
problem (5.1) will be affine. Precisely,

T; ={(0,0),(2,0),(1, 1)}*, T, ={(0,0),(1,1),(1,3)},

T3 ={(1,1),(1,3),(2,2)}, Ty =1{(1,3),(2,2),(4,2)}*,

Ts ={(2,2),(4,2),(3, )}, Te ={(4,2),(3,1),(3,-1)}°, (5.2)
T7 ={(2,0),(3, 1), (3, —1)}°, Ts ={(0,0),(2,0),(3,-1)}°,

S =1{(1,1),(2,2),(3,1),(2,0)},
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FIGURE 7 The domain Q and its partition into the eight triangles T, ..., Tg and the square S in the center

where (-) denotes the classical convex hull, see Figure 7. We stress that the area of these subsets satisfy |T;| = --- =
|Tg| = §|S| and do not represent the grains of the polycrystal.
Starting the construction of the solution v to Equation (5.1), we set

1
Vo, = <0 71/> € M, C N, (5.3)

which means that S undergoes a shear in e;-direction with shear parameter y € R to be specified later.

Next, we explain how to construct the gradients in 77 and T's. Inspired by the point-symmetry of the partition (5.2) of Q,
we apply affine deformations with identical strain on both these sets. To obtain a continuous deformation, the gradients
of v need to be rank-one compatible along the interfaces of S and the other triangles; in particular,

Voly (1 = e = Voigles =) = Vo ey —e) = (1 7). (54

which prescribes the affine deformation v on T; and T'5 along e; — e, up to translation. To fully pin down the construction,
we need to designate v along another linearly independent direction. A natural choice for the latter are e; and e; + e, since
they are parallel to the other edges of T'; and T's. Considering that NV, C SI(2) necessitates that the restriction of v to these
two sets needs to be incompressible. Our approach to finding such a locally volume-preserving deformation works via
extension of the images of the edges of S under v in a way that gives rise to

1 1/1+
VU|T561 = Vv|T1e1 = EVU|S(61 +e) = 5 ( 1 )/) . (5.5)

Hence, together with Equation (5.4),

_ _1 1+y 3y-1
VU|T5—VU|T1—2< 1 3 ) (5.6)

Ifyel[-1- \/5 \/5 — 1], then the right-hand side is contained in W, . The same strategy applied to T3 and T yields
that

_ _1(3+y y-—-1
VU|T3—VU|T7—§< 1 1 >E.Afez, (5.7)

ifye[l- \/5, 1+ \/5]; hence, we take y € [—\/§+ 1,4/3 — 1] from now on.
Having v fixed on the triangles 71, T'5, T5, and T, the sought finitely piecewise affine solution to Equation (5.1) is auto-
matically determined on all of Q. Indeed, the rank-one compatibility along interfaces combined with the constructions
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FIGURE 8 The finitely piecewise affine Q v
(5.6) and (5.7) require that

solution v to (P,-) with F = F1. The orange area
_ 1 (1+3y y-—-1 _ 1 1+y —-3+y
Vo =V =3 ( ) €N, and Vo =V, =5 < € N, (5.8)

2
describes the grain with slip direction e,, while the
blue ones represent the grains with slip direction e,

2 3 1 2 1 1

We now define the polycrystal (Q, R,,) as follows: in light of Equations (5.3)-(5.8), let the grains of the polycrystal be

Ql = lnt(T2 V) T3), Qz = lnt(T6 U T7), Qg = 1nt(T1 U TS U T4 U T8 U S), (59)

and let the orientations be given by

Overall, the procedure above produces a finitely piecewise affine solution v to the relaxed problem (P,r) for the
polycrystal (Q, R,) with texture R, as in Equation (5.10) and the boundary value v = F, x on 0Q with

4 4y —
F, = % <37’3+ 7’4 3) fory e [-V3+1,V3-1], (5.11)

see Figure 8 for illustration. Note that F, € SO(2) ifand only if y = 0, so that, in combination with Proposition 3,anyy € R

with 0 < |y| < \/5 — 1 gives rise to a solution of (P ) with F ¢ SO(2). This shows that 7/ (R.(Q)) = SO(2) € F(Q,R,)
and concludes the proof. O

Remark 7 (Comparison with the rotated-square construction). While our geometric framework is similar to that of
Refs. [21, 43], the overall design strategy is different, given that we need to accommodate here the homogeneous differential
inclusion (5.1) with a nontrivial affine boundary condition.

Unlike the rotated-square construction of Refs. [21, 43], our sheared-square construction converts any additional rota-
tion of the center square into a rotation of the surrounding triangles T+, ..., T by the same angle, considering that the
vertices of Q are not fixed. The boundary of Q is thus rotated in the same way. More precisely, replacing Vu|¢ by RV
for a rotation R € SO(2) yields the boundary value RF), instead of F,.
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APPENDIX .
Lemma A.1. Letk € Nand T, ={(64, ...,6;) € (0, m) : Ni—, J\ng_ NN = SO(2)}. Then it holds for the k-dimensional
Lebesgue measure of T that

1
wry = (1- 1), (A1)
2k
Proof. For integers 1 < j <1i, let Z; ; be the set of all injective functions o : {1,..., j} = {1,...,i} and observe that %, ;
consists of exactly (l—')' elements; also, set Z; , = 0.
i—j)! ’

We establish Equation (A.1) by computing the measure of the complement 7,7 of 7 in (0, m)k. In view of Corollary 1,
T, can be expressed as the disjoint union

k
TE = U Ty UN, (A.2)
=0

where N C RF is a set of zero k-dimensional Lebesgue measure, and

Tk,l :={(61,...,9k) S (O,H)k : ei < % andej > %Wlthel —Gl- > % (A3)

foralli € o({1,...,1}),j €1{1,...,k}\ o({1,...,[}) and all 0 € 3 }

forl €0, ..., k}. Note that Ty ; and Ty j correspond to the cases 0; > % and 6; < % foralli € {1,..., k}, respectively.
To calculate 4, (7,7), it suffices to determine the measures of T} ; as in Equation (A.3) and exploit Equation (A.2). It is
easy to see that

k

AT o) = A(Ti i) = <%> : (A.4)

Forl €{1,...,k — 1}, one obtains that

k
(T ) = (1) / / ot d©Bp41, .- 6;) A6y, ..., 6)
0%y (§+max{el,...,9,},n)
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- (’l‘)/(on)l(f—max{el, .,el})k_l d@,,...,6)
2
z _
_ ('l‘)u/oz /06’ .../062 (g—el)k ' do, .. do,_, do,

k

- (’l‘)l/f (2 —el)k_lef—l dg = (’;)zW@)k - (2). A5)

where the third equality uses that (0, %)l can (up to a null set) be split disjointly into I! sets with equal measure

U @180 € 0.2) 1 650y < < o} (A.6)

UEEU

moreover, the last integral in Equation (A.5) is solved via integration by parts applied (k — I) times.
The desired identity (A.1) then follows from Equation (A.2), in view of Equations (A.4) and (A.5). O

Lemma A.2. It holds for any R € SO(2) \ {z1d} that
(N R =S0(2). (A7)
k=0

Proof. In light of Remark 3(a), one may assume that R = R, with ¢ € (0, 7). We set
6;=jo—Elx elom) (A8)

for any j € N, where |f]| denotes the largest integer below ¢t € R. If one can find k,! € N such that

0<6, <0, <n and % €[6,,6,] and 8 —6, < % (A.9)

then the statement follows immediately from

[Se]
S0(2) ¢ (| N®Y" € N nNR] n NR] =50(2), (A.10)

k=0

where the last identity is a consequence of Corollary 1.
To see Equation (A.9), let us write (0, 77) as the disjoint union
6]
0= I.u05D) with I, := [(1 - (- zim)n). (A11)
m=2

Ifcpe(O,%),we take k = L%J and | = L%J + 1, observing that 0 < 6, = L%Jcp< % <(L%J +1)p=6<mand g —
O =9 < % For ¢ € I, with m > 2, let [ =22 and k = 2", Then, 6, = 2" ¢ — (2" ! — )7 € [0, %) and 6, =
2M=2p — (2" 2 - € [%, %71') with

m—2

6 —6=2""(r—9) <

T
2m—17T = E (A12)

95UB017 SUOWIWOD SAIES1D) 8|l |dde au) Aq pouBA0B 812 S9[o1Le YO ‘8SN JO SB[ 1o} Akeiq1 8UIIUO A1 UO (SUOIPUOD-PUe-SWBI LIS A8 | 1M AReIq 1 U1 UO//SdNy) SUONIPUOD Pue SWUB | 84} 885 *[9202/90/22] Uo ARiqiTauliuo A8]im pessjoBu |-11esyd 3 IS eAIN 8Y3s1ouE Y Ad 8T00TZ0Z WLEZ/Z00T 0T/I0p/W0d" A3 (1M Ale.q 1 jBut|uo//sdny woj papeo|umoq ‘TT ‘2202 ‘T00rTZST



	On the interplay of anisotropy and geometry for polycrystals in single-slip crystal plasticity
	1 | INTRODUCTION
	1.1 | Setup of the problem
	1.2 | Overview of the main results

	2 | PRELIMINARIES
	2.1 | Notation
	2.2 | Technical tools and auxiliary results

	3 | A GEOMETRY-INDEPENDENT INNER BOUND
	4 | OUTER BOUNDS RESULTING FROM BOUNDARY GRAINS
	4.1 | Generalized Hadamard jump conditions
	4.2 | Application to polycrystals

	5 | ON THE NONOPTIMALITY OF THE TAYLOR BOUND
	ACKNOWLEDGMENTS
	ORCID
	REFERENCES
	APPENDIX


