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Abstract: The paper investigates the Hoeffding—Sobol decomposition of homogeneous co-survival functions.
For this class, the Choquet representation is transferred to the terms of the functional decomposition, and in
addition to their individual variances, or to the superset combinations of those. The domain of integration
in the resulting formulae is reduced in comparison with the already known expressions. When the function
under study is the stable tail dependence function of a random vector, ranking these superset indices corre-
sponds to clustering the components of the random vector with respect to their asymptotic dependence. Their
Choquet representation is the main ingredient in deriving a sharp upper bound for the quantities involved in
the tail dependograph, a graph in extreme value theory that summarizes asymptotic dependence.
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1 Introduction

Let f : [0,1] — R be a function in L2([0, 1]¢, A) where A = H?=1 A; is a product of probability measures
on [0, 1]. One way to understand the structural form of the d-variables function f is to decompose it into func-
tions of increasing complexity. This is precisely what allows the functional analysis of variance (FANOVA). It
relies on the Hoeffding—Sobol decomposition

f= > f® M
uC{1,...,d}
where
Ful) = S0 [ fo0dA 10 e
vCu -

for dAu(x) = [];c, dAi(x)) and -v = {1, ..., d}\v. See |5, 18, 19]. The term f,, only depends on the components
of x associated with u. The constant term f is equal to | fdA and the global variance is given by 0’ = J(f -
fz)?dA. Set 03 = S/ f2dA, and 0% = 0. Then, from orthogonality arguments (see, for instance, [2]), the term
fu is centered (except for the empty set) and the FANOVA expression relies on the equality

- Y .

uC{1,...,d}
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Interest in the individual variances o2, and more particularly their ratio to the total variance 02/0?, traces
back to [18] and [12]. The current research problems in Global Sensitivity Analysis (GSA) are varied in nature.
Our concern in this paper is not improvements for estimation, cost-saving, construction of surrogate models,
or other practical but no less crucial aspects or perspectives ; see rather [11, 13] and references contained
therein for an overall and recent assessment. The main goal here is to reveal simplified theoretical expres-
sions for the quantity o2 within a specific class of functions. Knowing such quantities o2 allows to order the
importance of the input variables x4, . . . , x4 with respect to the global variance of f, the function under study.
Reducing the number of variables of interest in f is one of the main consequences of this hierarchical ranking.

In this paper we will concentrate on homogeneous co-survival functions. Classical examples to keep in
1/t
mind are the power norms, defined for t > 1 by (%) := (Zil xf ) for x € [0, oo[. More generally, if there

exists u a non-negative Radon measure on [0, oo]? \ {oo} such that (x) = u({y € [0, oo]¢|y/> x}) for all
x € R% then i : R — R, is said to be a co-survival function. The class of co-survival functions additionally

assumed to be homogeneous, is in a one-one correspondence (modulo value at (1, ..., 1)) with probability
measures von C = {w = (wy,...,wy) € [0, 1]d| max(wy, ..., wy) = 1}. Indeed, the spectral representation
WOt s xg) = (L, ... 1) / maxGawy, . .., xqwg)dv(w) 3)
C

is stated in [16, Theorem 2]. Some details are given in Section 2 to make the paper almost self-contained.

In extreme value theory, stable tail dependence functions (stdf), usually denoted by ¢, play a central role
to describe the asymptotic dependence between components of a random vector X = (X1, ..., X;). Assuming
the existence of a multivariate domain of attraction for the componentwise maxima of X is a classical starting
point. This is equivalently written as

Jim ¢ (1 ~FE A -xa/t),..., FiQ —xd/t))) = X1ty Xy)

interms of F, Fy, ..., F; the cumulative distribution functions of X, Xy, ..., X;. More details on multivariate
extreme value theory can be found, e.g., in [1, 3, 4, 7, 10]. As pointed out in [16], the stdfs are particular
cases of homogeneous co-survival functions. The corresponding probability measures v in (3) must satisfy
d constraints induced by the fact that a stdf equals 1 at unit vectors. A graph based on the Hoeffding—Sobol
decomposition of a stdf, called the tail dependograph, has been introduced in [10]. It reveals the asymptotic
dependence structure of the random vector X through the structural analysis of the function /. Tail superset
indices, which are the superset combination of individual variances, are of prime interest in the tail depen-
dograph. Their pairwise values define the thickness of the edges.

The aim of this paper is twofold. On the one hand, we shall establish a simplified expression for the
individual variances 02, as for their superset combinations, when the function under study is a homogeneous
co-survival function. Their resulting Choquet representation thus provide new test cases for GSA. On the
other hand, we will apply these results to stdfs so that upper bounds for the tail superset indices will be
obtained. Proving this majorization initially motivated the current study.

The paper is organized as follows. We first investigate the class of homogeneous co-survival functions: in
Section 2, the expression of the FANOVA effect 1, and the corresponding variance o7 are written as integrals
of rank-one tensors (which are products of univariate functions in each of the input parameters, as defined
by [8]). The numerical performance of our results is analyzed at the end of this part. As an application, the
study focuses on stdfs in Section 3. The new expressions allow to derive some sharp upper bounds for the
tail superset indices. All proofs are postponed to Section 4. Finally, the last lines summarize conclusions and
references.

Notation. Let v and A stand respectively for the maximum and the minimum. Set x, = x v 0. The indicator
1, equals1on A and 0 on AS. Set 1 = (1,...,1) € R% The vector zV is the concatenation of z; for i € u so
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that (2, x™") = >, zi€; + >4, X;€; in the canonical basis (eq, . . ., e;). Binary operations are understood
componentwise, €.8. X« W = (X{W1,...,XgWq), XVW = (X1 VW1,...,XqV Wq), S/W = (S/w1,...,5/wy)
and 1s:x, = [[;c, 1s2x, for s € [0, 1]. Throughout the paper [X, ] := {y € [0, oo]d|y/z x}. Let A = Hil A
be an arbitrary product of probability measures on [0, 1]. For positive v and w, when s and ¢ lie in [0, 1], let
Ki(w,v;s,t) = A,([0, (s/w) A (t/v) A 1]) = ]01 1(s/wn(e/v)=x dAi(x) and let K;(w; s) stand for K;(w, w; s, s). The
notation y is used for a homogeneous co-survival function whereas ¢ represents a stdf.

2 FANOVA of homogeneous co-survival function

In this section, the functional decomposition is explored under a new setting by considering homogeneous
co-survival functions. Before stating our main result, we give a description of the class under study. It is worth
noticing that focusing on the unit hypercube [0, 1]¢ is not restrictive by homogeneity assumption.

2.1 Choquet representation of homogeneous co-survival functions

Similar to distribution functions, also co-survival functions are essentially characterized by a special mul-
tivariate monotonicity property. First, we introduce a notation. Let A4,...,A; be non-empty sets, A =
Ay x---xAg andletf : A — R be any function. Then for x, z € A we put

Dif == > DM, x™).

Moreover, for a non-empty subset u C {1,...,d}and forx™ e H].e_u Aj;, let us define on Hjeu A;
fC,x7)(2") = f(z¥,x7") .

IfA; C R for all , the function f is called 1,-alternating! if D¥f < 0 for x < z (both in A), and if this inequality
also holds whenever some of the variables are fixed, for the function of the remaining variables, i.e. if for each

non-empty subset v C {1,...,d}, foreachy € Hje—v Aj and any x" < 2" bothin H}-EV A;, we have

See [17] for a detailed presentation of this concept.

Letf : R? — R, be the co-survival function of U, a non-negative Radon measure on [0, oo]?\ {oo}, i.e. for
d
any X € RY

f&x) = p([x, o[) .

If the reader is not familiar with Radon measures, one should only keep in mind that this assumption ensures
that f is well defined and f(x) finite for any x € RY.
By Theorem 3 in [16] one knows that it is equivalent to assuming f 1 -alternating, left continuous, and f(0) =
0. Moreover, forany0 < x < zin Rf

Dzf = -u(lx, z])

by an application of the inclusion/exclusion principle. Now, if f is additionally assumed to be homogeneous,
that is f(tx) = tf(x) for any positive ¢ and vector x then the measure u is homogeneous: u(tA) = tu(A) for any
positive t and measurable subset A (and reciprocally). Note that any homogeneous 1,;-alternating function
f: RY 5 Ris automatically continuous, non-negative, with f(0) = 0.

1 This notion was first introduced in [15] under the name fully d-max-decreasing.



182 —— C(écile Mercadier and Paul Ressel DE GRUYTER

An important example of a homogeneous measure is given by the image Aw of the Lebesgue measure A
on R, under the mapping s — s/w, where w € C. The co-survival function of Ay is then

Aw([X, 0]°) = A({s € R«|s/wW £ X})
=A({s € R+|Fi = d, s/w; < x;})

.....

=max(X-w) .

These functions will play a decisive role in the following, since they are the “building stones” of all homoge-
neous co-survival functions. More precisely, consider the set of all normalized functions discussed above

K := { : R? = R|3 is 1,-alternating, homogeneous and (1) = 1} .

Then K is obviously convex and compact (with respect to pointwise convergence). It turns out that K is even
a simplex, with
{x > max(x - w)|w € C} = ex(K)

as its set of extreme points, and this set is closed (so compact as well) ; see [16, Theorem 4 (ii)]. In other words,
K is a so-called Bauer simplex, i.e. for each i € K the representing probability measure on ex(K) guaranteed
by Krein—Milman’s theorem, is unique. The resulting integral representation is also called Choquet represen-
tation. So, for each 14-alternating and homogeneous 1 on RY, 1 = 0, there is a unique probability measure
v on C such that

Y(x) =) / max(x - w)dv(w), xcR?.
c

It is easily seen that 1 is the co-survival function of the measure y := (1) |, c Awdv(w).

2.2 Expression of Sobol effects and associated variances

The main result of this paper is stated below. It says that Sobol effects i, (as their variances) have rather
simpler expressions in comparison with (2) when 1 is a homogeneous co-survival function. Indeed, they are
expressed as integrals on C x [0, 1] of rank-one functions. Recall that 1 = (1, ..., 1) in R%.

Theorem 1. Let i) be a homogeneous co-survival function (3) associated with a spectral probability measure
v on C. Then, the term 1, in the Hoeffding—Sobol decomposition with respect to A satisfies on [0, 1]4

1
lpu(x) = _w(l)A /0 H (1szxiwl~ - I<i(Wi; S)) Hl<i(wi; S) ds dV(W)

icu i¢u

for any non-empty subset u of {1, ...,d} and

1 d
Yo =) (1—/6{/0 HKi(Wiis)ds}dv(w)> .
i=1

Its corresponding variance [ Y32 has the following expression

, , 1 1
ou =) /CdV(W)/CdV(V)/O dS/O dt [ [ Ki(ws )Ki(vis ) T (Ki(wi, vis s, 0) = Kilwis S)Ki(vis 0))

i¢u icu

Furthermore,

1 1 d
2 _ N2 2 (W Ve
0 = ~(P(1) - P)? + (1) /Cdv(w)/cdv(v)/o ds/o dtHI(l(wl,vl,s,t).
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The link of Sobol effects 1, and their variances o7 with the spectral measure v has been made explicit. The
main ingredient for proving the previous theorem is to remark that the spectral representation of 1) can be
written as an integral of rank-one tensors. Then, all Sobol effects 1, and corresponding variances o2 in-
herit the same form by application of the Fubini-Tonelli theorem. As can be seen through Formula (2), the
variance o2 is usually computed as an alternating combination of cumulated variances. It thus suffers from
accumulation of estimation error, overall as d becomes larger. Theorem 1 offers a setting where the numerical

complexity of o2 is the same as that of o or other well-known quantities discussed in Subsection 2.3.

Example 1. If the measure A corresponds to the product of Lebesgue measures dA(X) = dx; ---dx, then
Ki(w, v;s,t) = (s/w) A (t/v) A 1. Under this measure A, consider Y(x) = max(x), a particular extreme point. By
Theorem 1, with the probability measure v = 8, on C, one obtains Y = d/(d + 1), 6> = d/((d + 1)*(d + 2)),

1
l/)ll(x) = _A H(lszx,- - 5) Sd_lu| ds

icu

1 t
2 d-lulq _ plul d _2(2d - Jul + D!Hul!
Ou—Z/O M- {/Osds}dt— drDads )

and

Example 2. Consider an extreme point of the convex and compact set K (mentioned in Subsection 2.1), precisely
P(x) = max(x - w) withw € C. It is worth noticing that Theorem 1 furnishes the expressions of the variances o2
and o3 as integrals on [0, 11> of a product of d univariate functions. In comparison with their original definitions,
already mentioned in the introduction, this provides an important gain: The number of integrals is reduced
(it is no longer an alternating sum) and the domain of integration is smaller. Under a precise value of W, the
calculations would give exact expressions after very tedious efforts. One could numerically approximate them
by Monte-Carlo procedures on [0, 1]? instead.

With A as the two dimensional Lebesgue measure, we focus here on these extreme points in the bivariate setting.
Forw = (w, 1), we obtain

Yo =1/2+ w?/6 and o’ =1/12-w?/6-w"/36+W’/6,
with the following decomposition of 02

0%1} =w"/45, 0%2} =-w?/6+2w>/15 -w*/36 + 1/12, 0%1’2} =w3/30-w"/45 .

2.3 Consequences for cumulated variances

It turns out that several combinations of variances are of prime interest in order to characterize the importance
of a subset u of variables. Justifications can be found in [9, 18] in the case of

ji = 12/ = M’ i H’ —U d/\ dA—u - 2 4
%;r Amwmwu KPR, ) dAR) A (2) - P (@)
and
T2 = E o2 =0+ ll)zg —/ P, XYY, x ) dAX)dAL(Z) . (5)
VOu# [0, 1]+1

2 < 0% and 92 + T2, = o2. Finally, [6] examined the meaning of the sum

7= ot ©

vou

We see immediately that 0 < J2 < T
over the supersets of u
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Ranking based on the superset quantities 7;> takes into account the importance of x* but additionnaly that
of any vector containing these |u| variables. Formulae depending on the spectral measure are now derived
for these three types of cumulated variances. The next corollary asserts that they are also written as integrals
of rank-one tensors.

Corollary 1. Let i be a homogeneous co-survival function (3) associated with a spectral probability measure
von C. Then,

1 1
2 N2 2 (W v (W SV (Ve
T2 = _(P(1) - ho)? + Y(1) /C dv(w) /C dv(v) /0 ds /O dt T Kitwi, vis s, 6 T KiCwis $)Ki(vis 0

icu i¢u
1 1
=2 _ _ 2
22 = P(1)Q2Ps - YD) + (1) /C dv(w) /C dv(v) /0 ds /O dt

(H Ki(wi, viss, t) - H K;i(wi; s)K;(vi; t)) HKi(Wis Vvis S, t)

icu icu idu

1 1
2 — 2 . . X . . . — . .. . ..
72 = p(1) /C dv(w) /C dv(v) /0 ds /0 at T Kiwi, vis s, O T (KiCwi, vis s, ) — Ke(wis )Ki(vis )

idu icu

The Choquet representation of 7;2 will play a crucial role in the proof of the upper bound stated in the extreme
value theory setting at the end of the paper.

Example 3. Consider again Example 1. One obtains easily

1 t
2 d-u] d s 2 [u|
Ju—2/0 t {/Osds}dt 1-vYo) S @ ed - D)

1 t
2 _ 2. 2 [ d 4 2
Ty =0 +Ygy 2/0 t {/()Sds}dt d+2 (d+1)(d+|u/+2)’°

1 t
2 _ Ayl d _ 24! |u|!
Ty 2/0 1-1 {/0 S ds} dt @riu+ 21

In the opinion of the authors the current example (as its first part Example 1) looks promising for being a con-
venient test function. It provides a simple but non trivial function which has known individual variances as well
as cumulated and global ones, for any dimension d.

and

In [9, Theorem 1] the following identity is shown

12 =27 D5 Y(-, z7Y)*dx"dz @)
[0, 1]d+Iul
where (-, z7%) : [0,1]% — R is defined by (-, z*)(x¥) := P(x¥, z%). The gain of the expression of 7;?
claimed in Corollary 1 can be questioned with regard to the dimension of the domain of integration. Similar
comments hold for 92 and 72 with reference formulae (4) and (5). But, it does not exist a direct formula of o3,
i.e. based on 1, except from inversion of (6) for instance. It yields

op =y DM = S i (D3 Y, z7))dx"dz . ®)

vou vou [0, 2]+

Comparing the already known formula (8) with our result associated with 2 in Theorem 1 makes the interest
of our expressions more obvious. In Theorem 1 indeed, it is no longer expressed as an alternating sum of
integrals. We have reduced the dimension of integration. Nevertheless, to be also numerically convincing, a
wide comparison between the estimation of ¢ derived from (8) and from Theorem 1 will now be offered. The
same comparison is done for the estimation of 7;?, Formula (6) competing with the one from Corollary 1.
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2.4 Numerical illustrations

For the sake of simplicity, we assume here that the distribution of the entries are known and fixed as uni-
forms. Our goal is to compare the effectiveness of the new formulae, obtained for homogeneous co-survival
functions, with the already known and general ones. Both are integrations approximated by Monte-Carlo
procedures, but neither the domain of integration nor the complexity of the integrand are the same. Our
choices must assess impartiality. One possibility is to compare the estimation obtained after a given common
executing time. However, this depends strongly on the way the integrands are coded. We thus decide to fix
the Monte-Carlo size N on the unit interval.

We will first restrict ourselves to the case of the max function

P(x) = max(x)

for which the exact values are known (see Examples 1 and 3). This corresponds to a one-point measure. The
comparison will therefore be broken down according to the value of d and the size of u with respect to d.
Completely arbitrarily we set the following values d = 50rd = 10 ; thenu = {1,2} oru = {1,...,d}. Both
02 and 72 will be estimated. The measures are based on the absolute mean error obtained over n replicates
and defined as

n
1 ~
AME := H Z |9i,N - 90|
i=1
where 6 is the true value and 91-’ y is the i-th estimate. The number of replicates here is n = 50.

Table 1: AME for the estimation of 02 when 1(x) = max(x). Missing value — refers to exceeding the time limit.

d=5 d=10
u=1{1,2} u=4{1,...,d} u={1,2} u=A{1,...,d}
Formula (8) N = 100 48.25x 107 2.6x107° 17.52x107° | 24.86x107°
Theorem 1 N = 100 8.34x107° 1.22x10™ 1.19x10™ 6.22x107°
Formula (8) N = 10, 000 - - - -
Theorem 1 N = 10, 000 0.86x107° 0.11x107° 0.1x10™ 0.75x107°

The level of accuracy is the same on each column of Table 1 in order to facilitate the comparison. Two values
for N have been handled: N = 100 and N = 10, 000. However, for the largest value, the time limit has been
reached using the already known formula.

Table 2: AME for the estimation of Tuz when (x) = max(x). Missing value - refers to exceeding the time limit.

d=5 d=10
u={1,2} u=1{1,...,d} u={1,2} u=A{1,...,d}
Formula (7) N = 1000 12.15x107° | 79.41x107° || 31.18x107® | 159x1071°
Corollary 1 N = 1000 7.15x107° 0.40x 107 14.71x107% | 24.39x1071°
Formula (7) N = 10,000 || 5.43x107° 0.26x10™ 12.07 x107® -
Corollary 1 N = 10,000 || 1.99x107° 0.11x10™ 3.68x107% | 7.53x1071°

In Table 2 only one estimation has not been obtained because of time exceedance. Again, the level of accuracy
is the same on each column to facilitate the comparison.
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Let us now consider another homogeneous co-survival function associated with a discrete probability
measure v = Y |1, pi6w, where each wy liesin Cand p; +...+ pm = 1 so that

P = > prmax(x-wy) . ©)

k=1
Fix arbitrarily m = 15 and d = 5. The weights, chosen at random, are

(p15...,pm) =(0.04,0.08,0.12,0.05,0.02,0.10,0.11,0.01,0.12,0.13, 0.06, 0.03, 0.10, 0.01, 0.02)

and the associated locations (wq, ..., Wy) are

0.11 1.00 0.52 0.21 0.38 1.00 1.00 0.36 1.00 0.18 0.18 0.20 0.17 0.02 0.31
0.62 0.81 0.59 0.52 1.00 0.56 0.59 0.08 0.15 0.10 0.35 1.00 0.56 0.43 1.00
0.67 0.84 1.00 0.24 0.43 0.69 0.12 0.20 0.09 0.71 0.62 0.31 1.00 0.37 0.04
1.00 0.65 0.64 0.41 0.76 0.74 0.57 1.00 0.49 1.00 1.00 0.54 0.42 1.00 0.44
0.32 0.37 0.03 1.00 0.02 o0.11 0.50 0.70 0.18 0.16 0.75 0.03 0.11 0.18 0.29

Since the true values are not easily computable, we only provide a graphical comparison of the resulting
boxplots obtained from n = 50 repetitions.

9e-05

8e-05

7e-05

6e-05
4.0e-08 6.0e-08 8.0e-08 1.0e-07 1.2e-07 1.4e-07

5e-05

@) () @) ®)

u={1,2} u={1,...,d}

Figure 1: Estimation of 02 when 1 is given by (9) for u = {1, 2} on the left paneland u = {1, ..., d} on the right.
The boxplot (a) is associated to the well-known Formula (8) whereas (b) refers to the new one stated in Theorem 1.

As expected, this numerical study shows that the estimation from the new formulae is more accurate. This is
nothing more than the illustration of the domain of integration being reduced. The reader should be aware
that recent studies in GSA provided new methods compared to the classical Monte-Carlo procedure. Going
further with a comparison based on pick-freeze method or any other refinement would clearly exceed our
ambitions in this paper.

3 Statistical applications in extreme value theory

In the following, we focus on the Hoeffding—Sobol representation of a stable tail dependence function (stdf).
A homogeneous co-survival function ¢is a stdf iff /(e{) = ... = ¢(e,) = 1i.e., it is associated with a probability
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0.00009 0.00010 0.00011 0.00012 0.00013 0.00014 0.00015
4.0e-08 6.0e-08 8.0e-08 1.0e-07 1.2e-07 1.4e-07 1.6e-07

@) () @) ()

u={1,2} u={1,...,d}

Figure 2: Estimation of ;2 when 1 is given by (9) for u = {1, 2} on the left paneland u = {1, ..., d} on theright.
The boxplot (a) is associated to the well-known Formula (7) whereas (b) refers to the new one stated in Corollary 1.

measure v on C satisfying
/w,-dv(w)= 1/61)  vi=1,....d.
c

Denote by u the measure such that 4(x) = u([x, o0]€). This measure u is closely related to the so-called expo-
nent measure u» introduced in [14, Section 5.4.1] for instance. In fact, for any x € R4

Hu([x, o) = p+([0, 1/x]) .

This means that u~ is the image of p under x — 1/x, so that u is directly homogeneous (as is £) when ux is
inversely homogeneous: yi«(tA) = t ' u(A) for any positive t and any measurable set A of [0, oo]% \ {0}.
Whereas the characterization of stdfs was shown relatively late [16, Theorem 6], their integral representation
was known long before: it goes back essentially to [4]. Most of the use of their integral representation has
been done under the L; or L,-norm on R¢. But as emphasized by de Haan and Resnick, it is an arbitrary
choice. As seen in Section 2, the extreme points of K (functions x — max(x-w) for w € C) combined with the
max-norm were natural choices here.

The main objective of this section is to analyze the theoretical aspect of the functional decompositon for
stdfs with respect to the Lebesgue measure dA(X) = dx; ... dx,. As mentioned in the introduction, this idea
has been introduced in [10] but the focus was on the meaning of 7} in this context, named as tail superset
indices, and on their estimation. To illustrate their importance in multivariate extreme value modeling, let
us focus for instance on the comparison T{zi,].}(z) < T{Zh,k}(z). This means that the asymptotic dependence
between components X; and X; themselves added to the asymptotic dependence between the pair (X;, X;) and
the d - 2 remaining variables is weaker than its equivalent in h, k. Reducing the dimension of the asymptotic
dependence structure consists in selecting subsets u according to their tail superset indices 7;2.

Below, we first obtain a simplified expression for these indices by application of Corollary 1 to ¢. Then,
we deduce an upper bound for the tail superset indices. The section is ended by a short discussion.

3.1 Tail superset indices

The tail dependograph introduced in [10] starts from a non-oriented graph whose vertices represent compo-
nents of the random vector X in the domain of attraction of ¢. The edge between i and j is drawn proportionally
to the pairwise superset indices T{ZI-,]-} of ¢. This index measures the strength of asymptotic dependence be-
tween the components X; and X;, not only in their associated bivariate model (X;, X]-), but in the complete
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model X. A thick line reveals a strong asymptotic dependence between corresponding components, whereas
at the opposite, such index vanishes when the asymptotic dependence is null. The present paper thus offers
a theoretical expression of the tail dependograph indices as

2 - 2 1 1 S
T{l,]}(g) = Z(l) /CdV(W)/édV(V)A ds/(; dt H Wi A Vi M

k#i,j

(iAiAl—{im}-{im}) (iAiAl—{im}-{im}) :
Wi Vi Wi Vi wj Vj Wi Vj

Pairwise indices are perhaps the most important since their value on a graph is easily represented by the
thickness of a segment. However, more general indices can be defined and an application of the previous
section also provides the representation of ¥;2(¢) as follows

! 1 st st s t
E(l)z/cdv(w)/cdv(v)/o ds/o dtgwi/\Vi/\lieHu<Wi/\vi/\1—{Wi/\1}-{w/\l}).

Examples. The asymptotic independence occurs when ¢*(x) := Zil x; so that #*(1) = d and
vV = (Zil 8e;)/d. All the terms in the integrand of T{Zi’j}([') cancel since at least the term depending

on i or on j (or both) will be reduced to (1 - 1). As a consequence 7;2(¢*) = 0 as soon as |u| > 2.

The asymptotic complete dependence corresponds to ¢¥(x) := max(x) so that ¢Y(1) = 1andv = §;.
All indices of interest T{zi’]-} (¢) are equal to

4
@+ d+2)d+3)(d+4)

1 -1 1
2 vy L d-2 a2 2 24l g
T )—/Ods/odt(s/\t) (SAt-s-t) d+1/0 Q-0 t™ dt

For in between strengths of asymptotic dependence, one can use logistic extreme value models. Symmetric

versions r
U(x) = (x}/’ ... +x;/r)

for r € (0, 1) are obtained with ¢(1) = d” and

d

v(dw) = Z qi(W—i)lwizl,wfie[oslldfl dw
i=1

where for instance J
-

d-1 -1
qa(W_g) = cr <Z wilim g 1) (H Wi)
i1

i=1

—(1/r+1)

as pointed out in [16]. Unfortunately, the expressions obtained in the present paper do not allow a real sim-
plification under such models.

3.2 Upper bounds for tail superset indices

Some simple computations allow to obtain the following lower and upper bounds.

Lemma 1. Let ¢ be a d-variate stable tail dependence function. Then,

L<( <g
d+1 272
and 5
d 2 2 d d
d+2s0(£)+£gsﬁ+7,
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implying
dBd> +7d*>-7d+1)
12(d + 1)

Moreover, for any subset u of {1, ..., d}, set £""*(X) = max;c, x;. Then,

() <

2
Ty + (UM < T2 + 5 < -+ 2

The lower bound is given by

)+ W5 245 d - u) (- u])?

2(pV,u V,uy2 _
B TR R B e R C TR

where
|u|

lul +1

|u|

20V, Uy _
and o°(¢"%) = —(|u|+1)2(|u\+2) .

Vo _
Ly =

— 189

Hence, one can derive lower and upper bounds for J2 of a stable tail dependence function in any dimension,
and for any size of the subset u, whenever ¢4 is controlled. However, it doesn’t provide a very simple way to
deduce bounds for o2 or, more interestingly in the tail dependograph context, for 7;2. The following result

answers this question.

Theorem 2. Let ¢ be a d-variate stable tail dependence function. Then, for any non-empty u C {1,.

V,u) — 2(|u|')2

20y < 2
Tu0) < Ti (e (2|u| +2)!

where £¥%(x%) = max;c, X;.

. d}

If ¢ is a d-variate stdf with equality T2(¢) = .2(¢""¥) for a given @ # u C {1,..., d}, then its projection on the

variables X" is equal to ((x*, 07%) = £V"*(x*) = max;c, X;.
2(d))?

’’’’’ Gy then ¢(x) = max(x).

The proof is postponed to Section 4. However, note that it relies on the following preliminary result.

Proposition 1. Let f : RY — R be 14-alternating and let u be a non-empty subset of {1, ..., d}. Then,

T2(F) < r2(FU)

with f(z4) := f(z4, 07Y).

The authors conjectured the sharp upper bound in Theorem 2 a long time ago but the rigorous proof was only
made possible after transferring the Choquet representation of the function / to its indices as investigated in
Section 2. The optimization problem dealt with in Theorem 2 might be looked at in the broader perspective of
maximizing a convex functional over a compact convex set (wWhich need not be a simplex). Bauer’s maximum
principle ensures that the maximal value is attained in an extreme point, in our case in an extreme stable
tail dependence function. It does however give no hint to localize such a point nor to its uniqueness. Our
statement in Theorem 2 answers completely the question: it asserts the existence, the uniqueness and the

location (and so finds the maximal value) of the maximization problem.
The following statement is included in the proof of Theorem 2.

Corollary 2. Let i be a homogeneous co-survival function (3) associated with a spectral probability measure

von C. Then,

d 2
2(d")?
A ) < )2 ( /C Ew}/ddv(w)) ey
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3.3 Practical meaning and use

Taking into account the bounds provided by Theorem 2, the tail superset indices are normalized after multi-
plication by 90, so that the corresponding affinity matrix is [90 T{Zi’ j}(z)]m-, j<d» on which classical clustering
algorithms and analyses can be performed.
However, even if this pairwise normalization is correct, the use of this bound is more powerful when com-
paring subsets with different sizes. Indeed, thanks to the renormalization 7;2(¢)/72(¢V*) due to Theorem 2
all the renormalized superset tail indices can now be compared even if the subsets u have unequal sizes. The
effective dimension of the asymptotic dependence structure could be defined as
2Jul + 2)! (¢

A(0) == argmax ) yc(1,....d} {WL(T?,)ZM()} .
In the asymptotic independent case, A(¢*) = 1 since T{zi, it always vanishes: the entire additive component
of ¢* explains the whole variance. In the asymptotic complete dependent case, A(¢V) = d by application
of Theorem 2. Now, for models in between, rules can be easily defined: select a subset u that achieves the
maximization, or remove (in the asymptotic dependence modeling) subsets associated with small values of
the previous brace.

Let us provide an example. Consider / a trivariate stdf with value at (x, y, z) given by

ox, v, 2) = ((0.36x)95 +(0.35y)9%)%8 + ((0.37x) 7 + (0.382)74)%4 + ((0.32y) 7 + (0.30z)067)%-67
+((0.27x)7% +(0.33y) 500 + (0.322)503)%%% . (10)

It is an asymmetric extreme value logistic model. Its associated tail dependograph is drawn below

Figure 3: The Tail Dependograph of the stdf (10).

A quick estimation gives 77, = 1.700684 x 107, T4 = 1.625145 x 1074, 733 = 2.909913 x 10 and T%,5 =
1.391676x107*. These values are not completely comparable since the sizes of the subsets are unequal. Their
single use does not indicate the effective dimension of the function ¢. Applying our bound, one obtains 12 (¢)-
TE(V°12) ~ 0.0153, T5(0) - T2(0V'13) ~ 0.0146, T5(0) - Y52 (£V?3) ~ 0.0262 and 15 (0) - 115 (0V13) ~
0.0779. These calculations reveal that the strength of asymptotic dependence, when modelled by ¢, between
the three components is closer to the possible maximal value, than its pairwise equivalent. Thus, the effective
dimension of ¢ is 3 and it is not 2, according to this criteria. In other words, one should not simplify the
representation of ¢ by combining only bivariate terms. The knowledge of our bound is crucial to construct
this reasoning.



DE GRUYTER Hoeffding—Sobol decomposition of homogeneous co-survival functions = 191

4 Proofs

Proof of Theorem 1. The proof relies on the combination of
1
W) = (1) / max(x - w)dv(w) = (1) - (1) / dv(w) / ds 15w
c c Jo

for x € [0, 1]¢ with the equality
> oo | REUSCS

vCu [0,1]

Then, applying the Fubini-Tonelli theorem yields

1
= 2l - -u S2X-W
> v =2"My) - y) da (X)/C dv(w) /0 ds1

vCu J[0,1]

icu i¢u

1
= 21y (@) - y(1) /C { / TT 2o [ Kilwss s) ds} dv(w) .
0
Consequently, if u = @
. 1 d
Yo =9(1) - ¢(1)/C {/O [T Ki(wiss) dS} dv(w)
i=1

whereas if u # @

Pu®) = 3 (1) {Z va(X)}

vCu vCv

1
= —ll’(l)/c {/0 Z(_l)lu\vl H Lsox;w; HK{(W,';S) dS} dV(W)

vCu icv igv

1
= —l/)(l)/c/o (Z(—l)”\"| H Lsox;w; H K,-(W,-;s)) HKi(wi;s) dsdv(w)

vCu icv icu\v idu

1
=@ [ & [T (Lo = Ko ) [ KiCwis ) ds b dviw).

icu i¢u

For non-empty u, the term 1), is centered so that its variance o2 is also the second order moment.

1 1
u = 2 s . . .o
/[O’W Puxu)dAu(x) = (1) /C dv(w) /C dv(v) /0 ds /0 dt ] Kiwis )Ki(vi; )

igu
/ H (1szx,vw,v - Ki(w;; 5)) <1t2xiv,- - Ki(v;; t)) dAu(x)
[0,2]1 icu
1 1
_ 2 AW (v
— (1) /C dv(w) /C dv(v) /0 ds /0 dtgm(wl,s)m(v“o
1
H/ (Lssxow; — Ki(wis 8)) (Leaxe; — Ki(vis £)) dA;(x;)
icu 0
1 1
_ 2 (W e (.-
_ p(1) /C dv(w) /C dv(v) /0 ds /0 dtil;{Kl(w,,s)Kl(vl,t)

H (Ki(wi, vis s, t) = Ki(wy; $)K(vis 1))
icu
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The last assertion comes from the computation of [ ?dA(x) = 0% + 1% More precisely,

1 1
2 Z - 2 - >XW. — l=xev
&+ % = (1) /C dv(w) /C dv(v) /0 ds /0 dt /[0’1]‘1(1 Lexw)(1 = L) dA)

1 1 d
W)W — (D) + P(1)? / dv(w) / dv(v) / ds / at T Kitwi, viss, ©
c c 0 0 i1
using the fact that y(1)? /, c f[o,ud f[o,1] 1ssxw dv(w)dA(X)ds = P(1)? - (1)} ». The result follows. O
Proof of Corollary 1. Following [18] one knows that

Wm0
[0,1]2¢u]

— p(1)? /[Oyuw AAR)dAu(2) /C dv(w) /C dv(v) /O s /O Lat

(1 - :lsax“-wH 152x*”-w*“)(1 - 1t2x“-v” 1t22’“-V’“)
1 1
_ _ 2
= P2 - (1) + P(1) /C dv(w) /C dv(w) /O ds /0 dt

/ AAX)dA -1 (2) 1 soxown Losxvows Lesguoy Lpngruoy-u
[0’ l]zd—\u\

1 1
_ _ 2
= P)2e - P(D) + (1) /C dv(w) /C dv(w) /O ds /0 dt
HKi(Wi» Vi3 S, t) HKi(Wi; S)K;(vi; t) .

icu igu

Again, starting from

0%+l - Th = / PO, P2, x ) AAR) A (2)
[0,1]d+Iul

- p(1)? /[O’I]MM AAX)dAu(2) /C dv(w) /C dv(v) /O " ds /O Lat

(1 - 1szx“-w“ 1SEX‘"~W'")(1 - 1tzz"-v“ 1[2X""V'")
1 1
_ _ 2
= pW@ps -y +y@? [avew) [ avw) [as [t
H Ki(wi; )K;(vis t) H Ki(wi, vz s, t) .

icu igu
Now, applying (7),
2
1 ;
12 - S Z(_1)|“\“lzp(x“, z9 | du(x)dA(z) (12)
[0’1]|u\+d agu
D SRR PO, 2 2 VAN dAR)
2 a,a'Cu [0’1]\u\+d

_ p(1)? /C dv(w) /C dv(v) /O s /O Lat /MW dAu(x)dA(2)

1 ’
Z (_1)\u\a|+\u\a ‘(1 —= Looxaowa 1szz*“-w*“)(1 - 1t2Xa’.va/ 1

21ul
a,a’Cu

-2 [ avow) [ avew) | " ds / Lt [ e

1 ’
Z (_1)\u\a|+\u\a ‘152Xa~wa Loszamwal, g g 1

21ul
a,a’Cu

)

’
toz-a' v

’
tzz-a" oy
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since > agu(—l)“‘\“‘ = 0 as soon as u is non-empty. As usual, we let aAb = (a U b) \ (a N b) be the symmetric
difference of the subsets a and b. As a consequence,

12 = 1/)(1)2 /C dv(w)/cdv(v) ./ol ds /01 dt

1 flu\a’
STl Z (-1l H Ki(wi; s)K;(vis t) H Ki(wi, viss, t)
a,a’Cu icala’ i¢ala’
1 1
~p(1)? [ aviw) [ avw) [ ds [ ae 3000 ] Kiwis )Kitvis 0 T Ko, viss.
¢ ¢ 0 0 aCu ica i¢a

where the last equality comes from the general fact
Z (_1)\u\a\+\u\b|f(aﬂb) = plul Z(—l)‘alf(a) .
aCu,bCu aCu

Finally, one obtains

Tuz = l/)(1)2 / dV(W) / dV(V) /1 dS /‘1 dtHI<i(Wi’ Vis S, t) H(Ki(wi! Vis S, t) - I<i(Wi; S)I(i(Vi; t)) .
C C 0 0

idu icu

Proof of Proposition 1. Prior to proving Proposition 1, we review some preliminary results.

Lemma?2. LetA,,...,A ; benon-emptysets,A := Ay x...xAg, andf : A — R. For x and z both in A and for
any subsetv C {1,...,d} then
D = (DT MDF
In particular,
Dif = (-1)?Dif .
Ifx; = zi forsomei € {1,...,d} then D5f = 0.

Proof of Lemma 2. For x and z both in A write X’ := (xq,...,X4_1) and z’ := (z1,...,24.1).
Definep: A; — Rby

p(t) == DY, D).
Then

uC{1,...,d}

= Y oM, x 3 DM, x )
uC{1,...,d-1} vC{1,...,d-1},u=vu{d}

= Y DM - ST ClMRE, x M, 2y
uc{1,...,d-1} uc{1,...,d-1}

=plxg) - p(zy)

=Dzip .

It implies D3f = 0 whenever x4 = z,;. Moreover, we also see that
x',za) ¢ _ X
D(z,’xj)f =-Dzf .
The analogue results hold for any coordinate i < d. The conclusion follows by obvious iteration. O
Lemma3. LetA,,...,Ay; C R benon-empty, A := A; x...x Ay, and suppose f : A — R to be 1;-alternating.
Then, for any X’ and z' both in Hl‘.i:"ll Aj the function

r(t) :=

2¢O

is decreasing on A ,.
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Proof of Lemma 3. By Lemma 2, we may assume that x’ < z’. For s < t both in A; we have

02 D 3f = DY f(, 8) = D3 f(-, O

where both terms on the right hand side are non-positive. Hence
02 DYf(-, 0) 2 DYf(:, s)
and so r(¢) < r(s). O

We now go back to the proof of Proposition 1. By iterating Lemma 3, we deduce that

S DMV, 2| = (DR, 2| < | DRFC 07| = DD, 24V, 0

vCu vCu
It yields

2
) s - / S DM Eae, 24, 0 | dxtdzt = R,
2ul
vCu

where f[“] (z4) = f(z*, 07). O

Proof of Lemma 1. Recall that ¢*(x) and ¢V (x) now stand for Zil x; and max(x) respectively. Set also ¢V'%(x) =
max;c, X;. Stable tail dependence functions ¢ have the well-known property

ARV VAN (12)
To prove (12) recall the equality 4(x) = u([x, o=]€). Then, the inclusion

[Xiei) °°]C c [X’ °°]C = U{Y|yl < Xi}
isd

leads to the result since ¢ is the identity on each axis. Indeed, ¢ is homogeneous and equals one at the canon-
ical basis vectors. The inequality (12) is easily transferred to first and second order moments

0% < by < lh

and
a2(0V) + (6%)? < 0%(0) + 15 < o*(6F) + (L5)* .

Precisely, it yields

d d
d+1° lo 2
and 5
d 2 > d d
71350 (ﬁ)"'ﬁgﬁﬁ‘*'?’
implying
02(0) < dQBd> +7d*>-7d+1)
B 12(d + 1) )
From (12), one can also prove that
oy )d-lul+t _
(max,eu;(,z e 1+ d-|ul < Zév(x) = /Z(x)dx_u <d/2+ Z{Xi -1/2}.
vCu icu

Indeed, the left hand term comes from

E[max(m, Y-,)] = /1 max(m, y)(d - [u])y® " dy
0
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where m = max(x,) and Y-, is sampled from identical standard uniform. Taking moment of order 2, one
obtains
Ja@ ) + ((5")? < T30 + 5 < To(0) + (€5)°

Precise computations give

d’> |u
R+ @) =4
and 29V V,uy2 V,u
jZ(KV,u)_'_(E\/,u)Z _ o (‘6 ’u)+(£g’ ) + 26@’ (d_ |u|) (d |u|)2
! @ (d - [u| +1)2 d-u[+1 @ (d-ju+1?
where
PV - |u|
g Jul+1
and »
20)V,u
o) —r o ———
0= Gl 2l +2)
are deduced from Example 1 (just replace d by |u/). O

Proof of Theorem 2. Proposition 1 allows us to focus on the majorization associated to the largest subset u in
{1,...,d}. Then, for £ a d-variate stdf, we are just interested in an upper bound for T{zl ..... ay- Let us introduce
the following notation hw(x) = max(x - w) so that the spectral representation can be written as

%) = 1) / M (X)dv(W) .
C

From linearity, one obtains
DX¥¢ = (1) / D¥hwdv(w) .
c

Now, recall uw is the image of the Lebesgue measure A on the half-line R, under the mapping s — s/w, and
the fact that hw(x) = uw([x, oo]¢) as discussed in Subsection 2.1. Consequently,

1
|D)Z(hW‘ = ”W([X NZ,XV Z]) = /0 1X/\ZSS/WSXVst .

Then, from [9, Theorem 1] and what precedes, one can write

a0=27 / / (D0 dxdz
b [0,11¢ J[o,1}

< -d 2 X w )z( v .
< 274(1) /Md /Md < /C DXh \dv(w)) ( /C DXh \dv(v)) dxdz

The Fubini-Tonelli theorem leads to

/ / |DXhow| | DX hy|dxdz
[0,1]4 J{0,1]4

1 1
=// (/ / 1X/\ZSS/WSX\/Z1X/\ZS[/VSX\/ZdXdZ) dsdt
[0 1]4 J[o,1]4
t
o [ LTI E) (v L) o
Wi Vi Wi Vi),

d
< dH(// (7/\7) (1—%\/%) dsdt>
d 1/d
(S/\t) (1-svd wvdsdt)
([ [
1 1
1/d 1/d deq d
( v; )(/0 /0 SAD(1-sVvi) dsdt)

1/d
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where the inequality comes from the generalization of Holder’s inequality: for any positive numbers p; such

thatpil+...+i=1
1/p1 1/pn
[V sl </ e dy) (/ fal du) . 13)

p}’l
Combining the last results gives us

d 2/d
< 0(1)? (E/Cwidv(w)> (/01 /01 (sA H4(1-sv ) dsdt)

invoking again (13). Since a stable tail dependence function satisfies /(e;) = 1, we have [. w;dv(w) = 1/£(1).
Finally

2 b d d 2 2(a)?
T{l ’’’’’ d}(é)ﬁ/; /0 (S/\t) (1—5\/[’) del'=T{1 ..... d}(hl) = m

by application of Corollary 1 with (1) = 1, v = §;, and Example 3.
Assume now the second assertion of Theorem 2 and recall that if ¢ is a d-variate stdf then ¢ is a |u|-variate
stdf. Combining the assumption with what precedes and Proposition 1, we obtain

126" = 120 < T2 < 12 (V)

so that 72 (¢) = 1,,(¢"*¥). The problem is now the same as the last statement of Theorem 2 for d = |u|. The
result will thus follow if one can prove it directly.
Let ¢ be any stdf where the maximal value is attained. Then the inequalities after the inequality (13) are in

fact equalities, in particular
1/d

d d
/ngil/ddv(w): (E/Cwidv(w)>

implying by Lemma 4 (below) that the functions w wl.l/ 41 <iz<d,are proportional, as are then also
W — w;. Since fc w;dv(w) = 1/£(1) for each i, we see that v-almost surely the components w; are equal, i.e.

v is concentrated on the diagonal {w|w; = w, = ... = wy}, and the only w € C with this property is w = 1.
Consequently, v = §; and #(1) = 1. In other words, 4(x) = max(xy, ..., X4). O
Lemma 4. Consider in the generalized Holder inequality (13) the special case p1 = ... =pn = 1/n, f; 2 0 and

0 < [fi'du < oo for alli. Then

/ firo fdus (q / f{’du) " (14)

with equality if and only if the functions f; are proportional, i.e. f; = a;f; fori=2,...,nwhere a; > 0.

Proof of Lemma 4. If f; = a;f; for all i (a; = 1) then both sides in (14) have the same value [ fidu - [, ;.
Supposing now equality in (14), we proceed by induction. For n = 2 the inequality (14) is the Cauchy-Schwarz
inequality and it is well-known that f; and f, are proportional in case of equality. We assume now the validity
of our assertion for some n = 2 and consider n+1 functions fy, . . ., f+1. Holder’s inequality for two functions

g, h = 0reads
. 1/p 1/q
fosne ([ )" (1)
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with p, g = 1 such that 1/p + 1/q = 1, and with equality iff g” and h? are proportional. It will be applied to
g=fifa,h:=fu1,p=(+1)/nandg=n+1

[ Efusan (/(fl---fn)"ﬁldu)"n” (/fé’f%dy)"il
- <Hl (/fl-"”du) 3’) " (/f::r%du) " (ﬁ/fW) "

where the second majorization is obtained by applying the induction hypotheses to ff”l)/ nooL fedin
These two inequalities are by assumption equalities, and lead to

(oo fa)™ = Bifmit

aswellas fi*1 = B, ..., fi+l = B, f1*1 for positive B1, B2, . . ., B, i.e.

ﬁi/(mnfnn = (B2 B) 'V 1y
showing f1, ..., fn+1 to be proportional. O
Concluding remarks

The Choquet representation of homogeneous co-survival functions, shown to be unique in [16], is the source
of all results in this paper. Then, the Fubini-Tonelli theorem appears as the main ingredient in transposing
the spectral expressions to several forms of combined variances.

Ilustrated through Monte-Carlo comparisons, the coverage accuracy is significantly improved. However,
this just illustrates the contraction of the domain of integration.

As a natural example, the function that summarizes the tail dependence structure in extreme value
theory, namely the stable tail dependence function, received successfully the application of the new results.
Furthermore, the generalization of Holder’s inequality associated with more tricky justifications from
multivariate monotonicity yielded a sharp upper bound to the quantity of interest.

Finally, it may be worth pursuing the consequences for measuring the effective asymptotic dependence
dimension of a random vector.
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