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Abstract: Williamson’s integral representation of n-monotone functions on the half-line is generalized to
several dimensions. This leads to a characterization of multivariate survival functions with multiply ¢-
symmetry. We then introduce a new class of generalized Archimedean copulas, where in contrast to nested
Archimedean copulas no extra compatibility conditions for their generators are required.
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Introduction

One of the first non-trivial results on higher order monotonic functions was published in 1956 by Williamson;
it states essentially that every non-negative n-monotone function on the half-line is a unique mixture of the
special ones of the form (1 -c - s)* 1 with ¢ = 0. This theorem has been cited and used very much in
recent years, in particular in connection with the so-called Archimedean copulas. It is also intimately related
to multivariate survival functions with a special symmetry.

Our aim in this paper is to prove a Williamson-type theorem for functions of several variables, relating it to
“multiply ¢!-symmetric” survival functions, and — perhaps more important — using it to create a new class of
“generalized Archimedean copulas”, where the disadvantage of exchangeability (i.e. “too much symmetry”)
in ordinary Archimedean copulas is overcome in a controlled way, without any “nesting conditions” which
have to be fulfilled by hierarchical Archimedean copulas.

Higher order monotonicity plays naturally a major role in this connection — some pertaining basic no-
tions and results will be presented first.

Notations used in this paper:

R, :=[0,00[, N := {1,2,3,...}, Ny := {0,1,2,...}, x ®Yy := (x1y1, X2Y2, . ..) for two vectors of equal
length, I := (%, %, ...) for x € [0, o]? with § := o0, L :=0,[d] := {1,2,...,d},

d
n| ==Y "n; forneN§, 14:=Q1,...,1) €N, 2;:=(2,...,2)
i=1

d
(5) =11 (p f) for p,q € N§ (usually g<p), (Fxg)x,y) := (f(x), g(y)) for mappings f, g
i=1 \"!

k
(f28)(x,y) := f(x) - g(y) forreal-valued f,g, o3(x1,...,x5) := in
i-1

*Corresponding Author: Paul Ressel : Kath. Universitét Eichstétt-Ingolstadt, E-mail: paul.ressel@ku.de

80pen Access. [COAIETE|© 2018 Paul Ressel, published by De Gruyter. This work is licensed under the Creative Commons Attribution-
NonCommercial-NoDerivs 4.0 License.


https://doi.org/10.1515/demo-2018-0020

DE GRUYTER A multivariate version of Williamson’s theorem, ¢1-symmetric survival functions =—— 357

M.(X) is the set of Radon measures on a locally compact space X, M1(X) the subset of probability Radon
measures

ei,..., ey are the usual unit vectors in R4

d.f. = distribution function

s.f. = survival function

co-s.f. = co-survival function

MCT = monotone composition theorem (see below)

1 Multivariate higher order monotonicity

Let I1,...,I; C R be non-degenerate intervals, I :=1; x...xI;,andlet f : I — R be any function. For
sel,heR? suchthatalso s +h €I put

(Enf)(s) := f(s + h)
and Ay, := E, - Eo , i.e. (A, f)(s) :=f(s+ h) - f(s) ,and V}, :=-4y.

Since {E,} is commutative (where defined), so are {4,} and {V,} . In particular, with e;,...,e4
denoting the standard unit vectors in RY, Ap¢,,...,4p,, commute. As usual A} f := f =: V9 f . For
n=(n1,...,nd)eNg and h € R? we put

AR =AY AT AT

hie1 ™ hye; ** * Thyey

and similarly V} . The multinomial theorem gives
(A7f) (5)= > (- <Z>f(s +qoh).
O<q<n

Note that A;d #Ay for d>1.

Definition. f : I — R is called
(i) n-increasing (“n-1”) if
(@2 f)(s) 2 0
forall sel,h eRf,peNg,O#psn suchthat s+pohel
(ii) n-decreasing (“n-]”) if instead
(VPf)(s)=0
(iii) n-alternating (“n-7”) if instead
(VPf)(s)<0.
It is easy to see that, using the notation (f(--))(s) := f(-s),
fisn-] on <= f(-)isn-t on -1
fisn-{ on [ < —f(--) isn-t on -1I.

A specially important index of monotonicity is n =14 := (1,..., 1) € N%. Define for any measure u on
[0, o0]? its
distribution function (“d.f.”) fi by ji(x) := u([0, x]),

survival function (“s.£.”) fi by fi(x) := u([x, o)),

co-survival function (“co-s.f.”) u* by u"(x) := u([x, =]°)
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(all of which of interest only where they are finite), then ji is essentially characterized by being 1,4 -, ji by
the condition 14-},and u" by 1,-] . See [3], [4] and [5] for the original results, and [7] for a more detailed
overview.

In the univariate case (d = 1), n-decreasing functions are usually called “n-monotone”, and n-
increasing ones ”n-absolutely monotone”. Williamson’s theorem is about n-decreasing (non-negative)
functions, its multivariate extension is the central object of this paper.

An important notion in the following is that of a Bauer simplex; this is a compact convex subset K of
some locally convex Hausdorff space X, for which its set of extreme points ex(K) is closed (hence compact
as well), and for which the integral representation given by the Krein-Milman theorem is unique. In other
words, for each x € K there is a unique yu € M2(ex(K)) such that

X = / y du(y)

ex(K)

in the sense of
000~ [ o) aue)
ex(K)
for each continuous linear functional ¢ : X — R . In our applications X will always be a suitable set
of real-valued functions on some set T , with the topology of pointwise convergence. The point evaluations
@¢(x) := x(t) for some t € T are then continuous linear functionals, and we obtain

x(0) = / y(O du(y), teT.
ex(K)

Two basic multivariate results on higher order monotonicity were shown in [6], and will be used in what
follows. The first one is about the structure of n -4+ functions on [0, 114, d > 2; cf. [6], Theorem 2 and 5. Define
the functions 7,, O<a<1,on [0,1] by

o (t-a)+
Ta(t) := =g

for 0sa<1, and7y:=1; 1)
note that 7o(t) = t.For n>2 put
Kn:={f:[0,1] — R+ |fisn-1,f(1) = 1}.
Then K, is a Bauer simplex and
En :=eX(Kn)={T£ lj=0,...,n=-2Yu{ti |0<as<1}.

For n € N4, n =2, we put
En :=En1 ®...®End,

the set of all tensor products h; ® ... ® hy; with h; € Ep, forall i.Then
Kn:={f:[0,1] — R. | fisn-1, f(14) = 1}
is again a Bauer simplex, with Ep as its set of extreme points.
The other result is the highly applicable Monotone Composition Theorem (“MCT”):
Let de N,ne N4, m®” € N, J, C R" and I; C R be non-degenerate intervals, g; : J; — I;,1<i<d.

Let further f : I x...xI; —s R be given. Thenif g; is m® - foreach i <d, and f is (|m(1)|, cees |m(d)|)-T,
the composed mapping fo (g x...xgg) is mV, ..., mDY 4 onJ;x... x J4 (cf. [6], Theorem 12).
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2 Wilkinson’s theorem in higher dimensions

Let de N,n¢e Nd, n = 2, . We have already introduced
Kn:={f:10,11" — R. | fisn-1,f1s) = 1},
a Bauer simplex with ex(Kn) = En = En, ® ... ® En, . We define
Ln:={g:[0,1]4 — R, | gisn-], g(0) = 1}

and
Hn:={g:RY — R, |gisn-1,g(0)=1}.

In the one-dimensional case it was shown in [6], Theorem 4 that L, and H; are Bauer simplices (k = 2).
With
ge(s):=(1-cs)sforcc Ry, goo:= 110y

it was shown that
ex(L) ={g 1j=0,1,...,k-2} U{gEk | c e [1, o]}

and
ex(Hy) = {gk™ | c € [0, o0]} .

Our aim is to extend these results to the multivariate situation. This is easy for Ly :
Lemma. Ly is a Bauer simplex, and
eX(Ln) = eX(Lnl) R.e.® eX(Lnd) .

That is, for each g € Ly, there is a unique v € M (ex(Ln)) such that

g=/h1®...®hddv(h1,...,hd)
or

d
g(s) = /Hhi(si) dv(hy, ... hy), s € [0, 11,
i1

Proof. The mapping (®@(f))(s) := f(1,4-s) is a bijection from K, to Ln, and even an affine homeomorphism.
Therefore Ly , too, is a Bauer simplex, and

ex(Ln) = @(ex(Kn)) = @(En) .
Now any f € En hastheform f=¢; ®...® @4 with ¢; € Ey;, i <d.Wehave
fAg-s)=@1(1-51) ... pa(1-54), sel0,1]?,

and so it sufﬁces toshow ¢@(1--) € ex(Ly) for ¢ € E; . If ¢ = T{) ,ie. o(t)=t ,where 0<j<k-2,then
p(1--)=g) ;andfor ¢ = 751, with 7, given by (1), we get

p(1-) =g’c‘;1 , Cqa:=1/1-a),

for each a € [0, 1]. O

The corresponding result for Hy, is the main result of this paper. It was (partially) stated without proof in
[6] as Theorem 9, with a loose remark on a possible proof, which finally turned out to be a lot more involved
than anticipated at that time.

Theorem1. Let d=2,n c Nd, n=2;.Then
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(i) Hn is a Bauer simplex, and
eX(Hn) = eX(Hnl) R...® eX(Hnd) .

For each f € Hy thereis a unique p € M}(ex(Hpn)) such that

d
f(s) = / [ -xisp¥tdut), seR:. Q)

[0,000¢ =1

(ii) Every f € Hp is continuous on 0, oo[d . It is everywhere continuous iff it is continuous in 0 iff y(RSf) =
We have y(]O,oo]d) =1 iff li_1>n f(sje;) =0 foreach j=1,...,d.
S]‘ oo

Proof. (i) Let f € Hn be given, put fi(s) := f(ks) , for k € N and s € [0, 1] . Then f; € L, and has thus
by the preceding Lemma the integral representation

fi(s) = / hy(s1) - ... ha(sg) dvie(hs, ..., hy)
where v, € Mi(ex(Ln)).

We put [d] := {1,...,d}, ] := Hil{o, 1,...,n;-2},andfor @ # a C [d] and x € Ff we need the
restrictions x4 := (x;,i € @) . Ageneral h=h; ®...® h; € ex(Ln) has the form

h(s) = H(l — s H(l - x;sp)t

icac ica

where a C [d] and j = (ji,...,jq) € J, empty products being 1, of course. Splitting up the probability
measure v, we may write

A=Y S T[a-s [ Ia-xs avie,

aCld] jeJ icac [1,00] ica

where v( > 0 are just constants, i.e. the weights

d
Vi) = v ({H(l—si)ﬁ}>, jeJ.
i=1

If s [0, k]? then s/k € [0,1]¢, and
_c (S s RN
=4 (3) =X Z [(-%), / (1-x3)"" avioen ©)
[1,00]
where the integrals may be rewritten as
[T - xist du@xa)
[ % Jooa ica
with the obvious image measures under x — x/k . Under the canonical embedding
[0, 00]* 5 Xa — (Xa, 0ac) € [0, °°]d

each y(k). may be considered as a measure on [0, o]¢ (it leads to the same integrals as above!), and the

sequence
= > > ul e Mo, ool
acCld] jeJ
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has a (weakly) convergent subsequence with limit u . Without restriction we may assume u; — U ; even

yka} — Mg, foreach a and j may be assumed, by taking adequate subsequences. Taking the limit in (3)

yields
9 = 35 [ TI0-xs0t dgy0
a j [O,oo]d a
= Z / H(l—x,-si)f""ldya(x) s Ma:= Zﬂaj
T g efd & jeJ
d
= H(l - XiSi)Tild}l(X) .
[0.2ejd =1

(Note that all integrands here are continuous on [0, co]9!)

Having shown the existence of an integral representation for f , we now want to prove the uniqueness
of a representing measure. So, let 7 € ML([0, o0]?) be another measure representing f , i.e. (2) also holds
for u ; we want to show that u = p . We shall use induction on d , knowing the result to be true in the
one-dimensional case; cf. Theorem 4 in [6].

Obviously f (with these representations) is on ]0, oo[ (n; — 2) times partially differentiable w.r. to s;,
fori=1,...,d,and

a|"|—2df
ny-2 nd—z
oxy T 0xy

d d d
©=C0" -0 [ T[]0 - xs-duo
i=1

i=1 [0,1/s] i=1

where 1/s := (1/s1,...,1/sy), and the same holds for i instead of y . Taking once more the (left!) derivative
with respect to every s; , we get

d d
[ Tlxtane - [ T da
0.1/s] =1 0.1/s] =

and in fact these integrals are unchanged if we replace [0, 1/s] by ]0, 1/s] . Standard arguments lead to

110, 00[* =110, o[ .

We have
[0, 001" 10, 00[" = {x | Fizd: x; € {0,00}} = | Xp,
e
with X, := {x € [0, 00]? | x5 = 0p, xy = 00} for BNy =10.
Let 0 # a & [d] and 8 := a° . Then
Jim_ f(sa, (m)g) = [I0 - xis)T ™ - 140, (cp) dp0)

[0,00]d ica
and
. 1 -
lim f (sa, (%) ) - [ TI0 x5 1y )0
B [0,00]d ica

so that by induction hypothesis

i {x]xg =0p) =i | {x| x5 = 0p}
as well as

W1 {x | xp = oog} = H({x | xg = oop} .
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It follows u | Xpg =M | Xp for @ # U~ & [d], including the special cases =0 or v = 0 . Two cases are
left:
B=ldl: u({0g})=lmf(n,...,n) = 7({04)),

and v = [d] : We know by now that y and J coincide on [0, o0]? \ {oo4} ; since both u and u are
probability measures, we also get finally p({coy4}) = u({eo4}) .

(ii) Since f has the representation (2) its continuity on ]O, o[ follows immediately by dominated
convergence. From
lim f(s) = p(R?)
$>0
and
Jim_f(sje)) = u({x < [0, 001 | x; = 0))

we get the rest of what is claimed. O

Functions in Hp are of course bounded. However, n-decreasing functions may well have a “singularity” at
the origin, and still have a similar integral representation. This is made precise in the following

Theorem 2.

(1) A function f : ]O,oo[d — Ry is n-| iff f has the (unique) representation (2), however with a possibly
unbounded u € M.(RY). The function f is automatically continuous; it is bounded iff u(R%) < oo , and
has in this case a unique extension to a continuous n-| function on R4, given by (2).

(ii) If a continuous function f : RI~. {0} —» R, is n-, it has the unique representation (2) with u € M.(R%),
which may be unbounded, but has a finite co-survival function on Rf ~ {0}.

Proof. (i) Choose any sequence a™ € 10, oo[d that converges to 0. Then fi(s) := f(@™ +5) is n-| and
continuous on R, and has therefore by (i) and (ii) the representation

d
) = [ 110 =i dyant)

Rf i=1

where pm € M. (RY) is a finite measure. For k ¢ N we have

f (% : 1d) > f (a(m) . %1(1) ~ fn (%u)
d

[T aunr= (1)t k119,

[0,k-1]¢ =1
implying
( d In|-dg (1
sup im ([0, k- 1]%) < kK™74f Eld < oo,
m

Therefore there is a vaguely converging subsequence of (ym)mey With alimit u € M, (RY). Againitis no
restriction to assume pm — p vaguely. Since the function x — TT,_,;(1 -x;s;)" isforany s € ]0, oo[d
continuous with compact support, we directly get

fm(s) — /H(l - x;s)" Y du(x)

isd
forany s €]0, oo[? , but of course also

fn(s) = f(@a™ +5) — f(s) .
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The unicity of a representing measure can be seen as before, by taking partial derivatives (no boundary
has to be taken care of here).

(ii) The first part follows from (i). In order to see that y has a finite co-s.f. let u' be the i-th projection of .
Then for s;, y; € ]0, oo

f(sien) = / (1 - x50 di(xy)

R.

v

[0,yi] )
(1 -yispi w0, y4D)

v

so that with s; := 1/(2y;)

W10,y < 277 - f (% : ei> <oo.

Hence for y € ]0, oo[d

d
K@) = plly, o) <> p'(0, yiD) < oo
i-1
0

Part (i) for d = 1 is Williamson’s theorem; see [8], where the author states that this result goes back to
Schoenberg.

3 Multiple £!-norm symmetric survival functions

We start with an elementary remark: an equilateral n-dimensional simplex with side-length a > 0 has a
volume proportional to a™, it is in fact given by

vn+1 o
nl-(vV2r

For d>2 and s >0 theset A := {x € R?|||x|; = s} isa (d - 1)-dimensional equilateral simplex with
side-length s-+/2, and for x € R¢ with ||x||; < s also the intersection

[x, 00[ N AW = conv({x + (s - |[x||1) - e; | 1 < i < d})

is of this type, with side-length (s - ||x||1) - v'2 . Therefore, denoting /\gd) the normalized (d - 1)-dimensional
Lebesgue measure on A(sd) , considered as a probability measure on R¢, the s.f. of Agd) is given by

. _ d-1 d-1
/\gd)(X) _ (s = lIx[[)% _ (1 _ HXHl) . xe Rf ,

d-1
S S +

i.e. the s.f. of Agd) depends via ||x||; on x, and this obviously holds also for any mixture

wi= [ Adp(s) )
/

with p € M}(R.), where /\g’” is the Dirac measure in 0 € R4, with /vlgd) =140} -

In [2], Proposition 2.2 the remarkable converse of this statement was shown: writing now a(x) := ||x||1 ,
every u € M! (RY) such that 1t = f o 0 for some function f : R, — R, is of the form (4), and f is d -| , with

: -1
f) = / (1—5) dp(s) , teR.,

"
[0,e0]
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for some p € MI(R.) . Here (1- 5, = Lioy(8).
We are now aiming at a multivariate generalisation of this result .

Let {aj,...,ay} be a partition of [k] := {1,...,k} into disjoint subsets of cardinalities
n; :=|a;| = 2,1 < i < d. The sum function (“¢/!-norm”) on R% will be denoted on,, 1 <i<d,n:=(ny,...,ny).

Using this notation we have the following

Theorem 3. Let u € ML(RX) be “multiply ¢*-norm symmetric” in the sense that

ﬁ=fo(0n1><...><0nd)

for some function f : R —s R . Then f is n-| and u is a unique mixture of product measures

U= /}lg‘l) ®...®A§Z")dp(s)
R{

where p € M} (RY). Obviously the converse holds as well.

Proof. By Theorem 5 in [7] we know that f is n-| (taking into account that this is equivalent with s — f(-s)
being n-1 on R?). Theorem 1 (i) above ensures the representation (with x € M1([0, 0]9))

d
H(l —yit)i tdi(t) , yeRY

fly) =
[0, 0] i=1
. n;-1
-/ H(l-%) &
[0,00]¢ Y

where p is the image measure of k under t —s 1 . Forany j < d we have, since y is concentrated on RX
0= lim e)=p ,
yj_mf(y, ) = (o))

o’ being the j-th projection of p ; therefore p(R%) = 1. We get for x = (Xq,, ..., Xay) € Rk,

f(O'nl(Xal)’ ceey Und(xad))

) o

Hi?}”(xm) dp(s)
Rd i=1

j1169)

\%

/ A &A% dps)| ()

and so the claimed result. O

Let Z; be arandom vector which is uniformly distributed on A(’) {x e R | x|l =1},and R = (Ry, ..., Ry)
any non-negative random vector, let Zp,, ..., Zn, and R be 1ndependent. Then the |n|-dimensional random
vector

X:= (Rlan, ceey Rdan)
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has the distribution u of the above theorem. That is, conditioned on the d radii s;,...,5,4 givenby R, X =
(81 Zny» ..., SqZn,) consists of independent uniform vectors on the “¢!-spheres” Ag"') . The components R;
may of course be highly dependent. Writing X = (X", ..., X(")) the vector

X, 1X79)) = R

has the distribution p in the above theorem.
Theorem 3 can be extended to some unbounded measures:

Theorem 3’. Let u € M.(RX < {0}) have a finite s.f. ji,i.e. ji(x) = u([x, o) < oo forevery x ¢ Rk < {0} .
Assume that
ﬂ=f0(0'n1 ><...><O'r[d)

for some continuous function f on R% {0} . Then f is n-| and u has the representation

U= /}lg'l“)®...®/l§';")dp(s)

with a unique p € M.(]0, oo[d). The converse holds as well.

A similar result holds for u € M.(]0, oo[k) with finite [1 . In this case the function f is automatically
continuous.

Proof. We get as before that f is n-| , and then by Theorem 2 (ii) (resp. (i)) the representation
d
f(s) = / [ - xis)i dx(x)
i-1

with k € M.(RY) . Again let p be the image of x under x —» 1/x, then p € M+(]0,oo]d) . Now «x is
concentrated on O, oo[d , since f(yje;) = yf([y]-, oo[) — 0 for y; — oo, for each j < d ; consequently also
p concentrates on ]0, oo[d . We then proceed as in the proof of Theorem 3. O

4 Generalized Archimedean copulas

Let n > 2, and f € Hp be continuous (at the origin) tending to zero at infinity; more precisely we assume
that lim f(sje;) = 0 foreach j<d.Then f hasaccording to Theorem 1 (ii) the representation
Sj—roo

f(s) = / H(l —-xis)M  du(x) sec R4

10,00[4

with u € Mi(lo, oo[d). The univariate marginal f;(t) := f(te;) on R is n;-|, strictly so on [0, ¢;[, where
cj := sup{fj > 0} € ]0, oo , and thus has an inverse on 0, 1] , complemented by fj‘l(O) := ¢; . Consider now
the function Cs : [0, 1]l — [0, 1] defined by

Cr:=f Zfl_l(xi)r cees Zf;l(xi)

icay icay

(with {a;,...,a,} apartitionof {1,...,|n|}, |a;| = n; ¥ i). We claim that C is a copula: evidently C has
uniform marginals; and since f(--) is n-1,and - 5 fj‘l(xi) is 1n;t,j=1,...,d, the MCT shows C tobe

ica;



366 —— PaulRessel DE GRUYTER

1, -t . Thus Cy is a copula, for which the name “Generalized Archimedean Copula” seems to be appropriate;
f will be called its generator. Each “group marginal” A;(xs) on [0, 1]% , where x; =1 Vi € |J, 4 @ » is an
Archimedean copula in the usual sense, with f; as generator.

A converse statement holds as well: if f : RY — [0, 1] is given, f(0) = 1, and gq,...,84:10,1] —
[0, ¢;[ are strictly decreasing bijections (O < c; < o), such that

C(X) ::f Zgl(xi)"-" ng(xi)

icay icay

is a copula, then g; = f]-‘1 foreach j and f is n-| ; this follows easily from Theorem 5 in [7].

Clearly, each Laplace transform f of a probability measure on ]0, oo[d “qualifies” as a generator of this
type of a copula, for each d in fact, since f is completely monotone, which is equivalent with f being
n-, vne N d,

The idea to use a multivariate Laplace transform in this connection is not totally new: in [1] the authors
use a very special type of such transforms, for which they could prove that “bona fide copulas” emerge. In
analytical terms f was supposed to be of the form

O =3 [pr(t) ... @alta)] - P

k=1

with one-dimensional Laplace transforms ¢1, - - - , ¢4, and py = 0 suchthat >}, py = 1, i.e. f corresponds
to a particular type of “multivariate compound distribution”. These restrictions are of course unnecessary,
as we saw.

It is not unlikely that a truely interesting new field of “copula constructions” is opened in this way. We
shall give but two examples.

Example 1. (related to the Gumbel family)
Llet 0<a;<1<9, i=1,...,d,and consider

1/9

d
f(s) :=exp |- (Z s?") , scR?.
i-1

Basic properties of Bernstein functions show that f is a d-dimensional Laplace transform. The marginals are
given by

filsi) = exp (-si"%)

fi1 () = (-log )™,

they lead to Gumbel copulas with parameters 9/a; . For d = 2 and m, n = 2 the generalized Archimedean
copula C; on ]0,1]™™" is given by

ar 1/'9

Cro =f [ D fit0a), > ') | =exp —<{Z(—logxi)3/‘“} + 1 (logyy?le >

i=1 j=1 i=1 j=1

The marginal copula that considers one variable of each group is of particular interest:

9 9119
Cr(x1,1...,1,y1,1,...,1) =exp _[(_Ingl) +(—logy1)}
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Note that this is a Gumbel copula with parameter 9.

It may by instructive to compare C; with the nested function
.- 2 (m) (n)
Di=GPo (6 <6,

where ng) is the k-dimensional Gumbel copula with parameter 9. We get

9 1/9

a9
D(x,y) =exp{ - < {Z(— logxi)l/“l} + 13 (~logy; L > ,

j

and here only the “nesting condition” ;9 < 1 for i = 1, 2 would ensure that D is a bona fide copula. If this
condition is violated, then in fact it isn’t necessarily a copula: taking 9 = 2, a; = @, = 1 we have

D(x,y) = exp |- |log? (H xl-) +log? Hyj
i j

and with m = 2, and y chosen such that 1og2 (Hi y]-) =1 the resulting function of x € ]0, 1]2

(x1,x2) —> exp (—\/logz(xlxz) + 1)

isnot 1, -1, as is easily seen.
No such nesting conditions are required for the generalized Archimedean copulas considered here.

Example 2. (related to the Clayton family)
Let 0<n<1and 9;=21,i=1,...,d, and consider

d

-n
£(s) = §ju+8wo”&—u—1ﬂ , seR!

i=1

Here 1/f is a “d-dimensional Bernstein function”, i.e. completely alternating, equivalently n-alternating for
each n € N? (and all d); therefore f is completely monotone, continuous at 0 with f(0) = 1, and tending
to 0 at infinity; hence f is a generator. The marginals fi, ..., f; and their inverses are

fils) = @ 8is) ™ f0) = - (6717 -1)
i.e. the group marginals “are Clayton”.

For d = 2 and arbitrary m, n > 2 we get the generalized Archimedean copula

1/9, -n

m n 1/9,
Chooy =f > ), Y ') [1+Z( ~9i/n _ )} . 1*2( 9 ) .
j=1

i=1

The “inter group marginal” is given by

1) = X1Y1

Cf(Xl,l,...,l,yl,l,... 7
[xi/" + yi/" - (X1Y1)1/’1}

Acknowledgement: Many thanks are due to the referees, who gave numerous hints for improvement, result-
ing in a (hopefully) much more reader friendly version.
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