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1 I INTRODUCTION

This paper is a contribution to dynamical sampling, a recent research topic introduced in [3]. Dynamical sampling has already
attracted considerable attention [1,2,4-6,8—12,19]. In short form, and to be made more precise soon, the question is to analyze
the frame properties of sequences in a Hilbert space H having the form (T" fO):O:()’ where T : H — H is a linear operator and
fo € H. In operator theory, the set (T" fo):o:O is called the orbit of the vector f under the operator T .

The main purpose of this paper is to characterize and compare the frame properties of orbits (T” fo):ozo and the bi-infinite
orbits (T" fo):o:_oo with a bounded operator T'. The first frame characterization of orbits of the type (T" fo);o:o with a normal
operator T appeared in [3]. Its necessary and sufficient conditions are very explicit in the sense that they allow for actually check-
ing whether a given orbit with a normal operator is a frame or not. In addition, the characterization is suitable for constructing
frame orbits with normal operators as generators. On the other hand, it is very restrictive since “most” frame orbits are generated
by non-normal operators (see Remark 5.3 for a more detailed description). Hence, it is desirable to find characterizations for
general bounded operators. In fact, such a characterization has been found in [5] in the more general framework of “extended”
operator orbits (T” f j)neN,je 7 where J is a countable index set. However, the characterization in [5] is neither explicit in the
above sense, nor does it allow for a parametrization of all frame orbits in terms of well known objects. Here, we provide char-
acterizations which satisfy the latter desideratum. In particular, while the property of a sequence of vectors being a frame is
independent of the chosen indexing, our results show that the answer to the question whether an orbit sequence (T” fo):ozo is
a frame or not turns out to be considerably different from the case of the bi-infinite orbits. For example, we will see in Theo-
rem 1.2 thatif (7" f,)""  is a frame, then 7" f; — O as n — co; and if (T" f)" ___is a frame then the vectors T" f,n € Z, are
norm-bounded from below. This proves in particular that regardless of the chosen ordering, a Gabor frame cannot be represented
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in the form (7" fy) " with a bounded operator T. As we will see, this no-go result is due to the fact that (7" f) " is the full
orbit of f under T': as a matter of fact, a Gabor frame is always contained in an orbit of a certain bounded operator.

Another objective of this paper is to characterize the frames that can be represented in the form (T” fo),, <> Where either
I =Nor I = Z and the linear operator T is closable. The corresponding question for 7" being bounded was solved in [11,12].
Surprisingly, we will show that even though closability is a much weaker condition than boundedness, the conditions on the
frame remain the same in these two cases.

The paper is organized as follows. In the rest of this Introduction we state certain key definitions and results from the literature
and present the main new results. Additional results and the proofs are given in the next four sections. Section 2 contains
the above-mentioned result for closable operators which is valid for both types of orbits. Section 3 presents results that are
particular for the classical orbits indexed by N, and Section 4 discusses bi-infinite orbits indexed by Z. In Section 5 we provide
explicit frame constructions (T" fO)neN for operators T that are similar to normal operators. Comparing the result with the
characterization obtained for general bounded operators proves that the class of frames of the form (T" fO)neN with a bounded
operator T is much larger than the previously known examples indicate. We also provide a perturbation result which can be used
to construct a non-normal frame orbit from a normal one.

In order to make the paper accessible to readers from different communities, an appendix collects the necessary background

information on contractions and subspaces of LX(T).

1.1 | Definitions and notation

Throughout this paper, let N = {0, 1,2, ...}. We let H denote a complex separable infinite-dimensional Hilbert space. Given
Hilbert spaces H; and H,, we let L(H;, H,) denote the set of all bounded operators mapping H; into H,. Moreover, GL(H;, H,)
will denote the set of all bijective operators in L(H,, H,). As usual, we set L(H) := L(H,H) and GL(H) := GL(H, H).

In order to formulate our results about orbits (T” fo ) < inan efficient way, we introduce a natural similarity relation between
operator-vector pairs (7', f). Considering two Hilbert spaces H; and H, as well as T; € L(H j) and f;€H;, j = 1,2, we say
that the pairs (T, f;) and (T, f,) are equivalent (or similar) via V € GL(H,, H,) if

T,=VT, V™' and f,=Vf,. (1.1)

In this case, we write (T}, f1) & (T, f>).

Let T denote the unit circle. If o C T is a Borel set, by B(o) we denote the set of all Borel sets which are contained in ¢. For
o € B(T) we denote by || the normalized arc length measure of ¢. In particular, |T| = 1. Let 6 € B(T). By M, we denote the
operator of multiplication with the free variable in L?(c). That is, M, : L*(¢) — L*(c) and (M h)(z) := zh(z), h € L*(o),
z € o. The operator M, is obviously unitary. By 1, we denote the constant function with value 1 in L*(c).

In what follows, we write L := L*(T). By Li we denote the subspace of L? consisting of all f € L? with vanishing negative
Fourier coefficients, i.e.,

LY = {feLz:/z"f(z)d|z|=0 fornzl}, (1.2)
T

where d|z| indicates integration with respect to the normalized arc length measure. We also define L> := L?> © Li and denote
the orthogonal projections onto Li and L? by P, and P_, respectively. On Li define the operator of multiplication with the
free variable by

MP:L: > LY, (Mif)(@)=2zf(2), feLi zeT.

By S we denote the class of functions 2 € Li such that |a(z)| = 1 for a.e. z € T. The functions in S are exactly the radial limits
of the inner functions on the open unit disk (cf. Appendix A). Therefore, we also call them inner. Also, let I* denote the set
of all inner functions which are not finite Blaschke products. As a convention, we identify inner functions whose quotient is a
(unimodular) constant.

1.2 | An overview of the new results

In this section we will collect some of our main new contributions and relate them to known results and open problems from

the literature. We first state a characterization of frames of the forms (T” fo)n N and (T” fo)n <z’ respectively, which is a
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combination of Theorems 3.4 and 4.8. Given a closed subspace M of the underlying Hilbert space H, let P,, denote the
orthogonal projection onto M. Now, for h € F U {0}, let

Hy =120 hl%, A, :=PHh<M;|Hh), and ¢y 1= Py 1y, (1.3)

Note that the spaces H,,, h € I* U {0}, are exactly the infinite-dimensional orthogonal complements of the invariant subspaces
of the multiplication operator M%’ (cf. Appendix B). The operators A, are the compressions of MW-F to these orthogonal com-
plements.

Theorem 1.1.

(a) Let T € L(H) and let f, € H. Then the following statements are equivalent:
(i) The system (T”fo)neN
(ii) (T, fy) = (Ap. ¢p) for some h € F* U {0}.

(b) Let T € GL(H) and let f, € H. Then the following statements are equivalent:
(i) The system (T”fo)nEZ
(ii) (T, fy) = (M,,1,) for some o € B(T).

o

is a frame for H.

is a frame for H.

So, while operators generating frame orbits indexed over Z are similar to multiplication operators, the ones generating frame
orbits indexed over N are similar to special compressions of the multiplication operator M{f . Note that the compressions A,
play an important role in Nikolskii’s book [18]. They also serve as a prominent example for the so-called Cj-contractions (cf.
Appendix A and [17, Ch. III, Prop. 4.3]). Their spectrum in the open unit disk consists of isolated eigenvalues which are exactly
the zeros of A.

An important consequence of Theorem 1.1 is that the class of frames that can be represented in the form (T" fo)neN with a
bounded operator T is much larger than what could be expected from the examples known so far. We will discuss this in more
detail in Remark 5.3.

Assuming that the orbit (T" fo)n N is a frame for H for some fixed f, € H, it is natural to ask for a characterization of all
f € H such that (T" f),cy is a frame for H. For T € L(H), we indeed characterize these vectors in Proposition 3.8 (see also
Remark 3.9 for a more explicit representation). Analogue results for bi-infinite orbits are given in Section 4.

The next result combines Corollaries 3.6 and 4.5. The conclusion about T in (1.4) is already known [4] and is only included
here for completeness and direct comparison between (a) and (b). Recall that a frame is called overcomplete if it is not a Riesz
basis.

Theorem 1.2.
(a) Let T € L(H) and let f, € H such that (T”fO)HGN is an overcomplete frame for H. Then for each f € H we have that

T"f -0 and T'f -0 asn— . (1.4)

(b) Let T € GL(H) and let f € H, such that (T”fo)nEZ is a frame for H with frame bounds A and B. Then for all f € H

and all n € Z we have
A « A
IT" A1 2 \JZ I and I SN2 I

Theorem 1.2 (a) answers a question posed in [8]. In particular, the result shows that the classical overcomplete frames in
L%(R), i.e., frames of translates, Gabor frames, and wavelet frames cannot be represented in the form (T” fo)neN with a bounded
operator T : L?*(R) — L?*(R); indeed, all these frames consist of elements of equal norm, which contradicts (1.4). At present
it is still an open problem whether there exist overcomplete Gabor frames or wavelet frames that can be represented in the
form (T” fo)n ez with a bounded operator T : L?>(R) — L?(R). Note that there exist overcomplete frames of translates for sub-
spaces of L?(R) with such a representation: indeed, considering the translation operator T} pfx)=f(x-1 /2), the sequence
(sinc(- = n/2)), ez = (T 1"/zsinc)neZ is an overcomplete frame for the Paley—Wiener space because (sinc(- — n)),,c7 is a basis for

that space.
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It is interesting to notice that even though an overcomplete Gabor frame cannot be represented in the form (T” fo),, o With
a bounded operator T', any Gabor frame can actually be written as a subsequence of such a sequence. Indeed, a fundamental
result by Halperin, Kitai, and Rosenthal [16] states that every linearly independent countable sequence in a Hilbert space H is
contained in the orbit of a certain bounded operator T : H{ — H. Thus, we have the following result, which in particular applies
to every Gabor system with a nonzero window:

Proposition 1.3 ([16]). Consider any linearly independent frame (f,),cn in a Hilbert space H. Then there exists a bounded
operator T : H — H and a sequence (a,,),cn C N such that

(fdnen = (T f1) ,en

Theorem 1.2 (a) also shows that a frame of the form (T" fO)neN cannot contain an infinite Riesz sequence. The mentioned
example of the frame (sinc(- — n/2)),c7 in the Paley—Wiener space shows that this restriction does not apply to frames of the
form (T”fo)nez.

2 | FRAME ORBITS GENERATED BY CLOSABLE OPERATORS

Throughout this section we will consider sequences F = (f,,),cy in a Hilbert space H with indexing over I =Nor [ =Z. A
natural question to ask is whether there exists a linear operator 7" such that f, . = T f,, for all n € I? In the affirmative case, the
operator T" obviously maps the subspace Dy := span{ f, : n € I} into itself; furthermore the operator is surjective if 1 = Z.
In [11,12] it was proved that such an operator T : D — Dy exists if and only if the set { f,, : n € I} is linearly independent.
The operator T then is unique (and bijective if I = Z) and f, = T" f, forall n € I. We call T the generating operator of F.In
the case where F is a frame for H it was shown in [11,12] that its generating operator is bounded if and only if the kernel of the
synthesis operator of F is invariant under the right shift operator on £2(I).

Since invariance of a subspace of #2(I) under the right shift is a fairly strong property, it seems that requiring boundedness
of T is very restrictive and relaxing this requirement might lead to a weaker condition. In what follows, we will characterize
those frames F = (f,,),<; for H which can be represented in the form (T”fo)nel, where I =Nor I = Z and T is a closable
operator, defined on Dy :=span{ f, : n € I}.Recall that an operator T : Dy — H is called closable if the closure of its graph
in H X H is again the graph of an operator (which is then called the closure of T, denoted by T).

Let F = (f,),es be alinearly independent frame for 7{. Since the frame is complete in {, its generating operator T : Dp — H
is obviously densely defined. Therefore, its adjoint T exists. Recall that

domT* ={geH|Ihe HVf €Dy : (Tf.g)=(f.h)}.

In the sequel, we denote by L and R the left shift and the right shift operator on #2(I), respectively.

Lemma 2.1. Let F =(f,),e; = (T”fo)nel be a linearly independent frame for H with generating operator T : Dy — H.
Then dom T* is closed and

domT*={geM|Ih e HVnE I : {f,,1.8) =(f, h)} = (LC) 'ranC,

where C denotes the analysis operator of F and (LC)~ ran C denotes the preimage of the set ran C under the map LC.

Proof. WehaveT f,, = f,,,n € 1. From this and the definition of dom 7 it is clear that dom T is contained in the right hand
side of the first equation. Now, let g, h € H such that for all n € I we have (f,,1,8) = (f,,h). Let f € D, f =X, cp o fos
where I’ C [ is finite and ¢, € C,n € I’. Then

(Tf.8)= Y elfus8) = D, el fuh)=(f.h).

nel’ nel’

This proves that g € dom T*. For the second equation we note that for g, h € H we have

(<gvfn+l>)ne[ =LCg and (<h”f’1>)nel =Ch.

Thus, g € dom T* if and only if there exists 4 € H such that LCg = Ch, thatis, LCg € ran C. Hence, domT* = (LC) 'ranC.
As the pre-image of a closed set under a continuous map, dom 7™ is closed. [l
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The closed graph theorem immediately yields the following corollary.

Corollary 2.2. Let F = (f,),e; = (T"fo)nel be a linearly independent frame for H with generating operator T : Dy — H.
Then T* is bounded.

The following theorem is our main result in this section. It shows in particular the surprising fact that the generating operator
of a linearly independent frame is closable if and only if it is bounded. Note that we do not assume a priori that the given frame
is linearly independent. For I = N, the equivalence of (i) and (iii) was already proved in [12].

Theorem 2.3. Let F = (f,),cr be a frame for H with synthesis operator U. Then the following statements are equivalent.

(i) F has the form (T"fo)ne, with a bounded operator T.

(ii) F has the form (T”fo)nel with a closable operator T.

(iii) ker U is R-invariant.
In case these equivalent conditions are satisfied, the closure of the generating operator T of F is given by
T =URU", 2.1)

where U™ = U*(UU*)~! denotes the pseudo-inverse of U.

Proof. Let C denote the analysis operator of F, i.e., C = U*. The implication (1)=(ii) is trivial. For the other implications we
will make use of the easily proved relation

[(LC) ran C]l =(LC)*kerU = URker U. (2.2)

(i))=>(iii). By Lemma 2.1, domT* = (LC Y~!ran C is closed. From the well known fact that a densely defined operator is
closable if and only if its adjoint is densely defined we conclude that (LC)~! ran C = H. Making use of (2.2), we obtain
URker U = {0}, which is (iii).

(iii)=(i). Let us first prove that { f,, : n € I} is linearly independent. We prove this for I = N. A similar reasoning applies to
the case I = Z. Towards a contradiction, assume that there are ¢y, ..., cy € C, not all equal to zero, such that Z,],V:o c, [, =0.
Without loss of generality, we may assume that ¢ # 0. By (iii),

N

Y eifuri =0  forallk €N. (2.3)
n=0

Then fy € span{fo, ey fN—1}~ But also, (2.3) for k = 1 implies that

N4l € span{fl,...,fN} = span{fo,...,fN_l}.

Inductively, we conclude that f, € span{ fosoon f N—l} for all » € N, which clearly is a contradiction as H is infinite-
dimensional. Hence, F is linearly independent. The claim now follows from [11,12].

To prove (2.1), assume that the frame has the form F = (T” fO)neN with a bounded operator T'. Denote the frame operator

of Fby S,ie, S=UC.Let f € Handputc :=CS™'f = ((S7'1. f,)),c;, €*U). Then f =SS~ f =¥, _ c,f, and
hence

Tf = ¢afo = D (RO, S, = ) (RCST'f), f, =URCS™'f,

nel nel iel

which proves (2.1), since UT = CS~L. O

Remark 2.4. Note that the question whether an overcomplete linearly independent frame is generated by a bounded operator
highly depends on the order of its elements. This leads to the more general problem of finding necessary and sufficient conditions
on a given linearly independent frame under which there exists a permutation of its elements resulting in a sequence that can be
represented by a bounded operator. We will not address this problem here.
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3 | ORBITS OF THE FORM (T"f,)

neN

In this section we consider frames (T” fo),, o With a linear operator T that is bounded and defined on the entire Hilbert space,
ie., T € L(H). We begin with a lemma concerning the similarity of operator-vector pairs.

Lemma 3.1. Let H, and H, be Hilbert spaces and let (Tj,fj) € L(Hj) X H;, j=1,2, such that (Tl,fl) = (Tz,fz). Then
(T]"fl )neN is a frame for H, if and only if (Tz"fz)neN is a frame for H,. In the affirmative case, the operator V in (1.1) is unique.

Proof. ItV € GL(HI , Hz) is an operator as in (1.1), for g € H, we have

3 e[ = S rmvvn) = e
n=0 n=0 n=0

This shows that (Tlnfl)neN is a frame for H; if and only if (Tz”fz)
f=XocT] f1, where ¢ € £2(N), we have

N is a frame for H,. Moreover, for f € H;,

VE= Y e VT fi= Y e, T3V =) ¢Tif
n=0 n=0 n=0
Thus, V is unique. O

In what follows, it is our aim to characterize the operator-vector pairs (T, fo) € L(H) x H for which the orbit (T” fo),, N is

a frame for H. It was already proved in [5] that the orbit (T” fo),, n 18 a Riesz basis for H if and only if

(T. fo) = (M7, 17).

We will now show that this statement can be extended to obtain a characterization for all frame orbits (T " fo)n o generated by
a bounded operator T'. To this end, we first state the following lemma. As Theorem 3.4 below will reveal, the frames appearing
in it are — up to similarity — exactly the frames that we aim to characterize. Recall the notations H,,, A, and ¢, from (1.3).

Lemma 3.2. Let h € 3* U {0}. Then
ALy =Py, (2", neN. (3.1)

In particular, if h # 0, (AZ‘i’h) is an overcomplete Parseval frame for the infinite-dimensional Hilbert space H,,.

neN

Proof. Clearly, (3.1) holds for 4 = 0. Thus, let 2 € J*. Then H,, is always infinite-dimensional by Lemma B.3. The subspace
hL? is invariant under M by Theorem B.1. Since L2 = hL? @ M, for f € L2 we have

+p_ + + — +

Thus Py, M| Py, = Py, M7, which implies that

n n
(PHhM;PHh) = Py, (M7)". 3.2)
Therefore, by definition of A;, and ¢, we get
n n
ALy, = PHh(MT'F) Py, 1y = PHh(M;) ly = Py, (2",
which is (3.1). O
We will frequently use the following fact; the definition of C-contractions is given in Appendix A.

Lemma 3.3 ([17, Ch. 111, Prop. 4.3]). Each operator A, h € S, is a Cy-contraction and its minimal function is precisely h.

We are now ready to prove our main result in this section.
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Theorem 3.4. Let T € L(H) and let fy € H. Then the following statements are equivalent:

(i) The system (T"fo)neN is a frame for H.
(ii) (T, fo) = (Ap. ¢p,) for some h € F* U {0}.

In case these equivalent conditions are satisfied, the function h in (ii) is unique and the frame (T" fo)n o 18 a Riesz basis for
H if and only if h = 0.

Proof. Due to Lemmas 3.2 and 3.1, (ii) implies (i). Also, (Af¢y)
Riesz basis for H if A = 0.
So, assume that (i) holds. By U denote the Li—synthesis operator of the frame (T” fo)

e 18 @ Riesz basis for Hy = L7 and thus (T f) . is a

e €U T LY = H,

— 2
Up= ;)(¢, T fo, @€l

Since (T”fo)neN is a frame for H, the operator U is bounded and surjective. For ¢ € Li we have (z@, 1T>Li = 0 and thus

[0e] [so]
TU@ = 2((,), z”)L%rT”“fO = Z(Z(p, )2 T"fy = Ulzg) = UMeo.

n=0 n=1

Therefore, TU = UMTJrr . In particular, ker U C Li is invariant under M;Tr . By Theorem B.1 there exists a function
h € 3 U {0} such thatker U = hL_Zi_. Thus, ranU™* = Li 2] hL_2F = H,,. Define the operator V' := U|Hh € L(H;, H) and note
that V' is boundedly invertible with V! = U*(UU*)~". In particular, , is infinite-dimensional. This and Lemma B.3 imply
that h € S* U {0}. Applying the operator ¥ ~! from the right to the equation TU = U M}' yields

T=UMV'=UP

ran

MV =v Ayl

And since also V¢, = U P, y+ 1+ = Ul = [, (ii) follows. If (T”fo)n.EN is a Riesz basis for H, then ker U = {0} and hence
h=0.
The fact that A in (ii) is unique follows from Lemmas 3.3 and A.1. [l

Remark 3.5. Theorem 3.4 provides a parametrization of the pairs (T, fo) generating a frame for H. Indeed, foreach h € 3* U {0}
and every V € GL(H,,, H) the pair (V A,V !,V ¢, ) generates a frame for H and each frame (T" /), _ for H with T € L(H)
and f;; € H is of this form with unique V" and A (cf. Lemma 3.1). Hence, the parametrization is injective.

As a consequence of Theorem 3.4 we now prove that if (T" fo) is an overcomplete frame and T is bounded, then 7" f — 0

neN
asn — oo forall f € H. As already discussed in Section 1.2 this implies that the classical frames in L*(R), e.g., Gabor frames,
wavelet frames, and frames of translates, only have representations of the form (T" fo)n < With a bounded operator T if they

form a Riesz basis.

Corollary 3.6. Let T € L(H) and let f, € H such that (T"fo)
have that

e 18 an overcomplete frame for H. Then for each f € H we

T"f -0 and T'f -0 asn— . (3.3)

In particular, (T” fo)neN does not contain any Riesz sequence.

Proof. It was already proved in [4] that (T*)" f — 0 asn — oo forall f € H (independent of whether the frame is overcomplete
ornot). By Theorem 3.4, there exist an inner function 2 € S* and V' € GL(H,;,, H)suchthatT = V A4, V1. Therefore, it suffices
to show that A;’lf — Oforall f € H;,. And indeed, for f € H,, via (3.2) and (B.2), we have

o e LR e ey el LXC Dl

=i <z"fﬁ,z_k>L2 2= i <fﬁ,z_k>L2

k=1 k=n+1
which tends to zero as n — oco. O

2

s
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Remark 3.7. Corollary 3.6 can alternatively be proved by using results about Cjy-contractions from [17] (see Appendix A).
Indeed, as each operator A, h # 0, is a Cjy-contraction, (3.3) follows directly from [17, Ch. III, Prop. 4.2].

Let T € L(H) be an operator for which there exists some f; € H such that (T” fo),, N is a frame for H. An obvious natural
question to ask is whether there exist other vectors f € H for which (T" f), <y also is a frame for H and which vectors these
are. Therefore, for arbitrary T € L(H) we define the set

WW(T) :={f €H : (T"[),en is a frame for H }.
The next proposition shows that from one vector f;; € Vy(T) (if it exists) we obtain all vectors in Vy(T') by applying all invertible
operators from the commutant {7}’ of T to f,. Recall that {T'}’ is the set of all V' € L(H) commuting with T

Proposition 3.8. Let T € L(H) and let fy € V(T). Then

VW) ={Vfy:V e(TY nGLH)). (G4

Proof. Clearly, if V € {T} n GL(H), then (TanO)neN =(vr" 0)neN is a frame for H. Let f € V(T). By Theorem 3.4
there exist g,h € I* U {0} and V € GL(H,,H), W € GL(Hg, H ) such that

T=VAV'=wAWw™! and  fo=V,, f=Wa,

Hence, by Lemmas 3.3 and A.1 we have g = A (up to unimodular constant multiples). In particular, H, = Hg, Ay = Ag, and
¢y = ¢, We conclude that f = W, =W, =WV frand WV IT = WA,V =WA V' =TWV L. O
Remark 3.9. A more explicit characterization of Vy(T') than given in (3.4) can be obtained as follows. Let M, ® denote the
operator of multiplication with @ in L2. If h € §*, then {4}’ = {PHthth NS H°°} by Sarason’s theorem (see, e.g.,
[18, Lec. VIII.1]). By the spectral mapping theorem (cf. [18, Lec. II1.3]), the operator Py, M¢|Hh = @(A,) is in GL(H}) if and
only if the function ¢ satisfies inf {|(z)| + |@(z)| : z € D} > 0. Let us denote the class of functions ¢ € H® satisfying this
requirement by ©,,.

Now, let (T”fo)neN form an overcomplete frame for H and let (T, fo) be similar to (A, ¢;,) via W € GL(H,, H). Then
V € (T} nGL(H) is equivalent to W~'VW € {A,} n GL(H,). Hence, V = W p(A,)W~! for some ¢ € ©,,. Therefore,
V fo = Woe(Apg, =W Py, (9¢y), that is,

V() = {W Py (pd;) : 9 €6,}.
But due to (B.2) we have Py, (¢¢;,) = hP_(phe;,) = hP_(@P_h) = hP_(ph) = Py, ¢, and we obtain

VW) ={WPy¢:9pec0,}.

4 | ORBITS OF THE FORM (T"f,)

nezZ
In this section we focus on bi-infinite orbits indexed by Z. The following lemma is proved similarly as Lemma 3.1.

Lemma 4.1. Let H, and H, be Hilbert spaces and let (Tj,fj) 1S GL(Hj) X H;, j = 1,2, such that (Tl,fl) =] (Tz,fz). Then
(Tl”fl )nEZ is a frame for H| if and only if (T2nf2)nez is a frame for H,. In this case, the operator V' in (1.1) is unique.

We will now characterize the pairs (7', fo) € GL(H) x H which yield a frame for H of the form (T" f,) _. As it will turn
out below, up to similarity such frames are exactly the ones appearing in the following example.

Example 4.2. It is clear that (M{T‘IT)neZ = (z")neZ is an orthonormal basis for L2(T). Let o € B(T), |o| > 0. Then
(Mglo)nez is a Parseval frame for L*(c), since it is the orthogonal projection of the Riesz basis (MwnrlT)nez for L%(T) onto
the closed subspace L*(c) of L*(T).

Let us again start with the Riesz basis case. The next proposition shows that if (T, fO) generates a Riesz basis indexed by Z,
then 7 is similar to the multiplication operator My on L*(T).
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Proposition 4.3. Let T € GL(H) and let f € H. Then the following statements are equivalent:
(i) The system (T"fo)nez is a Riesz basis for H.
(ii) (T. fo) = (M, 17).

Proof. The implication (ii)=(i) is evident. For the converse direction assume that (T” fO) is a Riesz basis for H. Let

nez
V € GL(H) be such that (V'T"f,), _ is an orthonormal basis (ONB) of H. Thus, (S"e),_, is an ONB of H, where S :=

VTV~!ande, :=V f,. Moreover, (T, fo) = (S, eo). Pute, := S"ey,n € Z.Then(e,),c7isan ONB of H and Se, = e, for
n € Z. Now, define the unitary map U : H — L*(T) by Ue, :=z",n € Z.ltis easily seen that USU~! = My and Ue,, = 1.
Therefore,

(T, fo) = (S.ep) = (USUUey) = (M, 1),

which completes the proof. O

Lemma 4.4. Let T € GL(H) and let fy € H such that (T”fo)nGZ is a frame for H with frame operator S. Then S~'/>T §1/2
is unitary. In particular, T is similar to a unitary operator.

Proof. Wehave Sf =Y, ., (f.T"fo)T" fo for f € H and hence

TST*f — z <T*f,Tnf0>Tn+1f() — Z <f, Tn+1f0>Tn+1fO =Sf.

nez nezZ

Therefore, T.ST* = S, meaning that UU* = Id, where U := S~'/2T'S'/2. As T € GL(H), U is a unitary operator. O

Corollary 4.5. Let T € GL(H) and let f, € H such that (T"fo)nEZ is a frame for H with frame bounds A and B. Then for
all f € H and all n € Z we have that

I fIl = \/%Ilfll and (T f|l 2 \/%IIfIL

Proof. Define the operator U := S~1/2T'S'/2, where S denotes the frame operator of (T" fo)n cz- As U is unitary, for f € H

we have

vs Vg = VA s 2/ A s

A similar calculation applies to ||(T*)" f]|. O

T £l = ||Sl/2UnS—l/2f|| > \/Z|

Remark 4.6. Lemma 4.4 and Corollary 4.5 can easily be generalized to systems of the form (T" f j>neZ e with T € GL(H),
f ;€ H, and J being a countable index set.

Consider two sets o7, 0, € B(T) and their symmetric difference
(23] A o) = (0'1\0'2) U (0'2\61).

Clearly, if |6, A\ 6,| =0, then L*(c,) = L*(0,) and also M, s, = M,,. In what follows, we shall identify sets 6,0, € B(T)
whose symmetric difference has arc length measure zero. We also write o; C o0, if |6\o,| = 0.

Lemma 4.7. Let 0,0, € B(T). If M, and M, are similar, then o\ = o,.

Proof. By P; we shall denote the orthogonal projection in L%(T) onto L? (aj), j=12.LetVe GL(L2(0'1 ), Lz(az)) be such
that M, =V M, V~!. Then VMZ 1, =M; ¢ foreachn € Z, where g :=V1, € L*(c,). Hence, Vzi = zjp,where z; :=
Pz e Lz(aj),j =1,2.Letg := Xo\o, € LZ(O'I) C L*(T) have the Fourier expansion g = ¥ ez a,2" with (¢,),e7 € 2(2).
Then we have

nez

Ve=VPg=V z @z} = Z ¥, 25 = (Z anzg>(p =(P8)p =0.

neZ nez nez

Since V' is injective, we conclude that y, \, = g = 0 and thus |0 \o,| = 0. By interchanging the roles of | and o, we also
obtain |o,\o;| = 0. L

85UB017 SUOULIOD A8 3 [cedt [dde 8y} Aq pauRA0B 812 S9[o1Le YO ‘8S J0 S9INJ 10) Al BUIIUQ AB]IA UO (SUOTHIPUO-PUE-SWLBI/LID"AB | 1M Aleq Ul |Uo//:SdNY) SUONIPUOD pue sWie | 8y} 88S *[9202/20/90] Uo AiqiT auljuo As(1m ‘1peis|obul-1iesuydis JelsieAlun ayast oy Ad #E008TOZ BUBL/Z00T 0T/I0p/L0d A8 | AReiq Ul juo//sdny Wwolj pepeojumoq T ‘0202 ‘9T9222ST



CHRISTENSEN ET AL. MATHEMATISCHE 61

The next theorem is the main result in this section.
Theorem 4.8. Let T € GL(H) and let f, € H. Then the following statements are equivalent:

(i) The system (T”fo)nEZ is a frame for H.
(ii) (T, fy) = (M,,1,) for some o € B(T), |o| > 0.

In case these equivalent conditions are satisfied, the set o € B(T) is unique and the frame (T” fo)nEZ is a Riesz basis for H
ifand only if c = T.

Proof. The implication (ii)=(i) is clear, since (M"1,)
that (T" f;)

neZ is a frame for (o), cf. Example 4.2. For the other direction, assume
is a frame for . Then the operator U : L> — H, defined by

neZ

Ug := Y (0.2 2T "y, @€l
nez

is well defined, bounded, and surjective. For ¢ € L? we have

TU@ =Y (0. 20T fy= Y (@, 2" VT fo = Y (20, 2")T" fy = U(z9) = U M

nezZ nezZ nez

and therefore TU = U My (and, equivalently, T-'U = UM{;). In particular, ker U is both M- and M;;—invariant. That is,
My ker U = ker U. Theorem B.1 now implies that ker U = Lz(ao) with some o, € B(T). Hence, ranU* = [?6kerU =
L?*(c), where ¢ = T\o,. The operator V :=U| 12(5) thus maps L?(o) bijectively onto H. Applying its inverse from the right
to the equation TU = UMy yields T = UMV~ =V M, V="' Also, V1, =UPp»,1 =U1 = f,. Hence, (i) holds. The
remaining claims in Theorem 4.8 follow from Lemma 4.7 and Proposition 4.3. O

Remark 4.9. If o € B(T), the spectrum o(M,) of M does not necessarily coincide with ¢ in the usual sense as o might be
non-closed. In fact, it can be easily proved that o(M,) is the essential closure o’ of o (cf. [14]). Due to [14, Lemma 2.11] we
always have |6\o*| = 0, but [6°\c| might be positive (see, e.g., [14, Example 2.12]) so that |6 /\ &°| > 0. Hence, following
our convention, we always have o C (M) but not necessarily o = 6(M,;). The latter holds, e.g., if ¢ is closed.

Example 4.10. Let T denote the operator of translation in L>(R) by 1,i.e., (T} f)(x) = f(x + 1), f € L*(R). It is well known

~ 2
that (Tlnfo)nez is a frame for its closed linear span H C L*(R) if and only if the periodic function ®(w) := Dz |f0(a) + n)‘

is bounded above and below by positive constants on [0, 1]\ N, where N = {® : ®(w)=0}. It is our aim to calculate the set ¢
in Theorem 4.8 in this case.
So, let (Tl"fo) 7 be a frame for H. By Theorem 4.8 there existoc € B(T)and V € GL (Lz(a), H) such that Tl”fo =V M"l

ne c 0’
n € N. Henceforth, we shall transform everything from the unit circle to [0,1] so that, e.g., o C [0, 1] and z" becomes e2min:,

Applying the Fourier transform F to T} f, =V M1, and denoting W :=FV, we obtain e*""™ fo=w(e¥"1,), neN.
Hence, for h € L%(0,1), h = ZnEZ cnez”i"', we have h f = W (hl,), where h denotes the periodic extension of 4 to R. Thus,

a2 1
IA1112,,, ~ IW LI = [ [Af| do= | h(@) ) do.
L4(0) R 0
This shows that, indeed, @ = 0 on [0, 1]\ ¢ and that ® is bounded above and below a.e. on o, that is, 6 = [0, 1]\ V.
Similarly as in Section 3, for T € GL(H) we define the set
Vy(T) :={f €H : (T"[),ez is a frame for H }.

The next two statements are analogues of Proposition 3.8 and Remark 3.9 for the case of orbits indexed by Z.

Proposition 4.11. Let T € GL(H) and let fy € V;(T). Then

V,(T)={Vfy:Ve{T}) nGLH)}.
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Proof. IfV € {T} n GL(HM), then (T”Vfo)nEN = (VT”fo)neN is a frame for H. Let f € V,(T). By Theorem 4.8 there exist
01,09 € B(T), |oy|,|05] > 0,as wellas V € GL(L*(o,), ”), W € GL(L*(0,), H) such that

T=VM,V''=WwM, W~ ad fo=VI,, f=WI,.

Hence, by Lemma 4.7 we have 6; = 0, (in the sense of Remark 4.9(b)). Therefore, f = ng2 = Wlal = WV‘lfO and
WVIT=WM, V' =WM, V' =TWV-L O

Remark 4.12. Let 0 € B(T), || > 0. It is easy to see that { M} consists of the operators of multiplication with functions
v € L*®(o). Such an operator is in GL(L2(0')) if and only if essinf |y| > 0. Therefore, if T' € GL(H) and f, € H such that
(T”fo)nEZ is a frame for H and (T, fo) is similar to (M, 1) via W € GL(LZ(O'), H), it follows that

V,(T) = {Wy : y € L(c), essinf |y| > 0}.

S | CONSTRUCTION OF FRAME ORBITS

For two nonnegative sequences (a we write a; ~ b; if there exist constants ¢, C > Osuch thatca; < b; < Ca;

J')jeN and (bj)jeN

for all j € N. Recall that a sequence A = (A j)jeN in the open unit disk D is called uniformly separated if

A=A
5y = inf []|2L=—
"ENk;{;]‘ l—ﬂjﬁk

> 0. (S.1)

The condition (5.1) is known in the literature under the name the Carleson condition. The frame characterization in the next
theorem was already proved in [3,4] (see also [5] for a more general version). In addition, we here also provide estimates for the
frame bounds.

Theorem 5.1. Let T € L(H) be a normal operator and let f, € H. Then (T”fo)neN is a frame for H if and

only if T = Z;io /Ij< . ej>ej, where (}”J‘)J‘eN C D is uniformly separated, (ej) is an orthonormal basis for H, and

jeN
|<f0, e; > |2 ~1- |/lj |2. In this case, the frame (T”fo) y has the frame bounds aA~" and pA, where

ne

2
o e

|<f ,€->|2
=i : msup U and A= 2 (1-2logsy). (5.2)
JEN 1_|/1j|2 jeN 1‘Mj|2 5;1\

Proof. Recall that H? := H?(D) is the Hardy space on the unit disk D consisting of functions of the form ¢(z) = 2;’;0 c,z",
z €D, where (c,),en € £2(N). Then ||@]l 2 = llcll,2. Let us also define the Fourier transforms F : #*(N) — H and
F : ¢*(N) - H? by Fc := ZJEN cje; and Fe(z) 1= Yen €2". By U we denote the synthesis operator of the frame
(T”fo)neN. Then for ¢ € £2(N) we have

Uc= ch 2 A;’(fo,ej>ej = Z <f0,ej><2 c,,/lj.'>ej = Z (fo,ej>(7’c)(ﬂj)ej.
n=0 j=0 Jj=0 n=0 j=0
Now, define the interpolation operator T), : H 2 5 FA(N) by
. _1g.2\1/2 . ) 2
T = ((1-14,P) " o(4)) e PEH

As A is uniformly separated, the operator T, is well-defined, bounded, and onto (see, e.g., [21]). Denoting ¢ := Fc, we have

Ue = i (fo-e;)

j=0 4 /1 =]4;]?
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where D = diag;en ((fo- ;) (1= 14;12)7/?). That s,
U = FDT,F.

Since T, is onto, its adjoint TX is bounded from below, i.e., we have ||T{c|| 52 > Y'llell 2 forall ¢ € £%(N) with some y’ > 0.
The supremum y of all such y’ is called the reduced minimum modulus of T/: and can be written as follows in terms of T (cf.,
e.g., [13, Lemma 2.1]):

y =inf{||T\oll,2 : ¢ € H> ©ker(Ty), @l = 1}.

In order to estimate y, let ¢ € H> & ker(T,) with ||@|| g2 = 1. By [21, Lemma 3], there exists some ¢ € H 2 such that
Ty\p=Typand |$|2,, < AT @2, As ¢ — @ € ker(T,) and ¢ € ker(T,)*, we have [|¢ll ;12 > llll 2 = 1 and thus

1T ol = A7 g1, = A",
which yields y > A~!/2. Finally, for f € H we obtain
. — . -
WU*FI7, = |F*TXD*E* f|l,2 = PIUD*F fI2, 2 A7 el fII%

This proves that ¢ A~ is indeed a lower frame bound of (T" fo)n n- The optimal upper frame bound is ||[U ||>. Hence, an upper

frame bound is given by ||D||2||TA||2 = ﬂ||TA||2. By [21, Lemma 1 and Lemma 3] we have ||TA||2 <A. O

The next proposition generalizes Theorem 5.1 to the class of operators that are similar to a normal operator. As Theorem 5.1, it
is easy to apply the result to obtain explicit constructions. Note in particular the condition (ii), which clearly relates to the general
characterization of frames (7" f), <y in Theorem 3.4; we will comment on that in Remark 5.3. Recall that if ( g j)jeN is a Riesz
basis for H, then there exists a unique sequence (hj)jeN such that (gj)jeN and (hj)jeN are bi-orthogonal, i.e., <gj, he) = 8k
for j, k € N. This sequence is then also a Riesz basis for H and is called the dual basis of (g j)jeN' We denote it by (gj’.)jeN.

Proposition 5.2. For T € L(H) and f, € H the following statements are equivalent.

(i) T is similar to a normal operator and (T”fo)nEN is a frame for H.
(ii) (T, fo) = (Ay,, dp), where h is a Blaschke product defined by a uniformly separated sequence.

(iii) T=Z;°;O/1j<-,gj>g;, where (Aj)jeNCID is uniformly separated, (gj)jeN is a Riesz basis for H, and

[ forg)l~ /1 = 1412

In case (iii) holds, the frame (T”fo) N has the frame bounds aA~ B~ and BAA~L, where A is as in (5.2),

ne

=1 s .= sup s
JEN 1_|/1j|2 JjeN 1_|/1j|2

. Ke)P sl

a .

and A and B are the Riesz bounds of (g;) jen-

Proof. It was shown in [15] (see also [18, p. 212]) that A, (h € TF*) is similar to a normal operator if and only if 4 is a Blaschke
product defined by a uniformly separated sequence. This proves the equivalence of (i) and (ii). Here, 2 = 0 can be excluded
since Ay = M; is clearly not similar to a normal operator. The equivalence of (i) and (iii) follows from Theorem 5.1 and the
simple fact that, fixing an orthonormal basis (e j)jeN of H, two sequences (g f )jeN and (h j) are bi-orthogonal Riesz bases
for H if and only ifgj = (I/V‘1 )*ej and hj =We; with some W € GL(H).

Assume now that (iii) holds, let (e; )jeN be an orthonormal basis for , and choose W € G L(H) suchthat g, = (W™!) *ej and
gi=We;, jeN. Then T = WNW!, where N =¥, 4;( -.e;)e;. In particular, (T"fy), = (WN"W~fy) ., which
has frame bounds a,, inf o(L) and by sup 6(L), where L = W W™ and a, and b, denote frame bounds of (N "Wlf) By
Theorem 5.1 we know that we can take a, = aA~! and by = fA. Now, if f € H, f = Y, ¢;g; withc € ¢%(N), then

o0 2 o0

_ 2
Qe =2 lel
=0 j=0

JEN

neN’

(LEfY=IIW*fI* =
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and hence (Lf, f) > B7'||f||?> and (Lf, f) < A~'|| f]|?, which implies inf 6(L) > B~! and supo(L) < A~!. O

Remark 5.3. Consider T € L(H) and f, € H such that (T"fo)nEN is a frame for }. Then by Theorem 3.4, T is similar to A,
for some unique 47 € F* U {0}. Our results show that

* (T"fy),n is a Riesz basis if and only if & = 0.

e T is similar to a normal operator if and only if 4 is a Blaschke product generated by a uniformly separated sequence.

Since the Blaschke products generated by uniformly separated sequences form a very small set within the class of all inner
functions, it follows that the frames (T" fo)n o generated by an operator T' € L(H) that is similar to a normal operator are very
particular. In other words - the class of frames (T” fo ) qen that are known so far (i.e, the Riesz bases and the constructions arising
from Theorem 5.1) form a very small subclass of all possible constructions. It remains a very interesting and challenging open
problem to give a more concrete and constructive way of obtaining such frames for general bounded operators T'.

In the following theorem we construct frames of the form (T” fo) with a non-normal operator T € L(H) by means of

perturbations of frames as considered in Theorem 5.1.

neN

N an orthonormal basis for H, and let f, € H such

that |(fy.e;)| ~ \/1 = |4;|% For fixed k.£ €N, k# ¢, and t € C, T # (A — As) Ejﬁ“ji consider the operator T, € L(H),
0:%k
defined by

Theorem 5.4. Let (/1 j )JEN be a uniformly separated sequence in D, let (e f )je

€ H.

~

T.f = Y 4(fre;)e; +7(f e )er,
j=0

Then (TT"fO)nEN is a frame for H. For t # 0 the operator T, is not normal.
Proof. Setting d := A; — A,, we define sequences (gj)jeN and (hj)jeN by g; :=h; :=e; forj & {¢,k} and

_—1 —1
g =e,—7d e, g,:=d e, hy,.=e, hi=te,+de.

Note that d # 0 as (/1 j )je is uniformly separated. A simple calculation shows that (g j) is a Riesz basis for H with g;. =h,,

N J

j€N,andthat T, = Z;’;O /1j< . ,gj>g;. In order to apply Proposition 5.2 it remains to show that [(fy, g;)| ~ 1/1 = [4; |2. Since

we already know that |(fy,e;)| ~ /1 — Mjlz, it suffices that {fj, g,) # 0 and (£, g;) # 0. But this is exactly the case when

T # (A — ﬂf)%. The fact that T, is not normal for 7 #0 simply follows from |T.e.||> = |4,|>+|z|*> and
0-“k

T ell? = A4l O

jeN
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APPENDIX A: CONTRACTIONS

By H® denote the set of all bounded analytic functions on the open unit disk D. It is well known that each 2 € H* has radial
limits on the unit circle T almost everywhere, that is,

h*(z) = lrlTnll h(rz)

exists for a.e. z € T. The function ~2* is then an element of L*® = L*®(T) with vanishing negative Fourier coefficients, i.e.,
h* e L%r (cf. (1.2)). Conversely, for every such function g € L® there exists some A € H® such that g = h*. A function
h € H® with |h*(z)| = 1 for a.e. z € T is called an inner function.

A contraction on a Hilbert space H is an operator T € L(H) with operator norm ||T|| < 1. A contraction T is said to be
completely non-unitary (c.n.u.), if there is no non-trivial subspace M C H reducing T such that T| M is unitary. For a c.n.u.
contraction T there exists an H *°-functional calculus, which is defined as follows:

u(T)f =limu Tf, [ €M, ue H,

where u,.(z) :=u(rz), r € (0,1), z € D, see [17, Ch. II1.2]. The operator u,.(T') is well defined because if u(z) = Z;’;O a,z",
then u,.(z) = Z:C’:O ra,z", z € D, so that (""a,),,en € £ (N) for every r € (0, 1). The mapping u — u(T) is an algebra homo-
morphism from H* to L(H).

A c.n.u. contraction T is said to belong to the class C; if there exists some non-trivial ¥ € H* which annihilates T, that is,
u(T) = 0. Among the non-vanishing T-annihilating H *-functions there exists a minimal function my which is a divisor of all of
them. The minimal function is always an inner function and can be seen as a generalization of the minimal polynomial of linear
operators on finite-dimensional spaces. In particular, it determines the spectrum of T" uniquely (cf. [17, Ch. III, Thm. 5.1]). We

shall make use of the following simple lemma, which directly follows from [17, Ch. III, Prop. 4.6].

Lemma A.1 ([17]). If S and T are Cy-contractions which are similar to each other, then mg = my (up to unimodular constant
multiples).

APPENDIX B: SUBSPACES OF L*(T)

The following theorem is due to Beurling and Helson (see, e.g., [18, Ch. L.1]).
Theorem B.1 ([18]). (a) Let L C L? be a closed M -invariant subspace. If ML = L, then there exists o € B(T) such that
L = L*(0). If My L # L, then L = hL? with some h € .

(b) Let L C Li be a closed M%'-invariant subspace. Then L = hLi with some h € S U {0}.
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Lemma B.2. Let h € . Then
P2 L3 =hL>nL3 =L ©hL’. (B.1)
Moreover,
Ppranr2 f = h-P_(fh),  feL. (B.2)

Proof. First of all, we have (hLi)l = hLE, since
fe (hLi)l & VgeLl: (fhg),=0 < fhel? < fehl’

In particular, (hLi)l N Li =hl’n Li. It is now easily checked that (z_”h);’l":] is an orthonormal basis for L% . Hence, for
fer?

Pu2f =Y (fhz"Yhz" =h Y (fh,z")z" = h- P_(fh). (B.3)
n=1 n=1

Now, if m € N, we have

Pth(zm) =h- P_(z"%) =h- P_<z”’ Z (h, z")z‘”) =h- P_< Z (h, z"+m)z_”)
n=0

n=-—m

=h- 2 (h,z+tmyz™" = z"h Z (h,z"yz™" =z"h 2 (h, z")z"
n=1

n=m+1 n=m+1

= z’”h(h - i(h, z”)z") =z"—-h- i (h,z")z""

n=0 n=0
m
=z" - Z (h,zm=m)z"h,
n=0

which proves that P, ;> (z™) € L2. By continuity of P, ;> it follows that P,;» L2 C hL? n L2 For the converse inclusion, let
f € hL% N Li. Then f = Pthf € PhLZ Li. This proves (B.1). Finally, (B.2) follows from (B.1) and (B.3). |

The next result can be found in [20].

Lemma B.3 ([20, Theorem 3.14]). Let h € 3. Then L_Z'_ e hL_2'_ is finite-dimensional if and only if h is a finite Blaschke product.
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